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In this article, we first prove one improved version of the Yannelis—Prabhakar
continuous selection theorem and next, as its applications, a fixed point theorem in
noncompact product spaces, a nonempty intersection theorem, some existence
theorems of solutions for the generalized quasi-variational inequalities, and some
equilibrium existence theorems for the abstract economies are given. © 1996

Academic Press, Inc.

1. INTRODUCTION AND PRELIMINARIES

In 1983, Yannelis and Prabhakar [18] proved a continuous selection
theorem as follows:

THEOREM A. Let X be a nonempty paracompact Hausdorff topological
space and Y be a Hausdorff topological vector space. Let T: X — 2¥ be a
correspondence such that each T(x) is open convex and for each y € Y,
T '(y) is open in X. Then T has a continuous selection f: X — Y, such that
f(x) € T(x) for each x € X.

In 1992, Ding et al. [6] improved Theorem A by establishing the
following:

THEOREM B. Let X be a nonempty paracompact Hausdorff topological
space and Y be a nonempty convex subset of a topological vector space.
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Suppose S, T: X — 27 are correspondences such that
(1) for each x € X, co S(x) € T(x) and S(x) + I,
(2) foreachy €Y, S™'(y) is open in X.

Then T has a continuous selection.

Using Theorem A, Yannelis and Prabhakar [18] obtained a fixed point
theorem and an equilibrium existence theorem for an abstract economy. In
[6], using Theorem B, Ding et al. obtained a fixed point theorem in
product spaces, a nonempty intersection theorem, and two equilibrium
existence theorems for an abstract economy.

In this paper, we first give one improved version of Theorem B and next
by applying the result, we prove a fixed point theorem, a nonempty
intersection theorem, some existence theorems of solutions for generalized
quasi-variational inequalities, and some equilibrium existence theorems.

We need the following definitions.

Let X and Y be two topological spaces, T: X — 2¥ a multivalued
mapping.

(1) T is said to be almost upper semicontinuous if for each x € X
and each open set V' in Y with T(x) C V, there exists an open neighbor-
hood U of x in X such that T(y) c V for each y € U.

(2) For each yeY, T ! (y) ={x € X:y € T(x)} is said to be the
lower section of 7.

(3) T is said to have local intersection property if for each x € X
with T(x) # (J, there exists an open neighborhood N(x) of x such that
N.ene I(z) + &.

2. CONTINUOUS SELECTION THEOREM AND FIXED
POINT THEOREM

In the paper, a subset of topological space is considered to have relative
topology.

THEOREM 1. Let X be a nonempty paracompact subset of a Hausdorff
topological space E and Y be a nonempty subset of a Hausdorff topological
vector space F. Suppose that S, T: X — 2Y are two multivalued mappings
with the following conditions:

(i) For each x € X, S(x) is nonempty and co S(x) € T(x).
(ii) S has local intersection property.

Then T has a continuous selection; i.e., there is a continuous mapping
f: X = Y such that f(x) € T(x) for each x € X.
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Proof. For each x € X, by condition (i) we know that S(x) # J;
consequently, by condition (ii), there exists an open neighborhood N(x) of
x such that M(x) == N, c y(,, S(z) # . Since X is paracompact, there is
a locally finite open refinement 7 = {U,: @ € D} of the {N(x): x € X}
and a partition of unity subordinated to 7 {g,: @ € D} such that

(1) foreach a« € D, g,: X = [0,1] is continuous,
2 {xeX:g,(x)>0}cU, for each a € D,
3) X,cpg.x)=1foreach x € X.

Since F is a refinement of { N(x): x € X}, for each « € D, there exists a
x, € X such that U, € N(x,). But with M(x,) + J, we may take a
Vo € M(x,).

