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Abstract

We establish the existence and uniqueness of a strong solution to the Cauchy problem for a singular dif-
fusion equation with random noise in RY with initial data in L2(Rd ) with bounded variation or in H 1 (Rd).
We also prove the existence of an invariant measure and extinction of a solution in finite time.
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0. Introduction

In this paper, we will discuss three issues concerned with a singular diffusion equation in R¢,
d > 2, with random noise.

u Vu
5~V (lV |> go—i-Zg](u)—, (t,x) € (0,00) x RY, (0.1)

u(,x) =uo(x), xeR?, 0.2)

where u is a scalar-valued function, and {B; }j?il is a sequence of mutually independent standard
Brownian motions. Each g;(-) is a given map. For the deterministic case where g; =0, for all j,
Eq. (0.1) is associated with some mathematical models in image processing and facet growth of
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crystals; see [12,13,15,18-20]. For the deterministic case g; =0, for all j, an initial boundary
value problem on a bounded space domain was discussed in [2,3,5], where the existence and
uniqueness of an entropy solution and a strong solution was established with initial data in L'
and L2, respectively. For the zero Dirichlet boundary condition and initial datum in L2, the so-
lution becomes extinct in finite time, and for the zero Neumann boundary condition, the solution
reaches the average of the initial datum in finite time. This was proved in [4]. The Cauchy prob-
lem in the whole space R was discussed in [10]; see also [5]. They proved the existence and
uniqueness of a solution when the initial conditions are given in L?(R%). For the initial condi-
tion in L}o C(Rd), they proved the existence and uniqueness of an entropy solution. In [2,3,5,10],
the main tool for the existence of a solution is the nonlinear semigroup generated by maximal
monotone operators.

In a random environment, necessary information for mathematical modelling is obtained sta-
tistically. This gives rise to stochastic model equations. For any evolution equation, it is natural to
ask how random perturbation can affect solutions from the statistical viewpoint. This often poses
challenges in analysis. At present, [8] seems to be the only work for the equation perturbed by
random noise. When the space domain is a bounded subset of R, d <2, with the zero Dirich-
let or Neumann boundary condition, the existence of a solution with initial datum in L? was
proved in [8]. The definition of a solution is given in the form of an inequality which involves
random test functions satisfying a certain stochastic evolution equation. For additive noise satis-
fying some conditions, the uniqueness of a solution and existence of an invariant measure was
also proved. For linear multiplicative noise, the uniqueness of a solution was left open. The basic
idea for the existence of a solution in [8] was to regularize the singular term by means of the
Yosida approximation.

We now point out a major hurdle in the stochastic equation (0.1). For the deterministic case,
the singular term can be represented by a function in L? for almost all time if the initial data are
in L2. But this is not true in the stochastic case, and the definition of a solution of the deterministic
equation cannot be adapted to the stochastic case in a natural manner. This makes it necessary to
employ a definition of a solution which looks quite different from that of the deterministic case.

The goal of this paper is to obtain solutions of the Cauchy problem in R? according to the
definition of a solution which is a natural adaptation of that for the deterministic equation. Hence,
we require more regularity on the initial data. For this, there are two different directions. On the
one hand, application to image processing suggests the use of the function class of bounded
variation. So we will consider initial data in L?(R¢) with bounded variation. This class includes
the initial data which are the characteristic functions of a bounded set with finite perimeter, which
can generate explicit solutions. These explicit solutions were studied in the above references for
the deterministic equation. We will show that if the initial data are in this class and the random
noise is purely multiplicative under some conditions, the singular term can be represented by a
function in L2(R?), and hence, the definition of a solution for the deterministic equation can be
adapted. In this setting, we will also prove the existence of a unique invariant measure for any
d > 2, and finite time extinction of a solution in probability when d = 2 and go = 0 in (0.1).
For the deterministic equation on a bounded space domain, finite time extinction was proved
in [4] without restriction on d. However, the method in [4] does not seem to be extended to the
stochastic equation.

