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INTRODUCTION 

Let C be a full subcategory of an abelian category A which is closed 
under extensions, i.e., if 0 -+ C, + C, + C, -+ 0 is an exact sequence in A 
with C, and C3 in C, then C, is in C. An exact sequence (*) 
0 + C, -J C2 --+ C3 + 0 in C is said to be an almost split sequence in C if 
it satisfies the following conditions: 

(a) (*) does not split. 
(b) If h: X-r C, is a morphism in C which is not a splittable 

epimorphism in C, then there is a t: X+ C, such that gt = h. 
(c) If j: Ci + Y is a morphism in C which is not a splittable 

monomorphism in C, then there is an s: C, + Y in C such that j = sf 
Almost split sequences were first introduced by us in the case A is the 

category of finitely generated modules over an artin algebra /i and C = A 
(see [6, 71). The reader is referred to the expository articles [ 11, 121 for an 
account of the role almost split sequences have played in the theory of the 
representation theory of artin algebras. That almost split sequences exist 
for various subcategories of module categories over a much wider class of 
rings than artin algebras was first shown in [2, 31, where various existence 
theorems for almost split sequences were given. These results seemed to 
indicate that there might be connections between the structure and 
existence of almost split sequences and algebraic geometry. Recent develop- 
ments show that this is indeed the case. 

In [4] it is shown that the structure of the almost split sequences in the 
category of reflexive modules of a complete rational double point over the 
complex numbers determines the desingularization graph of the singularity. 
Also it has been shown in [S] that a complete Cohen-Macaulay local ring 
S is an isolated singularity if and only if the category of Cohen-Macaulay 
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S-modules has almost split sequences. A consequence of this result is that if 
S is a complete Cohen-Macaulay local ring of finite Cohen-Macaulay type 
(i.e., S has only a finite number of isomorphism classes of indecomposable 
Cohen-Macaulay modules), then S is an isolated singularity [S]. In 
addition, almost split sequences have also been used to show that certain 
complete Cohen-Macaulay singularities are of finite Cohen-Macaulay type 
PI- 

In view of these developments, it is natural to ask to what extent these 
results about almost split sequences can be carried over to graded modules 
over graded rings and consequently to coherent sheaves over projective 
varieties via the standard shealilication of graded modules. In this paper we 
begin to investigate this question by considering two-dimensional 
Cohen-Macaulay rings and projective curves. In other papers we will con- 
sider higher-dimensional rings and projective varieties. It is to be hoped 
that almost split sequences will prove to be as interesting in this context as 
they have turned out to be in other situations. 

One final general comment. From the point of view of almost split 
sequences, complete two-dimensional Cohen-Macaulay rings are rather 
special, primarily because of the existence of the fundamental exact 
sequence of the ring. This notion was first introduced in [4] in the more 
restrictive setting of complete two-dimensional integrally closed local 
domains. Here we show that fundamental exact sequences exist for certain 
types of algebras which need not be commutative, and use this fact to 
derive the existence of almost split sequences in the commutative case. As 
in [4] we also show how almost split sequences can be constructed from 
the fundamental exact sequence of the ring. 

This paper is divided into two parts. The first part studies (maximal) 
Cohen-Macaulay modules over commutative noetherian equidimensional 
Cohen-Macaulay rings of dimension 2. The second part is devoted to 
establishing the analogues of the results in Part I for Z-graded Cohen- 
Macaulay modules over two-dimensional, Z-graded Cohen-Macaulay rings. 
These results are then applied to studying Cohen-Macaulay coherent 
sheaves over connected, Cohen-Macaulay projective curves. We now give a 
brief section by section description of the contents of this paper. 

Part I 

1. This section deals with some generalities concerning &-modules over 
commutative noetherian &-rings which are needed throughout the rest of 
the paper. 

2. In this section a basic existence theorem for morphisms determined by 
modules is established, a notion first introduced in [3]. This gives the 
existence of various types of exact sequences from which all our existence 
theorems for almost split sequences are derived. 
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3. This section is devoted to studying Cohen-Macaulay modules over a 
complete, noetherian two-dimensional Cohen-Macaulay ring S. The first 
part of the section is devoted to showing that an indecomposable nonpro- 
jective Cohen-Macaulay module C has the property that C, is S,-free for 
all prime ideals p in S of height at most one if and only if there is an almost 
split sequence 0 + A + B --t C + 0 in the category of Cohen-Macaulay S- 
modules. The second part of the section deals with explaining how almost 
split sequences can be constructed from the fundamental exact sequence 
for S. 

Part II 

1. Let k be a field, k[X, ,..., X,] the polynomial ring with the usual Z- 
grading and let S be the graded ring which is a factor ring of k[X,,..., X,,] 
by a homogeneous ideal. We assume that S is a graded Cohen-Macaulay 
ring of dimension 2, and prove results analogous to those of Part I. As a 
special case we get that if C is a nonfree indecomposable, Cohen-Macaulay 
graded module in the category of graded S-modules with degree zero 
morphisms, then C has the property that C, is &,-free for all prime ideals p 
of S of height at most one if and only if there is an almost split sequence 
0 + A + B --, C + 0 in the category of Cohen-Macaulay graded modules 
with degree zero morphisms. 

2. In this section it is shown how to compute almost split sequences in 
the category of Cohen-Macaulay modules with degree zero morphisms 
using the fundamental exact sequence for S. 

3. In this section X is a connected, Cohen-Macaulay projective curve 
over an infinite field k. It is shown that an indecomposable 
Cohen-Macaulay coherent sheaf 2 on X is locally free if and only if there 
is an almost split sequence 0 + 5F + Y -+ 2 -+O in the category of 
coherent Cohen-Macaulay sheaves on X. It is also shown how almost split 
sequences in the category of Cohen-Macaulay coherent sheaves on X can 
be computed using the almost split sequences 0 + ox + 8x + c?, + 0, where 
OX is the structure sheaf and ox is the dualizing sheaf. A. Schofield has 
given an independent proof of these results when X is a nonsingular curve 
and k is algebraically closed using sheaf theoretic methods. 

I 

1. PRELIMINARIES 

In this section we give some basic facts about &-rings and modules. 
Since the theory of such modules and rings is similar to that of reflexive 
modules over integrally closed rings, proofs are only sketched. 
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Throughout this section S is a commutative noetherian ring. We denote 
by mod S the category of finitely generated S-modules. An M in mod S is 
said to be an &-module if for each prime ideal p of S we have 
depthsp M, > min(2, dim S,). The full subcategory of mod S consisting of 
the &-modules will be denoted by S, (mod S). The ring S is said to be an 
&-ring if S is an &-module. 

By an S-algebra r we always mean an S-algebra r which is a finitely 
generated S-module. We say that an A4 in mod r is an &-module, if when 
viewed as an S-module it is an &-module. The S-algebra r is said to be an 
&-algebra or an &-ring if r is in S2 (mod r). 

Suppose now that A and B are S-modules. Then it is easily checked that 
Hom,(A, B) is an &-module whenever B is an &-module. Therefore if A 
and B are &-modules, then r= End(A)OP is an S-algebra which is S2 and 
Hom,(A, B) is a r-module which is Sz. Also if n is an S-algebra and U, V 
are n-modules with V an &-module, then the S-module Hom,( U, V) is an 
Sz module. Finally, we say for an integer d 2 0 that an S-module M is free 
at height d primes if for each prime ideal p with dim S, d d, we have that 
M, is S,-free. We will be particularly interested in S-modules which are 
free at height one primes. The following result is a basic tool in this paper. 

THEOREM 1.1. Let S be an &-ring and A4 an S-module which is S2 and 
free at height one primes and let r= End(A4)OP. Then the functors 
Hom,(M, ): mod S + mod r and Hom,(M*, ): mod T-t mod S induce 
inverse equivalences S2 (mod S) + S2 (mod r), where M* = Hom,(M, S). 

Before giving the proof of Theorem 1.1, we point out the following easily 
verified and basically well-known fact concerning &-modules. 

LEMMA 1.2. A morphism f: A -+ B of S,-modules is an isomorphism if 
and only if f, : A, + B, is an isomorphism for all primes p with dim S, < 1. 

Proof: Same as for reflexive modules over integrally closed noetherian 
domains. 

We now return to the proof of Theorem 1.1. For each X in mod S we 
have the following composition of S-morphisms which is obviously 
functorial in X, 

XrHom,(S, X)A Horn, M C3 M*, X 
c I- > 

3 Hom,(M*, Hom,(M, X)), 

where a is induced by the morphism of S-modules /I: M @I~ M* + S given 
by JI(m @f) =f (m). Since M is free at height one primes, it follows that 
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/I,,: M, Or, M,* + S, is an isomorphism if dim S, < 1. Therefore q, is also 
an isomorphism if dim S, < 1. Hence by Lemma 1.2, we have that a is an 
isomorphism whenever X is in S, (mod S). Therefore we have the canonical 
isomorphism 

1 S2(mod S) - Hom-(M*, Hom,W, )I, 

which we will usually consider an identification. 
Also for each Y in mod f we have the following composition of 

r-morphisms which is obviously functorial in Y, 

Yr Hom,(T, Y) & Horn, M* @ M, 
( 

Y 
s > 

r Hom,(M, Hom,(M*, Y)), 

where y is induced by 6: M* OS M + End(M) given by 
S(f@ m)(x) =f(x)(m). Since M is free at height one primes, we know that 
6, and hence y,, is an isomorphism if dim S, < 1. Thus y is an isomorphism 
for all Y in S2 (mod Z). Therefore we have the canonical isomorphism 

1 Sz(modT) + HomsM HomrW*7 ))t 

which we will usually view as an identification. This completes the proof of 
Theorem 1.1. 

