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Abstract 

A graph G = G( V, E) is called L-list colourable if there is a vertex colouring of G in which the colour 

assigned to a vertex u is chosen from a list L(v) associated with this vertex. We say G is k-choosable if 

all lists L(u) have the cardinality k and G is L-list colourable for all possible assignments of such lists. 

There are two classical conjectures from Erd&, Rubin and Taylor 1979 about the choosability of 

planar graphs: 

(1) every planar graph is 5-choosable and, 

(2) there are planar graphs which are not 4-choosable. 

We will prove the second conjecture. 

1. Introduction 

There are some generalizations and variations of ordinary graph colourings which 

are motivated by practical applications ([S]). 

For example, it is often required to choose a colour for a vertex u from a list L(v) of 

allowed colours. A graph G = G( V, E) is called L-list colourable if there is a colouring 

f of vertices of G with: 

(1) S(u)#f(4 v(u> u)eE(G), 
(2) S(U)EL(U) V UE V(G). 
G is called k-choosable if G is L-list-colourable for every assignment of lists L(v) 

where each L(v) has exactly k elements. 

The idea of L-list colouring, choosability and choice number (the smallest k so that 

G is k-choosable) was introduced by Erdiis, Rubin and Taylor 1979 ([3]). This topic 
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has also been studied by Lovasz [4], Albertson and Berman [l], Tesman [7], 

Mahadev, Roberts and Santhanakrishnan [S], Alon and Tarsi [2]. There have also 

been numerous investigations about similar ideas for edge colourings. 

Planar graphs and especially the four-colour problem play an important part in 

graph theory. Now we are concerned with the choosability of graphs generalizing the 

ordinary colouring and again the class of planar graphs is very interesting. It is easy to 

see that every planar graph is 6-choosable and Alon and Tarsi [2] showed that every 

planar bipartite graph is 3-choosable. This limit is sharp because there are planar 

bipartite graphs which are not 2-choosable ([3]). Furthermore, there are two intri- 

guing conjectures from Erdiis, Rubin and Taylor 1979 [3]: 

(1) Every planar graph is 5-choosable. 

(2) There are planar graphs which are not 4-choosable. 

In the following, we will prove the second conjecture by constructing a planar graph 

which is not 4-choosable. 

2. Construction and list assignment 

Remark. (1) In the following, the colours are denoted by numbers: 1,2,3, . . . . 

(2) Most of the specifications in Fig. 1 and Fig. 2 are important only for the 

later proof. 

Fig. 1. G, 



List colourings of planar graphs 211 

The basic graph of the construction is the graph G1 in Fig. 1. We assign the list 

L(v) = { 1,2,3,4} to each vertex of G1. 12 of the triangles are marked by * and 4 vertices 

are marked by a. 

We consider Figs. 2, 3 and 4 which differ only in their list assignments. We insert 

Fig. 3 into triangle APF and Fig. 4 into triangle BFP: thus, we obtain a triangular 

figure A with 19 inner vertices. Vertex F of A is marked l . 

Next we insert A into each of the 12 marked triangles in Fig. 1 such that each 

vertex marked l in Fig. 1 is identified with the marked vertex in the respective copy 

of A. 

Consequently, the resulting graph G, has 10 + 12 * 19 = 238 vertices. 

Fig. 2. 

F/(l) L(H,) = L(S]) = (2,3,X6) 

QKr) = L(&) = (1,3,&o;) 

l,R:~) = L(&) = (-1,3,5,6) 
L(T1) = (1,2,3,.5) 

L(T2) = (1,4,3,5) 

f,(SO = (2,-1,3,5) 

P/(4) 

Fig. 3 
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E’/(l) L(R4) = L(!&) =(4.X.5. 

L(Rs) = L(S.5) = (1,X.5, 

L( Re) = L(&) = (2,X5, 

L(q) = (1,4,3..5) 

L(T.5) = (1,2.3..5) 

L(T,) = (‘2,4.&r,) 

P/(4) Bl(‘L) 

fi ) 
6) 
6 ) 

Fig. 4. 

