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Abstract

We consider the (Ihara) zeta functions of line graphs, middle graphs and total graphs of a regular graph
and their (regular or irregular) covering graphs. Let L(G), M(G) and T (G) denote the line, middle and
total graph of G, respectively. We show that the line, middle and total graph of a (regular and irregular,
respectively) covering of a graph G is a (regular and irregular, respectively) covering of L(G), M(G) and
T (G), respectively. For a regular graph G, we express the zeta functions of the line, middle and total graph
of any (regular or irregular) covering of G in terms of the characteristic polynomial of the covering. Also,
the complexities of the line, middle and total graph of any (regular or irregular) covering of G are computed.
Furthermore, we discuss the L-functions of the line, middle and total graph of a regular graph G.
© 2006 Elsevier Inc. All rights reserved.

AMS classification: 05C50; 05C25; 15A15; 15A18

Keywords: Zeta function; Complexity; Graph covering; Line graph; Middle graph; Total graph

* Corresponding author. Tel.: +81 285 20 2176; fax: +81 285 20 2880.

E-mail addresses: jinkwak @postech.ac.kr (J.H. Kwak), isato @oyama-ct.ac.jp (I. Sato).
1 Supported by Com?MaC-KOSEF in Korea.
2 Supported by Grant-in-Aid for Science Research (C) in Japan.

0024-3795/$ - see front matter © 2006 Elsevier Inc. All rights reserved.
doi:10.1016/j.1aa.2006.01.033


https://core.ac.uk/display/82655494?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1
www.elsevier.com/locate/laa
mailto:jinkwak@postech.ac.kr
mailto:isato@oyama-ct.ac.jp

J.H. Kwak, I. Sato / Linear Algebra and its Applications 418 (2006) 234-256 235
1. Introduction

Throughout this paper graphs and digraphs are assumed to be finite, connected and simple (with
no loops and no multiple edges). Let G be a connected (undirected) graph with vertex set V (G)
and edge set E(G), and let v and £ denote the numbers of vertices and edges of G, respectively.
Let D(G) be the arc set of the symmetric digraph corresponding to G. For e = (u, v) € D(G),
let o(e) = u and t(e) = v. The inverse arc of e is denoted by e 1. A path P of lengthn in G is a
sequence P = (vo, vy, ..., Un—1, Up) of n + 1 vertices and n arcs (or edges) such that consecutive
vertices share an arc (or edge) (we do not require that all vertices are distinct). Also, P is called a
(vo, vy)-path. We say that a path has a backtracking if a subsequence of the form ..., x, y, x, ...
appears. A (v, w)-path is called a cycle (or closed path) if v = w.

A cycle C is said to be reduced if both C and C? have no backtracking. Two cycles C| =
(v1,...,vy) and Cr = (wy, ..., wy,) are called equivalent if there is an integer k such that
w; = v for all j, where the subscripts are modulo m. Let [C] denote the equivalence class
which contains a cycle C. Let B” be the cycle obtained by going » times around a cycle B. Such
a cycle is called a multiple of B. A cycle C is prime if C # B” for any other cycle B and r > 2.
Note that each equivalence class of prime, reduced cycles of a graph G corresponds to a unique
conjugacy class of the fundamental group 71 (G, v) of G ata vertex v € V(G).

The (Ihara) zeta function of a graph G is defined as a function of u € C with |u| sufficiently
small by

2G.u) = Zgw) =[] (1 _ u'C‘)_l ,

[C]

where [C] runs over all equivalence classes of prime, reduced cycles of G, and |C| is the length
of C.

Clearly, the zeta function of a disconnected graph is the product of the zeta functions of its
connected components. Zeta functions of graphs were originated from zeta functions of regular
graphs by Thara [16], where their reciprocals are expressed as explicit polynomials. A zeta function
of a regular graph G associated to a unitary representation of the fundamental group of G was
developed by Sunada [30]. Hashimoto [13] treated multivariable zeta functions of bipartite graphs.
Bass [2] generalized Thara’s result on zeta functions of regular graphs to general graphs.

The adjacency matrix A = Ag = (a;;) of G is the vg X vg matrix with a;; = 1 if v; and v;
are adjacent and a;; = 0 otherwise. Let D = D¢ denote the diagonal matrix whose (i, i)-entry is
the degree degq; (v;) of v;, and Q = Qg =D — L

Theorem 1 (Bass). The reciprocal of the zeta function of G is given by

Zow) ™' = (1 — u?)®67Y6 det(I — uAg + u>Qq). (1)

Stark and Terras [29] gave an elementary proof of Theorem 1, and recently Kotani and Sunada
[18] gave another proof.

The complexity « (G) of a graph G is the number of spanning trees in G. Hashimoto [14] and
Northshield [26] expressed the complexity of a graph as a limit involving its zeta function.

In this paper, we call the matrix X (u) =1 — uAg + u?Qg is called the generalized Lapla-
cian matrix of G. Note that # (1) is the Laplacian matrix Lg of G. For a connected graph G,
let fg(u) = det £ (u). Northshield [26] computed « (G) in terms of the generalized Laplacian
matrix of G as follows.
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Theorem 2 (Northshield). For a connected graph G,
2(s6 — ve)k (G) = fG(1), 2)
where f(’; (1) is the derivative of the determinant fg(u) = det LG (u) atu = 1.

The complexities for various graphs were given in [6]. Let @(G; 1) = det(A\I — A) be the
characteristic polynomial of G.

Theorem 3 [15]. Let G be a regular graph with valency r. Then the complexity k (G) is

k(G) = L‘D’(G; r). 3)
VG

The line graph L(G) of a graph G is the graph whose vertex set is the edge set £ (G) of G, with
two vertices of L(G) being adjacent if and only if the corresponding edges in G have a vertex in
common. The middle graph M (G) is the graph obtained from G inserting a new vertex into every
edge of G and by joining by edges those pairs of these new vertices which lie on adjacent edges
of G. Another important graph is a total graph. The total graph T (G) is the graph whose vertex
set is the union of the vertex set V(G) and the edge set E(G) of G, with two vertices of T(G)
being adjacent if and only if the corresponding elements of G are adjacent or incident. There have
been lots of work on various properties of line graphs, middle graphs and total graphs of graphs
[3,5,6,11,12,25,27,28].

From the definitions, we have

Theorem 4. The adjacency matrices A;, = A(L(G)), Ayy = AM(G)) and Ar = A(T (G)) are
given as follows:

A, B A, B
AL =BB' - 2L, AM=[Bf 0] AT=[B$ A], @)
where B = (b;;) is the incidence matrix of G : b;j = 1ifthe edge e; and the vertex v are incident,
and b;j = 0 otherwise.

This paper focuses on the following questions: For the line graph L(G), (also for the middle
graph M (G) and the total graph T'(G))

(A) compute the characteristic polynomial @(L(G)), the zeta function Z; () and the complexity
K (L(G)),

(B) determine whether the line graph of a (respectively, regular) covering of a graph G is a
(respectively, regular) covering of L(G),

(C) compute the zeta functions and the complexities of coverings of the line graph L(G),

(D) compute the zeta functions and the complexities of line graphs of coverings of G,

(E) decompose the zeta functions of coverings of the line graph into L-functions.

