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ABSTRACT

Standard implementations of the Simplex method have been shown to be subject
to computational instabilities, which in practice often result in failure to achieve a solu-
tion to a basically well-determined problem. A numerically stable form of the Simplex
method is presented with storage requirements and computational efficiency compar-
able with those of the standard form. The method admits non-Simplex steps and this
feature enables it to be readily generalized to quadratic and nonlinear programming.
Although the principal concern in this paper is not with constraints having a large
number of zero elements, all necessary modification formulae are given for the
extension to these cases.

1. INTRODUCTION

This paper is concerned with the solution of the following linear
programming problem:

min{z = cTx}, (P1)
subject to the constraints
ATx = b,

where A is an # X m matrix, with m > #».

* This paper was presented at the 7th Mathematical Programming Symposium
1970, The Hague, The Netherlands.
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The problem is stated in this nonstandard form in order to emphasize
the close relationship between linear and nonlinear programming problems.
Initially no reference is made to the form of the constraints but later
special consideration will be given to constraints of the form » > 4, which
are common in practical problems.

It is assumed that

(i) there exists at least one x € E* for which
ATx = b,

(i) zis bounded in the feasible region, and
(i) 4 and [4c] satisfy the Haar condition for matrices.

The final condition ensures that degeneracy and cycling cannot occur
during the Simplex algorithm.

It is unfortunate that the terminology associated with linear program-
ming has served to isolate the subject from the mainstream of linear algebra
and numerical analysis. It isnot always appreciated by linear programming
practitioners that any viable form of the Simplex algorithm ought to be
numerically stable when applied to the problem of solving a set of linear
algebraic equations. The form of the algorithm in the majority of linear
programming implementations differs little from that given by Dantzig in
1947 [5]). Any changes that have been made have been concerned only
with the manner in which the form of the algorithm is stored inside the
computer, while aspects of the numerical errors involved have generally
received little mention in the research literature.

The solution of a linear program consists of two stages:

(i) The identification of the set of constraints active at the solution.
(i) The determination of the vertex defined by the set of active
constraints.

Stage (ii) corresponds to the solution of a set of # equations in # un-
knowns and consequently any algorithm for the solution of a linear program
must incorporate a method for the solution of a set of linear algebraic
equations. The standard form of the Simplex algorithm embodies the
Gauss-Jordan elimination process with the pivots chosen without regard



THE SIMPLEX ALGORITHM 101

to rounding error. In solving linear equations by Gaussian elimination it
is essential for numerical stability that large pivots are chosen. Wilkinson
[12] gives an example to illustrate this fact. Suppose the solution to the
following set of equations is required

Ax = b,

N

When applied to this problem Gaussian elimination without any choice of
pivots breaks down, despite the fact that 4 is an orthogonal matrix and
consequently well conditioned. Avoiding zero pivots by requiring them
to be larger than some threshold ¢ does not solve the problem, since 4
could just as easily be of the form

{8 l—e}
A= ,
l+¢ —e¢

in which case 4 = 41 Although Gaussian elimination does not break

where

down in this case, the small pivotal elements obtained lead to gross errors
in the solution. Recently Bartels and Golub [1, 2] have drawn attention to
the instabilities inherent in the standard Simplex algorithm and they have
devised two alternative forms that exhibit numerical stability. The
implementation of their methods intolinear programming packages has been
slow if not nonexistent. This could be attributed to certain disadvantages
in terms of the storage and/or computational efficiencies which the
methods have in comparison with the standard method. The basis of both
procedures is a recursion from iteration to iteration of the triangular
decomposition of the matrix of coefficients of the active constraints.
Partial pivoting is used when updating the triangular factors, but un-
fortunately the simple form of the matrices carried from the previous
iteration is then largely destroyed.

All the methods considered in this section so far have been based upon
the factorization of a matrix into a product of upper and lower triangular
matrices. The method proposed in this paper utilizes a factorization into
the product of a lower triangular and orthogonal matrix. This factorization
always exists and can be made without interchanging rows in the initial
matrix.
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2. THE SOLUTION OF LINEAR EQUATIONS USING ORTHOGONAL
TRANSFORMATIONS

A vertex of the feasible space, and consequently the normalized
directed distance between two vertices, can be defined by the solution of
» linear equations in # unknowns. The normalized direction from a point
other than a vertex to a point in the feasible region where the objective
function is decreased can be defined by a solution of an underdetermined set
of linear equations.

This point is of particular relevance in Sec. 10 where non-Simplex steps
are considered.

Consider the system of equations

ATy = b, (1)

where A7 is now an s X ? rectangular matrix with rank s, s < ¢.

The matrix A7 can be reduced to lower triangular form through
successive postmultiplications by a sequence of elementary unitary
matrices of either the Givens’ or Householder type.

Then
ATW Wy W, = [Li0],
with W, W, = I,fortz = 1,.. ., s, and L a lower triangular matrix. Define
Wy W, =P,
then
AT = [LO]PT. (2)

A solution of Eq. (1) can be found from a forward substitution of the
system

(L0]x = b, (3)
with x,,4,. .., ¥, arbitrarv and forming
vy = Px. (4)

Alternatively if 7 is found using the following equations,

LLTw» =6  and y = Aw, (5)
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then ¥ is a solution of (1). The two solutions (4) and (5) are identical
if s =% or %,.,,...,% = 0. The error analysis of the factorization and
forward substitution has been given by Wilkinson [12]. Gaussian elimina-
tion is usually preferred when solving linear equations since it takes
approximately half the computational effort of the Householder trian-
gularization and a quarter that of Givens’ method.

If AT has any special form, elementary unitary transformations may
be computationally more efficient since the effect of row permutations can
radically alter the structure of A7. In particular, Secs. 5 and 6 describe how
Givens- and Householder-type reductions can be used to recur lower
triangular matrices from one iteration to the next.