3. The theorem and its proof 

Theorem. The planar graph GP constructed in the previous section is not 4choosable. 

Proof. We assume there is a L-list colouring f of G, for the given list assignment. 

Lemma. One of the marked vertices F, M, L, N in Fig. 1 is coloured with colour 1. 

Proof of the Lemma. We consider the K,: ABCD. The assigned lists are L(A)= 

L(B) = L(C) = L(D) = (1,2,3,4). Consequently, one of these vertices is coloured with 

colour 1. 

(1) f(A)= 1. 
The vertices A, B, D, E form a K4. Thus, B, D, and E are coloured with 2,3 and 4. 

Consequently, the vertex L has the colour 1. 

(2) f(B)= 1. 
We obtain in an analogous wayf(M)= 1. 

(3) f(C)=I. 
We obtain in an analogous wayf(N)= 1. 

(4) f(D)= 1. 
We obtain in an analogous wayf(F)= 1. 0 

Without loss of generality we assume thatf(F) = 1. Obviously, one of the triangles 

AFE, EFB, AFB is coloured with the colours 1,2 and 3. In the following, we suppose 

(w.l.0.g.): 

f(F)= 1, f(Ak{2,3), f(~k{2,31. 

Considering Fig. 2 we obtainf(P)=4. 
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(1) fG4)=2. 
We use Fig. 3: Because off(F)= l,f(A)=2 andf(P)=4 it follows immediately: 

(f(R1X f(S,), f(k), f(S,), f(M f&)1 = {3,5,6). 

Observation. One of the edges (this means their two vertices) SiR,, SzR3, S3R, is 

coloured with colours 3 and 5. 

The proof is trivial: consider the hexagon RI S, RzS2 R3S3. 

Consequently, one of the vertices T, &, T3 is not colourable in accordance with the 

given lists. 

(2) f(B)=2. 
Using Fig. 4 we obtain in an analogous way: one of the vertices T4, T,, T6 is not 

colourable. 

This completes the proof of the theorem. 0 

In addition, it is possible to use other basic graphs instead of G1 in Fig. 1. It suffices 

that there is a set of triangles in the graph so that one of these triangles has a fixed 

colouring, C say. Then we can insert A into each of these triangles and assign colour 

lists to the inner vertices of A conflicting with C. In this way, we can construct 

arbitrarily many planar graphs which are not 4-choosable. Naturally, it is very 

interesting to find a planar graph which is not 4-choosable and has the minimum 

number of vertices. Perhaps the graph Gp is already such a graph. 

However, the other conjecture dating from 1979 that every planar graph is 5- 

choosable remains an open problem. 

References 

[l] M.O. Albertson and D.M. Berman, Cliques, colorings and locally perfect graphs, Congr. Numer. 39 

(1983) 69-73. 

[2] N. Alon and M. Tarsi, Colorings and orientations of graphs, Combinatorics 12 (1992) 125-134. 

[3] P. Erdiis, A.L. Rubin and H. Taylor, Choosability in Graphs, Proceedings of the West Coast 

Conference on Combinatorics, Graph Theory and Computing, Arcata, California, 5.-7.9.1979, 

Congressus Numeratium XXVI. 

[4] L. Lovasz, Combinatorial Problems and Exercises (Akademiai Kiado, Budapest, 1979). 
[S] N.V.R. Mahadev, F.S. Roberts and P. Santhanakrishnan, 3-choosable complete bipartite graphs, 

DIMACS, Technical Report 91-62. 
[6] F.S. Roberts, From garbage to rainbows: generalizations of graph coloring and their applications, 

RUTCOR Research Report 36-88, July 1988. 

[7] B. Tesman, T-colorings, list T-colorings, and set T-colorings of graphs, Ph.D. Thesis, Department of 

Mathematics, Rutgers University, New Brunswick, New Jersey, 1989. 