In Section 3, we present the characteristic polynomial, the complexity and the zeta function
of the line graph of a regular graph. For any (regular or irregular) covering G* of a connected
graph G derived from a permutation voltage assignment « : D(G) — S, we determine a voltage
assignment 8 : D(G) — S, suchthat L(G%) = L(G)P . The zeta function of the line graph L(G%)
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foraregular graph G is expressed in terms of the characteristic polynomial of G*, and also by using
the determinant expression for L-functions of L(G). Furthermore, the complexities of L(G%) is
computed. In Sections 4 and 5, a parallel work for a middle and a total graph is done respectively.
In Section 6, we add some examples.

For a general theory of the representation of groups and graph coverings, the reader is referred
to [4,10], respectively. Throughout this paper, let [n] denote the set {1, 2, ..., n} and let S,, denote
the symmetric group on the set [n].

2. Zeta functions and complexities of covering graphs

In this section, we construct a covering of a connected graph G by using a voltage assign-
ment « defined on the arc set D(G), written by G, and compute the characteristic polynomial
®(G*%), the zeta function Z(G%, u), and the complexity « (G%) of the covering G* in terms of the
corresponding quantity of the graph G.

Let N(v) = {w € V(G)|(v, w) € D(G)} denote the neighborhood of a vertex v in G. A graph
G iscalled a covering of G with projection p : G — Gifthereisa surjection p : V(G) — V(G)
such that p|y) : N (V) — N(v) is a bijection for all vertices v € V(G) and ¥ € p~l(v). We
say that the projection p : G — G is an n-fold covering of G if p is n-to-one. Two coverings
pi: éi — G, i = 1, 2aresaid to be isomorphic if there exists a graph isomorphism @ : G, — G
such that p; = py o @. Such a @ is called a covering isomorphism [19].

A permutation voltage assignment (or, voltage assignment) of G is a function ¢ : D(G) — S,
with the property that ¢ (e = ¢p(e)~! foreach e € D(G). The permutation derived graph G? is
defined as follows: V(G?) = V(G) x [n] and E(G?) = E(G) x [n], so that an edge (e, i) of G?
joins a vertex (u, 1) to (v, ¢(e)(@)) fore =uv € D(G)andi = 1,2, ..., n. The first coordinate
projection p? : G® — G is an n-fold covering. Following Gross and Tucker [9], every n-fold
covering G of a graph G can be derived from a voltage assignment which assigns the identity
element on the directed edges of a fixed spanning tree 7' of G. We call such a ¢ reduced. That
is, for a covering p : G — G, there exists a reduced voltage assignment ¢ of G such that the
derived covering p? : G — G is isomorphic to p : G — G. Moreover, for a reduced voltage
assignment ¢ : D(G) — S,,, the derived graph G? is connected if and only if the subgroup of S,
generated by the image of the voltage assignment ¢ acts transitively on the set [r] [10]. Such a
voltage assignment is said to be tfransitive.

A covering p : G — G is said to be regular if there is a subgroup I'" of the automorphism
group Aut(G) of G acting freely on G so that the graph G is isomorphic to the quotient graph
G /T, say by h, and the quotient map G—>G /T is the composition 4 o p of p and h. The fiber
of an edge or a vertex is its preimage under p.

Let I' be a finite group. An ordinary voltage assignment (or, I'-voltage assignment) of G is a
function ¢ : D(G) — I with the property that d(e™ 1) = p(e)~! foreach e € D(G). The values
of ¢ are called voltages, and I is called the voltage group. The ordinary derived graph G x4 I’
derived from an ordinary voltage assignment ¢ : D(G) — [ has as its vertex set V(G) x I', and
as its edge set E(G) x I', so that an edge (e, g) of G x4 I joins a vertex (u, g) to (v, g¢(e)) for
e=uv € D(G) and g € I'. In the (ordinary) derived graph G x¢ I', a vertex (u, g) is denoted
by u, and an edge (e, g) is denoted by e,. The first coordinate projection pg : G Xy I' — G,
called the natural projection, commutes with the left multiplication action of the ¢ (e) and the
right multiplication action of I" on the fibers, which is free and transitive, so that py is a regular
|I'|-fold covering, called simply a I'-covering. Gross and Tucker [9] showed that every finite
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regular covering of a graph G can be derived from a I'-voltage assignment, where I" becomes the
covering transformation group.

In [8] and [20], Kwak et al. expressed the zeta function and the complexity of a (regular or
irregular) covering of G by using those of G, respectively. The tensor product A @ B of matrices
A and B is considered as the matrix A having the element g;; replaced by the matrix a;;B. Set I,,,
be the identity matrix of order m.

Theorem 5. Let G be a connected graphandleta : D(G) — S, be a permutation voltage assign-
ment. Let I' = ({a(u, v)|(u, v) € D(G)}) be the subgroup of S, generated by {a(u, v)|(u, v) €
D(G)}. Let p1 =1, p2, ..., px be the irreducible representations of I' with degree f1 =1,
f2s ..., fk, respectively, and let the permutation representation P : I' — GL(n, C) of I' be
decomposed into a direct sum of irreducible representations: say P = @]2:1 mype. For each

y €I, define a matrix A, = A, (G) = (a,%)) as follows:

e 1 if(u,v) € D(G) and x(u,v) =y,
Qv =00 otherwise.

Then the reciprocal of the zeta function of G* is

k
Z(G%, M)_l =(Z(G, u)—l)ml l_[ {(1 _ MZ)(sc—vC;)fl-
i=2
x det |:IVGf,- —u Y pi(y) ®Ay +u*dy, ®(D—IVG)):|} . (5)
yel

Suppose that the n-fold covering G* of G is connected and that e > vg. Then the complexity
of G% is

14 mi
1
K(G%) = ;K(G) l—[ det (Ifk ® Dg — Z Pr(0) ® Ag> . (6)

k=2 oel

Foreach y € I', let G(O, y) denote the spanning subgraph of the symmetrlc digraph G corre-
sponding to G whose directed edge set is o~ (y). Then the digraph G is the edge-disjoint union
of spanning subgraphs G(a’y), y € I', and the matrix A,, = A, (G) in Theorem 5 is the adjacency
matrix of the digraph é(a,y).

Note that the multiplicity m of the irreducible representation p; = 1 is the number of orbits
under the action of the group I'. Thus, if the covering G* is connected, we have m| = 1.

As a special case, let the covering G of G is aregular covering with a covering transformation
group .o/ so that G¢ /A4=G [10]. Let p1 = 1, p2, ..., pe be the irreducible representations of .o/
with degree fj for each k, where f; = 1. Then the multiplicity my is equal to the degree fi of px
and the fold number 7 is |.o7|, the cardinality of .«Z. Thus we have the same formula as Theorem
5in [22]:

Sie
1
K (G?) = |M|K(G)Hdet<1fk®Dg—2pk(0)®A) .

oel
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Feng et al. [7] expressed the characteristic polynomial of a (regular or irregular) covering
of G in terms of the characteristic polynomial of G. Let ®(F; A) = det(AI — F) for any square
matrix F.