3. A BASIC ITERATION FOR TAKING SIMPLEX STEPS

At the beginning of the ¢th iteration the following matrices and vectors
are available:

(i) A% an# X » matrix,
(ii) A% an#n X (m — n) matrix,
(i) &9 an# x 1 column vector,
(iv) 8% an (m — n) X 1 column vector,
(v) x“an# x 1 column vector,

where the matrix of constraints is partitioned in the form

A(i)T
[

AT

The rows of AT, AT are labelled 1(1)n, 1(1)m — » respectively, giving
B
b= [5(1‘)} ’

AWDOTLE = pld)

with

and

JG) T4 (5) 0
ADTx() ~ .
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(vi) Further, L is a lower triangular matrix such that

LOLWOT — 4OTAW:

(vii) and am = 497
(viii) and o = JOTxD _ ),
Step 1

Determine the Kuhn-Tucker multipliers, %, associated with the active
constraints by solving the equations

LOLOTy, — gt

(@) Ifwu; >0,7=1,..., #then x'¥ is the optimal solution.
(b) If some #; << O then choose an index ¢ such that

ug =min{u;:j = 1,..., n}.

Step 2
Determine p7, the gth row of (4®)~1, by solving the equations

LOLOTy = ¢
where ¢, is the gth column of the identity matrix, then
75 — A(z‘)y_

Step 3
Determine the index & such that

Yy
where
v = A-('i)TP
Step 4
Set

XD = gD ) p

dj_(i{*l) i dj(i)’ ? < q’
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dj(i+1) = d(ji)e—lr n>iz=q

7 (i4+1)
@y,

{2\
\v)
where @, is the kth column of 4@, Update the residuals of the inactive
constraints

Y = @9 + L, 1<j<m—mn, j#£k

wk(i+1) = )Uc-

Step 5

The gth column of 4% is removed to become the kth column of 4¢+D.
AU s formed by relabelling the remaining columns of A from 1 to
n — 1 and adding @, in the nth position. Similarly, the gth element of 5
is removed and placed in the kth position of &+, pt+D) is formed by
relabelling the remaining elements of ¥ from 1 to » — 1 and adding 5,
in the nth position.

Step 6
The lower triangular factors L% are modified in two stages. When

the gth column of A is removed an intermediate lower triangular matrix

% is found by one of the methods given in Sec. 5 with # = s = ». This
matrix is in turn modified by the method given in Sec. 6 when 4, is added
in the nth position.

4. PROOF OF CONVERGENCE

Let {a;: 1 <7 < n} be the #n columns of 4. It can be seen from the
choice of p in Eq. (6) that

cTxlHl) = Ty 4 2 .cTh.
Substituting for p gives
TG — Tyl | 3, cTAWy,
= cTx@ 4 ), dDTy,

= T 4 QuTLOLWOTy
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= ¢TxD + JiuTe,
= c¢Tad 4+ Au,.

Consequently, since #, < 0 and 4, > 0
TG+ = (Tl

If all #; > 0 no improvement can be made to the objective function. The
new point is always feasible since

Jl < 7‘ < n, aij(i-rl) _ a]_Tx(i) —+ /.{k“jTl);

f . X
S —

and we have
aij(iJrl) =}
TFor | = ¢ we have
a,Tx ) = g, Ty 4 4 a,Tp,
= by + 2y,

> b, since ;> 0.

5. MODIFICATION OF THE TRIANGULAR FACTORS OF ATA WHEN A COLUMN IS
REMOVED FROM A

The orthogonal triangularization of a rectangular matrix 47 is given by
AT = [LO]P7, PTP =1,

where L is an s X s lower triangular matrix, A7 an s X ¢ matrix and P
a t x t orthogonal matrix with s <{¢{. Then

. LT
AT4 = [LOJPTP "

=LLT

1f a,,..., a, are the s linearly independent columns of A4, then the matrix
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&/ obtained when a column 4, is removed from 4 is given by

A = [ayias: il ]
and
STl = LL7T,

where L is a (s — 1) X s lower Hessenberg matrix with zeros above the
diagonal in the first £ — 1 rows. Given the matrix L with elements /;;
three methods are given to obtain .#, the lower triangular factor of /7.7,

5.1. Method A: Elementary Hermitian Matrices
An orthogonal matrix W can be constructed such that

ATl = LWTWLT,
= PLT,

where & is the (s — 1) X (s — 1) lower triangular matrix associated with
the symmetric triangular decomposition of .&77.s/.
For » =k k4 1,...,s — 1 the matrices W, are defined as follows

L+ — szn

where
L — 1,
and
W, =1 — q,0enT.
Let
o = [SEF LIS,
where

Sk =L+ I

Since the columns of A are linearly independent, /{2, is nonzero and

consequently S, is nonzero. The column vector w! has two nonzero



108 PHILIP E. GILL AND WALTER MURRAY

components,
') = ~;(',’r + Sr:
and
(n _ jin
wr-)H - lr,r+]!

the sign of S, being chosen to minimize rounding error. The W, are

symmetric matrices which transform the elements /"), ; of L) into zero

elements of L+, During the reduction by a particular W, only columns

7,7 + 1 of L™ are modified due to the sparsity of the o'” vectors. The

product of the W,’s is an orthogonal matrix (though not symmetric).
If the product is written as

WWiro Weq = w,
then
Iw = i(s),
where L is a lower triangular matrix plus a null last column, i.e.

LW = [20).

