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1. Introduction

Nonlinear functions over finite fields have useful applications in coding theory and cryptography
[17,2]. Some linear codes having good properties [15,17,3,12,7,5,20] were constructed from highly
nonlinear functions [18,6,19,4,13,8].

Let g be a power of a prime p, and Fy» be a finite field with gq" elements. A p-ary [m, ] linear code
is an I-dimensional subspace of IF';;. The Hamming weight of a codeword cqc; - - - ¢ is the number of
nonzero ¢; for 1 <i < m. In this paper, we study a class of [p" — 1, 3n] cyclic codes C given by
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C={c(e, 7,8 = (T (ex+ yx" T 4 5xP"41)) . |e,y,8€Fp),

xe]F;,,

where k is a positive integer and Trf is the trace function from Fpn to IFp,. The code C is constructed
from the function Tr](ex + nykJrl + SxPSk“), which can have high nonlinearity if either y or § is
nonzero. It is easy to see that o=, =P+, o¢=®*+D and their FFp-conjugates are all nonzeros of
the cyclic code C, where « is a primitive element of Fyn [17].

In this paper we assume that p and gcd?—kn) are both odd, and we determine the weight distribu-

tion of the code C. To this end, we will focus on determining the ranks of a class of quadratic forms
and calculating two classes of exponential sums. The ranks of quadratic forms are determined through
finding the number of solutions to a class of linearized polynomials

3k -3k

Lys@ =y2" +y? " 2P 4522 457 2P

over the field Fyn. By applying the theory of quadratic forms, two classes of exponential sums are
evaluated and the weight distribution of the cyclic code C is determined. The moment identities of
the exponential sums are established in this paper based on the method used in [11], which dealt
with the exponential sums ZXE]FPH e(otxpk+l +Bx* +yx) fora, B,y € Fpn. Throughout the paper, we
set d = gcd(k, n), s = gcd?—k,n) and n > 3.

The remainder of this paper is organized as follows. Section 2 gives some definitions and prelimi-
naries. Section 3 studies the rank distribution of a class of quadratic forms. Section 4 determines the
weight distribution of C.

2. Preliminaries

In this paper, we always assume that p is an odd prime. Identifying F¢n with the n-dimensional
[Fq-vector space ]FZ a function f from Fgn to Fyq can be regarded as an n-variable polynomial on Fg.
The former is called a quadratic form if the latter is a homogeneous polynomial of degree two:

f )= Y aixix.

1<j<ksn

here we use a basis of Fg over Fy and identify x € Fgn with a vector (x1,...,%,) € ]FZ. The rank of the

quadratic form f(x) is defined as the codimension of the Fq-vector space
W={weFqp|f(x+w)=f(x) forallxeFu}, (1)

denoted by rank(f). Then |W| = g" k()

For a quadratic form f(x), there exists a symmetric matrix A such that f(x) = XTAX, where X is
written as a column vector and its transpose is XT = (x1,X2, ..., %) € IE‘Z. The determinant det(f) of
f(x) is defined to be the determinant of A, and f(x) is nondegenerate if det(f) # 0. By Theorem 6.21
of [16], there exists a nonsingular matrix B such that BTAB is a diagonal matrix. Making a nonsingular
linear substitution X = BY with YT = (y1, y2, ..., yn), one has

fx)=YTBTABY = a;y} 2)
i=1

where r < n is the rank of f(x) and a1, ay,...,ar e]FZ;.
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Let m be a positive factor of the integer n. The trace function Try, from Fpn to Fym is defined by

n/m—1

Try, (x) = Z xpmi, xeFpn.
i=0

Let e(y) = e2™V=1TMW/P and ¢, = e27V=1/p,
The following lemmas will be used throughout this paper.

Lemma 1. (See Theorems 5.33 and 5.15 of [16].) Let ¥y be a finite field with q = p!, where p is an odd prime.
Let i be the quadratic character of Fq. Then for a # 0,

ZgTr’](ax%: n@(-1""p3, if p=1 (mod 4),
=5 @)= (v"T)'pt, ifp=3 (mod 4).

Lemma 2. (See Theorems 6.26 and 6.27 of [16].) Let q be an odd prime power, and f be a nondegenerate
quadratic form in [ variables over Fy. Define a function v(p) over Fq by v(0) =q —1 and v(p) = —1 for
p € Fy. Then for p € Fq the number of solutions to the equation f(x1,...,x) = pis

-1 1-1
' +q 2 n((=1)2 p-det(f))
forodd |, and

—2

¢+ v(p)a 7 n((—1)? det(f))

forevenl.