Theorem 6. Let G, Ay, o, pi, fi, m; be as in Theorem 5. Then the characteristic polynomial of
the covering graph G is

t mj
(G5 )) = dﬁ(G;A)ﬂ@(Zm(a)@Aa;x) : %)

i=2 oel

3. Line graphs of a graph and its covering graphs

For a simplicity of computing, we assume that the base graph G is regular. The characteristic
polynomial and the complexity of the line graph L(G) of an r-regular graph G are given as follows

[6]:

Theorem 7. Let G be a connected r-regular graph with v vertices and € edges. Then
BLG); M) = A+ VDG A+2—r) and k(L(G)) =25V =1(G). (8)

By Bass Theorem, one can get a matrix expression of the zeta function of the line graph L(G)
as follows.

Theorem 8. Let G be a connected graph with v vertices and € edges. Then
Z(L(G),w)~ ' = (1 — uH)EEONZ det(I — uA L + u* (D — 1)), )
where AL = A(L(G)) and DL = DL(G)-

In particular, if G is regular one can express the reciprocal Z(L(G), u)~"! of the zeta function
of the line graph L(G) in terms of the characteristic polynomial of G.

Theorem 9. Let G be a connected r-regular graph with v vertices and € edges. Then
ZILG), ) " = A = uPH "DV + 2u + Q2r — 3uP)EY

_ _ 2
< ® (G; 142 r)uu+ Q2r —3)u ) . (10)

Proof. Note that L(G) is (2r — 2)-regular. By Eq. (1), we have
ZILG),w) "= 1 = uPH)" D8 detd, — uAy + au’ly)

1 2
=1 =)V <L(G); +au ) :
u

where a = 2r — 3. By Eq. (8),

u

1+Q2-— 2
ZLG). )~ = (1 — u?) D" (1 + 2u + aud)*—" @ (G; + Q@ —r)u+au )

Therefore, Eq. (10) follows. [
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In [17], Kotani and Sunada showed that the line graph of a regular covering of a graph G
with covering transformation group .o/ is a regular covering of L(G) with the same covering
transformation group .o7.

Archdeacon et al. [1] showed that the line graph of a covering of a graph G is a covering of
L(G).

Theorem 10 (Archdeacon et al.). Let H be a covering of a graph G, then L(H) is a covering of
L(G).

Let o : D(G) — S, a permutation voltage assignment. In the n-fold covering G%, set v, =
(v, g) and e; = (e, g), where v € V(G), e € D(G), g € [n]. For e = (u, v) € D(G), the arc ¢,
emanates from u, and terminates at vy (e)(g). Note that eg_l = (e Date)(e)-

For e € D(G), let [e] denote the edge obtained from e by deleting its direction. Then the set
D(L(G)) of arcs in the line graph L(G) is given by

{(e, Ple # 71 t(e) = o(f)},

where o((e, f)) = [e] and t((e, f)) = [f]. Furthermore, (e, f)~! = (f~1, e ).
Now, we determine a voltage assignment 8 : D(L(G)) — S, which derives the covering
L(G%) — L(G).

Lemma 11. Let G be a connected graph with v vertices vy, ..., vy, and let o : D(G) — §,
be a permutation voltage assignment. For each edge viv; € E(G), let e;j = (v;, v;) as an arc.
Furthermore, let oy, : D(L(G)) — S, be the voltage assignment defined by

a(eij) ifi <j<k,
) aleip)a(eii) ifi < jandj >k,

ar(leij], [ejk]) = a(ej-k) Y ifi> >k
1 ifi > jand j < k.

Then the covering L(G*) — L(G) is derived from the voltage assignment «y,.

Proof. Atfirst, note that ((ei.,-)s)_1 = (€ji)a(e,-j)(s) forany s € [n]. Let[(e;;)s] = [(eji)a(eij)(s)] =
[e,-j]s ifi < j

Let [ejjllejk] € E(L(G)) be any edge of L(G) and s € [n]. Setv =v;, w =vj,z =, x =
€jj and y = €jk- Then we have x; = (vs, wa(x)(s))a (xs)_l = (x_l)oz(x)(s)a Ya(x)(s) = (wa(x)(s)’
Zaa@ ) ad Gaw ) ' = O Dama@s)- Note that 1(xs) = 0(Ya)s)s i-e. ([xs],
[Yax)s)]) € D(L(G*)), We consider four cases.

Case 1. i < j < k. In this case, we have [xs] = [X]s, [Yax)(s)] = [V]a@x)(s)> and so ([x]s,
[Y]a)s)) € D(L(G®)). Furthermore, since oy ([x], [y]) =a(x), ([x]s, [Y]e)s)) € DL(G)*L).

Case 2. i < j and j > k. In this case, we have [x;] = [x]s, Do) = V]am)awm)es),
and 50 ([x1s. [Yla(ya(r)s) € D(L(G®)). Furthermore, since ar ([x], [y]) = a(y)a(x), (xl;.
[Y]eem)s) € DL(G)*E).

Case 3. i > j > k. Similarly, we have [x;] = [x]a)(5)» [Ya) )] = [V]e(am)(s), and so
(x]e)s)» [Yayams)) € DWL(G*)). Since ap ([x], [y]) = a(y), ([xla@)s)» [Y]amaw)es) €
D(L(G)*L).

Case 4. i >j and j <k. We have [x;] =[xlaw)s)» Vo))l = [V]a)(s).» and so
([x]a@)s)s Y]am)s)) € DIL(G®)). Since ap([x], [y]) =1, we have ([x]a@)s)s [V]aw)s) €
D(L(G)*t). O
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Let G be a connected graph with v vertices vy, ..., v, and ¢ edges ey, ..., e;. For g € I', the
matrix (Az)e = (aifc)) is defined as follows:
2© {1 if az(e. f) = g and (e, f) € D(L(G)),
ef 0 otherwise.
Let Dy = (d;;) be the diagonal matrix with d;; = degL(G) e; and Qr = Dy — I,. By Theorem 5,
the decomposition formulas for the zeta function and the complexity of the line graph L(G%) of
a covering G* of a graph G are obtained as follows.

Theorem 12. Let G be a connected graph with v vertices and ¢ edges, and « : D(G) — S, a
permutation voltage assignment. Let I' = ({a(u, v)|(u, v) € D(G)}) be the subgroup of S, gen-
erated by {a(u, v)|(u, v) € D(G)}, andlet P : I' — GL(n, C) be the permutation representation
of I such that P(y) = P, where P,, is the permutation matrix of y.