5.2. Method B: Elementary Unitary Matrices

The reduction of I to lower triangular form can also be obtained using
elementary unitary matrices. Again, an orthogonal matrix @ is constructed
such that

AT = LLT,
- LgoL7,
= PLT.
The matrices (,, each of dimension s X s, are defined as follows
Lty = L0Q r=kE+1,...,s—1,

with

LW =7
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where
-1 —_
1
1
1 :
c:—S: 7
0, = . N
s cC r+1
[ .
1
1
y -1

and ¢ = cos 0, s = sin §. 0 is chosen such that the upper diagonal element
corresponding to 1"}, in L(" is zero in Lt+D), i,

— sl

7,

'r) + czr(,’r)-H = 0.
If
o = tan 6,

then

o = 115
The quantities cos 6 and sin § can be simply calculated using

p = O I
o
) s =

7,7 +1
C = 3 _
P P

The unitary matrix Q,, which is a rotation in the (v, » + 1) plane, becomes
a permutation matrix when I} is zero. Only two columns of L are
modified during a transformation by a particular Q,. The final matrix
obtained by recurrence is then of the form

L& = [£0].
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9.3. Method C: Elementary Nonunitary Matrices

The elementary nonunitary matrices M,,» = k, 2+ 1,...,s — 1, each
with dimension s X s are defined as follows:
L+ — l‘”M,, (7)
with
Iw =1,
where
-1 —
1
1
1
M. = 1 " Mt
’ 0 1
1
1
1
b 1 —

and m,.,,, is chosen such that the upper diagonal element /)., of L is
transformed into the zero element of Lr+D,
We choose
Zr(,’r)+1 - Zr(,’r)mr.r+1 =0,
giving
My ril = ng,,r)—{-l/zl‘,’r)‘ (8)

It is assumed for the moment that /") is nonzero. The M, modify only
one column of L. The product of the M, can be written as

M=MMg, - M_M,_,
and

Lw = LM. 9)
The decomposition can be written as

AT = LL7,
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= LMM-YMT)IMTLT,
— l(s)M—-l(MT)—lt(s)T.

Now

I,., O
-1 _ E-1:
M ‘[ 0 ‘N]’

where I,_; is the (¢ — 1) X (k — 1) identity matrix and

1 My, k+1
1 M1, k+2
N = S
1 Ws—1,s
e 1 —
Then we have
M-YMT)"t = [I]Z)—lf(l)“} ,

111

(10)

(11)

where T is a symmetric positive definite tridiagonal matrix of the form

— 2
L+ my i

M1,

Mri1,x

2
L+ My iopi1  Mriope

Ms_1,5-2

Ms,s—1
The symmetric decomposition of T can be formed giving
T = RR7,

where R is a lower triangular matrix of the form

bk Vors1_|

1

-

. I
1 + ms,s—l Mg 51
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The elements of R can be found using the recurrence relations

n?=1+ M§+1,k ’ (12)

R, =1+ m:+i,k+i—11 (13)
1=2,...,s — k.

Tt = Mgys pqi1 J (14)

The product of these decompositions gives a lower triangular decomposition
of /T

The assumption that (/) is nonzero in Eq. (8) is in general invalid. The
breakdown of attempts to modify the triangular factors of the identity
matrix when a column is deleted indicates that zero divisors can occur
even when the problem is relatively simple. In addition, the occurrence
of very large elements in the elementary matrices can produce adverse
effects upon the stability of the method. These problems can be
solved by using column interchanges during the reduction process. A
column interchange is made to obtain the larger of the two elements
1", I as divisor in Eq. (8).
The reduction (9) then becomes

LIMlysr e I aMy oy = L,

where I, is a permutation matrix which interchanges columns (7,7 + 1).
Then

I = T‘(S)Ms—lﬂs—z N MkH:

where
Ms—l = Ms_._ll,
Ms—2 = Is—lM:—lzls—lv
My=1I,,--" Lo My g e Iy,
and

Il = 1,41 -2"‘Izc+1Ik-
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Suppose no interchange of the columns is necessary for the calculation of
M,. Then

My =TIy Ty LMy g T d - I,
forall j=4%,...,7 —1,
SR TRRRY FISTU 7 FISRRRD FINY

The M; are consequently unaffected by succeeding permutations of
columns and instead of Eq. (11), the inverse product of the transformations
is then

and X k; + 1 =s. k, indicates that there have been %, permutations
of a particular column, the last of which is the identity permutation. Since
the matrix 7" is no longer tridiagonal the recurrence relations (12), (13)
and (14) cannot be used.

Givens-type rotations can be used to reduce M1 to lower triangular
form. Equation (10) is then written

LLT = LOM-1QTQ(M-)TLOT,

where QTQ = I and M~1QT = R alower triangular matrix whose columns
are multiples of the nonzero columns of Gy, in Eq. (16). The new lower
triangular factor is
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& can be calculated in O(s?) operations using a technique similar to that
described in Sec. 7.

6. MODIFICATION OF THE TRIANGULAR FACTORS OF /7.o/ WHEN A COLUMN
IS ADDED TO ./

If &/7 is an (s — 1) X ¢ matrix with
AT = LFT
then there exists an orthogonal matrix & such that
AT = [Li0]PT.

The new row aT can be inserted anywhere within &7 with the effect of
adding a new row 7 to the lower triangular factor . If the new row
is added at the end of &7 giving
T
AT = [aHT‘} ,
then the amount of computational effort required for the modification
of the lower triangular factors is minimized and

AT

Ii

Zi0
o

”lTVE

= [Li0]PT,

for some orthogonal matrix P. Now

LTl 0 0 Ta
T — |57 T e i R
A4 [ 0 30] [ﬂTﬂiaTﬂ] 1)
and also

T : ;

LLT = "?"?O 0 ..... [QO]Z . (18)
0 :0 FT|
' T o 1]

Comparison of Eq. (17) with Eq. (18) gives / as the solution of the equations

[Z0]l = Ta, (19)
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Tl = a%a. (20)

Since % is lower triangular, all but one element of / can be found by
forward substitution in Eq. (19) and the final element using Eq. (20).

7. MODIFICATION OF THE TRIANGULAR FACTORS OF ATA WHEN A ROW IS
REMOVED FROM A

7.1. Method A: Elementary Nonunitary Matrices
Let AT be an s X (¢ + 1) matrix and A7 the resulting matrix when
the column « is removed from AZ. Then

AT = ATA — qaf.

