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1. Introduction

Throughout this paper, unless otherwise mentioned, let K be a closed convex set in R", G : R" — 28" be an upper
semicontinuous set-valued mapping with nonempty compact convex values.
We consider the following set-valued variational inequality problem.

Find x* € K and u* € G(x*), such that (u*,y —x*) > 0, Vy € K. (1.1)
If G is a single-valued mapping, problem (1.1) reduces to the classical variational inequality problem.
Find x* € K, suchthat (G(x*),y — x*) > 0, Vy € K. (1.2)

Variational inequality problems have many applications in different fields such as mathematical programming, game
theory and economics. In recent years, much attention has been given to reformulate the classical variational inequality
problem (1.2) as an equivalent optimization problem through a gap (merit) function. Gap function has turned out to be very
useful in designing new globally convergent algorithms, in analyzing the rate of convergence of some iterative methods and
in deriving the error bounds, which provide a measure of the distance between a solution set and an arbitrary point, for
more details, see [1-5]. Error bounds have played an important role not only in theoretical analysis but also in convergence
analysis of iterative algorithms for solving variational inequalities, see Pang [6] for an excellent survey of the theory and
application. A few error bounds have been presented for the classical variational inequality problem (1.2), for example,
see [1,3-5,7-12,22-25].

To the best of the authors’ knowledge, very few gap functions and no error bounds results have been established for
set-valued variational inequality problems. The set-valued variational inequality problems are useful in some practical
applications. These problems involve economic theory, set-valued variational inclusions, complementarity and fixed point
problems and nonsmooth optimization problems.
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In this paper, we establish gap functions which can be reformulated as unconstrained optimization problems equivalent
to the original set-valued variational inequality problems. We also derive error bounds based on these gap functions under
certain assumptions. Our results not only generalize the corresponding previously known results for variational inequality
problem in [10] from single-valued case to set-valued case, but also provide a way to construct gap functions and derive
error bounds for set-valued variational inequality problem.

This paper is organized as follows. We give some preliminaries which will be used in the rest of this paper in Section 2.
Some new gap functions for the set-valued variational inequality problems are constructed in Section 3. Finally, in Section 4,
we derive error bounds for set-valued variational inequality problem.

2. Preliminaries

A function M : K — Ris called a gap function for the set-valued variational inequality problem (1.1) if and only if

(i)Mx) > 0,Vx € K;

(ii) M(x*) = 0 if and only if x* € K solves the set-valued variational inequality problem (1.1).

One of the many useful applications of gap functions is in deriving the so-called error bounds, i.e., upper estimation on
the distance to the solution set S of the set-valued variational inequality problem (1.1):

d(x,S) < yM®x)*, VxeKk,

where y, A > 0 are independent of x.
Let us recall some gap functions proposed for the classical variational inequality problem (1.2) through optimization
methods. Auslender [13] and Marcotte [14] considered it by minimizing a gap function f defined by

F(x) = max{{G(x), x — y)|y € K}. (2.1)

In order that the function f is well defined, the constrained set K has to be assumed to be compact in [14,15]. The regularized
gap function for the classical variational inequality problem (1.2), introduced independently in [16,1], was defined as:

1
fucx®) = max(Gx),x —y) — —Ilx — y|I?
yek 2u

1
= (G0, x = Pe(x = aG(x))) — ——lIx = Pe(x — aG)|?.

The above-mentioned authors reformulated the classical variational inequality (1.2) as a constrained optimization problem.
Peng [3], Yamashita and Fukushima [10] reformulated it as an unconstrained optimization problem through different
approaches, respectively. The former adopted the regularized gap function [1] and the implicit Lagrangian [17], while the
latter utilized the Moreau-Yosida regularization. We are interested in the regularized gap functions used in [ 10], which are
f(; ) : R" x (0, 00) — RU {400} defined by

f&a)= SUE{(G(X),X—W — allx —y|*}, (2.2)
ye
and h(-; B) : R" x [0, 0c0) — R U {+o0} defined by
hx: B) = sup{{G(x). x =) + Blix =y}, (2:3)
ye

where «, # are nonnegative constants.
For the set-valued mapping G, we require the following concepts.