Lemma 3. (See Theorem 5.15 of [16].) (i) Let {p = e27TV=1/P gnd 1 be the quadratic character of F . Then

p—1
Y n)ef =V (D'7p

p=0
where 1(0) is defined to be 0.
(ii) Let the function v(p) over F}, be defined by v(0) = p — 1 and v(p) = —1 for p € F}. Then

p—1

> v(p)gh =p.

p=0
3. Rank distribution of a class of quadratic forms
In this section, we study the rank distribution of the quadratic forms Trg(yxpk“ + 8xp3k+1) for

nonzero y or é.
To determine the distribution, we define a related exponential sum

S, y.8) = Z e(ex+ yxpk“ +6x”3k+1), €,y,8 €Fpn. (3)

x€lF,n
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Then the possible values of the ranks are measured by evaluating the exponential sum S(e, y, §). For
discussion of the exponential sum of a general quadratic form, please refer to Refs. [10] and [14].

Proposition 1. For odd s and § € IF’;,., the exponential sum S(e, y, 8) satisfies

IS, ¥,8)| =0, p2, p"F orpstd.
Proof. Notice that

2 —_—
S(e.y.8)|"=5(e.7.8)S(e, 7. 8)

=2 e(—ex— yx? 1 —5xP” ) > e(ey +yy? 1 4 5yP" )

xe]Fpn ye]Fpn

= Y elez+ yZP 52 Ly P kP 8P x 8zxp3k)

x, z€Fpn
= Z e(ez+ yzP' —|—<Sz”3k+1) Z e(xLy 5(2)) (4)
zeFn xelFpn

where y =x+ z and

-3k

Lys(z) = yzP P P P s

is a linearized polynomial in z. Let V be the set of all roots of L, 5(z) = 0. (By abuse of notation, we
use V to denote the set in despite of its dependence on y and §.) Thus, V is an IF ,a-vector space.
By (4), we have

|S(e,J/,(S)|2=p”2:e(ez—i—yzpk+1 +82"3k+1). (5)
zeV
Let
@J/’a(x) _ ‘J/xpk+] + 6Xp3k+1 _ Spkap2k+p7k + 8p72kxpk+p72k. (6)
By (6), we have
T (@ 5(2)) = T (y 221 4 522™4) 7)
and
—k
Py 5(2) + Py 5P =2zLy 5(2). (8)
If ze V, then by (8),
k
‘DV,B(Z)IJ =—dy 5(2). (9)

Since gcd(k,n) = d, there is an integer k' such that kk’ =d (mod n) and hence, q§y,5(z)pd
fpy,g(z)l’kk = (—1)"/§by,(;(z), where the last equality is derived from (9). If k¥’ is even, d>),_5(z)l’d =
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@y, 5(z) and then QDyyl;(z)Pk = &), 5(2), which together with (9) again implies @, 5(z) =0. If k' is odd,
then

d
¢y,a(2)p =Dy 5(2). (10)
By the property Trj(®y s(z)) = Trg(éy,a(z)pfd) of trace function and (8), we have

0=Try(zL, 5(2))

TN (@) 5(2) + TN (D 5 ()P )
2Trg(Py,5(2)

pd p(s—l)d
2(Dy ,5(2) + Dy s(D)F +---+ Dy 5(2) )

=20y 5(2),

where the last equal sign holds due to (10) and s being odd. This implies @, 5(z) =0 and
T (y 271 4 62°™+1) = Tr' (@, 5(2)) = 0 by (7). Conversely, if ®, 5(z) =0, then by (8), Ly.s(2) =0
and Tr}(®y 5(2)) = 0. Therefore, z € V if and only if &) s(z) = 0. Further, in this case Tr'f()/zp<+l +

8zP”+1) = 0. Thus, by (5),
T (€2)
|Ste.y. 8= [p"> ¢y (11)
zeV

Since V is an Fq-vector space, we can assume |V|= pd™ for an integer m > 0.

If m > 3, then @y, 5(z) =0 has at least p3? solutions. For a fixed zg € V\{0} and for any z € V, we
have @, 5(z) = @y 5(z0) =0 and @, s(z+2z0) =0 since z+ 7o is also in the vector space V. Thus, the
equation

(z+20)(20®Py ,5(2) + 2Py 5(20)) — 220Dy 5(z+ 20) =0 (12)

has at least p3¢ solutions.
By (6), Eq. (12) becomes

k

5p (zpkzo — 2z} )(zpfzkzo - zzpfzk) P (zp2kzo - zzOka

—k —k

)(2P 2o —zzf )=0, (13)
which has at least p3d roots on variable z. Let z= wzp, then

p=2k_pk4p=2k42,  pk p2k pk_pH+p~ki2,  p2k pk

8P " zg (WP —w)(wP © —w) — 8P 2] (WwP” —w)(wP " —w)=0.
—k . .
Let u =wP = — w, the above equation can be rewritten as
—2k k —2k k —k —k 2k —k 2k k
—&P zg TPyp (uP " +u)+6P zg tp (uP” +uP )u=0,
. . —k

which has at least p2 roots on u since wP™* — w =u has at most p? roots on w for each u. Define