On the other hand, H 1(Rd ) is a standard candidate next to Lz(Rd ) if more regularity is
needed. For a related problem on p-harmonic map heat flow, initial data in H' were used in [9].
We will show that if the initial data are in H!(R9), the gradient of a solution lies in both L2(R%)
and L! (Rd ), for almost all time. Furthermore, we can also include additive random noise. How-
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ever, the existence of an invariant measure and finite time extinction in the H'-setting are still
open questions; see Remark 5.2 below.

Our results on the existence of a solution to the Cauchy problem are new even for the de-
terministic equation. But, we do not know whether our existence results for RY are valid for a
bounded domain with the Dirichlet or Neumann boundary conditions.

The general strategy for our results is to use the method of expanding torus. We first obtain
a solution on a torus with period L. By virtue of periodic property and compactness of a torus,
we can obtain basic estimates uniformly in the period L. More specifically, we can regularize
the singular term in a straightforward manner because the domain is bounded, and integration by
parts with respect to the space variables is easy because the domain has no boundary. Then, we
obtain a solution in R? as a limit by passing L — oo. Our procedure is different from those of
all previous works mentioned above.

The paper is organized as follows. In Section 1, we explain some notation, and state the main
results. In Section 2, we present some technical preliminaries. The Cauchy problem on a torus is
discussed in Section 3, which provides basic estimates for the existence of a solution in R? . The
remaining sections are devoted to the proof of the main results.

Finally, I am very grateful to the anonymous referee for valuable input.

1. Notation and statement of the main results

A stochastic basis (§2, F, {F;}, P) is given throughout this paper, where {F;} is a filtration
over the probability space (§2, F, P) such that it satisfies the usual condition, i.e., it is right
continuous, and Fq contains all P-negligible sets in F. {B j}?":] is a sequence of mutually inde-
pendent standard Brownian motions over this stochastic basis. All stochastic integrals are defined
in the sense of Ito. For a topological space X, B(X’) denotes the set of all Borel subsets of X'.

Let T > 0 be given and consider a collection of sets defined by

G={AeFr®B([0,T]) | AN (2 x [0,1]) € F; ® B([0, ]) for each r € [0, T]}.

Then, (£2 x [0, T], G,d P ®dr) is a finite measure space. Let X be a topological space. Consider
the set of all functions from £2 x [0, T'] to X'. In this set, we identify d P ® dt-equivalent functions
as the same function, and a function is said to be X-valued progressively measurable if it has a
d P ® dt-equivalent function f such that f~1(Q) € G for each Q € B(X).

When X is a Banach space, L"(£2 x [0, T]; G; X), 1 <r < 00, is defined in the usual sense
of Bochner with respect to the measure d P ® dt.

For general references on stochastic analysis relevant to the present paper, see [11,14,16].

Let M(R?) be the set of all finite Radon measures on R?. Then, it is a Banach space under
the norm of total variation || - || p(gey- When v = (vy, ..., vq) € (M(RY)?, we employ the norm

d
IVl vtcrayy =sup{2[wjdvj v = v € (Co(RD) 191 o < 1}

j=1Rd

where Co(RY) stands for the set of all bounded continuous functions on R¢ which vanish at
infinity.
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Let us write
V= L2(R) x (M(R?))’

where L2(R?) is equipped with norm topology and (M (R%))? is equipped with weak star topol-
ogy. Let

S={fel?(R)| Ve (MR},
and A: f+— (f,Vf). Then, A is a one-to-one linear mapping from & into ), and A(S) is a
linear subspace of ). We can equip S with the topology generated by A~! (@) for all open subset
© of V. It holds that B(S) C B(L2(R%)); see Lemma 2.6 below.
Throughout this paper, we avoid using the notation BV (R?), because its definition requires
that BV(R?) c L'(RY). The notation supoglgT{ --} will be used to denote the essential supre-
mum of {---} on the interval [0, T].

1.1. Existence I
Let T > 0 be given. We assume
goeL?(0,T; H'(RY)), gy eC(l0,T1x L*(RY); L*(RY)), Vj=1, (1.1
such that for all r € [0, T, all v, w € L*(RY),
lgj @ 0)| 12 gay < €j+djlvli2Ray, Y1, (1.2)
lgj @, v) = g;t.w)| 2 gy <djllv = wllp2gay, Vi1, (1.3)
where ¢;’s and d;’s are nonnegative constants, and
o
Z % +d7) < oo. (1.4)
j=1

We also assume that for each r and v € Hl(Rd), gj(t,v) € Hl(Rd), and

g @ 0 1 gay <€ +dillvllg gy, Vi1 (1.5)
Definition 1.1. u is said to be a solution of (0.1)—(0.2) if the following conditions are satisfied.