Now, we define a mapping f: X — coY by

f(x)= X g.(x)y,, VxeXx.
aceD

Since 7 is locally finite, there are at most finitely many g (x) # 0;
hence f is continuous. For each x € X and each « € D, if g (x) # 0,
then x € U, € N(x_); consequently y, € S(x) and so f(x) € co S(x) C
T(x) by the condition (i). Therefore, f: X — Y is a continuous selection
of T. 1|

Remark 1. Theorem 1 contains Theorems A and B. In fact, if for each
y €Y, S"!(y) is open, then for each x € X with S(x) # J, we take a
fixed y € S(x) and let N(x) = S !(y). Consequently N(x) is an open
neighborhood of x and y € N, y(,) S(z). Hence § has local intersection
property.

Remark 2. The following example shows that Theorem 1 is a true
generalization of Theorems A and B.

ExaMPLE. Let E=F=R, X=Y=10,2), and T(x) = S(x) =[x,2)
for each x € X; then ¢ satisfies all the conditions of Theorem 1. But for
each y € Y, T"'(y) = [0, y] is not open in X; hence T does not satisfy all
the conditions of Theorems A and B.

THEOREM 2. Let I be an index set. For each i € I, let X; be a convex
subset of a locally convex Hausdorff topological vector space and D; be a
nonempty compact subset of X;. Suppose that X =11, ,; X, and S;, T;: X —
2P are multivalued mappings with the following conditions:

(1) Foreachx € X, co S(x) € Tx) and S(x) + &.
(ii) S, has local intersection property.
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Then there exists a point X = I1,. ; X, € D == I1,., D, such that ; € T(%)
foreachi € 1.

Proof. Since D is compact in X, co D is paracompact in X by the

Lemma 1 in [6]. By virtue of Theorem 1, there exists a continuous selection
fizco D = D; of T|, p for each i € I. For each x € co D, let

f(x) = TT{fi(0)};

iel

then f:ico D — 2P is upper semicontinuous by the Lemma 3 in [8].
Therefore, by Himmelberg’s fixed point theorem [9], there exists x =
IT,.; X; € D such that x € f(¥), i.e., X; = f;(%) for all i € I. Hence

xe [ 7T(%).

iel

This completes the proof. [

Remark. Theorem 2 contains Theorem 3.2 of Yannelis and Prabhakar
[18] and Theorem 2 of Ding et al. [6].

COROLLARY 3. Let X be a convex subset of a locally convex Hausdorff
topological vector space and D be a nonempty compact subset of X. Suppose
that T: X — 2P is a multivalued mapping with the following conditions:

(1) For each x € X, T(x) is nonempty convex.

(i) T has local intersection property.
Then there exists a point X € D such that x € T(X).

Remark. Corollary 3 improves Browder’s fixed point theorem [2].

3. GENERALIZED QUASI-VARIATIONAL INEQUALITIES

THEOREM 4. Let X be a nonempty paracompact convex subset of a locally
convex Hausdorff topological vector space E, let D be a nonempty compact
subset of X, and let Y be a nonempty subset of a Hausdorff topological vector
space F. Let S: X — 2P be a continuous multivalued mapping with nonempty
closed convex values and T: X — 2Y be a multivalued mapping with nonempty
convex values and local intersection property; ¢: X X Y X X — R is a contin-
uous functional. If the following conditions are fulfilled:

@)  o(x,y, z) is quasi-convex in z.
(i) For each x € X and each y € T(x), ¢(x,y,x) > 0.
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Then there exist X € S(X) and y € T(X) such that
e(X,5,x) =0  forall x € S(X).

Proof. Since X is paracompact and T: X — 2¥ has nonempty convex
values and local intersection property, there is a continuous selection
f: X = Y of T by Theorem 1.

For each x € X, let

H(x) = {z eS(x):e(x,f(x),z) = urensi?x) <p(x,f(x),u)}.

Since S has nonempty compact convex values, ¢ is continuous and
@(x, y, z) is quasi-convex in z; hence H: X — 2” has nonempty convex
values.

For each (x,u) € X X X, let

P(x,u) = —o(x, f(x),u).