—2k pkyp—2k _k —k —k p2k =k 2k k
Ws 70 (x) =8P 25 TP X (xP 4 x) — 6P z) TP (xPT 4+ xP ).
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Similarly, for each nonzero root ug of ¥ ,,(u) =0, the equation

(u + o) (U0Ws,z (1) 4+ UWs 7y (110)) — UUEWy, 2o (U + Ug) =0

has at least p? solutions on u. By the definition of Vs 2, (%), the above equation is equivalent to

2k —k

8p72kzgk+p7 (upkuo — uugk)(upfkuo —uuf ) =0.

This shows that u = vugy where v € Fpa. Consequently, for each given ug # 0, the above equation has

at most p9 roots. This gives a contradiction and then m < 2.
Notice that Trf(ez) is a balanced or zero mapping on the vector space V. Therefore,
Trll (e2)

> zev &p =0, 1, p%, or p2d. This finishes the proof. O

Remark 1. The possible ranks of some quadratic forms can be determined by directly calculating
the number of the solutions to their related linearized polynomials [21,11]. The number of the roots
to the linearized polynomial Ly 5(z) in Proposition 1 is discussed by studying that of an associated
nonlinear polynomial. The method was first presented to study a linear mapping over a finite field
of characteristic 2 [9] and further used to discuss some triple error correcting binary codes with BCH
parameters [1]. In Proposition 1, we applied this method to the cases of odd characteristic.

From Proposition 1, the value of the dimension m determines the rank of the following quadratic
form.

Corollary 1. For odd s and § € IF:;H, the quadratic form

k 3k
2y ,5(x) =Teh(yxP 14 oxP™ +1)
has rank s, s — 1, ors — 2.

When there is exactly one nonzero element in {y, 6}, the rank of £2), 5(x) can be determined by
directly calculating the number of solutions to Ly, s(z) =0.

ope . k
Proposition 2. For odd s and y,é € F},, the quadratic forms £, 0(x) = Trg(yxp 1y and $205(x) =

TrZ(Sxpgk“) have rank s.

Proof. We only give the proof of rank(§2¢ ) = s since the other case can be proven in a similar way.

It is sufficient to determine the number of solutions to §zP + 8P 2P — 0. This equation has
nonzero solutions if and only if (82P3k“)1’3k*1 = —1. If the latter holds, then ged(p3* —1,p" — 1) =
(p&edBkm )| 22 et 51 = st and then

pn 1= (pgcd(3k,n) _ ])(p(s1—1)gcd(3k,n) + p(s1—2)gcd(3k,n) 4ot pgcd(3k,n) + 1)'

Notice that s; is a factor of the odd integer s. As a consequence, p‘S1—Dgcd@km) | p(s1-2)gedGhon) 4

+ p8cdGkm 4 1 is odd and % cannot be divided by p&d3km _ 1 Thus, —1 is not (p&dGkm _ 1)th
power of any element in IF;” and then 6zP* + 8P 2P =0 has only the zero solution. This finishes

the proof. O

Remark 2. For y,§ € F*,, Tr‘lj(ﬂy,o(x)) and Tr‘li(.Qo,(;(x)) are p-ary bent functions.
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To study the rank distribution of the quadratic form £2) s, for i € {0, 1, 2}, we define

Ri={(y.8) | rank(2y 5) =s — i, (¥, 8) € Fpn x Fpn \ {(0,0)}}. (14)

—d
Lemma4. |Ry| = %.

Proof. If (y,§) € Ry, then y§ # 0 by Propositions 1 and 2, and V is a two-dimensional vector space
4k 2k 2k 4k k 2k
over Fa. Let {v1, vo} be a basis of V over F . Then, vivg! ¢ Foa and (v§ v vl vl -

—v v
o 0 1 1Yo
vy Vg ) #0. By (13),

p2k

3k 2k 3k 2k 2
p p= . p p p
(vi vy —Vv] vg )(vivg —Vvy

k
Vo)

p4k ka ka p4k pk p2k ka pk’
(vi vo —Vvy Vo )(vivg —Vvy Vvg)

2k pk k 2k k
p* P ph e pk-1
:< Vi Yo V1% )

2k 2k k
(vf vg — v1vg )P+l

P 1 =

Thus,

k k 2k
p* p pk p
Vi Vo = V1 Vo

2k 2k
p p k
(vi vo—vivy )Pl

2%
v
s=A

(15)

k 3k 2k —k k —2k
. 1 1 —k —2k
for an element A € IF;d. Since @y, s(v1) = yvP oy (Svf t_sp vf TP P Vf TP 0, we

1
have

3k__,k —k 2k —k_ k_] —2k —Zk_l
L7 ALY L S (16)

p
y:—Bvl 1

From (15) and (16), ¥ and § are uniquely determined by v, vo and A. Further, there are exactly
p? — 1 pairs (v, 8) corresponding to a given pair (v1, Vo).