Suppose that the n-fold covering G* of G is connected. Furthermore, let p1 =1, p2, ..., p;
be the irreducible representations of I', and f; the degree of p; for each i, where fi = 1, with the
decomposition P = 1 + mapy + - - - + my p; into irreducible representations. Then the reciprocal
of the zeta function of L(G?%) is

Z(L(G*), u)~" = Z(L(G), u)™!

t i
<J] I(l —u?)*L N det (Iﬁg —u ) pi(8) ® AL) + u2<QL)f,.) ' :
i=2

gel’

where (Qp) . =17 ® Qp and g1 = |E(L(G))|. Suppose that ¢ > v. Then the complexity of L(G%) is

| p m;
K(L(G") =~k (L(G)) [ [ det (Iﬁ ®DL— )Y pi(®)® (AL>g) :

i=2 gel

By Theorem 9, one can express the zeta function of the line graph L(G%) in terms of the
characteristic polynomial of G when G is regular.

Corollary 13. Let G be a connected regular graph with valency r, v vertices and € edges, and o
D(G) — S, apermutation voltage assignment. Suppose that the n-fold covering G* is connected.
Then

Z(L(Ga)’ I/l)_l — (1 _ u2)(r—2)£nuvn(1 +2u + (2]" _ 3)u2)(8—1))n

_ _ 2
x@(G“; 142 r)uu+ Q2r —3)u ) (11

and
K(L(Got)) — 2(6—\))n+1r(€—v)n—lK(G0!). (12)

Proof. Note that G is an r-regular graph. [J

Let G be a graph and « : D(G) — S, a permutation voltage assignment. The net voltage
a(P) of each path P = (vy, ..., vg) of G is defined by a(P) = a(vy, v2) - - - @ (ve—_1, vg) [10].
Furthermore, let I' = ({a(e)|e € D(G)}), and let p be a representation of I'. The L-function of G
associated to p and « is defined to be the function of u € C with |u| sufficiently small as follows.
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Zw, p,a) =Zgu, p, o) = l—[det (If — p(oc(C))u'C'y1 ,
[C]

where f = deg p and [C] runs over all equivalence classes of prime, reduced cycles of G (cf.,
[13,16,30]).
We give a determinant expression for the L-function of the line graph L(G) for a graph G.

Theorem 14. Let G be a connected graph with v vertices and € edges and o : D(G) — S, a per-
mutation voltage assignment. Furthermore, let p be a representation of I' = {{a(e)|le € D(G)})
with degree f. Suppose that the n-fold covering G* of G is connected. Then

Zicy.poa)™ =0 —uP)e O det [T —u ) p(8) ® (AL)g +u*(QL) s
ger

Proof. By Theorem 3 of [21]. [

Corollary 15. Let G be a connected graph with v vertices and € edges, and o : D(G) — Sy,
a permutation voltage assignment. Let I' = ({a(u, v)|(u, v) € D(G)}) be the subgroup of S,
generated by {a(u, v)|(u,v) € D(G)}, and let P : I' — GL(n, C) be the permutation repre-
sentation of I' such that P(y) = P,. Suppose that the n-fold covering G* of G is connected.
Furthermore, let p1 = 1, pa, ..., p; be the irreducible representations of I', and f; the degree of
pi foreachi, where fi = 1, with the decomposition P = 1 4+ mopy + - - - + m; p; into irreducible
representations. Then

t
Z(L(G*), w) = [ | Zro) (. p. ar)™.
i=1

We express the L-function of the line graph L(G) for aregular graph G in terms of characteristic
polynomials.

Theorem 16. Let G be a connected r-regular graph with v vertices and € edges and o« : D(G) —
S, a permutation voltage assignment. Furthermore, let p be a representation of I' = ({a(e)le €
D(G)}), and f the degree of p. Suppose that the n-fold covering G* of G is connected. Then

Zi)u, poop)” =1 —ud) DT (1 4+ 2u + @2r = 3P E

1+ Q—=ru+ @r—3)u?
u

<@ Y p(g) ® Ay
gerl

Proof. Similar to the proof of Theorem 4 in [23]. [

By Theorem 16 and Corollary 15, Corollary 13 can be confirmed as follows:

Let p1 = 1, p2, ..., p; be the irreducible representations of I', and f; the degree of p; for each
i, where f1 = 1. Assume that the permutation representation P : I' — GL(n, C) is decomposed
into a direct sum of irreducible representations as 1 + mo03 + - - - + m; p;. By Theorem 16 and
Corollary 15, we have
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t
Z(LG*), W) =] [ Ze) (. pir )™

i=1

t
— 1_[ {(1 _ uZ)(rfz)é‘m,'uvmi(l + 2” + au2)(€7\))mi

i=1

_ 2\ 1™
><<P(Zp,'(g)®Ag;l+(2 r)u+au>} ’

u
ger

wherea =2r —3.Since 1 +ma fo + -+ +m; f; = n,

1+2- 2
Z(LGY), w) " = (1 — uD) =227 (1 420 + au®) " (G; + @ rutau )
u
t 2 i
1+ Q2-ru-+au
<[To X r@ oAy ,
i=2 ger

Now, Corollary 13 follows from Theorem 6.
4. Middle graphs of a graph and its covering graphs

The middle graph M (G) of G is the graph with V(M (G)) = V(G) U E(G) and E(M(G)) =
E(L(G))U{uele € E(G),u € V(G) are incident in G}. Let V(G) = {v1, ..., v,}. The end-
line graph G* of G is defined as follows: V(G1) = {vy,...,v,,v},...,v}} and E(G") =
EG)U {vlv/l, ..., vyv,}. Hamada and Yoshimura [12] showed that M (G) = L(GH).

The characteristic polynomial and the complexity of the middle graph M (G) of an r-regular
graph G are given as follows [6,22]:

Theorem 17. Let G be a connected r-regular graph with v vertices and ¢ edges. Then

; . M+ Q—rr—r
O(M(G);A) = (A + DA +2) @(G; o )

13)

and

K(M(G)) = 27" r + 1)1k (G). (14)

As the case of line graph, one can use Bass theorem to get a matrix expression of the zeta
function of the middle graph M (G) as follows.

Theorem 18. Let G be a connected graph with v vertices and ¢ edges. Then
ZM(G), u)™" = (1 — u?) EMODI=¢676 det(I — uA py + u*(Dyr — 1)), (15)
where AL = A(M(G)) and DM = DM(G)~

In particular, if G is regular one can express the reciprocal Z(M(G), u)~! of the zeta function
of the middle graph M (G) in terms of the characteristic polynomial of G.
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Theorem 19. Let G be a connected r-regular graph with v vertices and ¢ edges. Then

ZM(G),u)™"!
=1 —uH)DE=E v Ly 4+ = DuP) (1 +2u + 2r — Du?)e™
o (G' l+Q—=Pu+Qr—=2u?+ ¢ —DQ—ru’+Qr—D(r— 1)u4>
’ u(l+u+ @ —Du?) )

(16)

Proof. For a vertex w of M(G), we have

oo |7 W EVE),
V=12 ifwe E@G).