Definition 2.1. The set-valued mapping G : R" — 2F" is said to be
(i) strongly monotone with modulus i > 0, if for each pair of points x, y € R" and for all u € G(x), v € G(y), we have

(u—v.x—y) = plx—yl*;

(ii) monotone, if for each pair of points x, y € R" and for all u € G(x), v € G(y), we have
(u—-v,x-y) =0;

(iii) pseudomonotone, if for each pair of points x, y € R" and for all u € G(x), v € G(y), we have
(V,x=y)20=(u,x—-y) = 0;

(iv) strongly monotone with respect to x with modulus y > 0 if for any point x € K and for all u € G(x), we have
(u,x—%) = ylx— x|,

where x solves set-valued variational inequality problem (1.1).
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Remark 2.1. (i) It is well known that, if G is strongly monotone, then G is monotone; if G is monotone, then G is
pseudomonotone. However, the converse are not true in general.

(ii) If x solves the set-valued variational inequality problem (1.1), G is strongly monotone with modulus x > 0, then G
is strongly monotone with respect to x with modulus u, the converse is not true in general. In fact, if there exists v € G(x),
such that

(v, x—Xx) >0, Vxek,
this implies that
(u,x —X) > pllx —X|I> + (0, x — %) > ullx —X|I>, Vx €K, Yue Gx).

(iii) If X solves the set-valued variational inequality problem (1.1), G is strongly monotone with respect to x with modulus
y > 0, similar discussion as in [4], we can obtain that the solution of the set-valued variational inequality problem (1.1) is
unique.

Definition 2.2. The set-valued mapping G : R" — 2F" is said to be upper semicontinuous, if for each x € R" and each open
set V C R" with G(x) C V, there exists an open neighborhood U of x such that G(z) C V foreachz € U.
The following lemmas are important for the later use.

Lemma 2.1 ([18]). Let X, Y be metric spaces, a set-valued map F : X — 2Y and a function f : Graph(F) — R be given. If f and
F are upper semicontinuous and if the values of F are compact, then the function g : X — R U {400} defined by

gx) = sup f(x,y),
YeF(x)

is upper semicontinuous.

From the proof of Theorem 4.3 in [10], we have the following lemma:
Lemma 2.2. Forany x € R", x* € K, then

1
7 2 2 2
inf{lz —x*(I” + llz = x[I°} = = llx — x"|°.
zeK 2

3. Gap functions

Inspired by Yamashita and Fukushima [10], we define g : R" x R" x (0, +o0) — Rby

g(x; u; @) = sup{{u, x — y) — af|x — yl|*}.
yek

It is evident that g (x; u; @) can be rewritten as
u u 2
g ua) = <u»X_PK <X— f)>—a HX_PK (X— 7)” ,
20 2a

thus g(x; u; «) is continuous in x and u.
Now we define the function f : R" x (0, +00) — R by

fx;a) = inf g(x; u; ). (3.1)
ueG(x)
Since G(x) is compact and g(x; u; o) is continuous at u, thus f (x; «) is well defined.

Lemma 3.1. The following conclusions hold:
(i) Forany o > 0, f(-; @) is nonnegative on K.
(ii) For any x € R", there exists some u € G(x) such that f (x; @) = g(x; u; «).
(iii) For any a > 0, the function f (-; ) is lower semicontinuous.

Proof. (i), (ii) are obvious. For (iii), since g(x; u; ) is continuous in x and u, G is upper semicontinuous and the values of G
are compact, from Lemma 2.1, we obtain that the function f (-; ) defined by

fx;o) = inf g(x;u; ) = — sup (—g(x; u; a))
ueG(x) ueG(x)

is lower semicontinuous. This completes the proof. O



J. Fan, X. Wang / Journal of Computational and Applied Mathematics 233 (2010) 2956-2965 2959
We define another function h(-; 8) : R* x [0, 4+00) — R U {00} by

h(x; B) = sup {(v,.x—y)+ Blx—yl*}, (32)
yeK,veG(y)

where 8 > 0is a constant. For any 8 > 0, h(-; ) is nonnegative.

Lemma 3.2. For any B > 0, the function h(-; B) is a lower semicontinuous convex function.