On the other hand, for any vg € IF;;" and B ¢ Fpa, let vi = Bvg. If § and y are defined by (15)
and (16), respectively, then @), 5(v1) = 0. In the sequel, we will prove voLy s(vo) =0.

From (15), we have

2k k
sy _ M7 — B

Ot - gy 4

Then

3k 2 AP — Py 3k ) kP — g
(6v5 ) (B-B") = gy v (e —p) = T

Thus, by (16) and (17),
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voly 5(vo)
= V"g 41 (yvg +1)p +6v§3k+] n (Svg3k+1)p73k
- (—(Svggkﬂ)ﬂpy‘*l’k n (avp3"+1)p”‘ﬂpz"w*"fp"—] _ (8v53k+l)p’2kﬂp72k71)
+ (_(5v83"+1)p pP-1 4 + (5 p3k+1)p’Zk'Bkarp—Zkilipfk
- (Svg%“)pﬂkﬂp”"fp*") n 8v§3k“ + (8v83k+1)p*3"
= (8V83k+1)(1 - ﬂpskfpk) + (8vg3k+1)p7k (ﬂpz“w*"fp"fl _ ﬁp”‘—l)
T ) L (e A L) WX A L (B )
=5 vy ) B = ) T ) - )
T e
“ 2k_ 2k

p2k_pk %_1  ap_pk _ ap- B
(ﬁ 2k1 + P ﬁ:k ’ + ﬁp i: + il 2k )
B—BP B— P B—BP B—BP

2k

-3k

—pk
A

1 2k _ -
:A<—ﬂ Il >>
B —pP B —BP
:)\‘(_ﬂfl_l__ﬁf])

=0.

This shows Ly s(vo) =0, and hence @, s(vo) = 0. Thus {v1, vo} is a basis of the de—vector space
consisting of all solutions to @, 5(x) =0

d
There are totally (P =D(®’—PY)_ o-dimensional vector subspaces of Fyn over F

(p2—1)(p%—p?) thus,

pdv

n_ 1 n_ .d n_ 1 n—d_-l
(p? —1) (p p"=p" _(p )(p )_

Ry| = =
IRz x (pZd_])(pZd_pd) p2d_

The values of S(0, y, 8) can be discussed in terms of rank(£2, ;) as below.
For (y,8) € Ro, rank(£2y 5) =s and by a nonsingular linear substitution as in (2), £, s(x) =
> i1 hiy?, where h; € F:d and (y1,¥2,...,¥s) € IF;d. Then by Lemma 1,

50,7, = 3 g1 @

XE]F

_ Z {Tr‘f(hu’%Jrhz)’%erJrhsy?)
- p
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d
_ [Hle(n(hi)(—l)“m), p=1(mod 4),
- d
[T (i) (=1)* ' (V/=1)4p2), p=3(mod4)
B [ (DT hi)p?, p=1(mod4), as)
(=D '(Tz; ) (/=1)"p%, p=3 (mod 4).
Similarly, we have
SOy.o= Y guimirmEeory
Y1:Y250 Ys€F
e T (hiy?)
= pd 1_[ Z é—p 1V
i=1 y;e]de
— n+d
B [ ([T hop™s". p=1(mod4), (19)
- _ n+d
N[ h)(V=1)"4p"s", p=3(mod 4)
for (y,8) € Ry, and
D2 hy)p2H, =1 (mod 4),
S(O,M)={( ) n(ﬂ,ilz 0P P (mod 4) 20)
(DT ) (V=1)"2pz+d p =3 (mod 4)
for (y,8) € Ry.
From (18), (19) and (20), for (y, 8) € R; with i € {0, 2}, we have
pl-1  n+id
SO, y,0)=Vv(=1) 72 6ip 2z, 6¢e{£l} (21)
and for (y,é) € Ry,
S0,y,8)=61p"%, 6 €(+1). (22)
Two subsets R; j of R; for i € {0, 1,2} are defined as
Rij={(y.8) eRi|6i=j} (23)

where j=41.
The following result can be obtained based on equalities (18), (20) and the fact that s is odd.

Lemma 5. Fori € {0,2}, |[Ri 1| = |Ri _1].

Proof. For i € {0, 2}, let (y,8) e R;j and u € ]F;d such that n(u) = —1. Then

Quy us(x) =Try (uyxkarl + u8xp3k+]) =uTr} (yxpk“ + 8x”3k+1) =uf2y 5(x).
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By (18) and (20),

S0, uy,ud) =n)* 'S, y,8) = (-=1)*7S(0,y,8) = —5(0, y, 8).