ATA is obtained by applying a rank one modification to A74.
In general consider the matrix B where

B = B + kgg”,

gisan s x 1 vector, k a scalar, B and B are s X s positive definite sym-
metric matrices. The triangular factors of B are required when the
triangular factors of B are given. Bennett [4] has given an algorithm
for the modification of the triangular factors of a general matrix under a
rank 7 (r >> 1) modification but since the general case is relatively complex,
a similar method for symmetric matrices under a rank-one modification is
described below. It is emphasized that the calculation of the modified
triangular factors for the case considered is numerically stable whereas
the general algorithm given by Bennett is not.
Define

BY = B with B® = [5{))].
The matrix B® has the symmetric triangular decomposition
BM = LDL7,

where L is a lower triangular matrix with unit diagonal and D is a diagonal
matrix. The triangular decomposition can be found in the following
manner. Let i) be the (s —j) x 1 vector of elements (j 4+ 1) to s of
the jth column of L. Let M be the identity matrix with elements (j 4 1)
to s of its jth column replaced by (9.

Then

D =M"'M7Y - My ABOM YT - - (M.
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Also if B is partitioned in the form

the following relation holds

pi) 0
M1 BO(M )T = { R } ,
0 i H — (1/o\)veT
where
al
w=ap | . @)

b(l)
51

If the (s — 1) x (s — 1) matrix B® is defined as

2
B® = [,

then

(1) ’
M,PIBW(M )T = {b“ 0 J .

Corresponding to Eq. (21) I® is a multiple of the first column of B, i.e.

b2

21
12 = (1)
LNy
Generally /19 is expressed as

KR

=gy |

P
s—7+1,1 |

By considering each new submatrix B¢ and forming /) as a multiple
of its first column, the complete triangular decomposition can be found.

The quantities /(? and B! can be used to modify the lower triangular
factors of B to give those of B. Define g = gV, & = £ and
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>, 1
B = 5],
= B | khgllighT,

If B® and g are partitioned as

w _ |81
e =

BW — [bn + g.%kW T nglka)}

and

v+ kN0 | H 4+ EDpe?
then
M,~YBYW 4 pggOT)(iT, 1T =
bll + k(”gl . JUPR . 0 o

1
0 H + kY ooT — oy T B [v + EVg 0][v + kVg 0] T

where M, is the multiplier corresponding to the modified triangular

factors. Consider the (s — 1) X (s — 1) submatrix

H + MooT — [0+ EVgsw]fv + Vg w]T

1
(11 + AVg?)

1 1
=H — puT —
(511) + ( 11) T (b + £Dg?)
[0 + BV ][ + AV 0]T + ADweT

which, after some manipulation gives

o ( 1 ) T ey
= vl +
b1 by1(b1y + Vg4

- [g2200T + bhowT — bygrov? — by grvwT),

RO
= RB®2 _ B .
Bt - bia(bry + kDg2) (1100 — g19) (b1100 — 1) 7.

If g is defined as

&% = (bpw — gw) = byy(ew —1Vg),
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and
ED
R = 7 22
b11(b11 + Vg% )
then
By by + EWg,? 0
M7 1BO(M 1T = | 0 B® { p@g@gT |

Since the first column of B® is known from the old lower triangular
factors L, it is possible to calculate the new triangular factors and the
quantities 2, g®. The elements 2 to s of the first column of the modified
triangular factor are given by

)
1\ | % 1

(5@) | (z}(‘n) o120V + g1k Vo],
11 Egli 11

Since B is positive definite it can have no zero diagonal elements and the
denominator in (22) is nonzero. The algorithm is repeated on the (s — 1) x
(s — 1) submatrix B® and the process continued, the jth column of the
modified triangular factor being obtained from the first column of B?.

7.2. Method B: Elementary Hermitian Matrices
Consider the matrix

AT = [Li0]PT,

where ATisans X (¢ -+ 1) matrix, { > s, Lisan s X s lower triangular
matrix, and Pisa (¢ + 1) x (¢ + 1) orthogonal matrix. Let A7 denote
the matrix AT with the kth column & deleted and PT the first s rows of
the matrix P7 with the Ath column p deleted.

Then

AT = LPT,
Let p be an s X 1 vector such that
pO
P=1% 1
po
Define p'? as the vector consisting of all the elements of pU—1 except
the first. Then
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LpM = g,
and
PTP =1 — pp”,
hence
AT = L(I — ppmiT)L7T,
This can be written in the form
ATA = LBOBWTLT,
where
BY = [ — gpdpiT, i=1,...5s,
o = 1/[1 F (f,(l)Ti,(l))m]_
In general ¢V is chosen as
ol = 1/(1 + 75(1)1'7‘5(1))1/2)_
o', j = 2,..., s are given later in this section. Note that if pJOTHMD = 1,

1 = 0 hence @ = 0 and no reduction of B is necessary.

The matrix B™® can be reduced to a lower triangular matrix L using
a sequence of Householder orthogonal matrices W,, where the W, are of

the form
W,=1-— oMMt

W NTep(r) = 2/“(1'),
hence

L=BOW,..- W,
If

D = ] — glhp, W2

then

2V = [ F ygMm]-1
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where

s
D2 — (124 (1)2 12
dWe = gth2p (M Z?a’() + oz,
=2

7

Hence the elements of o'V are given by
M =y F g,
and
;M = —gWp,Wp M for j=2,... s

Hence BMW; is of the form
av 0
fLp@ i B |’

o® = O—(l)(]_ + ﬁl(l)a(l)a(l)(p](l) -+ P(I)T(U(l))),

where

and
B = — gp ) 4 ggp Mgy (1) 4 g WgWgpMTeyM),

Postmultiplication by W;, 7 = 2,..., s leaves the first row and column
of BOW, unaltered. Extending therefore the definition of g and 4V
to B and d'9, respectively, the jth column of L can be written

0
Il = awm
B pUHD
If # is defined to be the lower triangular matrix such that
AT = [F 0127,
where & is an orthogonal matrix, then
& = LL.