In addition to Theorem 1.1, we will have need of several other facts con- 
cerning &-modules which are free at height one primes later on in this 
paper. For convenience, we give their statements and sketch some proofs. 

PROPOSITION 1.3. Let M be a module in S,(mod S) which is free at 
height one primes. Then we have the following. 

(a) M is a reflexive S-module, i.e., the natural S-morphism M + M** 
is an isomorphism which we often view as an identiJi:cation. 

(b) Let r= End,(M). For each X in S, (mod S), the morphism 

u,: Hom,(T, X)--t Hom,(M, Hom,(M*, X)), 

given by (u,(f))(m)(g) =f((g@ m))for allf in Hom,(T, X) and g in M*, is 
an isomorphism of two-sided r-modules which is functorial in X and where 
6: M* as M + r is given by 6( gQm)(x) = g(x) m for all g in M* and m 
and x in M, 

Proof. (a) Since M is free at height one primes, the map M + M* * is an 
isomorphism when localized at height one primes. Therefore by Lemma 
1.2, M + M** is an isomorphism since M and M** are in S2 (mod S). 
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(b) Essentially the same as the proof for reflexive modules over 
integrally closed domains given in [4, Lemma 6.31. 

Letting X= S in the previous proposition we obtain the two-sided r 
isomorphism us. * Hom,(T, S) + Hom,(M, M**) = Hom,(M, M) = f. We 
denote by t: r+ S the S-linear functional u;‘( l,), and we call t the trace 
on lY We now point out some other descriptions of the trace. 

LEMMA 1.4. Let M in Sz (mod S) be free at height one primes and let 
r= End M. Then the trace t: r+ S can be described as follows. 

(a) t: r + S is the unique S-morphism such that for all height one 
primes p in S the map t,: r, + S, is the ordinary trace map on the 
endomorphism ring r, of the free S,-module M,. 

(b) t: r+ S is the unique S-morphism such that the composition 
M* @sM+‘T+S is the evaluation map e:M* @sM+S given by 
e(f@m)=f(m) f or all f in M* and m in M, where 6 is defined as in 
Proposition 1.3. 

Proof Follows from routine calculations. 
In establishing the last property of the trace that is of interest to us, we 

assume that S is a domain in addition to being Sz. It would be interesting 
to know if the same result holds without this additional assumption on S. 

PROPOSITION 1.5. Let S be a local domain with maximal ideal m which is 
also S2. Assume M in S, (mod S) is free at height one primes and that 
r= End M. Then the trace map t: r + S has the property that t(rad r) c m. 
Consequently t(rad r) c m for all f in Hom,(r, S). 

Proof: The first part of this result was proven in [4, Proposition 5.11 
under the additional hypothesis that S is integrally closed. After slight 
modifications, the same proof works for domains which are not necessarily 
integrally closed as required here. The second part follows from the fact 
that t in Hom,(f, S) is a two-sided r-generator for Hom,(T, S). 

2. SIJBFUNCTORS DETERMINED BY MODULES 

Throughout this section S is an equidimensional commutative 
noetherian ring of dimension 2. For such rings the notions of a module 
being Sz and being a (maximal) Cohen-Macaulay module coincide. To 
simplify notation we denote the category S,(mod S) by CMS. In addition 
we assume that S is a Cohen-Macaulay ring and an R-algebra which is a 
finitely generated R-module where is a two-dimensional Gorenstein ring. 
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Clearly S and R are in CMR. Our main aim in this section is to show the 
following. 

Suppose M in CMS is free at height one primes and F: CMS + mod S is 
a finitely generated (presented) contravariant additive functor. Then every 
M-determined subfunctor of F is finitely generated (presented). This result 
is used in the next sections to give information concerning almost split 
sequences in CMS when S is a complete local ring or a certain type of 
graded ring. These results not only generalize considerably previous work 
about lattices over two-dimensional orders (see [3]), but also give some 
new information about the earlier work. 

Since S is an &-ring and CMS = Sz (mod S), the results of Section 1 
apply to S and CMS. In particular, if M is in CMS and is free at height 
one primes, then we have the equivalence of categories CMS+ CMT 
described in Theorem 1.1, where Z= End(M)OP. We now show how to use 
this result to prove our announced result in the special case where F is 
representable, from which the general result follows easily. 

Let Z be an R-algebra which is a finitely generated Cohen-Macaulay 
module. We now establish some basic facts concerning the module 
Hom,(Z’, R) in CMZ. While we state and prove this result for R being of 
dimension 2, the result and proof obviously generalize to Gorenstein R of 
arbitrary dimension. 

LEMMA 2.1. (a) For each A in mod r and all i > 0 we have isomorphisms 
Ext>(A, Hom,(Z, R)) 7 Ext,(A, R) which are functorial in A. 

(b) If A is in CMZ’, then Ext>(A, Hom,(Z’, R))=O for all i3 1. 
(c) Zf A is nonzero and offinite length, then Ext;(A, Hom,(Z’, R)) = 0 

for i < 2 and is not zero for i = 2. 

ProojI (a) Let 0 + R +ZO +I, -+Z2 +O be a minimal injective 
resolution of R (remember R is Gorenstein of dimension 2). Then 

0 + Hom.(Z, R) + Hom,(Z’, I,) + Hom,(Z, I,) + Hom,(Z, Z,) -+ 0 

is an injective Z resolution of Hom,(Z’, R). It is exact because Z is a 
Cohen-Macaulay R-module and the Hom,JZ’, Zi) are injective for all j since 
Z is Z-projective and Zj is R-injective for all j. Since we have the 
isomorphisms Hom,(A, Hom,(Z’, B) r Hom,(A, B) which are functorial 
in A and B, it follows that Ext>(A, Hom,(Z, R))rExtk(A, R) for all 
Z-modules A and all i. 

(b) and (c) These are trivial consequences of (a). 

PROPOSITION 2.2. Suppose r is an R-algebra which is in CMR. Let 
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B + C-r 0 be an exact sequence of r-modules with B a Cohen-Macaulay 
module and C a module of finite nonzero length. Moreover assume that Q is 
a projective l--module such that there is an exact sequence of r”P-modules 
Q --) Ext2,(C, R) + 0. Then there is an exact sequence of r-modules 

O+Hom,(Q,R)+A 5 B+C+O 

with A in CMT and any such exact sequence has the following properties. 

(a) Hom,(Q, R) + A is not a splittable monomorphism. 

(b) A morphism g: X + B in CMT can be lifted to A if Im g c Im h. 

Proof We first show that our desired type of exact sequence actually 
exists. 

Let 0 + L + P + B + C + 0 be an exact sequence of r-modules with P 
projective. Then Ext’,(B, R) = Ext’,(P, R) = Ext$JL, R) = 0 for all i > 0 
since the B, P, L are all in CMR. Also Extk(C, R) = 0 for i = 0, 1 since C 
has finite length. From this it follows that if we apply the functor 
Hom,( , R) to the exact sequence 0 + L + P + B -+ C-+ 0 we obtain the 
exact sequence of r”P-modules 

O--+B*+P*-tL*+Ext2,(C,R)-+O, 

where X* = Hom,(X, R). Since B, P, L are reflexive R-modules, applying 
Hom,( , R) to this exact sequence we obtain the commutative exact 
diagram 

0 -+ L** + P** -+ B** + Ext;(Ext;(C, R), R) + 0, 

where C + Exti(Exti(C, R), R) is the usual isomorphism occurring in the 
duality between r-modules and r”P-modules of finite length given by 
YH ExtZ,( Y, R) for all finite length r-modules (T”P-modules) Y. 

It is also not difficult to see that we have the commutative exact diagram 

O+B*+ U + Q +Ext;(C, R)+O 

II I I 

607/66/l-7 
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Applying Hom,( , R) to this diagram we obtain the exact commutative 
diagram 

0 + L** + P** --f R** + ExtZ,(Ext;(C, R), R) + 0 

I I II II 
04 f’* + U* -+B** -+ Ext2,( Ext;( C, R), R). 

Hence we obtain the exact sequence 0 -+ Q* --+ U* + B + C-+ 0 of 
r-modules, which is our desired sequence since U* is in CMT. 

We now proceed to the proof of the rest of the proposition. 

