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1. Introduction

Let &, be the set of n x n permutation matrices and consider the following two polytopes,
Y :=conv{P QP : P € P}, Yan:=conviP®Q : P,Q € P} .

The polytope ¥, , was considered recently in [1] in connection with the graph isomorphism problem, of deciding if two
given graphs are isomorphic, whose computational complexity is unknown to date. Note that v, and v, , have n! and (n!)?
vertices, respectively. In this short note we show:
1. The polytope v, is a face of the polytope v, .
2. Deciding if a graph G has a subgraph isomorphic to a graph H reduces to optimization over .
3. Optimization over v, reduces to optimization over ¥, ,.

In particular, this implies a result of [1] that subgraph isomorphism reduces to optimization over v, .

To make the computational complexity consequences of the last two statements above precise, note that each of the
polytopes ¥, and v, , is uniquely determined by n, and so the input for either optimization problem max{(W, X) : X € v}
or max{(W, X) : X € ¥, 5} consists of n and an integer tensor W (see next section for the precise definition of the bilinear
form). Recall that the subgraph isomorphism problem, of deciding if a given graph G has a subgraph isomorphic to a given
graph H, which includes the graph isomorphism problem as a special case, is known to be complete for NP. Therefore, if
P # NP then optimization and separation over v, and hence over v, , cannot be done in polynomial time and a compact
inequality description of v, and hence of v, , cannot be determined.

Deciding if G has a subgraph which is isomorphic to H can also be reduced to optimization over a related polytope ¢,
defined as follows. Each permutation o of the vertices of the complete graph K, naturally induces a permutation X' of its
edges by X ({i, j}) := {0 (i), o (j)}. Then ¢, is defined as the convex hull of all (}) x (}) permutation matrices of induced
permutations X'. This polytope and a broader class of so-called Young polytopes have been studied in [2]. In particular, therein
it was shown that the graph of ¢, is complete, so pivoting algorithms cannot be exploited for optimization over this polytope.
It is an interesting question whether v, and ¢, having n! vertices each, are isomorphic.
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2. Statements

Define bilinear forms on R™*" and on R™" ® R™*" (note the shuffled indexation on the right) by

(A.B):=> AyBij.  (X.Y) = XigjeYijsc.
ij

ij,s,t
Let I be the n x n identity matrix and for a graph G let A¢ be its adjacency matrix. We show:
Theorem 2.1. The polytope Y, is a face of v, n given by
Yo =VYun N{X: (I®I,X)=n}.

Theorem 2.2. Let G and H be two graphs on n vertices with m the number of edges of H. Then
max{(Ac @ Ay, X) : X € ¥} <2m
with equality if and only if G has a subgraph which is isomorphic to H.

Theorem 2.3. Let W = (W5 ;) be any tensor and let w = 2n? max |Wisj.tl. Then
max{(W,X) : X € ¢} = max{(W + wl ®I,X) : X € ¥rqn} — nw.

Combining Theorems 2.2 and 2.3 with W = A; ® Ay and w = n? (sufficing since W > 0, as is clear from the proof of
Theorem 2.3 below), we get the following somewhat tighter form of a result of [1].

Corollary 2.4. Let G and H be two graphs on n vertices with m the number of edges of H. Then
max{(A; ® Ay +nl @ nl, X) : X € Y} <2m + n’
with equality if and only if G has a subgraph which is isomorphic to H.

3. Proofs
We record the following statement that follows directly from the definitions of the bilinear forms above.

Proposition 3.1. For any two simple tensors X = A® BandY = P ® Q we have
(X.Y)=(A®B,P®Q) =Y _ AisBjPijQ. = (PBQ", A).

ij,s,t

Proof of Theorem 2.1. For every P, Q € #,, the matrix PIQT is a permutation matrix, with PIQ™ = I ifand only if P = Q. It
follows that for every two distinct P, Q € &, we have

(I®LP®Q)=(PIQ",I)<n—1<n=(PIP",) =(IQ,P®P). N1 (1)

Proof of Theorem 2.2. For any P € &, the matrix PAyPT is the adjacency matrix of the permutation of H by P. So
(PARPT, Ac) < 2m with equality if and only if H is isomorphic via P to a subgraph of G. Since the maximum of a linear
form over a polytope is attained at a vertex we get

max{(Ac ® Ay, X) : X € ¥} = max{(Ac ®Ay,PQP) : P € Py}
= max{(PAyP",Ag) : P € #;} <2m
with the last inequality holding with equality if and only if G has a subgraph isomorphicto H. ®

Proof of Theorem 2.3. For every P, Q € #,, the tensor P ® Q = (P;;Qs ) has n? entries which are equal to 1 and all other

entries equal to 0, and therefore —%w < {(W,P®Q) < %w. Combining this with inequality (1) we see that for every two
distinct P, Q € &, we have

W+wl®lL,P®Q)

W, P®Q)+w(I®I,PRQ)

1 1
§5w+(n—1)w: —5w+nw
< W,PQP)+w(I®IL,LPRP)=(W+wl®IPQP).
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Since the maximum of a linear form over a polytope is attained at a vertex we obtain the equality

max{(W+wlI®IL,X):X € Ypn} = max{(W+wl®LPRQ):P,Q € P}
max{(W +wl®I,P®P) : P € P,}
max{(W,P®P):P e £} + nw
max{(W,X) : X € ¥} +nw. W
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