In general L and L are dense lower triangular matrices and straight-
forward multiplication would take s3/6 + O(s?) operations; however &
can be determined in only O(s?) operations in the following fashion.
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Let [; denote the 7th column of .# and [ the (s — j) X 1 vector of the
last (s — §) elements of {;, Then

[, = LI,
Partitioning L in the form
—51.1' 0 7]
lhy 0
. 2,2E 0
- i
ORI RN DS
f LU+D
gives
lj; =dP;,
[ = @D L LG, (23)
Now recall that
a = Lpm,

If at? denotes the (s — j + 1) x 1 vector of the last (s — § + 1) elements
of a,

a® = p O 4 [@p@)
and substituting in (23) with 7 = 1 gives
[ = gD | g (g2 _ p D),
or
[V = pg@ 4 (4O — gWp )W),

Lt+Dpli+D can be determined from the relationship

o L; ;9
LOpti = IR TX .
[(J’)pj(j) . L(Hl)P(Hl)

L@p@ and Lp) are known and since all the 4 and 49 are available
the [; can be determined recurring backward or forward.
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8. MODIFICATION OF THE TRIANGULAR FACTORS OF ATA WHEN A ROW IS
ADDED TO A

8.1. Method A: Elementary Nowunitary Matrices
In this case the following relation holds

ATA = ATA + aa”.

Exactly the same procedure as method A4 in Sec. 7 can be used but with
RV = 1 instead of — 1.

8.2. Method B: Elementary Hermitian Matrices
Let

ATA = ATA + aaT where Aisat X s matrix, {>s,

with
AT = [aAT] = [L'01PT,
where
L =(al),
and
o p)

Note that P is still an orthogonal matrix. The matrix L is a lower Hessen-
berg matrix and can be reduced to lower triangular form by the methods
given in Sec. 5.

An alternative procedure is possible if 4 is defined as

AT = [ATa].
Then
AT = [L0]PT,

Fi]
0 ipea]

where

pr
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Let p'V be the vector consisting of the first s elements of . Then

LpW = q.
Now
_ I ppT
PTp = | P]; ) 'Tleﬁz
PH—I? P ]5 + pt+1
so that
ATA = L(I 4+ pphT)LT,
= L(I 4 gWppMT)([ L ghpMpMT) [T,
where

wm (1 + ?(I)T;D(l))l/z —1
o = POTHD

The matrix (I 4+ o®WpWTHpW) can be reduced to lower triangular form in
exactly the same fashion as in Sec. 7.2.

9. MODIFICATIONS TO THE BASIC ITERATION IN THE CASE OF SIMPLE
CONSTRAINTS

In many problems solved by linear programming techniques simple
constraints of the form -+ x; > b; are imposed upon the variables. The
particular structure of the coefficient matrix can be utilized within the
basic iteration to obtain a saving in arithmetic operations and storage
requirements.

In the following discussion the original problem is considered to possess
v general constraints and #» simple constraints of the form x; > ;. If #
general constraints are active at the beginning of the ¢th iteration the
variables can be ordered such that the matrix of active constraints has
the form

A ()T A ()T
@r — |91 42 ,
aom = [ 4

n—r’
where A7 is an #' X (# — #') matrix, 4, is an #' X #’ matrix and
I, , the (n —#') X (n — #) identity matrix. Similarly 497 has the
form
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ADT = [,“Il@T: A7 ,
Lo I,

where 4,97, 4,497 have shapes: (r —7') X (n —7"), (# —7') X ' respec-
tively. The modifications to each step of the basic iteration are as follows.

Step 7
The Lagrange multipliers are solutions to the equations

Ay = ¢.

If the column vectors # and ¢ are partitioned accordingly, the equations

become
[4.1..(.” .I.ﬂ—.r'} [“1] _ [Cl}
4,90 ug} ez’
giving
AoDuy = ¢y, (24)
g = ¢ — A1 Pu,. (25)

Using the strategy outlined in the basic iteration, Eq. (24) is replaced by
ADTA 0y = A0Tcy:

u, is found, and substitution in Eq. (25) gives #,. Only the triangular
factors of A,97A,% need be stored during any one iteration, resulting
in a considerable saving in storage and computational effort.

Step 2
The method used to determine the gth row of A%-1is dependent upon
the nature of the constraint about to be deleted. The equations for p are

given by
4,07 4,07] [,
Lo | g) T

(@) General Constraint Deleted at Step 1. In this case ¢ <{7', p; = 0 and
A, OTp, = ¢, where ¢, is now the gth column of I,.. Then p, is found from
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LWLy0Ty = ¢

q»
P2 = 4219y.

(b) Simple Constraint Deleted at Step 1. Now g > 7’ and the equations
for $ reduce to

A l(i)Teq—r’ + A2(z‘)T]§2 0,
ie.,

Az(i)Tp2 = —a,,,

where a,_,. is the (g — 7')th row of 4,9, ¢,_,. is the (¢ — #')th column of
I,_,.. ps can be calculated from

LfOL,0Ty

i

— Aq—r>

P = A5y,

Step 3
The calculation of v can be significantly simplified. In general »is given
by

AWDT 0T | py
Vo= | e . .
0 Ir’ pZ

(a) Simple Constraint Deleted at Step 7

giving

o |2 + A,zf%?.%}

where d,_, is the (g — 7')th row of 4,0,

() General Constraint Deleted at Step 1. In this case v becomes

Y — [5_2‘.{?7?2} ,
P2
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Step 4
Some economy can be achieved in the calculation of %+ (and some-
times 4,+1) due to the sparsity of the vector p.

Step 5

The lower triangular factors of the recurred matrices must be modified.
As in the basic iteration the triangular factors are modified twice, after
the first constraint has been deleted and after the new constraint has been
added. There are several possibilities regarding the nature of the incoming/
outgoing constraints.

(@) Deletion of a Simple Constraint. When a simple constraint disappears
from the basis a row of I,,_,. is deleted and the variables reordered such
that the corresponding row of 4,9 is placed amongst those of 4,%. The
algorithm described in Sec. 8 is used to modify the triangular factors
of 4,1,

(b) Deletion of a General Constraint. A column is deleted from 4, and
Ay and the corresponding triangular factors of 4,974, are updated
as in Sec. 5.

(¢) Addition of a Simple Constraint. 1f the simple constraint corresponds
to the variable x; then the variables must be reordered such that the
coefficients of x; which make up a column of 4,7 are added to 4,97,
Since A,7T has been column-deleted, the lower triangular factors are
modified as in Sec. 7. The new 4,7 is formed so that the identity matrix
is maintained in the bottom left hand corner of the coefficient matrix, in
which case formulas (24) and (25) hold for the next iteration.