Proof. The convexity of h(-; B) follows from the definition (3.2) directly, since (v, - — y) + || - —y||? is convex for every y
and v € G(y). The lower semicontinuity of h(-; 8) follows from the fact that a pointwise supremum of continuous functions
yields a lower semicontinuous function. This completes the proof. O

It is noted that if G is a single-valued mapping, f (-; &) reduces to the regularized gap function considered in [16,1,10] for
o > 0; h(-; B) reduces to the gap function considered in [19] for 8 = 0 and in [10] for 8 > 0.

We now prove that f(-; &) and h(-; 8) can serve as gap functions for the set-valued variational inequality problem (1.1).
Lemma 3.3. If « > O, then f (x*; o) = 0if and only if x* solves the set-valued variational inequality problem (1.1).
Proof. If f(x*; «) = 0. By Lemma 3.1(ii), there exists some u* € G(x*) such that

f&5 ) = g u™; o)
= sup{(u*, X" —y) — a|lx* —y|I*}
yek

= 0.

We claim that (u*,y — x*) > 0, foranyy € K.
Indeed, we assume that there exists some yo € K such that (u*, yo — x*) < 0, or equivalently, (u*, x* — yp) > 0.
Letting y; = (1 — t)x* + tyo, where t € (0, 1), then we have

(", X" = ye) = (U*, t(x" — yo)) = t{u*, X" — yo).
Denote by gy, (x*; u*; o) = (u*, x* — y¢) — o [IX* — y; |2, thus we have
8 (5 U5 @) = t(u, X" — yo) — a[IX* = yoll.
Choose some ty € (0, 1) such that
8y (X5 U™ o) = to(u™, X" — yo) — to’lIx* — yol > 0.
By the definition of g, we have g (x*; u*; o) > Sy, (x*; u*; ). Thus we obtain that
g Ut a) = gy, (K ut ) >0,
which contradicts the fact that
f&a) =g u"a) =0,
Conversely, if x* solves the set-valued variational inequality problem (1.1), then there exists some u* € G(x*) such that
(u*,y —x*) >0, VyekKk.
It is clear that
(', x" —y) —alx* —ylI> <0, Vyek,
which yields that
f&5 ) =g u" ) <0.

Combining with the nonnegativity of f (; «), we have that f (x*; ) = 0. We completes the proof. O

Lemma 3.4. (i) If G is pseudomonotone, then x* solves the set-valued variational inequality problem (1.1) if and only if
h(x*; 0) = 0.

(i) If G is pseudomonotone, if there exists 8 > 0 with h(x*; §) = 0, then x* solves the set-valued variational inequality
problem (1.1).

(iii) If x* solves the set-valued variational inequality problem (1.1), G is strongly monotone with respect to x* with modulus
u > 0, and B is chosen to satisfy 0 < B < u, then h(x*; ) = 0.

(iv) If G is strongly monotone with modulus u > 0, and B is chosen to satisfy 0 < B < u, then x* solves the set-valued
variational inequality problem (1.1) if and only if h(x*; 8) = 0.
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Proof. (i) If x* solves the set-valued variational inequality problem (1.1), then there exists some u* € G(x*) such that
u*,y —x*) >0, Vyek.
Since G is pseudomonotone, then we have
(v,y—x") >0, VyeK,vedGy),
which yields that

h(x*;0) = sup {{v,x* —y)} <0.
yeK,veG(y)

Combining with the nonnegativity of h(-; 8), we have that h(x*; 0) = 0.
Conversely, if h(x*; 0) = 0, i.e.,

(v, —y) <0, VyeK,veiGy). (3.3)

Since G is pseudomonotone and upper semicontinuous with nonempty compact convex values, by Proposition 1 in [20],
variational inequality (3.3) implies that there exists some u* € G(x*) such that

(u*,y—x") >0, Vyek,

which means that x* solves the set-valued variational inequality problem (1.1).
(ii) If 8 > 0 and h(x*; B) = 0, it is easy to see that

(v, X" —y) <0, VyeK,vedGy). (3.4)

From the proof of (i), we know that x* solves the set-valued variational inequality problem (1.1).
(iii) Since G is strongly monotone with respect to x* with modulus « > 0, forany y € K, v € G(y), we have