The above equality shows that for j e {1, -1}, if (¥, ) € R; j, then (uy,ud) € R; _;. This finishes the
proof. O

Proposition 3.

(1) Z S(O,V,5)=p2“.
y,(SEFpn
2n n d
ii p"(2p" —1), p®=1(mod4),
(i) S(0,y,8)% = {
y,éeZIFpn P p? =3 (mod 4).

Proof. The result in (i) can be directly verified, and we only give the proof of (ii).
Notice that

k k 3k 3k
2 T (y (3P Tl 4yP 1) T} ($(xP™ 14 yPT H1)
D SOy.er= 3 35! PR

V.,0€Fpn X, y€Fn yeFn S€Fpn

= p®"|T1],

where Tq consists of all solutions (x, y) € Fpn x Fyn to the equation xPH1 + ykarl — 0 since xP‘+1 +
yP*+1 = 0 implies xP*+1 4 yP*+1 =0,

If xy =0, (x, y) = (0, 0) is the only solution of x?+1 4 yP*+1 =0,

If xy 0, we have (%)Pk‘H = —1. If this equation has solution, say % = o for a primitive element
o of Fpn and 1< j < p" —1, then jpk+1) = pnz—’] (mod p™ — 1). This equality holds if and only if
ged(pk+1, p" —1)| pnz—_]. Notice that ged(p¥ 41, p" —1) =2 and s is odd. Consequently, (%)l’k+l =-1
has solutions if and only if p" =1 (mod 4). Further, in this case the number of solutions is equal to 2.
Thus, xPH+1 + ypk‘H =0 has 2(p" — 1) solutions if p" =1 (mod 4), and no solution if p" =3 (mod 4).

The above analysis and the equality p" = p? (mod 4) finish the proof. O

With the above preparations, the rank distribution of £2, s(x) can be determined as below.
Proposition 4. (i) Fori € {0, 1,2} and j € {1, —1}, R; j satisfies

(p”+2d—p"+d—p”+p2d)(p”—1)
2(7-1) ’

[Ro,1l =|Ro,-11=
n—d

_ 0" 4p 2 Hp"-D

[R11| = ——=——,

IR | = (P”fdfpnz;d)(Pnfl)
1.-1l= > ,

nfd_l n_1q
IR2.1| = [Ro,—1| = P B,

(ii) For odd s, when (y, 8) runs through Fpn x Fpn \ {(0, 0)}, the rank distribution of the quadratic form
£2y 5(x) is given as follows:
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(pn+2d7pn+d7pn+p2d)(pn7
pZd,]

s—1, p"4(p"—1) times,

n—d__ n__ .
s—2, % times.

s, D times,

Proof. By Propositions 1, 2, 3, Lemmas 4 and 5, we have the following identities of parameters |R; ;|
with i € {0,1,2} and j € {+1}:

IRo| + |R1| + |R2| = p?" — 1,
n+d
p? (|R1 1= IR +p" =3, ser,, SO, 7, 9),

(=17 pIRol + IRy 4 (1) PRy 4 p? = Ly semy SO, 7,87,
IRo,11 =[Ro,-1l,

n—d_l n_q
[R2,1| =|R2,—1| = (pz(pz+))~

This finishes the proof. O
By (14), (18)-(23) and Proposition 4, an immediate result is given as below.

Corollary 2. For odd s, when (y, §) runs through Fpn x Fpn \ {(0, 0)}, the exponential sum S(0, y, §) defined
in (3) has the following distribution:

pd_—l n ( n+2d_pn+d _pn Zd)( n_1) ..
V(=1)7 p2, £ pz(pzf_lf 2 =1 times,
n (pn+2d_pn+d_pn+p2d)(pn_1) .
(- 1) pz, 207 T) times,
n+d ( n—d+ nz;d)( 1171) .
pT7 %tln’les7
.
_p", @"p )G fimes,
RN e I e et
==z p=z, 2051 times,
_ 2 pl-DET-D
(-1 , 2-1) times

4. Weight distribution of the p-ary code C

This section studies the distribution of the exponential sum S(€, y, §) and the weight distribution
of the code C.
If either y or § is nonzero, then Tr‘li(.Qy,(;(x)) is also a quadratic form. By (1), Propositions 1, 2 and

Corollary 1, rank(Tr‘l’(.Qy,(;)) =d-rank(£2y 5) =n, n —d, or n — 2d.
For p € IFp, let Ney s(p) denote the number of solutions to Tr‘]j(fzng(x)) + Tr(ex) = p. Then,
(3) can be written as

p—1
S€,¥,8)=) Neys(p)iy. (24)
p=0
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Let {a1,a2,...,ay} be a basis of Fyn over Fp, and € = Z?:] €ja; with €; € Fp. Then the matrix
C = (Tr} (a,a]))1<, j<n is nonsingular. Let DT = (€1,€2,...,€n) € IE"; and X = BY be defined as in
Section 2, then Tr!} (ex) = DTCX. Denote DTCB = (by, by, ..., by), and we have

Trd (2.5 (x)) + Tr} (ex) = Y'BTABY + D'CBY
n n
=Y aiyi+ Y biyi. (25)
i=1 i=1

By application of the quadratic form theory, the distribution of S(e, y,§) is discussed and the
weight distribution of C is determined.