(d) Addition of a General Constraint. In this case 4,97, 4,7 are both
row-augmented. The triangular factors of 4,974,'9 are modified using
the procedure outlined in Sec. 6. Step 5 completes the modified basic
iteration.

It is not the intention of this paper to consider further problems posed
by A being sparse or possessing special structure. Certainly the algorithm
can be adapted to consider the type of coefficient matrix that arises in
practical problems. All necessary formulas for the modification of the
lower triangular factors which could arise from these considerations are
given in Secs. 5-8.
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10. NONSIMPLEX STEPS

The algorithm described in Sec. 3, does not depend upon #’, the number
of active constraints, being equal to #, the number of variables. This
implies that the initial approximation to the solution, %,, need not be a
feasible vertex but any feasible point. At each subsequent iteration a new
constraint enters the basis while the value of the objective function is still
being decreased. During any period with #’ < # a considerable saving in
computational effort and storage requirements is obtained and since
progress can be made across the interior of the simplex, the number of
iterations necessary to find the solution will be reduced.

Having reached a point with 7 (say) constraints active it is also possible
to move off more than one constraint simultaneously. In this case the
computational effort increases with the number of constraints being
deleted until approximately #/3 constraints are discarded simultaneously
when it is more advantageous to drop all the constraints and build up the
active basis afresh. The work then decreases until it is possible to move
off all the constraints with no work at all. This strategy is recommended
when a large number of constraints are likely to be redundant. In partic-
ular, if — ¢ lies interior to the simplex, a step in this direction can be
made with no constraints in the basis. At each subsequent iteration a new
constraint becomes active but a currently active constraint for which the
Lagrange multiplier is negative can be deleted, giving an expected small
number of iterations with a full basis.

When #’ < # the direction of search, p, is no longer unique, but need
only satisfy the relations

DTH = 0, (26)
cTp <0, (27)

and
a,Tp > 0, (28)

where AT is the matrix of active constraints at the 7th iteration, and
DT the matrix ADT with the gth row a,” deleted. If a constraint is
not deleted from the basis at the ¢th iteration, only conditions (26) and
(27) need be satisfied, where &/ is now equal to A,

The conditions (26), (27), and (28) ensure that the new direction of
search remains feasible and decreases the objective function. Such a p
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will be called a feasible descent direction. In step 2 of the basic iteration
when #’ = #n, p was chosen as the gth column of (4%7T)-1 and shown to
satisfy Egs. (27) and (28). For #’ < n, providing the multiplier 4 can be
chosen to satisfy Eqs. (27) and (28), any p of the form

P = B{ANAOT )Ly 0T 1) (29)

will suffice, where ¢ is an arbitrary vector linearly independent of the
columns of /9. In the case where #' = # the vector p is unique apart
from the arbitrary multiplier .

Judicious choice of the vector ¢ in Eq. (29) can significantly reduce
the amount of computation required. Three possible choices are ¢, a,, or
&, the latter being the p of the previous iteration. Let the respective p’s
from these choices be p,, p, and p. The remainder of this section is devoted
to examining under what circumstances these p’s are feasible descent
directions and giving details concerning their computation. The following
lemma will prove useful.

LEMMA 1. Let y be the (g, q)th element of (ADTANL Then

A DA DT Ly OTq — g = — lv
4

>

where v is the gth row of the matrix (ADTAW)~14DOT,

Proof. Let
A+ = (ADT4D)-14@OT

and reorder the rows of A+ such that vT appears as the #'th row. Then
by definition

A DT o7t M(i)Taq] [HJ {Mu):p}

N aerrainat | e i
a, TV | aTa, ) @,

where H is the matrix of remaining »” — 1 rows of A+. If H is eliminated
from this system we obtain

{a,Td D(A DTy D)L DTq, — g Tqly = of A OTf N 17 OTq g

We must now obtain an expression for the scalar multiple of v. Consider
the set of equations
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0
S OTof D | of DTq | |20 :
RN e o el
1

The vector [z*V7Tiy] corresponds to the gth row of (4MTA4®)~1 and if WV
is eliminated from this set of equations we obtain

y = {aqTaq — aqT&{(i)(ﬂ(i)T&/(i))—I&{(i)Taq}-l'

Clearly, since y > 0 is the (g, ¢)th element of (4¥7A®)-! we have

_ Y - g (DT g )L DT g
Y

and the Lemma is proved. W

THEOREM 1. The direction of search
Pe = BA D (A DT f D)L DTe _ ¢}

is a feasible descent divection for all §, > 0.

Proof. We have by definition
cThy = BTl O (A DT of D) "Lof DT _ (Tc},

We first prove that Eq. (27) is valid. Define the matrix

Ir [&{(i)T] .

cT

then — B,(cTp,)~! is the (n’,n’) element of (A7A4)~1. Consequently
cTp, < 0if §, > 0 and relation (27) is satisfied.
To prove Eq. (28) we form

aTpe = Bola Tl (A OT D)Ll OTE — 4,75},

If the Lagrange multipliers calculated during the ith iteration are reordered
in the form
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where 7 are the multipliers with #, excluded, and their partitioned equations
written explicitly, then

AOT 0G| of DTy, = L DT, (30)
a, T AV + aTam, = a,Tc. (31)
Eliminating # from Eqs. (30) and (31) we have
a LA D (A DT of D)Ly DT — g T¢
= ugfa LA A DT D)L/ OTg g Tq},
giving
aTp, = Bofa Ll N A DT LfDTq — g.Tq).
Using Lemma 1 this equation can be written as

_ HBs
%

where y is the (g, g)th element of (4A®WTA®)~1 If 4, < 0 and § > 0 then
a,Tp. > 0 and p, is a feasible descent direction. [l

“alec =

THEOREM 2. The direction of search
Do = Bufd V(A DT f D)Lt DT, — g}

is a feasible descent divection for all 8, < 0.