By the continuity of ¢ and f we know that /: X X X — R is continuous.
Again, S: X — 2% is continuous multivalued mapping with nonempty
compact values and

H(x) = {z € 8(x):0(x,2) = max y(xu));

hence H: X — 2% is upper semicontinuous by Proposition 23 in [1, p. 120]
and obviously, H(x) is compact for each x € X. Consequently, by virtue of
Himmelberg’s fixed point theorem [9] we know that there exists a point
X €D such that x € H(X), ie, X € S(x) and o(x, (%), X) =
mmues(x) o(x, f(%), u). Now takmg y = f(%), then y € T(x) and
@(X,y, ¥) = min,, gz, ¢(X, ¥, u). Therefore under condition (ii), for each
x € S(x) we have

¢(%,7,x) = min ¢(%,y,u) = ¢(%,y,%) = 0.
ueS(x)

This completes the proof. [

Remark. 1n [3, p. 209], under the conditions “F is quasi-complete, T is
upper semicontinuous, X = D and Y is closed convex,” Chang proved the
same conclusion; hence Theorem 4 improves Theorem 6.1.1 in [3].

COROLLARY 5. Let X be a nonempty paracompact convex subset of a
locally convex Hausdorff topological vector space E, D be a nonempty
compact subset of X, and Y be a nonempty subset of E* (E* is dual space of
E, with strong topology). Let S: X — 2” be a continuous multivalued map-
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ping with nonempty closed convex values and T: X — 2¥ be a multivalued
mapping with nonempty convex values and local intersection property. Then
there exists x € S(x), y € T(X) such that Re{y,x —z) <0 forall z € S(X).

Proof. We take ¢(x,y,z) = Re{y, z — x); then by virtue of Theorem

4 we know that there exist ¥ € S(x) and y € T(X) such that
Re{(y,z —x) =0, Vz e S(x).

ie.,
Re(y,x —z) <0, Vze S(x). 1

Remark. Corollary 5 improves the main result in [11].

THEOREM 6. Let X be a nonempty compact convex subset of a locally
convex Hausdorff topological vector space E and Y be a nonempty subset of a
Hausdorff topological vector space F. Let S: X — 2% be a continuous multi-
valued mapping with nonempty closed convex values, T: X — 2Y be a multi-
valued mapping with nonempty convex values and local intersection property,
and ¢: X X Y X X —» RU{+x} be upper semicontinuous. If the following
conditions are fulfilled:

() o(x,y,u) is convex in u,
(i) foreachx € X and each y € T(x), ¢(x,y,x) = 0,

then there exist x € S(x) and y € T(X) such that
e(x,5,x) =20, VxeS(x).

Proof. By virtue of Theorem 1, there exists a continuous selection
f: X > Y of T. For each (x,u) € X X X, let ¢(x,u) = —o(x, f(x),u),
then by the upper semicontinuity of ¢ and continuity of f we know that
P: X X X > RU{+} is lower semicontinuous and the condition (i) im-
plies that ¢(x,u) is concave in u. Consequently for each finite subset
{u,,uy,...,u,} € X and each u, € cofuy,...,u,},

u, = 3y, Au, ()\ZO,EAi=1),
i=1 i=1

we have
Z AN (ug,u;) < ‘/f(um Z )\i”i)
i=1 i=1

= ¢ (ug,u)

—@(ug, f(u,),ug)
<0.
by condition (ii). Hence (x,u) is o-diagonally concave in u. Again,
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S: X - 2% is a continuous multivalued mapping with nonempty closed
convex values; hence by virtue of Theorem 1 in [16], there exists X € S(x)
such that

sup P(x,u) <0
ueS(x)

ie.,

sup — o(x, f(x),u) <0.
ue S

Therefore taking y = f(x) we have y € T(x) and
o(X,y,u) 20

for all u € S(x). This completes the proof. |

THEOREM 7. Let X be a nonempty convex, perfectly normal, paracom-
pact subset of a locally convex Hausdorff topological vector space E, Y be a
nonempty subset of a Hausdorff topological vector space F, and D be a
nonempty compact subset of X. Let S: X — 2P be an almost upper semicon-
tinuous multivalued mapping with nonempty convex values and open lower
sections, T: X — 2Y be a multivalued mapping with nonempty convex values
and local intersection property, ¢: X X Y X X —» RU{+}. If the following
conditions are fulfilled:

@) o(x, y,u) is upper semicontinuous in (x,y) and is quasi-convex
inu,
(i) foreachx € X and each y € T(x), ¢(x,y,x) = 0,

then there exist X € S(X) and y € T(X) such that
e(x,y,x) >0, VxeS(x).