(a) If 0 -+ Q* + A is a splittable monomorphism then Im h is a sum- 
mand of A and therefore Cohen-Macaulay, which contradicts the fact that 
c # 0. 

(b) Suppose f: X+ B has the property that Imfc K= Im h. Then 
there is the pullback exact commutative diagram 

O+Hom,(f,R)+E-+X-,O 

II II (*) 
O-+Hom.(f,R)-+A-+K+O. 

But (*) splits since Extj-(X, Hom,(T, R))=O because X is Cohen- 
Macaulay (see Lemma 2.1(b)). This implies trivially that f: X-t B can be 
lifted to A. 

We now want to show how Theorem 1.1 and Proposition 2.2 together 
imply our desired result about additive finitely generated contravariant 
functors from CMS to mod S. However, before doing this it is convenient 
to recall some definitions and results about such functors given in [3]. 

Let F: CMS + mod S be a contravariant additive functor. A subfunctor 
F of F is said to be determined by an X in CMS if a subfunctor P of F is 
contained in F whenever F’(X) c F(X). It is not difftcult to see that if X is 
in CMS and H c F(X) is an (End X)“” submodule of the (End X)““- 
module F(X), then there is a unique X-determined subfunctor FH c F such 
that FH(X) = H (see [3]). 

Next we recall that a morphism f: B -+ C in CMS is said to be 
right determined by X in CMS if the induced morphism 
Hom,( , f ): Hom,( , B) --) Hom,( , C) has the property that the sub- 
functor Im Hom,( , f) of Hom,(, C) is determined by X. It is easily 
seen that f: B -+ C is right determined by X if and only if a morphism 
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g: Y + C in CMS can be lifted to B provided Im(Hom,(X, Y) _tHom~(X*g) 
Hom,(X, C)) is contained in Im(Hom,(X, B) + Hom,(X, C)) (see [3]). 

Combining Theorem 1.1 and Proposition 2.2, we obtain the following 
result. 

PROPOSITION 2.3. Let M in CMS be free at height one primes and let 
r = End( M)“P. Suppose C is in CMS and H is a F-submodzde of 
Hom,(M, C) such that Hom,(M, C)/H is of finite length. Finally, let 
n be an integer such that there is an epimorphism (rOp)” + 
Exti(Hom,(M, C)/H, R). 

Then there is a right M-determined morphism f: B + C in CMS having the 
property that H = Im(Hom,(M, B) +Homs(MJ) Hom,(M, C)) and such 
that: 

(a) 0 + Hom,(Hom,(M, S), R)” + B -J C is exact. 

(b) f is a splittable epimorphism if and only if H = Hom,(M, C). 
(c) f: B+ C is onto zfand only if HIP(M, C), where P(A4, C) is the 

End(M)“P-submodule of Hom,(M, C) consisting of all h: M + C which can 
be factored through a projective module. 

Proof (a) Clearly the split exact sequence 0 + Hom,(Hom, 
(M, S), R) + B +f C + 0 gives a right M-determined morphism when 
H = Hom,(M, C). So assume now that H # Hom,(M, C). 

Now r is a Cohen-Macaulay ring and Hom,(M, C) is in CMT. 
Since Hom,(M, C)/H is a r-module of nonzero finite length, there 

by Proposition 
b”+ Hom,(T, R)” 

2.2 an exact sequence of r-modules 
+ A + Hom,(M, C) + Hom,(M, C)/H + 0 where all 

except the right-hand module is a CMS-module. Applying 
Hom,(Hom,(M, S),) to this exact sequence, we obtain an exact sequence 
of Cohen-Macaulay S-modules 0 + Hom,(Hom,(M, S), R) + B -+rC, 
using the fact that Hom,(M, ): CMS + CMT and HomAHom,(M, S), ): 
CMT+ CMS are inverse equivalences. It is also clear using these 
equivalences that Im(Hom,(M, .B) + HomS(MJ) Hom,(M, C)) = H. There- 
fore to finish the proof of (a), we need only show that B + C is right 
X-determined. 

Let h:Y+C be a morphism in CMS such that 
Im(Hom,(M, Y) + Hom,(M, C)) c Im(Hom,(M, B) + Hom,(M, C)). 
But then by Proposition 2.2 we know that there is a f-morphism 
g: Hom,(M, Y) + Horn&M, B) such that Hom,(M, f) g = Hom,(M, h). 
This means that the S-morphism HomJHom,(M, S): Y+ B has the 
property h = f HomJHom,(M, S), g). Therefore f: B + C is right M-deter- 
mined. 

(b) and (c) These are easy to see. 
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We now point out the following generalization of Proposition 2.2. 

THEOREM 2.4. Let A4 in CMS be free at height one primes. Suppose C is 
in CMS and H is an arbitrary End(M)“P-submodule of Hom,(M, C). Then 
there is an exact sequence 0 + Hom,(Hom,(M, S), R)” + B -+f C in CMS 
such that f is right X-determined with Im Hom,(M, f) = H. Moreover f is 
surjective if and only ly H =J P(M, C). 

Proof. Let ( , C), be the M-determined subfunctor of ( , C) whose 
value at M is H. Then ( , C),(S) c Hom,(S, C) = C is an S-submodule of 
C which we denote by C’. Then by Proposition 3.18 of [3], we know that 
( , C), c Hom,( , C’) and H is an End(M)“P-submodule of Hom,(M, C’) 
containing P(M, C’). Because M is free at height one primes, we know that 
Hom,(M, C’)/(P(M, C’) and consequently Hom,(M, C’)/H is of finite 
length. 

Since c’ c C, we have that Cc (C’)** c C** = C, where 
X* = Hom,(X, R) because R is Gorenstein and C is in CMR. Letting 
C” = (C’)** we have that C/C is of finite length since 
depthRp CL 2 dim R, for all height at most one primes p in R. From this 
and the fact that Hom,(M, C’)/H is of finite length, it follows that 
Hom,(M, C”)/H is of finite length. Since C” is in CMR, it follows 
from Proposition 2.2 that there is an exact sequence 
0 + Hom,(M, S)* -+ B-J C” such that Im Hom,( , f’) is the M-deter- 
mined subfunctor of ( , C”) whose value at M is H. Therefore 
Im Hom,( , f) = ( , C), since ( , C), c ( , C”) is also M-determined with 
H as value at M. Consequently, the induced exact sequence 
0 + Hom.(Hom,(M, S), R)” -+ B -J C is our desired exact sequence. 

The proof of the rest of the theorem is trivial. 
We now conclude this section by showing how Theorem 2.4 gives the 

result announced at the beginning of the section. Before doing this we 
recall some definitions. A contravariant additive functor F: CMS + mod S 
is said to be finitely generated if there is an epimorphism 
Hom,( , C) + F+ 0 for some C in CMS and F is said to be finitely 
presented if there is an exact sequence 

Hom,( , B) -+ Hom,( , C) + F+ 0 with B and C in CMS. 

THEOREM 2.5. Let A4 in CMS be free at height one primes. Let F be a 
subfunctor of F determined by M, where F: CMS -+ mod S is contravariant. 
Then 

(a) F is finitely generated if F is finitely generated, and 

(b) F is finitely presented if F is finitely presented. 



ALMOST SPLIT SEQUENCES IN DIMENSION TWO 99 

Proof (a) Let a: ( , C) + F be an epimorphism. Then it is easily seen 
that F being determined by A4 in F implies that r.-‘(F) is determined 
by A4 in ( , C). Then by Theorem 2.4, we know that a-‘(F) is finitely 
presented and therefore finitely generated. Hence F is finitely generated. 

(b) In the case F is finitely presented, we have that the kernel of the 
epimorphism a: a-‘(F) +F -+O is finitely generated. Since a-‘(F) is 
finitely presented, it follows that F is finitely presented. 

The rest of this part is devoted to giving various applications of the 
results of Sections 1 and 2. 

3. ALMOST SPLIT SEQUENCES 

Throughout this section S is a complete local Cohen-Macaulay ring of 
dimension 2. We can also assume without loss of generality that S is an R- 
algebra, which is a finitely generated R-module with R a complete local 
Gorenstein ring of dimension two. Thus the results of Section 2 apply to 
the R-algebra S. It is our aim in this section to give various existence 
theorems for aimost split sequences in CMS. We start with those which are 
direct consequences of the results in the previous section. 

Let C be an indecomposable Cohen-Macaulay S-module which is free at 
height one primes. Then r= End(C) Op is a local ring (remember S is a 
complete local ring) whose unique maximal ideal is rad r, the radical of r. 
Let rad Hom,( , C) be the C-determined subfunctor of Hom,( , C) whose 
value at C is rad ZY It is easily seen and well known that rad Hom,(X, C) 
consists precisely of thef: C + A4 which are not splittable surjections for all 
X in CMS. 

We now apply the results of Section 2 to obtain the following existence 
theorem. 

THFDREM 3.1. Let C be an indecomposable module in CMS which is free 
at height one primes. Then: 

(a) There is a unique (up to isomorphism) exact sequence of 
f = End Cop-modules (*) 0 + Horn #, R) + A + f + r/r-ad r -+ 0 with A 
a Cohen-Macaulay module. 