Theorem 1. For two positive integers n and k with d = gcd(n, k), if s is odd, then when (€, y, §) runs through
Fpn x Fpn x Fpn, the exponential sum S(e, y, 8) defined in (3) has the following distribution:

p", 1 time,
0, (pn _ 1)(p2n—d _ p2n—2d + p2n—3d _ pn—2d +1) times,
—1
p=1 n n—1+ _ nT n+2d _ yn+d_ ny 2d n_q .
(_-l) 5 p2§£)7 (p n(=p)p )(217(p2d_1l; p"+p)(p )tlmes,
/ p2lon o p (0" —n(—p)p T (P pt p2 1)
-V (=D 7 p2gy, 271 times,
i G o T 4 T ()
(p , £ 5 times,
nd p @ —u(pp T p T (1)
—pZ&p, > times,
n—2d—1
Pyt p R " p)p "3 M- —1)
(-1) 2 g“p, 27 71) times,
—2d—
—1 n 2d —2d—1 d_ .
(- ]) 5 15)7 @®" —n(= p)g(pzj ]))( P"ID@" =D times
forodd d, and
P, 1 time,
0, (pn _ ])(p2117d _ p21172d + p2n73d _ pn72d + 1) times,
n—2
n n—1+ > n+2d __ n+d_ ny 2d n_1 .
phel. @ v TIGEE 40D gimes,
n_p n—1_ 2 n+2d _ yn+d_n + 2d -1
—p3ch, (» v(p)p )(g(pZd 113) p"+p*H " ) times,
”*d @ v " T )
Cp , ) times,

P @ v T "T 1)
g“p , 5 times,

—2d
B p E T u(e)p )M
Pz ¢, 2 ppz(pm 1)p P =D times,
—2d—.
mA o (A yppE - )
-pZ &y, £ 57 T) times

for evend, where p =0, 1, ..., p — 1, n is the quadratic character of F,, and v(0) =p — 1, v(p) = —1 for
p eF}.
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Proof. Since s is odd, the integer n — d is always even. If d is odd, then n and n — 2d are both odd.
The proof in this case is divided into the following subcases.

(i) For (y,8) =(0,0), S(€,0,0) =0 for € #0, and p" for € =0.

(ii) For (y,8) # (0, 0), the discussion is divided into three subcases.

In the case of (y,8) € Rp, for 1 <i<n,let y; =2z — szi, Then Z?:](a,-yi2 + biyi) = p is equivalent

b? . .
to Y 1aiz? = he,ys+ p, Where Aep s =1 4 25+ Let Ao =[[i_; a;, then Lemma 2 implies

Neys(0)=p"" 4+ p" T n((=1)"7 (rey s + ) A0). (26)

Notice that the matrix CB in (25) is nonsingular. As a consequence, (b1, ba, ..., by) runs through
IF';, as € runs through Fyn. A¢ , s is also a quadratic form with n variables b; for 1 <i<n. Again by
Lemma 2, as € runs through Fpn,

noo2
b; ) _ ;
heys = Z a0 =p' occurring p" ' +p 7 n((— Nz p ' A) times (27)
i=1

for each p’ € Fp since n((4" [T, a)™H = n( T\ ap).
By (24), (26) and Lemma 3(i), we have

Ste,y.8) =n((—=1)"T A0)p2y/ (—1) T ¢, 7. (28)

By (27), as € runs through [Fyn, for each p € Fp, we have

S(e,y.8) = n((—])%AO)\/ -1 pgglﬁ’ occurring p"~! + p%n((—l)%pAo) times. (29)

In the case of (y,8) € Ry, the rank of Tr‘f(.Qy,(g(x)) is n —d, and then

n—d
Ti{ (2).6(0) + T} (€x) = Y _aiy? +sz%-
i=1 i=1

If there exists some b; # 0 for n —d < i <n, then for any p € Fp, Neyp s(0) = p"! and
S(e,y,8) = 0. Since the matrix CB is nonsingular, there are exactly p” — p"~¢ choices for € such
that there is at least one b; # 0 with n —d <i <n, as € runs through Fpn.