(v.y —x) = ply — x*|1%.
This implies

(v, x* —y) + Blly = x> < (B—wly — x|,
which yields that

h(x*, B) <0,

Combining with the nonnegativity of h(-; 8), we have that h(x*; 8) = 0.
(iv) Since G is strongly monotone with modulus & > 0, G is pseudomonotone. The conclusion follows immediately from
(ii) and (iii). O

The gap functions mentioned above can be reformulated as constrained minimization problems equivalent to the set-
valued variational inequality problem (1.1). Next, we consider the following functions defined by

¢y (x; @, ) = inf{f (z; @) + Allx = 2|1} (35)
and
nx; B, 2) = inf {h(z; B) + Allx -z}, (3.6)

where A is a positive constant, f(-; «) and h(-; B) are defined by (3.1) and (3.2), respectively. In fact, combining with the
definitions of f (-; &) and h(:; B), ¢r(:; v, A) and ¢y (+; B, 1) can be rewritten as

¢r(x;a,2) = inf {SUP{(U,Z —y) —alz = yI?} + Alx —lez}

zeK,ueG(z) yek
and
én(x; B, 1) = inf { sup  {(v.z—y) + Bllz —yI*} + Allx — ZII2} :
zeK | yek veG(y)
respectively.

Consequently, by using the lemmas above, we prove that the unconstrained minimization of ¢y and @, are equivalent to
the set-valued variational inequality problem (1.1) under certain assumptions of G.
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Theorem 3.1. (i) Forany o > 0, 8 > 0, A > O, then ¢ (-; «, 1) and ¢y (-; B, 1) are nonnegative on R".

(ii) For any a > 0, A > 0, then x* solves the set-valued variational inequality problem (1.1) if and only if ¢¢ (x*; o, A) = 0.

(iii) If G is pseudomonotone, then for any A > 0, x* solves the set-valued variational inequality problem (1.1) if and only if
on(x*;0,1) = 0.

(iv) Let x* solves the set-valued variational inequality problem (1.1), if G is strongly monotone with respect to x* with modulus
> 0, B is chosen to satisfy 0 < B < pu, then forany A > 0, ¢p(x*; B, A) = 0.

(v) If Gis strongly monotone with modulus v > 0, for any 8, A satisfying 0 < 8 < wand X > 0, then x* solves the set-valued
variational inequality problem (1.1) if and only if ¢n(x*; B, A) = 0.

Proof. (i) Forany o > 0,8 > 0, f(:; @) and h(:; B) are nonnegative on R", thus we have ¢;(-; @, A) and ¢, (-; B, A) are
nonnegative on R".

(ii) If x* solves the set-valued variational inequality problem (1.1), from Lemma 3.3, it holds that f (x*; @) = 0. Thus we
have

G e, 1) = inf{f(z; ) + AlIX" — z|*}
ZE,
< f(X*; o) + Allx* — X2
=0

Combining with the nonnegativity of @;(-; «, A), we have that @ (x*; o, A) = 0.
Conversely, suppose that @;(x*; o, A) = 0. From the definition of ¢ (-; «, 1), there exists a minimizing sequence {z,} in
K such that, for any positive integer n, we have

1
f@n; @) + Allzg — x*|)* < -

i.e., there exists a sequence {z,} in K such that f(z,; ®) — 0 and ||z, — x*|| — 0. Since the set K is closed, z, — x* and
z, € K imply that x* € K. Since f (-; ) is lower semicontinuous and nonnegative, we have

0 < f(x"; a) < liminff(zy; &) = 0,
n—o00

which yields that
f(x*5a)=0.

Therefore from Lemma 3.1, we obtain that x* is a solution of the set-valued variational inequality problem (1.1).
(iii) If G is pseudomonotone and x* solves the set-valued variational inequality problem (1.1), it follows from Lemma 3.4(i)
that h(x*; 0) = 0. Thus we have

#n(x*; 0, 1) = inf{h(z; 0) + A[lx* — z||*}
zek

IA

h(x*; 0) + Allx" — x*||?
=0.
Combining with the nonnegativity of ¢, (-; 0, A), we obtain that
on(x*;0,1) = 0.

Conversely, suppose ¢y (x*; 0, A) = 0, the proof is similar to that of (ii).
(iv) If G is strongly monotone with respect to x* with modulus & > 0, 8 is chosen to satisfy 0 < < u and x* solves the
set-valued variational inequality problem (1.1), it follows from Lemma 3.4(iii) that h(x*; ) = 0. Thus we have

$n(x'; B, 1) = inflh(z; B) + MIX" = zII°)

h(x*; B) + Allx" — x"||?
= 0.