(b) Applying the functor Hom,(Hom,(C, S), ) to (*) we obtain an 
exact sequence in CMS, 0 + Hom,(Hom,(C, S), R) + B JC, which has 
the property that Im( , f) = rad Hom,( , C) and Hom,(Hom,(C, S), R) is 
indecomposable. 

(c) If C 2 S, then 0 + Hom.(Hom,(C, S), R) + B -4 C + 0 is exact 
and is an almost split sequence in CMS. 
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(d) Zf C z S, then r= S and we have the up to isomorphism, uniquely 
determined, exact sequence 

O-+Hom,(S,R)-+B~ S+S/m+O 

with B in CMS 

Proof: (a) It is easily seen that Ext$(T/rad r, Hom,(p, R))g 
ExtZ,(T/rad r, R) is a l-dimensional vector space over the division ring 
r/rad r. Then it follows that all exact sequences 0 + Hom,(r, R) -+ A -+ 
r+ r/rad r--+ 0 representing a nonzero element of Extg(T/rad r, 
Hom,(r, R) are isomorphic. We also know by Proposition 2.2 that the A 
occurring in such exact sequences are Cohen-Macaulay r-modules. 

(b) Special case of the proof of Proposition 2.3. 
(c) and (d) Trivial consequences of (b). 

Before going on with our discussion of the existence of almost split 
sequences, we recall the notion of right almost split morphisms in CMS. A 
morphism g: U -+ C in CMS is said to be right almost split in CMS if f is 
not a splittable surjection and any morphism X-t C in CMS which is not a 
splittable surjection can be lifted to U. It is well known and easily shown 
that if g: U -+ C is right almost split, then C is indecomposable and f is sur- 
jective if C ~6 S. Next recall that a right almost split morphism g: U + C in 
CMS is said to be a minimal right almost split morphism in CMS if the 
restriction of g to any summand of U is not a right almost split in CMS. It 
is well known that if g: U --) C is right almost split, then there is a sum- 
mand u’ of U such that g restricted to U’ is minimal right almost split. 
Moreover, any two minimal right almost split morphisms g: U + C and 
g’: u’ -+ C are isomorphic. Finally if 0 + V + U +g C is an exact sequence 
in CMS, then g is minimal right almost split if and only if it is isomorphic 
to the exact sequence 0 + Hom,( C, S), R) + B 4 C described in Theorem 
3.1. Thus by Theorem 3.1 we have that if C in CMS is indecomposable and 
C is free at height one primes, then there is a minimal right almost split 
morphism g: U + C in CMS. It is our aim now to prove the converse of 
this statement. 

PROPOSITION 3.2. The following are equivalent for an indecomposable C 
in CMS. 

(a) C is free at height at one primes. 

(b) There is a right almost split morphism f: B -+ C in CMS. 
(c) There is a minimal right almost split morphism f: B -+ C in CMS. 
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Proof: In view of our previous discussion it is clear that it suflkes to 
show that (c) implies (a). Since (c) implies (a) if Cr S, we can assume that 
C is not free. Therefore to finish the proof it suffices to prove the following. 

LEMMA 3.3. Let C be an indecomposable nonprojective module in CMS. 
Suppose there is an almost split sequence 0 + A + B + C + 0 in CMS. Then 
C is free at height one primes. 

Proof: Since Hom,( , R): + CMS given by XH Hom,(X, R) for all X 
in CMS is a duality, it follows that 0 + Hom,(C, R) + Hom,(B, R) + 
Hom,(A, R) + 0 is an almost split sequence in CMS. It follows from 
Proposition 3.1 and Lemma 3.2 of [S] that Exti(X, Hom,(C, R)) is of 
finite length for all X in CMS. Now let 0 + K+ P + C + 0 be exact 
with P a projective S-module. Then the exact sequence 
0 + Hom,(C, R) + Hom,(P, R) + Hom.(K, R) -+ 0 in CMS splits when 
localized at prime ideals p in S of height at most one. Hence the exact 
sequence 0 + K + P + C + 0 splits when localized at primes of height at 
most one. Therefore C is free at height one primes, which is our desired 
result. 

As a consequence of Proposition 3.1 we have the following. 

COROLLARY 3.4. Let a: CMS + CMS be an equivalence of categories. Zf 
C in CMS is free at height one primes, then a(C) is also free at height one 
primes. 

Proof It clearly suffices to prove this in case C is indecomposable. 
Since C is free at height one primes, we have by Proposition 3.2 that there 
is a minimal right almost split morphism f: B + C in CMS. But then 
a( f ): a(B) + a(C) is also a minimal right almost split morphism. Therefore 
applying Proposition 3.2 again we have that a(C) is free at height one 
primes. 

As a trivial consequence of Theorem 3.1 and Lemma 3.3, we have the 
following characterization of modules in CMS which are free at height one 
primes. 

PROPOSITION 3.5. Let C be an indecomposable module in CMS which is 
not free. Then the following are equivalent. 

(a) C is free at height one primes. 

(b) There is an almost split sequence 0 + A + B + C + 0 in CMS. 

In [4], the uniquely determined, up to isomorphism, exact sequence (*) 
O+ Hom,(S, R) -GB+ S+ S/m+0 with B in CMS described in 
Theorem 3.1 was called the fundamental sequence of S in the case S was an 
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integrally closed domain, and we will continue to use the same terminology 
in this more general setting. While (*) is not strictly speaking an almost 
split sequence, it has many similar properties. In particular, the injection 
g: Hom,(S, R) + B which is not a splittable injection has the property that 
any morphism h: Hom,(S, R) + B which is not a splittable injection can be 
extended to B. As in [4] we denote Hom,(S, R) by o, which is sometimes 
called the dualizing module since there are canonical isomorphisms 
Hom,(A, o) % Hom,(A, R) for all A in mod S which are functorial in A. 
We end this section by pointing out how almost split sequences can often 
be constructed from the fundamental sequence for S. This generalizes 
results in [4]. 

Let M be an indecomposable nonprojective module in S2 (mod S) which 
is free at height one primes. Then applying the functor Hom,(M*, ) to the 
fundamental sequence 0 + o + B +h S + S/m + 0 we obtain the exact 
sequence 

0 + Hom,(M*, u) + Hom,(M*, B) + Hom,(M*, S) + 0 

since A4 being indecomposable and nonprojective implies the same for M*. 
Using our standard identifications, we have the exact sequence 

0 + Hom,(M*, R) -+ Hom,(M*, B) + A4 -+ 0, (*I 

which looks temptingly like an almost split sequence. To see whether or 
not it is, we apply the functor Hom,(M, ) to (*) and obtain the exact 
sequence of r-modules (r= End Mop) 

0 -+ Hom,(M, Hom.(M*, R)) + Hom,(M, Hom,(M*, B)) 

-+ Hom,(M, Hom,(M*, S)). (**I 

Applying Proposition 1.3, we obtain the commutative diagram 

Homs(T,h) Hom,(T, B) - Hom,(C S) 

Hom,(M Hom,(M*:hl Homs(M Homs(M* h); Hom,(M*, S)) = r 

with vertical morphism isomorphisms. Now we know that an f: T-r S can 
be lifted to Hom,(T, B) if and only if Imfc m. From the definitions of the 
isomorphisms uB and us we have that Im(Hom,(M, Hom,(M*, h)) con- 
sists of those y in r such that t(yx) c m for all x in ZY Suppose now we 
know that t(rad r) c m, for instance, when S is a domain as stated in 
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Proposition 1.5. Then Im(Hom,(M, Hom,(M*, h)) contains rad f and 
therefore Im(Hom,(M, Hom(M*, h)) is either rad r or r depending on 
whether t: r+ S is onto or not onto. Therefore making the obvious iden- 
tification in (**) we obtain the exact sequence of r-modules 

0 + Hom,(T, R) + Hom,(T, B) A r 

with Im u = rad r or r depending on whether or not the trace t is onto. 
Suppose t: r+ S is onto. Then we have the exact sequence of f-modules 

0 + Hom.(f, R) + Hom,(T, B) + r+ r/rad r-+ 0 

with Hom,(T, B) Cohen-Macaulay. Now applying the functor 
Hom,(Hom,(M, S),) to this exact sequence, we obtain by Theorem 3.1 the 
exact sequence 

0 + Hom.(M*, R) + Hom,(M*, B) + M + 0, 

which is almost split. 
Now if t(r)cm, then O+Hom,(T, R) + Hom,(T, B)+r-+O is our 

exact sequence of r-modules and therefore split. Applying the functor 
HomAHom,(M, S), ) we obtain the split exact sequence 

0 + Hom.(M*, R) + Hom,(M*, B) --f M + 0. 

We now summarize this discussion in the following. 