If b =0 for all n —d < i <n, then Z, 1(a,yl +b,y,)_p is equivalent to Z_l az =key.s + 0,

where A¢ 5 = ',7:1‘1 f—&i and zi =y; + 2a for1<i<n—d. Let A1 = ]—L.:1 a;, then for any p € )

and even n —d, by Lemma 2,

Neys(p) =P (P 4 00y s + )P 2 0((=1)"7" A7),

Neys(0) =P '+ 00ys + 0D T n((=1)"7" 41). (30)
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By Lemma 2, when (b1, by, ..., by,_g) runs through F';*d,
n—d bz . d—1 n—d—2 n—d .
hey.s = Z - =p’' occurring p" "' +v(p)p 2 n((—1)"z A;) times (31)
1

i=1
for each p’ € F,. Then by (24) and (30),

n+d  —hey.s

n—d n+d
S, y,8)=n((=1)2 A1)p 2 ¢
since Zpem v(p+Ays e)gp Fhyse = p by Lemma 3(ii). Notice that v(—p) = v(p) for any p € F).
By (31), when (b1, by, ..., b,_g) runs through ]Fg*d,

Ste,y. ) =n((-D"" a1)p"F¢f occurring p" 1+ v(p)p"F y((—1)"7 41) times  (32)

for each p € ).
In the case of (y, d) € Ry, the rank of Tl’lii(.Qy’(;(X)) isn—2d and

n—2d

Trd (2 5 (%)) + Tr} (ex) = Z aiy? + Zbl yi.

Similarly, if there exists some b; # 0 with n —2d <i <n, then N¢, 5(0) = p"! for any p € Fy
and S(e, y,8) =0. When € runs through Fn, there are p" — p"~2d choices for € such that there is at
least one b; £ 0 withn—2d <i <n.

If b; =0 for all n — 2d < i <n, a similar analysis shows that for any p € Fp, by Lemma 2,

_ n+2d—1 n—2d—1
Neys(@=p""4+p 2 n((=1)" 7 (Geys+pA) (33)
2
where Ae s = Z?jd%i and Az = [1/-"a;. When (b1.,by,....bp_2q) Tuns through F24, by
Lemma 2,
n—2d b2
hes= Y g =p' occurring p" 1 4 T (1) p'ay) times (34)
io1 i
for each p’ € Fp,. Thus, by Lemma 3(i), (24) and (33), we have
1 —Ayse
S(y.8.€)=n((— M)y (=1)"7 phHdg
Consequently, when (b1, b3, ..., b,_24) runs through F’;*Zd,
Bl nid.p
S(e, .8 =n((- Az)\/(—l) 2 p2tigg
occurring p" %4~ 4+ p ( pAz) times (35)

for each p € ).
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From the above analysis, S(e, y,8) = p" if and only if e =y =8 =0, and S(e, y, §) = 0 occurs p" —
T+ (" = p" IR+ (p" — p"2)[Ry| = (p" — V) (p?* 4 — p"~24 4 p2n =3¢ — pn=2d 1 1) times. By (28)
and Corollary 2, for i € {1, —1}, there are |Rq ;| pairs (y,8) € Fyn x Fpn such that n((—l)%Ao) =1.
Thus for each p € Fp, we have

Ste,y.8) =+ (-7 picf

occurring (p”_1 + p% 1n(—=p))|Ro,+1| times

when (€, y, 8) runs through Fpn x Fpn x Fyn. The other cases can be similarly analyzed.

For the even case of d, the integers n, n — 2d are also even. This case has a difference from the
odd case of d only in the application of Lemma 2. It can be proven in a similar way and we omit the
proof here. O

Notice that the weight of the codeword c(e, y,8) is equal to p" —1 — (N¢ y,s(0) — 1) = p" —
Ne.y,5(0). Consequently, the values N¢ ,, 5(0) for any given €, ¥, § are needed to determine the weight
distribution.

Theorem 2. For two integers n and k with d = gcd(n, k), if s =n/d is odd, then the weight distribution of the
code C is given by

0, 1 time,
(p—Dp™ T, ("= DA+ p* 1+ (p — 1p2n—d-1 _ pn-2
+ (p _ 1)p2n—3d—1 + pn—l _ (p _ 1)pn—2d—1) times,

n=1
(p=D((P"'+p 2 (P24 —prtd_p4p2d)(pr—1)

(p—Dp*'-p7, ST times,
-1
1 n—1 ) (pt1—p Ty (pnt2d _pyntd _ nyp2dypn_1y .
(p—1p*1+p7, (=D —p )(g(pm_lp) P'+pTN(E"=D times,

n n—d
(p— (P — p=F?, "+ (p-Dp 2 2)(p""’+p 2)("=D times,

(p— ("1 + p=F2) " -1 " )" T 1)
p p p , 3 ;
—d—2 _ n—d
(p—1)p1—pmFE, =D Tlp 2 " =P 7 )@"=D times,
n—d-2 n— n_d n
(p—1p14p=FE,  =D@Top Z Bl “4p 2 )" fimes.
1R et o)
(p—-Dp"—-p z, - times,
2(p2—1)
1 ML (ot R o)
(p—Dp""+p 7z, 27T times

forodd d, and
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07
(p—Dp"1,
(p—D(E" 1 —p'D),

