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Abstract

This paper presents an explicit expression for the generalized inverse A(Tz)s Based on
this, we established the characterization, the representation theorem and the limiting
process for A(Tz)s As an application, we estimate the error bound of the iterative method
for approximating A(TZ)S © 1998 Elsevier Science Inc. All rights reserved.

1. Introduction

It is a well-known fact that the common important six kinds of generalized
inverse: the Moore—Penrose inverse A™, the weighted Moore-Penrose inverse
Ay, y» the Drazin inverse 4P, the group inverse 4,, the Bott-Duffin inverse

AE;)” and the generalized Bott-Duffin inverse AEZ)) are all generalized inverse

A(TZ_)S, which having the prescribed range 7 and null space S of [2]-(or outer) in-
verse of A.

The [2]-inverse has many applications, for example, the application in the
iterative methods for solving the nonlinear equations [2,19] and the applica-
tions to statistics [10,14,16]. In particular, [2]-inverse play an important role
in stable approximations of ill-posed problems and in linear and nonlinear
problems involving rank-deficient generalized inverse [17,21].
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This paper presents an explicit expression for the generalized inverse A(TZS
Based on this, we established the characterization, the representation theorem
and the limiting process for A, 5- As an apphcatlon we estimate the error
bound of the iterative method for computmg AT 5

Finally, we point out the links between AT_S and the W-weighted Drazin in-
verse A,,. These results extend the earlier work by various authors
[1,5,9,11,13,24,26-28]. As usual, R(4) and N(A) denote the range and null
space of A, respectively. The following lemmata are needed in what follows.

Lemma 1.1 ([2], p. 61). Let A € C™" be of rank v, let T be a subspace of C" of
dimension s <r, and let S be a subspace of C" of dimension m — s. Then A has a
[2]-inverse X such that R(X)=T and N(X)=S if and only if

AT S =C_" (1.1)
in which case X is unique. This X is denoted by A(TZ)S

The next lemma shows that the common six kinds of generalized inverse:
AT, A, AP, A, AE;)I) and AEZ’f are all generalized inverse A(TZ)S (for which exists
a matrix G such that R(G)=7T and N(G)=2S).

Lemma 1.2. (1) Let A € C™*". Then, for the Moore—Penrose inverse A", the
weighted Moore—Penrose inverse A3, v, one has
(a) [2] 4* = L*),N(A = (A A4 = A (44")",
(b) [20) 43, v = A = (A*A), yA" = A#(44%)},,,, where M and N are
Hermitian posztwe deﬁmte matrices of order m and n, respectively. In addition,
A* =N-14*M.
(2) Let A € C™", T hen for the Drazin inverse AP, the group mverse A,, the
Bott—Duffin inverse A Y and the generalized Bott—Duffin inverse A , one has

(c) [4] 4° = = (4F") AF = Ak(Ak“)g, where k = Ind(4 ), in partic-

AK ) N(AK)
ular, Ind(A)
A = Ay <A2) A=A,
(d) [3,6] A Ll A Lo = (AP + PLJ.) , where L is a subspace of C" and satis-
fies AL €B L C”
(e) [6] A s Si = AES) , where L is a subspace of C", P, is the orthogonal

prOJector on L S=R(P,A), and A is an L-p.s.d. matrix, L.e. A is a Hermitian
matrix with the properties: PpAP; is nonnegative definite, and
N(PLAP))=N(AP,).

Lemma 1.3. Let M be an 2n x 2n matrix partitioned as

[4 40
—[PA B]'
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Then
rank(M) = rank(4) + rank(B — PAQ).

Proof. Immediate from [15], Theorem 19.
2. Main results

In this section, we first give an explicit expression for the generalized inverse
A(TZ)S which reduces to the group inverse.

Theorem 2.1. Let A € C™" be of rank r, let T be a subspace of C" of dimension
s<r, and let S be a subspace of C™ of dimension m — s. In addition, suppose
G € C™" such that R(G)=T and N(G)=S. If, A has a [2]-inverse A(TZ)S then

Ind(4G) = Ind(G4) = 1. (2.1)
Further, we have
ATy = G(4G), = (G4),G. (2.2)

Proof. It is easy to verify that R(4G) = AR(G) = AT,

and
S = N(G) C N(4G).

By the assumption of Lemma 1.1, we have dim(AT)=m — (m — s)=s.
Now
dim[R(4G)] + dim[N (4G)] = m,
whence
dim[N(4G)] = m — dim[R(4G)} = m — s = dim(S).
Thus N(4G) = § so that
R(AG) ® N(AG) = AT & S = C",
ie.,
Ind(4G) = 1.
Let X = G(4G),. By direct verification, we obtain
XAX = G(4G),AG(4G), = G(4G), = X,
and
R(X) = R[G(4G),) C R(G) = T
or
N(X) = N[G(4G),| 2 N[(4G),] = N(4G) D N(G) = S.
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Obviously, rank(X) < dim(7). On the other hand, it holds
rank(X) = rank[G(4G),] > rank[4G(4G),]| = rank(4G)
=s =dim(7).