THEDREM 3.6. Suppose M is an indecomposable nonprojective module in 
S, (mod S) which is free at height one primes and let r= End M. Assume 
also that t(rad Z) cm, for instance, if S is a domain. Finally, assume that 
0 + o + B + S + S/m + 0 is the fundamental sequence. Then the induced 
sequence 0 -P Hom,(M*, o) + Hom,(M*, B) + M + 0 is exact and has the 
following properties. 

(a) It splits if and only if t(Z) c m. 
(b) Zf it is not split, then it is an almost split sequence in CMS. 

In view of Theorem 3.6, it is of interest to know which indecomposable 
modules M in CMS which are free at height one primes have the property 
that the trace t: End(M) + S is surjective. Since our comments on this mat- 
ter are valid if S is a complete local &-ring of arbitrary dimension 22, we 
assume for the rest of this section that S has these properties rather than 
the more restrictive property of being Cohen-Macaulay of dimension 2. 

We say that an indecomposable module M is a splitting trace module if 
it is in CMS, is free at height one primes and t(End M) = S. Since t 
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generates Hom,(T, S) as a left r-module, we have that A4 is a splitting 
trace module if and only if Sl End,(M), i.e., S is an S-summand of End M. 

Our description of splitting trace modules involves the rank of a module 
A which is free at height one primes, a notion we now introduce. 

Since S is Cohen-Macaulay, given any two height zero prime ideals pi 
and pZ, there is a height one prime p containing both p1 and pZ. Therefore 
if M is free at height one primes then the ranks of the free modules 
M,,, MPZ, M, are all the same. From this it follows that the ranks of the 
free modules M, with height p < 1 are all the same. This number is called 
the rank of M and is denoted by rank M. 

Let M be an indecomposable module in CMS which is free at height one 
primes. Then claim t(Id,) = 1 . rank M in S. This follows from the fact that 
two elements x and y in an &ring S’ are the same if and only if xp = yp in 
Sp for a11 primes p of S’ satisfying height p d 1. Since t,(Id,p) = 1 . rank in 
S, for all primes p satisfying height p < 1, it follows that t(IdM) = 1 . rank 
M in S. 

We now have the following criteria for determining when a module is a 
splitting trace module. 

PROPOSITION 3.7. Suppose M in CMS is indecomposable and j-ee at 
height one primes. Then we have the following. 

(a) M is a splitting trace module if rank M is a unit in S. 

(b) If t(End,(M)) c m, and S/m is algebraically closed, then M is a 
splitting trace module iSand only ifrank M and the characteristic of S/m are 
relatively prime. 

ProoJ: (a) Obvious. 

(b) Essentially the same as the proof of [4, Proposition 5.71. 
As our final remark about splitting trace modules, we have the following, 

whose proof is essentially the same as the proof of [4, Proposition 5.101. 

PROPOSITION 3.8. Suppose M and N in CMS are indecomposable, free at 
height one primes and have the property that t(End M) and t(End N) are 
contained in m. 

(a) If S 1 Hom,(M, N), then MZ N and M is a splitting trace module. 

(b) If M is a splitting trace module, then M z N if and only if 
S) Hom,(M, N). 
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II 

1. GRADED ALMOST SPLIT SEQUENCES 

Throughout this section we assume that S = Lliez Si is a Z-graded 
noetherian commutative ring of Krull dimension 2 satisfying the following 
conditions: 

(a) Si=O for i<O. 
(b) So = k is a field. 
(c) Each Si is a finite dimensional k-vector space. 
(d) S, generates S over k (as a k-algebra). 
(e) S is a graded Cohen-Macaulay ring. 

Suppose k is infinite. Then the fact that S is a graded Cohen-Macauley 
ring implies that we can find a graded regular S-sequence x1, x2 in S1 [lo]. 
Then the x1, x2 are algebraically independent over k and the subring 
R= k[x,, x2] of S is a graded subring of S with the xi of degree 1. 
Furthermore, the grading in S makes S a graded R-module which is a 
finitely generated free graded R-module. Since we need that k is infinite 
only to construct this subring R, rather than making the assumption that k 
is infinite, we assume the following: 

(f) There are x1, x2 in Sr which are algebraically independent over k 
and such that S is a finitely generated free graded module over the graded 
subring R = k[x,, x2] of S. 

From this hypothesis on S and R we see that S is an R-algebra which is 
an equidimensional Cohen-Macaulay ring of dimension 2 and a finitely 
generated free R-module with R a Gorenstein ring since it is regular. Thus 
the R-algebra S satisfies the hypothesis of Section 2 of Part I. Our aim in 
this section is to show how the results in Part I can be transferred to the 
category of finitely generated graded S-modules with degree zero maps. 

Suppose A and B are graded S-modules. We denote by Horn,,& B) 
the S-submodule of Hom,(A,.B) generated by the homogeneous 
morphisms from A to B and we denote by Horn&A, B)i the k-vector sub- 
space of Horn,&, B) consisting of the homogeneous morphisms of degree 
i. Then Horn,&, B) = I&, z HomJA, B)i is a graded S-module. It 
should be noted that if A is a finitely generated S-module, then 
Horn&A, B) = Hom,(A, B). From now on, unless stated to the contrary, 
we assume that all graded S-modules are finitely generated. 

Suppose now that A is a graded S-module. Then A is a graded 
(maximal) Cohen-Macaulay module if and only if it is a graded free R- 
module, i.e., A z II;, i R(p,), where R(pi) means the module R “shifted” by 
the integer pi. Thus A is a graded Cohen-Macaulay S-module if and only if 
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it is an ungraded Cohen-Macaulay S-module. We denote by CMS(@) 
the category of graded Cohen-Macaulay S-modules. As in the ungraded 
case, if A and B are graded S-modules, and B is Cohen-Macaulay, then the 
graded S-module Hom,(A, B) is also a finitely generated graded 
Cohen-Macaulay S-module. 

Suppose now that A is a graded S-module. Then End A is a Z-graded 
ring which is a graded S-algebra, i.e., the natural ring morphism 
S + End(A) is homogeneous of degree 0. Moreover, A is a graded End A- 
module by means of the given grading on A. Now the grading on any ring 
is also a grading for the opposite ring, and this is the way we consider the 
opposite of a graded ring a graded ring. In particular, r= End AoP is a 
graded S-algebra and if B is an arbitrary graded S-module (not necessarily 
finitely generated) then Hom,(A, B) is a graded r-module in the usual 
way. Further if we define a finitely generated graded r-module to be a 
graded Cohen-Macaulay r-module if it is a graded Cohen-Macaulay S- 
module, then Hom,(A, B) is a graded Cohen-Macaulay r-module 
whenever B is a finitely generated graded Cohen-Macaulay S-module. 

For notational convenience we denote by mod 8.2s the category of 
finitely generated graded S-modules with all morphisms and by (mod &&, 
the abelian category of finitely generated graded S-modules with 
homogeneous degree zero morphisms. We say that an A in mod g& is free 
at height one primes if it is free at height one primes when viewed as an 
ungraded module. Then we have the following analogue of Theorem 1.1 in 
Part I. 

PROPOSITION 1.1. Let M in CM(ptS) be free at height one primes and let 
r be the graded S-algebra r= Ends(M) Then the jiunctors Hom,(M, ): 
mod &3 -+ mod @ and Hom,(M*, ): mod gzr + mod p&S induce inverse 
equivalences CM(g&), + CM(p&, where M* = Hom,(M, S). 

Prooj The proof consists of checking that the isomorphisms 
Id CM(gcS)O + Hom,Wf*, Hom#f, 1) and IdCM,e(r)o + Hom,(M, Horn, 

(M*, )) described in the proof of Part I, Theorem 1.1, are homogeneous of 
degree 0. 

The proof of Proposition 1.1 is typical of many of the proofs we give in 
this section; i.e., they consist mainly of showing that the morphisms 
involved in the proof in the ungraded situation are homogeneous of degree 
zero. We will usually not carry out this checking. 

Let r be a graded R-algebra which is a finitely generated free graded R- 
module. We now point out the following analogue of Part I, Lemma 2.1, 
whose statement involves the following observation. 

Let A be a finitely generated graded r-module. Then A has a projec- 
tive r-resolution P in (mod p&r)0 consisting of finitely generated free 
r-modules with degree zero morphisms. Therefore if B is any graded 
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Z-module (not necessarily finitely generated), the complex Hom,(T, B) is a 
complex of graded R-modules with degree zero morphisms. Hence its 
homology, Extk(A, B) has the structure of a graded R-module whose 
k-component we denote by Extk(A, B)k for each k in Z. 

LEMMA 1.2. The graded f-module Hom,(T, R(p)) in CM(@) has the 
following properties for each p in Z. 

(a) For each A in mod grT and all i > 0 we have homogeneous degree 
zero isomorphisms of graded R-modules Ext$(A, Hom,(Z, R(p)) N 
Extb(A, R(p)) which are functoriul in A. 

(b) Zf A is in CM(&), then Ext>(A, Hom,(f, R(p)) = 0 for all i> 1. 
(c) Zf A is of finite length and A, #O, then ExtgA, Horn, 

(Z, R(k-2))=0 for i<2 and Ext$(A, Hom,(f, R(k-2)),#0. 