Proof. By virtue of Theorem 1, there exists a continuous selection
f: X > Y of T. For each x € X, let

G(x) ={ueS(x): e(x,f(x),u) <0};

then by the second part of condition (i) and S having convex values we
know that G: X — 2° has convex values.

By the first part of condition (i) and the continuity of f, ¢(x, f(x), u) is
upper semicontinuous in x; hence the set {x € X: ¢(x, f(x),u) < 0} is
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open in X. Again, § has open lower sections; thus for each u € X,
G '(u) ={xeX:uecG(x))
= $7 (W) N{x € X: o(x, f(x).u) < 0)

is an open subset of X. It implies that G has local intersection property
and set

W={xeX:G(x) # T},
= UueXGil(u)
is an open subset of X.

1. If W=, then G(x) = for all x € X; consequently for each
x € X and each u € S(x), ¢(x, f(x),u) = 0. But S has open lower sec-
tions and nonempty convex values; by virtue of Theorem 2, there is a point
¥ € X such that ¥ € S(x). Now taking y = f(¥), y € T(x) and

o(X,y,u) >0, VYueS(x).

2. If W=+, since X is perfectly normal and paracompact, W is an
F -set and hence W is paracompact by the Theorem 5.1.28 in [7, p. 383].
Consequently by Theorem 1, Gly: W — 2° has a continuous selection
g:W—D.

We define a multivalued mapping H: X — 2° by

H(x) = {g(x)}, ifxew
S(x), if x e X\ W.

Then obviously, H has nonempty closed convex values. Otherwise, it
follows from the almost upper semicontinuity of S that the mapping
S: X > 2P, defined by §(x) = S(x) for each x € X, is almost upper
semicontinuous and hence S is upper semicontinuous by Lemma 1 in [13].
Again, since g: W — D is continuous and W is open, H: X — 2 is upper
semicontinuous. Consequently by virtue of Himmelberg’s fixed point theo-
rem there exists a point X € D such that x € H(X).

If x € W, then ¥ = g(¥) € G(X). Hence o¢(X, f(¥),x) < 0 contradicts
condition (ii). Hence ¥ € X\ W implies that ¥ € S(x) and G(¥) = &;
ie., x € S(¥) and ¢(%, f(x), x) > 0for all x € S(x). Now, taking y = f(¥),
y € T(x) and

o(%,7,x) 20, VxeS(X).

This completes the proof. [
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COROLLARY 8. Let X be a nonempty convex, perfectly normal, paracom-
pact subset of a locally convex Hausdorff topological vector space E, E* be
dual space of E with strong topology, and D be a nonempty compact subset of
X. D+ Y CE* Let S: X > 2P be an almost upper semicontinuous multi-
valued mapping with nonempty convex values and open lower sections and
T: X - 2Y be a multivalued mapping with nonempty convex values and local
intersection property. Then there exist X € S(%) andy € T(X) such that

Re(y,x —z) <0, Vze S(x).

Proof.  Using Theorem 7, the proof is similar to that of Corollary 5 and
thus omitted here. |

Remark. Corollary 8 improves Theorem 3 in [14].

4. INTERSECTION THEOREM AND EQUILIBRIUM
EXISTENCE THEOREMS

We need the following definitions and notations.

Let Y be a topological space. The family of subsets in Y {A4,: a € J} is
said to be open transfer complete; if y € A, then there exists a’ €J
such that y € int A,,.. Let {X;:i € I} be a family of topological spaces,

X = 1_[ X, X\vi = 1_[ ij
iel jel
j#i
Let 7 X —» X, and 7t X — X be the projections. If x € X, we can write
m(x) = x; and #(x)=%.Llet ACX, x, € X, and %, € X;; then (x,, £,)
denotes the point x € X such that 7T(x) =x; and 7T(x) =X; and we
define A[x;] = {yl EX (x;, 9. EA} and A[x] {y,eX: (yl,x ) € A}.
If A, c X, and A CX then A4, ®A denotes the set

{(Yn}?i) €X:y, €4, and §, EAi}'

THEOREM 9. Let {X;:i € I} be a family of nonempty convex sets, each in
a locally convex Hausdorff topological vector space. For each i € I, let D; be
a nonempty compact subset of X,. Suppose that {A};c;, {B});c, are two
families of subsets of X = I1,.; X, with the following conditions:

(i) For each i € 1, the family {B,[x;]: x; € D} is open transfer com-
plete in X,.