IA

Combining with the nonnegativity of ¢, (-; B, 1), we obtain that
Pn(x"; B, 1) = 0.
Conversely, suppose ¢ (x*; 8, A) = 0, the proof is similar to that of (ii). O
Theorem 3.1 shows us that the unconstrained minimization problems

mingy(x; o, A) and mingy(x; B, A)
XERM XERM
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are equivalent to the set-valued variational inequality problem (1.1) under certain assumptions of G and the associated
parameters. Thus it is convenient to use unconstrained minimization methods to solve the set-valued variational inequality
problem (1.1) which satisfies the conditions in Theorem 3.1.

From the application point of view, it is desirable that the gap functions ¢y (x; o, A) and ¢y (x; B, A) are differentiable
everywhere. Thus, we define the functions @ (-, ;, 1) : R" x R" x (0,400) x (0,400) — R and @,(-,-; B, 1) :
R" x R" x (0, +00) x (0, +00) — RU (4+00) by

Dr(x,z;a, 1) =f(z; ) + Allx — z|)?
and
Dp(x,z; B, ) = h(z; B) + Allx — z|%,
respectively. By the definitions of ¢r (-; o, A) in (3.5) and ¢y (+; B, 1) in (3.6), we know that

¢ (X; o, A) = inf Pp(x, z; 0, A)
zek

and

dn(x; B, A) = Zig{th(x,z; B, A).

Proposition 3.1. Let « > 0and A > 0. Suppose the function @5 (x, -; a, 1) attains its unique minimum z (x; o, A) on K for each
x € R", then ¢ (-; «, X) is differentiable on R" and

Vor(x; a, &) = 20(x — z7(X; o, A)).
Proof. The conclusion follows from Theorem 1.7 in Chapter 4in [13]. O

Proposition 3.2. If 8 > 0and A > 0, then the function ®(x, -; B, A) attains its unique minimum z,(x; B, ) uniquely.
Moreover, ¢n(-; B, A) is differentiable convex function on R" and

Vu(x: B, A) = 2A(x — zn(x; B, A)).

Proof. From Lemma 3.2, h(-; B) is a closed convex function. By the strictly convexity of the function || - —x||%, we know
that @, (x, -; B, L) is strictly convex, thus @, (x, -; 8, A) attains its minimum on K uniquely. Therefore, by Theorem 1.7 in
Chapter 4 in [13], ¢n(-; B, 1) is differentiable and its gradient is exhibited as stated in the proposition. The convexity of
én(-; B, A) follows from the convexity of h(-; 8) (see the proof of Proposition 4.1 in [21]). This completes the proof. O

Theorem 3.2. (i) If G is pseudomonotone, then for any A > 0, then any stationary point of ¢p(-; 0, 1) solves the set-valued
variational inequality problem (1.1).

(ii) If G is strongly monotone with modulus ;. > 0, for any 8, X satisfying 0 < 8 < w and 1 > 0, then any stationary point
of ¢n(-; B, A) solve set-valued variational inequality problem (1.1).

Proof. By Proposition 3.2, the function ¢, (-; B, 1) is a differentiable convex function on R", for any 8 > 0 and A > 0. The
desired result then follows from Theorem 3.1(iii) and (v). O

4. Global error bounds

In this section, we present error bounds based on the gap functions f(:; @), h(-; B), ¢7(-; o, A) and ¢p(+; B, L) for set-
valued variational inequality problem (1.1). We assume that x* is the unique solution of set-valued variational inequality
problem (1.1) and G is strongly monotone with respect to x* with modulus u > 0. We do not need that G satisfies some
Lipschitz continuity as usual.

First, we discuss how the gap functions f (x; «) and h(x*; B) provide error bounds for the set-valued variational inequality
problem (1.1) on K.