Thus, R(X)=T. In a similar manner giving N(X) =S, thch is the desired re-
sult. It follows similarly that Ind(GA)=1 and 4 r s = ),G. O

From Lemma 1.2 and Theorem 2.1, let G be equal to A* A# A*, A PL and
Ps respectively, then AT‘S reduces to A*, Ay ns AP, A,, A ) and A corre-
spondingly. '

It is a well-known fact that if 4 is a nonsingular matrix, then the inverse of
A, A7, is the unique matrix X for which

A 1
rank{ ] = rank(4).
I X

Next, we present a generalization of this fact to smgular matrix 4 to obtain
an analogous result for the generalized inverse A, s of 4.

Theorem 2.2. Let A, T, S and G be the same as Theorem 2.1. Suppose A has a (2]
inverse A(TZ)S Then there exist a unique n x n matrix X such that

GAX =0, XGA =0, X>’=X, rank(X)=n—s, (2.3)
a unique m x m matrix Y such that

YAG=0, AGY =0, Y* =Y, rank(Y)=m—s, (2.4)
and a unique n X m matrix Z such that

A 1-7Y
rank = rank(4). (2.5)
I1-X z

The matrix Z is the generalized inverse A(TZ)S of A. Further, we have:

X =1-4%4, (2.6)

Y =1 — 4%y, (2.7)

Proof. To prove the first statement, let U be a nonsingular matrix for which

J 0]
GA=U U,
0 0

where J is a nonsingular matrix of order s. It is easy to verify that

0 0]
X=U U,
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satisfies the condition (2.3). To show uniqueness, let X, be a matrix which sat-
isfies Eq. (2.3). Let X; = U~'X,U, and let X, be partitioned as

o ]

X =

G H

with E being s x 5. By Eq. (2.3),

o olle u]-

E F J 0] 0
G H 0 0]
so that E=0, F=0 and G=0. It follows that H=1, since X again satisfies
X? = X; and has to have n —s. Thus, we obtain X; = X.
The property (2.4) is proved in a similar manner.

Let A(TZ)S be the [2]-generalized inverse with prescribed range 7 and null space
S. Observe that then Egs. (2.6) and (2.7) hold. For these X and Y, and

4 I—Y] A A4
I-x z ] |44 z |

Thus, by Lemma 1.3 and the condition (2.5), we have
2
Z - APA475 = 0,

implies Z = A(TZL This completes the proof of theorem. O

As we know, the important generalized inverses of matrices, for example,
AT ,A;M,,AD, A, A(L_l) and Ag)) are all [2]-inverse having the corresponding
range T and null space S. Therefore the results in Theorem 2.2 are applicable
to these generalized inverses.

On the other hand, for the generalised inverse A* and 4P there are some-
what simpler characterizations.

Corollary 2.1 [9]. Suppose A = C™" with rank(A) =r. Then there exist a unique
n x n matrix X such that

AX =0, X"=X, X*=X, rank(X)=n—r, (2.8)
a unique m x m matrix Y such that

YA=0, Y'=Y, Y*=VY, rank(Y)=m—r, (2.9)
and a unique n x m matrix Z such that

rank[l x IEY} = rank(4). (2.10)
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The matrix Z is the Moore—Penrose inverse A™ of A. Further, we have
X=I—-A"A, (2.11)
and
Y=1-A44". (2.12)

Corollary 2.2 [24]. Suppose A € C**" with Ind(A4) =k and rank(4*) = r. Then
there exists a unique matrix X such that

AX =0, X44=0, X=X, rank(X)=n-r, (2.13)
and a unique matrix Z such that

A I-X

rank
I-X VA

} = rank(4). (2.14)

The matrix Z is the Drazin inverse AP of A. Further, we have
X =1-A4=1-44". (2.15)

Based on Theorem 2.1, we shall next present representation theorem of 4 (Tz)s

Theorem 2.3. Under the same hypothesis of Theorem 2.1. Then
A(Tz.)S' = [GA|R(G)]71G7
where GA|p ) is the restriction of GA to R(G).

Proof. It is a well-known fact that 18], p. 320
(GA), = [GAlggy) ™' [(GA),GA)
= [GAlgy) 7 [(GA),GA].