(i) For each i €I and each $, € X,, the set B[$]N D, + & and
co(Bl[y.]1 N D) cAly]1nN D,

Then the set N;c; A; # D.
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Proof. For each i € I and each x € X, let
Si(x) = B[ %] n D,
Ti(x) = A;[%] N D;

then S;, T;: X — 2P are two multivalued mappings with co S;(x) C Ty(x)
and S,(x) # & for all x € X.

Now we prove that S; has local intersection property. For each y € X,
since S,(y) = B[§;] N D, # &, there exists a point x; € B[y;,] N D, and
hence y; € Bl x;]and x; € D,, consequently, there exists z, € D, such that
y; € int B[ z;] by condition (i). Thus there is an open neighborhood N(¥,)
of §; such that N(y,) < Bj[z]. Let

U(y) =X, ®N()A’z);

then U(y) is an open neighborhood of y in X. For each b € U(y), we
have b, € N(J,) € B z,]; hence z;, € B][b;] N D, = S.(b). Thus

2; € Npeuy) S:(b).

Therefore S, has local intersection property.
Summing up the above arguments we know that §;, 7, satisfy all

conditions of Theorem 2. Consequently, by virtue of Theorem 2, there
exists a point X € D = [1,_; D, such that

x; € Ty(x)
for each i € I, and hence
*E€Nier A

This completes the proof. [

Remark. 1f for each x; € D;, the set BJfx;] is open in X;, then the
family {B,[x;]: x, € D} is open transfer complete. Hence Theorem 9 con-
tains Theorem 3 of Ding et al. [6].

Next we give some equilibrium existence theorems for an abstract
economy. We first give some definitions in equilibrium theory. Let I be a
set of agents. An abstract economy I' = (X,, 4;, B;, P,),., is defined
as a family of ordered quadruples (X;, 4;, B;, P,), where A, B;:X =
I, X, — 2% are constraint correspondences and P;: X — 2% is a pref-
erence correspondence. An equilibrium for I' is a point X € X such that
for each i € I, X, € B;(x) and A,(X) N P(%) = &.
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THEOREM 10. Let T' = (X, A;, B;, P,); o ; be an abstract economy, where
1 is a set of agents such that for each i € I,

() X, is a nonempty convex subset of a locally convex Hausdorff
topological vector space and D; is a nonempty compact subset of X,
(i) for each x € X =11,.,X;, B(x) is nonempty convex and
A/(x) cB,(x) cD,,
(i) the mapping B;: X - 2%, defined by B(x) = B;(x) for each
x € X, is upper semicontinuous,
(iv) the mapping T:: X — 21 defined by

Ti(x) = A4,(x) N P(x)

has local intersection property,
(v) foreachx € X, x; & co A(x) N P(x)], and

Vi) the set W.={xeX: A(x) N P(x) # O} is a paracompact
subset of X.

Then I has an equilibrium choice X € X i.e., foreachi € I, X; € B;(X) and
A(x) N P(x) = .

Proof. For each i € I, first, we prove that the mapping S;: X — 27
defined by

Si(x) = co Ty(x)

has local intersection property.

For each x € X, if S(x) # &, then T(x)+# J. Consequently, by
condition (iv), there exists an open neighborhood U of x such that
N,cy T(2) # &; hence N,cyS(2) D N,cyTi(2) # . Thus S; has
local intersection property.

By virtue of Theorem 1, S;|y, has a continuous selection f;: W; — D,.
Define a mapping G,: X — 2°i by

() txew,
GO =N\ 5w, i rex\w,

Then G,(x) is nonempty convex for each x € X.