Proof. We first prove relation (27) by calculating
CTho = BalcT ol V(A DOT D)L ofOTg — (T},
and we obtain

Battq
—_—

Tpo =
4

giving c¢Tp, < 0 if u, << 0 and S, < 0.
In a similar fashion
a,Tp, = ﬂa{aqT&[(i)(M(i)T'M(i))—lﬂ(i)Taq — aTa,},
- ﬁa/y;

1l
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with a,7p, > 0 for 8, < 0. Clearly p, is a feasible descent direction.

When less than » constraints are in the basis and the third choice
of £ = 5 is made in Eq. (29) it has not been possible to show that a f
exists which will satisfy both Eq. (27) and Eq. (28). However, when
#n' = un, p must be a scalar multiple of p.. Also if #° # »n and we do not
delete a constraint then # can be chosen so that p is a descent direction.

Evaluation of p,
We have

Po = BAA (A DT D) Lf DT _ ¢},
which, after using Eq. (30), becomes
Po = BAA i + Uyl D (A DT/ D)Lt D, T — ¢}
Now
Ay — ¢ = ZV 4 ua, —c,
and the equation for p, then reduces to
Po = BAADU — ¢ + u (A D(A DT f D) Lo DTq, — g)}.

We now use Lemma 1 to obtain

pe = B, {A(i)u —c— M"A(i)y},
4
where
LOLWTy = ¢ (32)

that is, y is that vector defined in step 2 of the basic iteration. If 5, is
chosen equal to y then

Pe = y(AdPu —c) — u AWy
If w = n, the residual 494 — ¢ is zero and

Po = — u AWy,
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Evaluation of p,
Since p, is defined as

Pa = BofAD (A DT g D) Neg0Tq — g3,

we see that Lemma 1 gives

g
pa = - [_‘_7 v,
14
= — &’A(i)y.
14
If we put
Bo=yus (8. <0),
then
Do = — 1, AWy,
and

pe = pa + y(APU — ).

A natural question that arises is whether one of these directions is
always better than the other. The matrix I — AP (AWDTA)-14OT jg
positive semidefinite; therefore

¢TI — AD(ADTAD)TIADT)e > 0,

hence

cTle — AWu) = 0.
Now

€The = ¢Tpa + ye(AD — o),

and since y is positive

cThp, <L cTp, < 0.
The best direction, say #,, satisfies the inequality

cThy cTz

ﬂP_bH < H;ﬂ , VzeE,,
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where
lll = T,
It can be shown from the relation between p, and p, that
[12el[* = llpal[® + %4 Pu — c]|

and consequently no a priori comment can be made as to which of the two
directions is best.

Evaluation of p
We have defined

P = Bl (A DT D) Lg DT gy 3,

However, g must be orthogonal to all but one of the constraints that
make up .o/PT (the constraint ¢l added during the last iteration). Con-
sequently we have

b = Blast SISO T,y — g,
where
%= ayp.
If we recur the factorization
A DT 7)) = P POT

then
(o
p = ﬁlgd(“z——g ,

where § is the (' — 1), (#' — 1) element of £ and z is obtained from
the back substitution

LOTy = e, 4. (33)

The reason for considering this choice of ¢ at all is that Eq. (32) used in
the evaluation of p, and p, simplifies to become Eq. (33) in this case.



134 PHILIP E. GILL AND WALTER MURRAY
11. STORAGE AND COMPUTATIONAL REQUIREMENTS

When the matrix of active constraints has an insignificant number of
zero elements the form of the algorithm presented here requires #2/2 +-
O(n) storage locations in addition to the original data. The number of
arithmetic operations per iteration varies according to

(i) the position of the constraint leaving the basis of constraints, and

(i) the particular modification method used.

The number of multiplications for each method used to modify the lower
triangular form when a row is deleted from 47 is shown in Table 1, where
it is assumed that the deletion of a particular constraint between 1 and #
is equally likely.

TABLE 1
AVERAGE NUMBER OF MULTIPLICATIONS REQUIRED FOR THE MODIFICATION OF THE
TRIANGULAR FACTORS WHEN A ROW IS CHANGED IN 47T

Constraint Leaving the Basis Constraint Entering
the Basis
Method A B C

Number of min: in? 4+ O(n)

5
a7t o) §n® + 0 max: §n? + O(n)

3,2
multiplications $n? + O(n)

If method B is used when a constraint leaves the basis and p is obtained
using the method requiring the least number of multiplications, the average
total amount of work is given by

4in® + nim — n) + O(n)

(see Table 2).

The inclusion of non-Simplex steps reduces the amount of work and
the additional storage requirements. If #’ constraints are active at the
ith iteration with #’ << %, then (#’/2)2 + O(»’) additional storage locations
are required, and the work reduces to

l%(%’)2 4+ 2un" 4 nim — »') + O(n — »’) multiplications.

When average figures of m = 3n, n' = /2 are assumed the average work
becomes

337"2 4 O(n) with #2/8 + O(n) locations.
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TABLE 2
NUMBER OF MULTIPLICATIONS PER CYCLE FOR THE EVALUATION OF THE BASIC ITERATION
WITH GENERAL CONSTRAINTS

Source Number of Multiplications
Calculation of the Lagrange multipliers %nz + O(n)

Calculation of p 2n® 4+ On)

Calculation of v nim — n)

Modification of the lower triangular factors %‘n2 + O(n)

A direct comparison can be made with the explicit inverse version of the
Simplex method when A7 in Eq. (P1) is given by

B b
T_ = ’
AT = [I} and b [0}

B is an » X n matrix with » << #, and m = »n + ». The constraints are
equivalent to

Bx > b, x == 0.