Seta =2r —land b =r — 1. By Eq. (1), we have
ZM(G)u) ™ = (1= u?) T det(Tpy — uAys + u?Qun).
The equalities in Eq. (4) imply that

det(Ioy — Ay + 1?Qu)

et | audHl, — uAp —uB
—uB! (1 + budI,
2
et | O au)l, — uAp — 5 BB —uB .
0 (1 + budI,

By Egs. (4) and (8),

det(Ieqy — Ay + u?Qur)

_ 1+ (a+b—2)u?+abu*
=uf(1 +bu®)"2(1 bu®ed  L(G):
u (L +bu”)"“(1 +u+ bu”) (() w( ot bud)

=u"(1+u+bu*)’(1 4 2u + au®)*~"
<o 1+Q=ru+@+b—ru*+b2—ru’+abu*
’ u(l 4+ u + bu?) '

Thus, we have
ZM(G),u)" ' =1 —u®H)DEI=Ev (L 4y 4 bu®) (1 + 2u + au) TV B(G; h(w)),
where
h(w) = (1+ 2 — u+ (@+b—ru® + b2 — ru® + abu*)u(l +u + bu®) .
Therefore, the result follows. [
For any permutation voltage assignment « : D(G) — §,,, we show that the middle graph of

the n-fold covering G* of G is an n-fold covering of the middle graph M (G) of G. Also, one can
determine the voltage assignment which derives the covering M (G%) — M(G).

Theorem 20. Let G be a connected graph with v vertices vy, ..., vy, and let o : D(G) — S, be
a permutation voltage assignment. Then M (G®) is an n-fold covering of M(G).
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Proof. Recall that M(G) = L(GT). Now, let V(G) = {vy,...,vy} and V(GT) = V(G) U

{v{,...,v}}. Define a function «* : D(G*) — S, by
% _Ja@,v) if (u,v) € D(G),
o (. v) '_{1 if uv = vv).

Then one can show that (G*)t = (G1)*", i.e., M(GY) = L((G*)") = L((GT)*"). By Lemma
11, L(G1)*") is an n-fold covering of L(G™) and it can be derived from a voltage assignment
o] . Therefore, M(G*) is an n-fold covering of M(G). [

Corollary 21. M(G*) = M(G)"L.
Proof. Since L(G%) = L(G)*L, M(G*) = L(G1)*") = L(GH)*L = M(G)*.. O

Mizuno and Sato [22] showed that M (G%) is a regular covering of M (G) if G is a regular
covering of G.

We consider the permutation voltage assignment al’i :D(M(G)) — S,. Setay = az. Give
an order in V(GT) as vy, ..., vy, vi, ..., v},. By the definition of o*, apy is given as follows:

ar(u,v) if (u,v) € D(L(G)),
apy@,v) =1 if u=le;],v=v;v;andi > j,
aleif) if u=le;],v=v;v;andi < j,

where ejj = (vi, Uj).

For g € Sy, the matrix (Ay), = (@'®)y is defined as follows: a\8) = 1 if ap(u, v) = g and
(u,v) € D(M(G)), and a,ﬁf,) = 0 otherwise. Furthermore, let Dy = (d;;) be the diagonal matrix
with d;; = degM(G) ei(1<i<e); dij= degM(G) Vi—e(e+1<i<e+v), and Qy =Dy —
I.4,, where V(G) = {vy,...,v,} and E(G) = {ey, ..., e.}. By Theorem 5, the decomposition
formulas for the zeta function and the complexity of the middle graph M (G%) of a covering G*
of a graph G are obtained. Note that |E(M(G))| > |[V(M(G))|ife > v.

Theorem 22. Let G be a connected graph and let o : D(G) — S, be a permutation voltage
assignment. Let I' = ({a(u, v)|(u, v) € D(G)}) be the subgroup of S, generated by {«(u, v)|
(u,v) € D(G)}, andlet P : I' — GL(n, C) be the permutation representation of I'. Suppose that
the n-fold covering G of G is connected. Furthermore, let p1 = 1, p2, ..., p; be the irreducible
representations of I', and f; the degree of p; for each i, where fi = 1, with the decomposition
P =14 mppr+---+ m;p; into irreducible representations. Then the reciprocal of the zeta
Sfunction of M(G%) is

t
Z(M(G*),u)"' = Z(M(G), u)™! 1‘[ {(1 — u?)Eu—e6=6) i
=2

x det (I —u Zpi(g) ® (Am)g + Mz(QM)f,-) } ,
ger

where (Qum) f. =1 ® Qu and ey = |E(M(G))|. Suppose that e > vi. Then the complexity
of M(G?%) is
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t mi
1
KM(G™) = —kMG)) [ [ det | I, @D — 3 pi(9) ® (Am)g

i=2 ger

By Theorem 19, one can express the zeta function of the middle graph M (G?*) in terms of the
characteristic polynomial of G¥ when G is regular.

orollary 23. Let e a connected regular graph with valency r, v vertices and ¢ edges, an

Corollary 23. Let G b d regular graph with valency ] d ¢ edg d

o : D(G) — S, a permutation voltage assignment. Suppose that the n-fold covering G* of G is

connected. Then the reciprocal of the zeta function of M (G%) is

Z(M(G*),w™!
— (1 _ u2)n(r—1)(£+v)—snuun(1 + u + (r _ 1)u2)vn(1 + 2M + (21" _ l)uZ)(E—\))n

1+Q—ru+Qr—2u>+ ¢ —-DQ2—-rud+@r— D@ — Du*
u(l+u+ G —Du?) ’

x @ (G“;
(17)
Proof. Note that G* is r-regular. [

Mizuno and Sato [24] expressed the Bartholdi zeta functions of the line graph and the middle
graph of a regular covering of a graph by using the characteristic polynomial of that regular
covering.

By Theorem 17, we obtain the following result.

Corollary 24. Let G be a connected regular graph with valency r, v vertices and ¢ edges, and
o : D(G) — S, a permutation voltage assignment. Suppose that the n-fold covering G* of G is
connected and & > v. Then the complexity of M(G?%) is

K(M(GY)) = 2= 4 1En=lie (GY). (18)
Next, we state an alternative formula for the complexity « (M (G?)).

Corollary 25. Let G be a connectedr-regular graph with v vertices and ¢ edges, ando : D(G) —
S, a permutation voltage assignment. Let I' = ({a(u, v)|(u, v) € D(G)}) be the subgroup of S,
generated by {a(u, v)|(u, v) € D(G)}, and let P : I' — GL(n, C) be the permutation represen-
tation of I' such that P(y) = P,,. Suppose that the n-fold covering G* of G is connected and
& > v. Furthermore, let p1 = 1, pa, ..., p; be the irreducible representations of I', and f; the
degree of p; for each i, where fi = 1, with the decomposition P = 1 +mppy + - - - + m; p; into
irreducible representations. Then the complexity of M (G%) is

mi
1 ~ ~ B t
kMG = 270D+ DT MG) [T | Do ri(e) @ Agir
i=2 ger
Proof. By Eqs. (18) and (3), we have
K(M(G*)) = 27" e 4 1) =1 (1 /un) & (G*; 7).
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Eq. (7) implies that ' (G%; r) = &' (G; ) [[i—, DY ger pi(8) ® Agi 7)™ By Egs. (3) and (14),
we have

(G r) = vk(G) =27 VD 4 1)~ D (M (G)).
Therefore, the result follows. [

We give a determinant expression for the L-function of the middle graph M (G) for a graph G.