Lemma 4.1. Suppose that x* € K is the unique solution of the set-valued variational inequality problem (1.1) and G is strongly
monotone with respect to x* with modulus > 0. If « is chosen to satisfy 0 < « < u, then we have

@) = (n—a)lx—x*|?, Vxek.
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Proof. By Lemma 3.1(ii), for any x € K, there exists some v, € G(x) such that f(x; ®) = g(x; vy; ). Since G is strongly
monotone with respect to x* with modulus & > 0, it holds that (v,, x — x*) > u||x — x*||%. Thus we have

Fx o) = g(x; vy )
sup{(vy, x — ) — allx — y|*}

yek
> (v, x —x*) —allx —x*|
> plx =X = allx — x|
> (u—a)x —x|1%,

this completes the proof. O

Lemma 4.2. If x* € K solves the set-valued variational inequality problem (1.1), G is strongly monotone with respect to x* with
modulus > 0, and B is chosen to satisfy 0 < 8 < u, then we have h(x*; ) = 0 and

h(x; B) = Blx — x|, Vx e K.

Proof. From Lemma 3.4(iii), we have
h(x*; B) = 0.
From the definition of h(-; 8) and x* € K solves the set-valued variational inequality problem (1.1), we have

h(z; B) = sup {{v,z—y)+Bllz—ylI*}
yeK,veG(y)

> (U, z —x) + Blz — x|

v

Bliz — x*|1%.
This completes the proof. O

By using the results obtained above, we now construct global error bounds for the set-valued variational inequality
problem (1.1).

Theorem 4.1. Suppose that x* € K is the unique solution of the set-valued variational inequality problem (1.1) and G is strongly
monotone with respect to x* with modulus & > 0, if « is chosen to satisfy 0 < a < . Then for any A > 0, we have

1min{—x—*2< ca,A) < Alx —x*||2, VxeR 41
o min{u — o, AIx = X7 = ¢r (s, ) = Allx = X717, Vx € R (4.1)

Proof. From Lemma 3.3, we have
f(&x*5a)=0.
Thus we obtain

¢r(x; o, 2) = inf{f (z; &) +lx — z||%)

< f(x* o) 4+ Alx — x*|1?
= Alx —x*|1?,
which implies the right-most inequality in (4.1).
On the other hand, it is easy to see that the function f(-; &) + A| - —x||? is coercive, then there exist some z, € K such
that
¢y (6 @, 2) = Inf{f (z; ) + Mlx = 2"} = f (20 &) + AlIx = 20" (4.2)

By Lemma 4.1, we have

fzo; ) = (n — o)z — x*|1°. (4.3)
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Replacing f (z; o) with (4.3) in the definition of ¢ (x; oz, A) in (3.5) and combining with (4.2), we obtain
¢r(x; @, ) = Inf{f (z; @) + Allx — 2}
V4

= f(z0; @) + Allx — 2|

> (1 — )z — x> + Allx — 20|
inf{(u — a)llz — x*|1* + Allx — z||*}
zeK

v

= min{y —e, A} inf{jiz — X2+ lIx = zI)
ze

v

)

1
5 min{u — o, Aflx — X2

where the last inequality follows from Lemma 2.2. O

Theorem 4.2. If x* € K solves the set-valued variational inequality problem (1.1), G is strongly monotone with respect to x*
with modulus i > 0, and B is chosen to satisfy 0 < 8 < w. Then for any . > 0, we have

1
5 min{B, A}lix —X*|1? < én(x; B, 2) < Allx —x*||I, VxeR". (4.4)

Proof. Since x* € K solves the set-valued variational inequality problem (1.1), then there exists some u* € G(x*) such that
(u*,y —x*) >0, Vyek.
From Lemma 3.4(iii), we have that
h(x*; B) = 0.
Thus we obtain
$n(x; B, 1) = infth(z: ) + Allx — z|I*}
< h(x*; B) + Allx — x||?
= Allx — x|,

which implies the right-most inequality in (4.4).
On the other hand, from Lemma 4.2, we have

h(z; B) > Bllz — x*||I>, Vz eK. (4.5)
Replacing h(z; B) with (4.5) in the definition of ¢y (x; B, A) in (3.6), we obtain
nx B, 1) = inflh(z; B) + Alx — 2|}
> inf{pllz —x" I + Alix — zII*)

> min(B. 2} inf{llz = x°[1* + Ix — [

1
= 5 min{f, Ajflx — X12,

where the last inequality follows from Lemma 2.2. This completes the proof. O
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