It follows from Theorem 2.1 that
AT = (GA),G = (GA),GAAT)
= [GAlp)) ' [(GA),GAGAIAT,
- 2 -1
= [GAlgg)| ' GAATY = [GAlg) "G

which is the desired result. O

Corollary 2.3 [11]. Let A € C™". Then the Moore-Penrose inverse of A can be
expressed as

* -1 (%
At =14 AIR(A.)] A
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Corollary 2.4 [24]. Let A € C"*" with Ind(A) = k. Then the Drazin inverse of A
can be characterized as

AD _ |Ak+||R(AK)]71AA-.

For a nonsingular matrix 4, 4 can be characterized in terms of a well-
known limit process,

A7 =lim(4 - el)”'

&—0

where in the limit, as ¢ — 0 of the above expression involving (4 — el) ', we
assume that ¢ & g(A4), the set of all eigenvalues of 4. The same assumption will
be used in the following.

Based on the above representation Theorem 2.3, we can present an alterna-
tive proof for the limiting expression for Ar 5 [23,26].

Theorem 2.4. Under the same hypothesis of Theorem 2.1. Then
AL = lim(GA —sz)-‘G:mG(AG_a)*l_ (2.16)

Proof. Ben-Israel [1] obtained the limiting process of matrices with index one,
ie.,

(GA),(G4) = lim(GA - el)'GA
From Theorem 2.1, we have
A7s = (GA),G = [(GA),GAIATs = im(GA — eI) ™' GAA7 s
=1lim(GA —¢l)”'G.

£

The proof of the remaining part of Eq. (2.16) is similar. [

By Theorem 2. 1 and Lemma 1.2, we can arrive at the limiting formulas for
A7 A, AP A, A ) and 4 0 " immediately (see [2,4,23,26]).

3. Applications

In this section, from Theorem 2.1 and Lemma 1.2, we derive an iterative
scheme to compute the generalized inverse AT2 s> which give a unified treatment
of the common important six generalized inverse (see [2,26,27]).

Since GAA(Tzs = G, we have

(’7

Afs :AT.S"B(GAATZ,)S—G) (1 BGA) TS+BG

where f is a relaxation parameter.



94 Y. Wei ! Linear Algebra and its Applications 280 (1998) 87-96

Let P=I-fGA and Q=pG, the solution A(Tz)s of matrix equation
X = PX 4 Q can be approximated by the following iterative scheme

X, =0, Xpi1 = PX,, + Q. (3.1)

The following theorem presents the sufficient conditions for the iterative al-
gorithm (3.1) to converge to AP r.s in terms of the matrix V-norm, V-norm is de-
fined as ||B||,, = ||BV||, for any B € C**™, and V is invertible such that

rJ, -

J,
VAGY = ! is the Jordan form of AG.

Theorem 3.1. The sequences of approximations

-1

X =Y (I — BGA)'BG (3.2)

i=0

defined by the iterative algorithm (3.1) converge to the generalized inverse A(TZ} in

the matrix form V-norm, if B is a fixed real number such that

max; ¢ ;<5 |1 — fA| < Vwhere A;,i = 1,2,... sarethe nonzero eigenvalues of AG.
In the case of convergence we obtain the error estimates

[45% — X,

4751 SO

ax |1 = A" +o(e) for &> 0.

Proof. We know that
2 2) (2) (2) _

AT AT = AT, AT AXon = Xom,
since

APA =P and Xom €R(G) =T.
Therefore,

2
475 — Xan ||y = [AT5AATY — ATSAX )V |,
2
= ATV AATS — A V],
< ATV 44T — AXon] P |1,



Y. Wei | Linear Algebra and its Applications 280 (1998) 87-96 95

42— Xom
Izs ~ Xorlly _ ”V<||V-'AA<,%’SV— V1 AXp V|,
475l
<V '4GUG) V- vlaxi vy
I 0 o
= ] — BVlAGY
0 0

2

. _
_ {Is 0] P ' p o
Lo o ' R
L 0
m 2"
< (maxit = pid o) = (max]i-pal) +oto)

which concludes the proof. [J

4. Concluding remarks

It was shown in [7] that for any complex matrices B and W, m by n and n by
m, respectively, X = B[(WB)D]2 is the unique solution to the equations

(BWY = (BW)'xw, X = XWBWX,
BWX = XWB, for some integer k. 4.1)

The matrix X is called the W-weighted Drazin inverse of B and is written as
X = B,,,. Interchanging the roles of B and W, then W, = W[(BW)P)’ is the
B-weighted Drazin inverse of W. It has shown, moreover, that X = W, ; satis-
fies XBX = X if and only if

Wyw = W(BW)P. (4.2)

The above expression coincides with Theorem 2.1 when Ind(BW)=1 in
Eq. (4.2). For matrices over complex field, therefore, that 4° = (4*)_,, when

A is square, and 47 = (4"), ,, by Lemma 1.2.
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