ProoJ: (a) Check that the isomorphisms described in the proof of 
Part I, Lemma 2.1, are homogeneous of degree 0. 

(b) Trivial consequence of (a). 
(c) The Koszul complex gives the minimal projective resolution in 

(mod &O. 

O+R(-2)-+2R(-l)+R-+R/(x,,x,)+O. 

Thus we have that Ext$JR/(x,, x2), R( -2)) = 0 for i= 0, 1 and 
Ext2,( R/(x,, x2), R( - 2)),, S’ R/(x,, x2). Now let 0 --, R( - 2) + I, + I, + 
Z2 + 0 be a minimal injective resolution in the category of graded 
R-modules with degree zero morphisms. It then follows that 
Hom,(R/(x,, x,), Zi) = 0 for j= 1, 2 and that Zz is the minimal injective 
envelope of R/(x,, x,), i.e., (Z2)k =0 for k ~0, (Z&g k [9]. From 
this it follows that if 0 + R(k - 2) + Z,(R(k - 2)) + Z,(R(k - 2)) + 
Z,(R(k - 2)) + 0 is a minimal injective resolution, then Z,(R(k - 2)) has no 
nonzero submodules of finite length for j = 0, 1 while Z,(R(k - 2)) is the 
injective envelope of R/(x,, x,)(k). 

Suppose now that A is a graded R-module of finite length and suppose 
A, # 0. Let B c A be the submodule generated by A,. Then there is a non- 
zero degree zero map f: B + Z,(R(k - 2)) and hence a nonzero degree zero 
map g: A +Z,(R(k-2)). Thus we have that Ext2,(A, R(k-2)),E 
Hom,(A, Z,(R(k - 2))0 # 0. Since Ext>(A, Hom.(Z’, R(k - 2)) z 
Ext’,(A, R(k - 2)) for all i > 0, we have our desired result. 

Slight modifications of the proof of Part I, Proposition 2.2, gives a proof 
of the following graded analogue of that proposition. 
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PROPOSITION 1.3. Let B-r C-r 0 be an exacf sequence in (mod &)O 
with C of finite nonzero length and B a Cohen-Macaulay module. Moreover 
assume that Q is a free pp graded module such that there is an exact 
sequence of r”P-modules Q + Ext$.(C, R(p)) + 0 for some fixed p in Z. Then 
there is an exact sequence in (mod &Jo 

O+Hom,(Q, R(p))+A 3 B+C’+O 

with A in CMg2T and any such exact sequence has the following properties. 

(a) Hom.(Q, R(p)) + A is not a splittable monomorphism. 

(b) Suppose X is a Cohen-Macaulay r-module (not necessarily 
graded) and f: X + B a morphism of r-modules (not necessarily 
homogeneous) such that Im f c Im h. Then there is a t: X + A such that 
f = ht. Further, tf X is graded and f: X -+ B is homogeneous of degree zero, 
then the t: X + A such that f = ht can be chosen to be homogeneous of degree 
zero. 

As a consequence of Proposition 1.3, we have the following graded 
analogue of Part I, Theorem 2.3. 

PROPOSITION 1.4. Let M in CMg2S be free at height one primes. Suppose 
B is in CMpd and H a homogeneous I-= End(M)“P-submodule of the 
graded r-module Hom,(M, B) such that Hom,(M, B)/H is of finite length. 
Moreover suppose that II;= i Pp(pi) + Exti(Hom,(M, B)/H, R(p)) -+ 0 is 
exact with p a fixed integer. Then there is a morphism h: A + B in (CM&),, 
having the property H = Im(Hom,(M, A) +Homs(M,h) Hom,(M, B)) and 
such that: 

(a) If f: X + B is a morphism in CMS satisfying 
Im(Hom,(M, X) --+ Homs(Mf) Hom,(M, B) c H, then there is a t: X+ A in 
CMS such that ht =f Moreover, iff: X -+ B is in (CMgd),, then t can be 
chosen in (CM@‘),. 

(b) Ker h r J-I:=, Hom,(Hom,(M, S)(p,), R(p)). 

(c) h is a splittable surjection if and only if H = Hom,(M, B). 

(d) h: A + B is onto if and only if HI P(M, B), where P(M, B) is the 
graded r-submodule of Hom,(M, B) consisting of all M + B which can be 
factored through a projective module. 

Proof: Slight modifications of the proof of Part I, Proposition 2.3, give 
a proof of this result. 

Our aim now is to apply Proposition 1.4 to obtain an existence theorem 
for almost split sequences in (CMpzS),. We begin with some preliminary 
observations. The first one is a special case of [9, Theorem 3.11. 
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LEMMA 1.5. Let A = Uisz Ai be a finite dimensional algebra over afield 
such that A, is a local ring with radical r. Then the subgroup V = LIizO A,I.Ir 
is a two-sided graded ideal in A. 

Proof: Since A is finite dimensional we know that there is a positive 
integer n such that Ai = 0 for i > n and i < --n. Consequently if x is in Ai 
with i # 0, then xn = 0. Now suppose x is in Ai with i # 0 and y is in Aj. If 
j# -i, then xy and yx are in A,+j with i+j#O. If y is in A pi, then yx is in 
A,. If yx is not in r, then yx is invertible, which means that x is not 
nilpotent, a contradication. Therefore yx is in r. A similar argument shows 
that xy is in r. Thus we have that if x is a homogeneous element not in A,, 
then yx and xy are in V for all y in A. Since yx and xy are in V if x is in r, 
we have that V = IIi+0 A,. IIr is a two-sided ideal in A. 

Next we observe that since Hom,(A, B), is a finite dimensional k-vector 
space for all A and B in mod(@),, the abelian category (mod &3),, is a 
Krull-Schmidt category. Therefore for each C in (mod &),, there is a 
projective cover P + h C + 0 in (mod &Z$, with P a free graded S-module. 
Then for each X we have that Hom,(X, P) +@‘7h) Hom,(X, C) is in 
(mod &3),, and so Coker(X, h) which we denote by Hom,(X, C) is a 
graded S-module. Then we have the following characterization of C in 
(mod #), being free at height one primes. 

LEMMA 1.6. The following are equivalent for a C in (mod @),. 

(a) C is free at height one primes. 
(b) Hom,(X, C) is offinite length for all X in (mod &3),. 
(c) Hom,(C, C) is of finite length. 

Proof Left as an exercise. 
Combining some of our previous remarks we have the following. 

LEMMA 1.7. Let C in (mod && be a nonfree indecomposable module 
which is free at height one primes and let r= End(C)“P. Then we have the 
following. 

(a) r, is a local ring whose radical we denote by r. 
(b) H=IIi+o r,IIr which we call the graded radical of r is a two- 

sided homogeneous ideal in r containing P(C, C) = Ker(Hom,(C, C) + 
Hom,(C, Cl). 

Proof It is easily checked that P(C, C), the kernel of the homogeneous 
degree zero surjection Hom,(C, C) + s(C, C), is a two-sided 
homogeneous ideal in End,(C). Since C is indecomposable, End,(C), and 
therefore End,(C)0 is a local ring. Since C is free at height one primes, it 
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follows by Lemma 1.6 that E&,(C) is a finite dimensional algebra. 
Therefore by Lemma 1.5, we know that V= IIizo E&,(C), II rad 
Ends(C), is a two-sided homogeneous ideal in End.(C). Therefore H, 
which is the preimage of V in End,(C), is a homogeneous two-sided ideal 
in End,(C). 

We are now in position to give our existence theorem for almost split 
sequences in (CM(&)),. 

THEOREM 1.8. Let C be a nonfree indecomposable module in CM(&), 
which is free at height one primes. Then there is an almost split sequence 
0 + Hom,(Hom,(C, S), R( -2)) + E jh C + 0 in (CM(#)),,. Further, 
the morphism h: E + C has the following more general property. If f: X + C 
is a morphism in CMS such that Im(Hom,(C, X) --) Horn&C, C)) is con- 
tained in the graded radical of End, C, then there is t: X + E in CMS such 
that ht =J 

Proof. Let H be the graded radical of End(C). Then (End C)/H = 
End( C)&ad End(C), = (End C/H), # 0. Since H 1 P( C, C), we have by 
Proposition 1.4 that there is an exact sequence in (CMgsS), 

O+Hom,(Hom,(C,S),R(-2))+EAC+O, (*I 

with the property that if f: X+ C is in (CM+‘!& such that 
Im(Hom,(C, X) + Hom,(C, C)) c H, then there is a t:X-+E in 
(CWB*S))O such that ht =f: But the condition that H contains 
Im(Hom,(X, f) is precisely the condition that f: X+ C is not a splittable 
surjection in CM(+S),. Thus the exact sequence (*) in (CM(#)), is the 
almost split sequence provided Hom,(Hom,(C, S), R( -2)) is indecom- 
posable. This follows from the fact that Hom,( , R( -2)) is a duality in 
(CM@), and C being indecomposable implies Hom,(C, S) is indecom- 
posable since C being in (CMpdS), and free at height one primes means 
that C is reflexive. 