For each x € W,, T(x) # <. Since T, has local intersection property,
there exists an open neighborhood N(x) of x such that N , ¢ v, 7:(2) # &
and hence N(x) C W, Thus W, is open. Therefore, G;: X — 2”i is upper

semicontinuous by the continuity of f; and condition (iii).

l
By virtue of Theorem 2, there exists X = [, ; X; € D = I1;.; D; such
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that
X € Gi(x), Viel.
Consequently, by condition (v) we know that
¥, €B(x) and A(%X)NP(X)=0
for all i € I; i.e., X is an equilibrium choice of T". ||

Remark. Theorem 10 contains Theorem 1 in [10], Theorem 6.1 in [18],
Theorem 3.1 in [5], and correspondence result in [17].

THEOREM 11. Let T' = (X, A;, B;, P,); o ; be an abstract economy, where
1 is a set of agents such that for each i € I,

() X, is a nonempty convex subset of a locally convex Hausdorff
topological vector space and D; is a nonempty compact subset of X,

(i) for eachx € X, & + A(x) € B{(x) C D,, and B,(x) is convex,

(i) the mapping B;: X — 2% defined by B(x) = B,(x) for each
x € X, is upper semicontinuous,

(iv) the mapping T;: X — 2P defined by T(x) = coA,(x) N co P(x)
for each x € X, has local intersection property,

(v) foreach x € X x; & co P(x), and
Vi) the set M, = {x € X: coA(x) N co P(x) # J} is paracompact.

Then T has an equilibriumx € D = 11,., D;; i.e., for each i € I,
X, €Bi(x) and A,(x)NP(x)=U.

Proof.  Since M, is paracompact and 7;|y: M; — 2°i has local intersec-
tion property, T;[y, has a continuous selection f;: M; — D,. Define a
mapping G;: X - 2P by

({0 itxen,
G =BG, itrex M,

The following proofs are the same as the corresponding parts of Theorem
10 and hence omitted. ||
Remark. Theorem 11 contains Theorem 4 in [6].

THEOREM 12. Let I' = (X, A;, B;, P), <,
1 is a set of agents such that for each i € I,

be an abstract economy, where

(1) X, is a nonempty convex subset of a locally convex Hausdorff
topological vector space and D; is a nonempty compact subset of X,
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(i) for each x e X =T1I,.,; X, A(x) € B(x) €D, and B(x) is
nonempty convex,

(iii)  B; has local intersection property,

Giv)  the mapping T;: X — 271, defined by T(x) = co P(x) N A,(x) for
each x € X, has local intersection property,

(v) foreachx € X, x; & co P(x), and

(vi) the set W, = {x € X: A,(x) N P(x) # &} is closed in X.
Then there exists a point X € D =1T1,., D; such that X, € B(X) and
AX)NP(x)=¢ foralli I

Proof. For each i € I define a mapping G;: X — 2°i by

G _ Jeo(coPi(x) NA(x)), ifxeW,
i(x) = B,(x), if x € X\ W,

Then G,(x) is nonempty convex for each x € X. For each x € X, if
x €W, then A(x) N P(x)+# & and hence co P(x) N A,(x) # . By
condition (iv), there exists an open neighborhood N(x) of x such that

N e Ny €O P(z) NA4,(z) » 2.

Consequently N, ¢y Gi(2) D N, ey 0 Plz) N A(2) # &. If
x € X\ W, then by condition (iii), there is an open neighborhood N,(x) of
x such that N, ¢y, B(2z) # &. But by condition (vi), there exists an
open neighborhood N,(x) of x such that N,(x) C X\ W, Let N(x) =
Ny(x) N N,(x); then N(x) is an open neighborhood of x and

N.enem Gi(2) = Noenw Bi(2) 2 N e Bi(2) # .

This proves that G; has local intersection property. [

By virtue of Theorem 2, there exists x € D =11,., D; such that

X; € G{(x) for all i € I. Again by condition (v) we know that

i

¥, €B(x) and A(X)NP(x)=0

forall i € I.
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