(p— ("1 +p"TH,

p-Dp"'—p7,

(p—1p" 1 +p'T,

n+d—2

(p—DP"'—p 7)),

(p— (P 4 p"T),

n+d—2

(p—Dp*'—p 2z,

(p—p" 1+ p" T,

(p _ ])(pn_] . n+22d—2

),

d—2

(-1 +p"E,

n+2d—2

(p—Dp"1-p 7,

n42d—2

(p—Dp"+p z,

1 time,
(" = D(p*" ! -

n=2
(0" +(p—1p Z )(p"+24_prHd_pn4p2d)(pn
2(p¥—-1)

p2n—2d + p2n—3d _ pn—Zd + 1) times,

—1 times,

n=2
(0" —(p=D)p Z )(p"+24_p™Hd_pn4p2d)(p"
2(p2—-1)

—1 times,

n=2
(=D +p 2 )P —ptH—p4p2) (p"
2(p¥-1)

—1 times,

(1)1 —p" T2 (p 2 _prtd _pny p2ypn 1)
25 1) times,

n—d—1 1 7_3_2 n—d Lgd n_
r +(@-Dp )P +p 2 )(p
2

D times,

@ p-1)p T p T )
times,

N

-2

—d —d
(-1 41 +p" T Hp"d—p T )(p"—

D times,

N

2

n—d—. n—d
=D 4'—p 2 HP"4p 2 H(p"-

D times,

N

@2 - 1)p" D" 1)
2077 times,

n=2-1_ (5 1)p"F 2 (prd_1)pr—
2(p%-1)

@ D times,

(=" 5= pr-d_1y 1)
LT times,

(=" 21 p"F= ) (pr-d 1y
2(p2d-1)

D times

forevend, as (€, y, ) runs through Fpn x Fpn x Fpyn.

Proof. We also only give the proof for odd d, and omit the proof of the other case.

(i) For (y,8) =(0,0), Ne, 5(0) = p"1 for € #0, and p" for € =0.

(ii) For (y,8) € Ro. Notice that there are pz;] square and non-square elements in F%, respectively.
As € runs through Fpn, by (26) and (27),

Ne,y 5(0) = occurring p"~! times

and

Ney.5(0)=p"™ ' £ p"T n((=1)"7 Ag) occurring E(p"” +£p"7 n((=1)"T Ag)) times.

For (y,8) € Ry, if there exists some b; #0 for n —d <i <n, then for any p € Fp, N¢ 5 5(0) = p 1.

If by =0 for all n —d <i <n, when (by, ba, ..., b,_g) runs through IF';‘d,

n((—=1)"7" 4)

) n=d .
n((=1)"z A;) times

_ ntd—2
Neys@=p" '+ (p-1p 2

occurring p"~~1 4 (p — 1)p"2

and
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n+d—2

n—d
Neys@=p" ' =p 2 n((-1) 2 4)

occurring (p — 1) (p" "1 - P n((—l)ﬂz;d Aq)) times.
For (y,8) € Ry, if there exists some b; # 0 with n —2d <i <n, then N¢, 5(0) = p"! for any

o eFp.
If bj =0 for all n — 2d < i <n, when (by, by, ..., by_3q) runs through F’;‘Zd,

Ny 5.6(0) = p"™ ' occurring p" 241 times,

and

n+2d—1 n—2d

-1
Nysec@=p""£p 2 n((=1)" 2 A4z)

n—2d—1

occurring pT_l(p”_Zd_] +p 2 77((—1)"722‘H A;)) times.

We only give the frequencies of the codewords with weight (p — 1)p"! and (p — 1)p"~! — p%.
Other cases can be similarly analyzed. The weight of c(e, y, 8) is equal to (p — 1)p"~! if and only if
Ne,y,5(0) = p™~1. By the above analysis and Proposition 4, the frequency is equal to

p" =1+ p" M Rol+ (p" — p"")IR1| + (p" — p" 2 + p" 2 T) Ry
— (pn _ -l)(p2ﬂ—1 + (p _ 1)p2n—d—l _ p21‘l—2d + (p _ 1)p2n—3d—1
+p" = (= Dp" T 1),

The weight of c(e, y, §) is equal to (p — 1)p"~' — p"z if and only if N , 5(0) = p"~' + p"T . The
corresponding frequency is

p—1, -1 p—1, n-1
(P 4P ) IRoal + ——(p" 4+ p 7 )IRo
n—1
_ =D p )M - pt - pt 4 2" )
2(p2d —1) '
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