The rest of the theorem also follows from Proposition 1.4 in a 
straightforward way. 

Suppose now that C is free, i.e., C = S(p) for some integer p. Since 
End,(S(p))=S, if we let H=LIi,o Si in Proposition 1.4, we obtain the 
exact sequence in (mod g&S), 

O+Hom,(S(-p),R(-2))+EAS(p)+k(p)+O, (*) 

with the first three terms in CMS having the property that iff: X+ S(p) in 
(CM~ZS)~ is not surjective, then there is a homogeneous degree zero map 
t: X + E such that ht =f: Moreover, this exact sequence has the further 
property that if f: X + S(p) is a morphism in CMS with Im f c H, then 
there is a t: X + E in CMS such that ht =J: It should be noted that since 
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Exti(k(p), Hom.(S( -p), R( -2)), = k all exact sequences representing 
nonzero elements of this group are isomorphic and therefore isomorphic to 
(*). When p = 0 we obtain the exact sequence 

O+Hom,JS,R(-2)-+E+S+k+O 

representing the nonzero element of Exti(k, Hom.(S, R( -2)),, which is 
called the fundamental exact sequence. 

We end this section by pointing out the graded analogues of Proposition 
3.2, Lemma 3.3 and Corollary 3.4 in Part I. 

PROPOSITION 1.9. The following are equivalent for an indecomposable C 
in (CM@),, . 

(a) C is free at height one primes. 
(b) There is a right almost split morphism f: B + C in (CM(#)),. 
(c) There is a minimal right almost split morphism f: B + C in CMS. 

Proof An argument analogous to the one given in the proof of Part I, 
Proposition 3.2, shows that to prove this proposition it suffices to show the 
following. 

LEMMA 1.10. Let C be an indecomposable nonprojective module in 
(CM@),. Suppose there is an almost split sequence 0 + A + B + C -+ 0 in 
(CM@),. Then C is free at height one primes. 

Proof The main point to observe is that the obvious graded versions of 
Proposition 3.1 and Lemma 3.2 of [S] cited in the proof of Part I, Lemma 
3.3, are valid. The proof of our desired result then proceeds exactly as the 
proof of Part I, Lemma 3.3. 

As a consequence of Proposition 1.9, we have the following. 

COROLLARY 1.11. Let CL: (CM&, + (CM@), be an equivalence of 
categories. Zf C in (CM&), is free at height one primes, then a(C) is also 
free at height one primes. 

Proof: Same as that for Part I, Corollary 3.4. 
We end this section with the following graded analogue of Part I, 

Proposition 3.4. 

PROPOSITION 1.12. Let C be an indecomposable module in (CM&), 
which is not free. Then the following are equivalent. 

(a) C is free at height one primes. 
(b) There is an almost split sequence 0 -+ A + B + C+ 0 in 

(CMg4,. 

607/66/l-8 
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2. CALCULATING ALMOST SPLIT SEQUENCE 

Throughout this section we assume that the graded R-algebra S satisfies 
the same hypothesis as in the previous section. Our aim in this section is to 
discuss how almost split sequences in (CM&‘) can be computed using the 
fundamental exact sequence 0 -+ Hom,(S, R( - 2) + E + S + k + 0. The 
results here are entirely analogous to the results already obtained in Sec- 
tion 3 of Part I. 

Suppose M is an indecomposable module in CM(+) which is free at 
height one primes. Let r= End(M)OP. Then r is a graded ring whose 
graded radical was defined in the previous section to be the two-sided 
graded ideal II, + ,, r, II r(T,), where rT, is the radical of the finite dimen- 
sional local ring r,. When M=S(p) then End,(S(p))=S and so the 
graded radical of S is the unique maximal homogeneous ideal m of S. In 
Section 1 of Part I we defined a two-sided r isomorphism 
us: Hom,(T, S) + Hom,(M, N) = r, which is not difficult to check, is a 
homogeneous isomorphism of degree zero. Then the trace t: r+ S was 
defined to be the S-linear functional US’( 1,). Since us is a degree zero 
isomorphism, the fact that 1, is homogeneous of degree zero implies 
t: r+ S is homogeneous of degree zero. 

PROPOSITION 2.1. Let M be an indecomposable module in (CMpd$, 
which is free at height one primes. Then the trace t: r-+ S has the property 
that t@ rad r) c m. Consequently, f (g,z rad r) c m for all f in Hom,(r, S). 

Proof: We first show that t(gk rad r) c m. For each i # 0, we have that 
t(ri) c Si since t is homogeneous of degree zero. Therefore it suffices to 
show that t(rad r,) = 0 to finish the proof. 

Let x be in rad r,,. Since r, is a finite dimensional algebra we know that 
x is nilpotent. Suppose p is a prime of height at most 1. Since M, is S,-free, 
x, is a nilpotent element in rp, a full matrix algebra over S,. Since 
t,: r, + S, is the ordinary trace on a full matrix algebra we have that 
t,(x,)=O. Thus the homogeneous element t(x) in S has the property that 
t(x), = 0 for all primes of height at most one. Thus if t(x) # 0, Ass(S- t(x)) 
would be m, which contradicts the fact that S is Cohen-Macaulay. 
Therefore t(x) =O, which is what we wanted to show. The rest of the 
proposition follows from the fact that the trace is a free r-generator on 
both sides for Hom,(r, S). 

As an easy consequence of Proposition 2.1, we have the folowing. 

COROLLARY 2.2. Let A4 be an indecomposable module in CMge(M) 
which is free at height one primes. Then the following are equivalent. 

(a) t: End,(M) -+ S is surjective. 
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(b) S is a graded summand of End,(M) (notation: SI End,(M)). 
(c) S is a summand of End,(M) as ungraded modules. 

Suppose M in (CMg&), is free at height one primes. Then in Section 3 
of Part I we showed that the ranks of the free S,-modules M, are the same 
for all prime ideals p of height at most one and we defined this integer to 
be the rank of M. Further we showed that t(Id,,.,) = rank Ma 1 in S. Finally 
if M is indecomposable, we defined M to be a splitting trace module if 
t(End,(M)) = S. We now point out the graded analogues of results 
obtained in Part I, Section 3, about splitting trace modules. We begin with 
the following characterization of splitting trace modules. 

PROPOSITION 2.3. Let M in (CM&), be an indecomposable module 
which is free at height one primes. Then we have the following. 

(a) M is a splitting trace module if rank M and ch k are relatively 
prime. 

(b) If k is algebraically closed, then M is a splitting trace module of 
and only tf rank M and ch k are relatively prime. 

Proof Essentially the same as the proof of Proposition 7 in [4]. 

Although it is not needed in our discussion of almost split sequences, we 
point out the following interesting property of splitting trace modules. 

PROPOSITION 2.4. Let M and N be two indecomposable modules in 
(CMpS),, which are free at height one primes. 

(a) If S 1 Hom,(N, M), then N z M and M is a splitting truce module. 

(b) If M is a splitting trace module, then MZ N if and only tf 
S 1 Hom,( N, M). 

Proof. Essentially the same as the proof of Proposition 5.10 in [4]. 

We now return to the question of constructing almost split sequences 
from the fundamental sequence 0 -+Hom,(S,R(-2))+E+S+k+O. 
The module Hom,(S, R( -2)) is usually called the dualizing module and is 
denoted by w. 

THEOREM 2.5. Suppose M is an indecomposable nonfree module in 

(CMg4, and let O+ w + E+ S-+ k-+0 be the fundamental exact 
sequence in (mod &),,. Further, let Hom,(M, S) = M*. Then the induced 
sequence 0 + Hom,(M*, w) + Hom,(M*, E) --* Hom,(M*, S) = M + 0 is 
exact in (mod @), and has the following properties. 

(a) It splits if and only if M is not a splitting trace module. 

(b) If M is a splitting trace module, then it is an almost split sequence 
in (CM&$, . 
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3. PROJECTIVE CURVES 

Throughout this section X is a connected projective Cohen-Macaulay 
curve over an infinite field k. It is well known that there is a graded k- 
algebra S satisfying the hypothesis of Section 1 of this part which is a 
homogeneous coordinate ring of X. This section is devoted to showing how 
the results about almost split sequences in (CM&), give results about 
almost split sequences in the category of Cohen-Macaulay coherent 
sheaves over X. We would like to thank David Eisenbud for his help with 
some of the material in this section. 

Let c?, be the structure sheaf on X and let mod 0’ be the category of 
coherent sheaves on X. We denote the usual shealification functor 
(mod &?)O + mod c?, by MH i@. It is clear that if M is in (CM&,), then 
fi is in CM&?, the full subcategory of mod I!!,* whose objects are the 
Cohen-Macaulay coherent sheaves. Then we have the following. 

PROPOSITION 3.1. The functor (CMgd), + CM& given by A4 + fi for 
all M in (CMgd), is an equivalence of categories. 