Theorem 26. Let G be a connected graph with v vertices and ¢ edges and o : D(G) — S,, a per-
mutation voltage assignment. Furthermore, let p be a representation of I’ = ({a(e)|e € D(G)}),
and f the degree of p. Suppose that the n-fold covering G* of G is connected. Then

Zyo) (W, pooa) = (1= u?) 0 det [ T—u ) p(g) ® (A, + 1°(Qu) s
gell

Proof. By Theorem 3 of [21]. [

Corollary 27. Let G be a connected graph with v vertices and ¢ edges, and o : D(G) — Sy
a permutation voltage assignment. Let I = ({a(u, v)|(u, v) € D(G)}) be the subgroup of S,
generated by {a(u, v)|(u,v) € D(G)}, and let P : I' — GL(n, C) be the permutation repre-
sentation of I' such that P(y) = P,. Suppose that the n-fold covering G* of G is connected.
Furthermore, let p1 = 1, p2, ..., pr be the irreducible representations of I', and f; the degree of
pi foreachi, where f1 = 1, withthe decomposition P = 1 + map + - - - + m; p; into irreducible
representations. Then

t
ZM(G*), u) = [ [ Zmec) W, pi )™

i=1

We express the L-function of the middle graph M (G) for a regular graph G in terms of
characteristic polynomials.

Theorem 28. Let G be a connected r-regular graph with v vertices and € edges and o : D(G) —
S, a permutation voltage assignment. Furthermore, let p be a representation of I' = ({a(e)|e €
D(G)}), and f the degree of p. Suppose that the n-fold covering G* of G is connected. Then

Zy(G)(u, p, ay) !
= (1 —uH)=DES =0T 4w+ (= Du®) (1 +2u 4+ @r — Du?)EV]

S (Z (@) ®Ag: 1+Q=ru+Qr—2u?+ ¢ —1DQ2—rud+@r— 1) — 1)u4) ’

pert u(l+u+ = Du?)

Proof. Similar to the proof of Theorem 6 in [23]. [

By Theorem 28 and Corollary 27, Corollary 23 can be confirmed as follows: Let p; =
1, p2, ..., p; be the irreducible representations of I', and f; the degree of p; for each i, where
f1 = 1.Letthe permutation representation P : I' — GL(n, C) be decomposed into a direct sum of
irreducible representations as 1 4+ mo 02 + - - - + m; p;. By Theorem 28 and Corollary 27, we have
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t
zm(G*). w7~ =[] Zue @ pi.ar)™
i=l1
:(1 _ u2)n(r—l)(8+v)—£nuvn(l +u +bu2)vl’l(1 + 2u + au2)(8—l))n

mj

t
x®G; ) [[o| Do ri@ @Agmw |

i=2 ger

1+(2—r)u+(a+b—r)u2+h(2—r)u3+ahu4
u(14-u+bu?)

where a =2r — 1, b=r — 1 and h{(u) = . Now, Corollary

23 follows from Theorem 6.
5. Total graphs of a graph and its covering graphs

The characteristic polynomial and the complexity of the total graph 7'(G) of an r-regular graph
G are given as follows. We denote the set of all eigenvalues of G by SpecG.

Theorem 29. Let G be a connected regular graph with valency r, v vertices and ¢ edges, and
SpecG = {A1 =r, A2, ..., A} Then

v

OT(G); 2 = +2 ] ()9 — Qhj = DA+ R+ (= B)h) - r) , (19)
j=1
and
_ 1 e—v+1 e—v - L L _
K(T(@) = =27+ 1) /1:[2(,\, P —2r - 3). (20)

Proof. Note that 7'(G) is a 2r-regular and Eq. (19) comes from Theorem 2.20 of [6]. By Theorem
3, we have

«(T(G)) = ——&(T(G); 27).
e+v
But, we have
BTG 2) =M+ [[O? = @hj+r—2a+25+ (=3, —r),

j=1

where SpecG = {A1 =r,A2,...,A,}. In the case of A; =r, - QAj+r—2)A +A? +
(r=3)A; —r = —2r)(A — r + 2). Since the multiplicity of ; = r is 1, we set

D(T(G); 1) = (A = 2r)k(2),
and then

P (T(G); A) = k(A) + (b —2n)k' (),
Thus,

Vv
D (T(G);2r) =k@2r) =2""r + 1DV +2) l_[()‘f —r)(Aj —2r =3).
j=2
Since € + v = v(r + 2)/2, the result follows. [
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Theorem 30. Let G be a connected regular graph with valency r, v vertices and ¢ edges, and
SpecG = {,1 =r, A2, ..., Ay}. Then

Z(T(G), ) = (1 =)D 42+ @r — ud) ] ’(Zr — D%t
j=1

—@2r = DQAj 47 =D’ 4+ 0F + (r — 3)kj + 3r — 2u?
—(2xj+r—2)u+1]. Q1)

Proof. Note that T (G) is 2r-regular. Set « = 2r — 1. By Eq. (1), we have

Z(T(G), w) = (1 —u®) D det(Teyy — uAT + au’lety)

1 + au?
” .

— (1 _ u2)(8+l))(r71)u8+l)¢ (T(G),

From Eq. (19), we have

1 + au? 1 + au? Y 1 + au? ?
ol T(G); = utt +2)  J]{Biss
u u u

i=1
1+ au?® 5
—Q2r +r—2) — + A+ (=3 =1

v
= (1 +2u + au®)*™" H {a2u4 —axhi +r—2u’

i=1

+OF+ (0 = 3k = 1+ 200 = @+ = u+1},

where SpecG = {A =r, A2, ..., Ay }. Thus, we have

Z(T(G),u)" " = 1 = u®H)EVC=DA 424 + qu?)e™" l_[h(u, i), (22)

i=1

where h(u, 2) = a?u* —aQr+r —2ud + Q2+ (r = 3)r —r +2a)u* — CQr+r — 2)u + 1.
O

First we show that the total graph 7(G%) of a covering G* of G is a covering of the total
graph T'(G) of G. For two graphs G and H, let G U H be the graph with vertex set V(G U H) =
V(G)UV(H) andedge set E(GU H) = E(G)U E(H).

Theorem 31. Let G be a connected graph and let o : D(G) — S, be a permutation voltage
assignment. Then the total graph T (G%) of G% is an n-fold covering of the total graph T (G)
of G.

Proof. At first, note that 7(G) = M(G) U G. Thus, we have T(G%) = M(G*) U G* =
M(G)*™ U G“. Define a function a7 : D(T(G)) — S, by
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_fam@.v) i (u, v) € D(M(G)),
or (U, v) := {a(u, v) if (u,v) € D(G).