In the standard Simplex method the variables x are augmented by 7 slack
variables vy such that
-1
¥ = )
y

and the constraints become

lel —_ bl’
% =0,
where
B' = [BD],

D being a diagonal matrix with elements + 1. During any current
iteration of the standard Simplex method 7 linearly independent columns
are chosen from B’ to form the ““column basis” and the explicit inverse
of the matrix formed by these columns is stored. As columns are inter-
changed in the column basis the explicit inverse is modified. The size
of the matrix recurred during the process is constant, the amount of work
required per iteration being (Hadley [7])
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(n 4+ #)7 + #* 4+ O(r) multiplications.
If an average figure of #» = 3 is assumed the amount of work becomes
572 4+ O(r) multiplications, (34)
with the amount of additional storage needed fixed at
72 + O(r) locations. (35)

The linear programming problem with matrix of constraints given by A7
can be dealt with as described in Sec. 9. In this case #’ corresponds to the
number of elements of D not in the column basis of the explicit inverse.
During any iteration it may be necessary to change a column of the
¥’ X v’ submatrix of AT corresponding to 4,'? in Sec. 9. The computational
requirements for each of the methods described in Secs. 7 and 8 are given
in Table 3.

TABLE 3
NUMBER OF MULTIPLICATIONS REQUIRED FOR THE MODIFICATION OF THE TRIANGULAR
FACTORS OF ATA WHEN A coLuMN oF 47 1s ALTERED

Modification due to Modification due to
Method Incoming Column Outgoing Column
A B A B

Number of multiplications (+")% + O(') 2(*')% 4 O() 3{+)? 4 O(r") 2(+')% + O(¥)

If an expected figure of # = 37 is taken and it is assumed that
approximately half the simple constraints are active on average, then the
total amount of work for any iteration is given by

2472 4 O(r). (36)
The corresponding average storage per iteration is given by
728 + O(r). (37)

A comparison of Eq. (34) with Eq. (36) and Eq. (35) with Eq. (37) dem-
onstrates the saving over the explicit inverse form of the Simplex method.

If non-Simplex steps are taken further economy can be achieved, for
example, the expected amount of storage reduces to

72132 + O(r).
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TABLE 4
EXPECTED NUMBER OF MULTIPLICATIONS FOR THE EXECUTION OF THE MODIFIED BASIC
ITERATION
Source Number of Multiplications
Calculation of Lagrange multipliers %(7’)2 + v'(n —¢') + OF)
Caleulati ’ simple constraint outgoing 2(r)? + Op")
alculation of p general constraint outgoing ()% 4+ o)
Caleulati " ’simple constraint outgoing v'(r — ) 4 O')
alcuiation ot v general constraint outgoing Vir — vy + Of)

Modification of 4,974,(:

{ Simple constraint incoming

+ Simple constraint outgoing 30+ Of)
Simple constraint incoming .
{+ Genzral constraint outgoi;g %(7/)2 + 0)
General constraint incoming 13
{+ General constraint outgoing E_(V )2 40w
General constraint incoming
{+ Simple constraint outgoing 3(r)* + 0)

11. COMMENTS AND CONCLUSIONS

The importance of numerical stability in methods used for the solution
of linear programs is not always appreciated. Although the schemes of
Bartels and Golub [1, 2] have been well publicized, practitioners have
seemingly preferred to sacrifice numerical stability for apparent advantages
in storage and computational effort. However, the number of iterations
needed is likely to decrease for a numerically stable algorithm, since it is
possible for a numerically unstable method not to converge at all. An
algorithm has been presented which is competitive in storage requirements
and computational effort with the standard Simplex method.

This consideration has principally been with linear programming
problems which possess no special form of constraints. Alternative versions
of the algorithm more suitable to sparse and structured systems will be the
subject of future publications.

Murray {9] has extended the method to indefinite quadratic pro-
gramming. Although still regarded as an extension of the Simplex method
it differs radically from the two most popular methods (3, 13] which
transform the problem into an artificial linear program. The formulation
of the problem and its method of solution illustrates the natural link
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between linear and quadratic programming. Further investigations have
been made extending the numerical techniques to the minimization of a
nonlinear function without constraints [6] and with linear constraints [7].

Since the first appearance of this paper, further developmental work
has taken place. An account of this work can be found in the publications
of Dr. M. A. Saunders [10, 11].

The authors wish to thank Mr. E. L. Albasiny, Dr. M. A. Saunders,
Dr. J. H. Wilkinson, Dr. D. W. Martin, and Miss Susan M. Picken for
their careful reading of the manuscript and a number of helpful suggestions.

REFERENCES

1 R. H. Bartels, A Numerical Investigation of the Simplex Method. Technical Report,
No. CS 104, Computer Science Department, Stanford University, Stanford,
California (July 1968).

2 R. H. Bartels and G. H. Golub, The Simplex Method of linear programming using
LU decomposition, Comm. ACM 12(May 1969), 266-268.

3 E. M. L. Beale, On quadratic programming, Naval Res. Log. Quart. 6(1959), 227
243.

4 J. M. Bennett, Triangular factors of modified matrices, Numerische Math. 7(1965),
217-221.

5 G. B. Dantzig, Linear Programming and Extensions, Princeton University Press
(1965).

6 P. E. Gill and W. Murray, Quasi-Newton methods for unconstrained optimization,
J. Inst. Math. Appl. 9(1972), 91-108.

7 P. E. Gill and W. Murray, Two Methods for the Solution of Linearly Consivained
and Unconstvained Optimization Problems, NPL DNAC Report No. 25 (1972).

8 G. Hadley, Linear Programming, Addison-Wesley, Reading, Mass. (1962).

9 W. Murray, An Algorithm for Finding a Local Minimum of an Indefinite Quadratic
Program, NPL DNAC Report No. 1 (1971).

10 M. A. Saunders, Large-Scale Linear Programming Using the Cholesky Factorization,
Technical Report No. CS 252, Computer Science Department, Stanford University,
Stanford, California (1972).

11 M. A. Saunders, Product Form of the Cholesky Factovization for Lavge-Scale Linear
Programming, Technical Report No. CS 301, Computer Science Department,
Stanford University, Stanford, California (1972).

12 J. H. Wilkinson, The Algebraic Eigenvalue Problem, Oxford University Press (1965).

13 P. Wolfe, The Simplex Method for Quadratic Programming, Econometrica 27(1959),
382-398.

Received November, 1970