Proof Associated with each 9 in mod Co, is the graded S-module (not 
necessarily finitely generated) r,(F). Also for each M in (mod &&, there 
is a homogeneous degree 0 morphism M+ r,(a) which is functorial in 
M. It is well known that A4 + r,(n) is an isomorphism if and only if 
depth M> 2. Thus if M is in (CMpS)o then M-t r,(A) is an 
isomorphism. This implies that the functor (CMga,!& + CMC?, is fully 
faithful. For let A and B be in (CMgdQO. Then Hom,(A, B) is in 
(CM@)o and so we have the homogeneous degree zero isomorphism 
Hom,(A, B) + T,(HomB)). But Ho-B) is the sheaf 
Hom,x(& B). Thus we obtain the homogeneous degree zero isomorphism 
Hom,(A, B) -+ T,(Homcx(A”, B). This gives our desired isomorphism, 
Hom,(A, B),, + T(Hom,.y(A”, B)) = Homox(A”, B). 

We now show that the functor (CM+!?), + CML?, is dense. Let 9 be 
in CM&. Then there is an M in mod y#S such that fig 9. Since 
5 is Cohen-Macaulay, M, is Cohen-Macaulay for all homogeneous 
prime ideals p #m. From this it follows that M, is R,-free for all prime 
ideals of height one in R. Therefore the kernel and cokernel of the 
homogeneous degree 0 morphism M-+ Hom,JHom,(M, R), R) have 
finite length. Therefore ii?i N Hom,(Hom,(M, R), R), which shows 
that f 1: Hom,(Hom,(M, R), R). Since Hom,(Hom,(M, R), R) is a 
Cohen-Macaulay module, this shows that the functor (CMpS), + CMC?, 
given by A4 -+ fi is dense and hence an equivalence of categories. 

As an easy consequence of this proposition we have the following. 

COROLLARY 3.2. (a) For each 9 in CM& we have that I’*(9) is in 
(CMgW,. 
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(b) The functors r* : CMO, + (CM&), and (CM&$, + CMC?, 
given by M + @ are inverse equivalences. 

This equivalence (CM@‘), + CM& enables us to translate the results in 
the previous two sections of this part about (CM&Z), to CM&,. For con- 
venience of notation we denote by o, the sheaf 8 = Hom,(S, R( -2)). The 
sheaf o, is the dualizing sheaf on X. The fundamental sequence 
O+ o + E+ S+ k -PO in (mod &3), gives rise to an exact sequence 
0 + w, + E, + 0, + 0 in CMO, which is easily seen to be an almost split 
sequence in CM&. Clearly the exact sequences 0 + o,(n) + E,(n) + 
Co,(n) + 0 are also almost split sequences in CMU, for all n in Z. Hence for 
each indecomposable locally free sheaf 9 r ox(n) for some n, there is an 
almost split sequence 0 + o, @ .9 + E, @ 9 + Q @I 9 --) 0 in CMB,. 

Suppose now that 9 in CM@, is indecomposable and not isomorphic to 
ox(n) for any n. Then there is an almost split sequence 
0 --f FI + 4 + 9 --f 0 in CMC?, if and only if there is an almost split 
sequence 04 A + B+ r,(%) +O in (CMgrS),,. Now we know by 
Theorem 1.8 and Lemma 1.10 that there is an almost split sequence 
0 -+ A + B -+ T,(9) -+ 0 in (CM&), if and only if r,(9) is free at height 
one primes. But it is easily seen that f,(9) is free at height one primes if 
and only if 5 is locally free. Therefore there is an almost split sequence 
0 + PI + 5& + 9 + 0 in CM& if and only if 9 is locally free. 

Now suppose that F is locally free. Then we know that there is an 
almost split sequence 0 + Hom.(Hom,(T,B, S),R( - 2)) + E + r,(%) + 0. 
Now HomR(Hom.(f,F, S),R(-2))rHom,(Hom,(T, 8, S), w). There- 
fore we obtain the almost split sequence 0 + Hom,l(Hom,Y(9, c?,), 0,) + 
d + 9 + 0 in CMO.r. Since 9 is locally free, it follows that 
Homfli(Hom,JS, I?,), o,)z~ Oo, o,~. Thus we have the almost split 
sequence 

0+%@,,w,+~+%--+0. 

Summarizing this discussion we have the following. 

THEOREM 3.3. Let % in CM@, be indecomposable. Then we have the 
following. 

(a) %is locally free if and only if there is an almost split sequence 
0+%1+%2+%+0 in CMOx. 

(b) If 4” is locally free, then the almost split sequence for % has the 
form O+% @oxu,+d+%+O. 

We now point out some properties of the almost split sequences in 
CM&. 



116 AUSLANDER AND REITEN 

PROPOSITION 3.4. Let 0 + o,QoZ 9 -+ E + .% -+ 0 be an almost split 
sequence in CM&,,. Then F is not isomorphic to o(n) for any n tf and only if 
0 + T((o, Qo, F)(n)) + r(&‘(n)) --f T(F(b)) + 0 is exact for all n in Z. 

Proof Since B & O(n) for any n, we have that 0 -P 
Hom,Y(Lo(n), 0.~0 F) + Hom,x(O(n), 8) + Hom,x(O(n), 9) -+ 0 is exact 
for all n. This gives the desired result. 

Next we recall that X is a Gorenstein curve if and only if o, is locally 
free. Therefore if 9 is locally free, we have that o, 00, 9 is locally free if 
and only if w, is locally free. As a consequence of these remarks, we-have 
the following. 

PROPOSITION 3.5. Let 0 + w, Oo, 9 --f d -+ 9 + 0 be an almost split 
sequence in CM@,. Then the following are equivalent. 

(a) X is a Gorenstein curve. 

(b) o, @ o I B is locally free. 

(c) d is locally free. 

Having interpreted the results of Section 1 of this part for sheaves, we 
now turn our attention to translating the results of Section 2 of this part to 
sheaves. 

Let 9 be a locally free sheaf on X. The fact that X is connected gives us 
that the ranks of the free O,Y-modules Px are the same for all x. This num- 
ber is called the rank of B and is denoted by rank 9. It is easily seen that 
rank 9 = rank r,(9). 

As an immediate consequence of Theorem 2.5 we have the following. 

THEOREM 3.6. Let p be the characteristic of k (p can be zero). Suppose 
B is an indecomposable locally free sheaf and let 0 + o, -+ gY + ~9~ + 0 be 
an almost split sequence. 

(a) If rank F is not divisible by p, then the exact squence 

O+o,Qo,~~&xQ9-ta-*o 

does not split and the converse holds if k is algebraically closed. 

(b) If p does not divide rank 9, then 0 + o, @ e,F + c?~ @ 9 + 
9 -+ 0 is an almost split sequence. 

We have the following as an immediate consequence of Theorem 3.6. 

COROLLARY 3.7. Suppose ch k=O. Then the almost split sequence 
0 -+ (IJ \ + 8, + CO, + 0 has the following property. Let 9 be an 
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indecomposable locally free sheaf: Then the exact sequence 
0 + 0, Q c ); % + &FY Q o ,% + % + 0 is an almost split sequence. 

Suppose that k = C and X is an elliptic curve. Then Corollary 3.7 com- 
bined with Atiyah’s classification of locally free sheaves on X [ 1 ] gives an 
effective way of computing the almost split sequences in CM6,. Since 
0, = 0, for elliptic curves, we have an almost split sequence 
0 + ox + %i + ox + 0. Thus for each indecomposable locally free sheaf %, 
we have the almost split sequence 0 + % -+ % Oo, 4 + % + 0. Since 
Atiyah constructs 4, which is indecomposable, and describes the decom- 
position of % Orn, %* into indecomposable summands for all %, we have 
all almost split sequences 0 + % + 9 0 0 ‘L 4 + % -+ 0. From this descrip- 
tion it follows directly that the components of the AR-quiver for the locally 
free indecomposable sheaves over X are of the form A, : z! . 2 : 2 . . . . . This 
result has also been observed by A. Schofield, who has also obtained 
results along these lines when X is not necessarily elliptic. 

In analogy with the situation for graded modules, we say that an 
indecomposable locally free sheaf 9 on X is a splitting trace sheaf if 0, is 
summand of Hom,=(%, %). We then have the following. 

PROPOSITION 3.8. Let % be an indecomposable locally free sheaf on X 
and let p be the characteristic of the field k of X. Then we have the following. 

(a) % is a splitting trace sheaf if rank % and p are relatively prime. 

(b) If k is algebraically closed, then % is a splitting trace sheaf if and 
only if rank M and p are relatively prime. 

Proof Trivial consequence of Proposition 2.3. 
We also have the following easy consequence of Proposition 2.4. 

PROPOSITION 3.9. Let % and 9 be two indecomposable locally free 
sheaves. 

(a) Zf CIr I Hom,.J%, g), then % g ‘S and % is a splitting trace sheaf: 

(b) Zf % is a splitting trace sheaf, then % ~22 if and only if 
4 I Hom,J%, g). 
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