Then it follows that T(G%) = M(G)*T U G%T = (M(G) U G)*T = T(G)*T. [

Mizuno and Sato [22] showed that 7 (G?*) is a regular covering of 7(G) if G* is a regular
covering of G.

We consider the permutation voltage assignment a7 : D(T(G)) — S,. For g € §,,, the matrix
(A7)g = (af,%)) is defined as follows: a,ig,',) = lifar(u, v) = gand (u, v) € D(T(G)), and a,ﬁﬁ) =
0 otherwise. Furthermore, let Dy = (d;;) be the diagonal matrix with d;; = degT(G) ei(1 <i <
&), dii = degT(G) Vi—e(e+1<i <e+v),and Qr = D7 — Iy, where V(G) = {vy, ..., vy}
and E(G) = {e1, ..., ec}.

By Theorem 5, the decomposition formulas for the zeta function and the complexity of the total
graph T (G%) of a covering G® of a graph G are obtained. Note that |E(T(G))| > |V(T(G))| if
g = .

Theorem 32. Let G be a connected graph with v vertices and ¢ edges, and o : D(G) — §,
a permutation voltage assignment. Let I' = ({a(u, v)|(u, v) € D(G)}) be the subgroup of S,
generated by {a(u, v)|(u,v) € D(G)}, and let P : I' — GL(n, C) be the permutation repre-
sentation of I' such that P(y) = P,,. Suppose that the n-fold covering G* of G is connected.
Furthermore, let p1 = 1, pa, ..., p: be the irreducible representations of I', and f; the degree of
pi foreachi, where fi = 1, withthe decomposition P = 1 4+ mopy + - - - + m; p; into irreducible
representations. Then the reciprocal of the zeta function of T(G%) is

1
Z(T(G*), u)—l = Z(T(G), u)—l l_[ {(1 _ u2)(87—8—v)f,—
i=2

x det (I —u Z,Oi(g) ® (Ar)g + Mz(QT)ﬁ) } ,

ger
where (Qr) . =1 ® Qr and e = |E(T(G))|. Suppose that € > v. Then the complexity of
T(GY) is
m;

1 t
«(T(G) = —k(T(G) [ [det |1, ®@Dr = ) i) ® (A7),
i=2 ger

One can express the zeta function of the total graph 7' (G%) in terms of the eigenvalues of G*
when G is regular. Recall that SpecG is a subfamily of SpecG* by Theorem 6.

Corollary 33. Let G be a connected regular graph with valency r, v vertices and ¢ edges, and
let a : D(G) — S, be a permutation voltage assignment. Furthermore, let SpecG* = {A] =
Py A2, ooy Apy Aty - - - Anv ), Where SpecG = {Aq, ..., L,}. Suppose that the n-fold covering
G“ of G is connected. Then

Z(T(G*.w™!
— (1 _ u2)v(r+2)(r—l)(n—l)/2(1 + 21/[ + (2,_ _ l)uz)v(r_2)(”_l)/ZZ(T(G), M)_l
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nv
< T {(2r — DAt — @ — DA+ — 28
j=v+1

+(A§+(r—3)xj+3r—2)u2—(2x,-+r—2)u+1}.

Proof. Again T(G?) is 2r-regular. Set a = 2r — 1 and let
SpeCGa = {)\‘1 = r3)\‘27 "-9)\‘U7)"l)+1! ~-~,)\2v, '-'7)"}1!)}'

Then by Eq (22), we have
Z(T(G*),u)~"!

% nv
= (1 —u®)EC@ 420 4 aud)E [Th, ) [T k. 2))
i=1 j=v+1
nv
= (1 —u®)EC=DED A 42y 4 au®) VD Z(T (G, wy)T" [T ki 2y,
Jj=v+1

where h(u, A) = a?u* —aQ@r+r —2)ud + Q2+ (r = 3)r —r +2a)u? — Cr+r — 2)u + 1.
g

We give a determinant expression for the L-function of the total graph 7 (G) for a graph G.

Theorem 34. Let G be a connected graph with v vertices and ¢ edges and o : D(G) — S,, a per-
mutation voltage assignment. Furthermore, let p be a representation of I' = ({a(e)|le € D(G)})
of degree f. Suppose that the n-fold covering G* of G is connected. Then

Zr)(, p,ar)™ = (1 =) T det | T—u ) p(2) ® (Ar)g +1°(Qr) s
ger

Proof. By Theorem 3 of [21]. [

Corollary 35. Let G be a connected graph with v vertices and ¢ edges, and o : D(G) — Sy
a permutation voltage assignment. Let I’ = ({a(u, v)|(u, v) € D(G)}) be the subgroup of S,
generated by {a(u,v)|(u,v) € D(G)}, and let P : I' — GL(n, C) be the permutation repre-
sentation of I' such that P(y) = P,. Suppose that the n-fold covering G* of G is connected.
Furthermore, let p1 = 1, p2, ..., pr be the irreducible representations of I', and f; the degree of
pi foreachi, where f1 = 1, withthe decomposition P = 1 + mpp + - - - + m; p; into irreducible
representations. Then

1
Z(T(G*).u) = [ [ Zr ) (u, pi,ar)™.
i=1

We express the L-function of the total graph T (G) for aregular graph G in terms of eigenvalues
of some matrix.
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Theorem 36. Let G be a connected r-regular graph with v vertices and € edges and o : D(G) —
S, a permutation voltage assignment. Furthermore, let p be a representation of I' = ({a(e)|e €
D(G)}) of degree f. Let Spec der p(8) ® Ag = {A1, ..., Ayr} be the family of all eigenvalues
of the matrix y_ ger P(8) ® Ag. Suppose that the n-fold covering G* of G is connected. Then
Zr)(u, p,ar)”!
= (1 —u) T DEM A 4 2u + @r — Du?)E
vf
x]]{ar—n24—(y—unj+r—2m?+a§+o—3nj+3r—mﬁ
j=1

—QM+r—mu+4.
Proof. At first, 7 (G) is a 2r-regular graph. By Theorem 34, we have

Zr) W, p,ar) = (1 —u?)TDEMS det (I(Hv)f

—uY " p(8) ® (Ar)g + uPal(e iy f),
ger

where a = 2r — 1. But, we have

det((evyr —u Z p(g) ® (A1) + u?ale)r)

ger

1 + au?
u

= u®t/ det

Letnf — ) _(Ar)g ® p(g)
ger

Now, let V(G) = {v1, ..., vy} and E(G) = {ey, ..., e;}. Furthermore, let B, be the ¢f x vf
matrix defined as follows:

Iy ife; = (v, vx) and j <k,
(By)ij == plale;)) ife; = (v, vj)and j > k,
0y otherwise,
where (B,);; is the (i, j)-block of B,. Then we have
BB, = (AL), ® p(g) + 2Ly (23)
ger
and
—t
B,B, = ZAg ® p(g) +rly, (24)
gerl’

where E; is the conjugate transpose of B,. By (4), we have

[qu(AL)g ® p(g) B, }
—t 3

A ® =
> (Ar)e ® p(g) 5 A © (o)

ger

(25)
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where
A;r B
Ar = |2L .
B A
By (23)—(25), we have

h(u) = det(e )y —u Y p(g) ® (Ar)g + 1> (Qr) f)

gerl
= det(e vy — 4 Y _(Ar)g ® p(g) +u’Qr ® 1)
ger
2 =
— G ot |:—1+:f” Ly — Bpr + 2Ly i —B;, i|
_ | — )
—Bp %qu — Bpo =+ VI,)f
Letb = IZL”Z Then we have
B =t
h(u) = u®t/ det &+ Z)Isfi,_ BBy ~By —
i -B, (b +nl,; —B,B,
i b+2)1 -B
— (S+V)fd t ( . 8f7 . P —
! “ |- +r+ DB, +B,B,B, (b+rl;—B,B,
[+ 21 0
_ (e+v)fd ( ef . _ . _
=u et t t 1 t .
o — LB, B), + 515 B,B,B,B, + (b + rl,; — BB,

LetA, = der Ag ® p(g). By (24), we have

By = u® S det [(b +DLes 0 }

le{A% _(zb_r+3)Ap+(b2—br+2b—r)lvf}

= u ™ (b +2)E7 det(AZ — @b —r + 3)A, + (b2 — br +2b —r)Lyp).
Now, let
SpecAp = {A1, ..., Ayfl.
Then we have
" det(A2 — (20 — r +3)A, + (b* — br +2b — r)l,y)

vf
=11 {azu“—a(zxj+r—2)u3+(A§+(r—3)xj +2a — ru® — (2] +r—2)u+l},
j=1

and so, the result follows. [

As the cases of line and middle graphs, one can derive Corollary 33 from Theorem 36 and
Corollary 35. The details are omitted.

6. Examples

Let G = K3 be the complete graph with three vertices vy, vz, v3andleto : D(K3) — S3 bethe
permutation voltage assignment defined by « (v, v2) = (12),@(v1, v3) = (23) and o (v2, v3) = 1.
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Then, the 3-fold covering K7 is the cycle graph Cg9 with nine vertices. Furthermore, we have
ar(leiz], [e23]) = a(vi, v2) = (12); arp([eas], [e31]) = a(vs, vi)a(va, v3) = (23); ar([esi],
[e12]) = 1. Since L(K3) = L(Cy) = Cg and L(K3) = K3, itis certain that L(KY) = L(K3)*".

The prime, reduced cycles of K3 are C and C~!, where C = (vy, v2, v3, v1). Thus,
Z(K3,u)~'=(1 — u*)?. Similarly, we have Z(L(K$),u)™' = (1 — u”)%.

Next, we have I' = ((12), (23)) = S3. And $3 has three irreducible representations p; = 1,
p2 (the sign representation) and p3 with degrees f; = f» = 1 and f3 = 2, respectively. The
representation p3 is given by

_ _[¢ o _[¢2 0
p3(1) =1y, ;03((123))—|:0 §2i|, ,03((132))—|:0 §:|,
0 1 0

((12)) = ((23) = ‘ ((13)) = 0 &
03 =1 ol> M —{207103 =l ol

where ¢ = exp 24 ‘F = _1+2*/?3 .Let P : I' - GL(3, C) be the permutation representation of
I' such that P(y) = P,,. Then we have P = 1 + p3. Let p = p3. By Eq. (7), we have

P(KS:0) = (K3 DD | Y p(e) @ Agi

8€S3
A 0 0 0o -1 —¢
0 A -1 -1 0 0
A -1 -1
B 0 -1 x» - 0 0
-1 0 0 0 A =1
-2 0 0 0 -1 X

=3 =32 -2)% =31+ D2
By Eq. (11), we have
14+ u?

Z(L(KY), w) ' =i (Kg; > =1 —w)?A+u® +u®? = (1 -u’)?

as shown already.
Let V(M (K3)) = {[v1], [v2], [v3], [e12], [e23], [e31]}, where we set [v;] = v;v},i =1,2,3.
Then, the permutation voltage assignment oy : D(M (K3)) — S3 is defined as follows:

ap(.v) = ap(u, v), (u.v) € DIL(K3));  ap(val, [er2]) = a(vi, v2)~' = (12);
ap([vsl, [e2z]) = ay([vi], [e13]) = ap([vi], [e12]) = ap([v2], [e23]) = 1;
ay ([vs], [e13]) = (23).

It is certain that M (K5) = M (Cy) = M (K3)*™. By Eq. (17), we have

Z(M(K$), u)™!
9 1+ 2u? + 3u*
= (1 —u®%’ (1 +u +u2) o (K¢ Lt ou +ou”
- u+u2+u3

=1 —uD’A+u+3u*>+u’ +3uHA —w)
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x(1+u®—6u> — 4u* — 13u° — 6u® — 9u”)
x(1 —u + 3u® — 8u’ + 10u* — 20u° + 21u® — 36u” + 22u® — 324°
+39u'0 — 9yt 4 27412)2.
Furthermore, noting SpecK3 = {2, —1, —1}, one can have by Eq. (21)
Z(T(K3),u)"" = (1 —u®0 — du + 6u> — 120> + 9u*)(1 + 2u + 6u” + 61> + 9u™).

Since K5 = Co, the eigenvalues of K3’ are given as follows [6]:
o 2j7T . .
SpecK3 = {2, -1, -1} U ZCOST 1<j<8;j#3,6¢.
By Corollary 33, we have

Z(T(K$), u)™"!

=1 —-uH?Z(T(K3),w)™!
8 . . .
2 2 2
X . l_[ {9u4—IZCosJTnu3+<4cosijn— COS]TN+4>I,£2
J=1;j#3,6

2i
—4cos%u+ 1}

= (1 —u®)B( = 4u + 60 — 12u® + 9u*)(1 + 2u + 6u> + 6u° + 9u*)?
8 . . .
2 2 2
X l_[ {9u4 — 12 cos ]Tnbﬁ + (400s2 ]Tn — 2.¢os % +4> u?
j=1:j#3.6

2i
—4cosJTjTu+l}.

As the other example, let G = K4 be the complete graph with four vertices vy, v, v3, v4. Let
a : D(K4) — S3bethe permutation voltage assignment defined by « (vy, v2) = (12), a(vy, v3) =
(23) and a(v1, v4) = a(va, v3) = (v, v4) = (v3, v4) = 1. The complexity of K4is4*~2 = 16
[6]. By Eq. (6), we have

© 3 0 0 -1 0 -1 —¢ 07

0 3 -1 -1 -1 0 0 0

0 -1 3 -1 —¢ 0 0 0

K((K4)“)=1K(G)det -1 -1 -1 3 0 0 0 0
3 0 -1 —=¢*> 0 3 0 0 -1

-1 0 0 0o o0 3 -1 -1

-2 0 0 o 0 -1 3 -1
L0 0 0 0 -1 -1 -1 3]

1 2
=5 47720 = 3840,

where ¢ = =£¥=3 By Eq. (18), we have (M (K2)) = 27417 (K) = 27417 . 3840.
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