(i) uis H'(R?)-valued progressively measurable,
(ii) u € C([0, T]; L?>(R%)), P-almost surely,
(i) E(supog, < lull31 ga)) < 00,
(iv) Vue L'(2 x [0, T1: G: (L'(R))?),
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(v) thereis IT € L®(£2 x [0, T] x R%; G @ B(RY); R?) such that
[T <1, dP®dtQ® dx-almostall (w, 1, x),
IT-Vu=|Vu|, dP ®dt®dx-almost all (w,1, x),
and for each ¥ € C5°(R?), it holds that

t

Yu(t) =vyuo+ f YV -II(s)ds

0

/Vfgo(S)derZ/wg, (u(s))dBj(s) inH~ (Rd)

/1()

for all t € [0, T], P-almost surely.

(1.6)

Theorem 1.2. Suppose that ug € LZ(Q; Fo: H'! (Rd)). Under the conditions (1.1)—(1.5), there is

a unique solution of (0.1)-(0.2).
1.2. Existence Il

We assume
2 e L2(0,T; L2(RY),  Vegoe (L'(10, 71 x RY))",
g €C([0,T1x R), Vj>1,
such that forall t € [0, T'], and all z, w € R,
gj(t,0)=0, Vj=1,
and
|gj(t,2) — gj(t, w)| <djlz—wl|, Vj>1,

for nonnegative constants d;’s such that

o0
Zdjz» < 0.
j=1

(1.7)

(1.8)

(1.9

(1.10)

Definition 1.3. u is said to be a solution of (0.1)—(0.2) if the following conditions are satisfied.

(1) u is S-valued progressively measurable,
(i) u € C([0,T]; S), P-almost surely,
(i) E(supocscr 140125 pa) + EGupocycr V4O I ptcrays) < 00,
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(iv) there is IT € L®(£2 x [0, T] x R%; G ® B(R?); R?) such that

[T <1, dP ®dt®dx-almost all (w,1?, x),
V. e L*(£2 x [0, T1; G; L*(R?)),
—(V . H, M)LZ(Rd) = ||VM||(M(Rd))d, d P ® dt-almost all (Cl), t)
and it holds P-almost surely that

1 t

1
u(t)=u0+/V~17(s)ds+/g0(s)ds+2/gj(u(s))d3j (1.1D)
0

0 0 j=1
in LZ(R?), for all 7 € [0, T].

Theorem 1.4. Let ug € L*(82; Fo; L*(R%)) such that || Vuoll aqcgaye € L' (25 Fo). Under the
conditions (1.7)—(1.10), there is a unique solution of (0.1)—(0.2).

1.3. Invariant measures

We assume

goeL?(RY),  Vgoe(L'Y(R)), g =&OeW'®®), Vi>1, (112
£0)=0, |5 —&w)|<Bilz—wl, VzweR, (1.13)

S}(z)}aj, for almostall z € R, or SJ/-(z)g—txj, for almostallz € R, (1.14)

where «;’s and B;’s are nonnegative constants satisfying the condition

o]

2,3]2-<2§:a]2<oo. (1.15)

j=1 j=1
Under (1.12)—(1.15), the conditions (1.7)—(1.10) are satisfied for all 0 < 7" < co.

Definition 1.5. Let X (-; 0, y) denote the solution of (0.1) with X (0; 0, y) =y € S according to
Definition 1.3. A probability measure u on (S, B(S)) is called an invariant measure if

,U«(G)Z/E(XG(X(I;Os ¥))du(y)
S

forall G € B(S) and all t > 0.

Theorem 1.6. Under the assumptions (1.12)—(1.15), there is a unique invariant measure over

(S, B(S)).
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1.4. Extinction of a solution in probability

‘We assume
g0=0, g =&0(eW"®R), Vj>1, (1.16)
o0 o0
2 3 2
Z,Bj <5 e <o (1.17)
j=1 j=1

Under (1.13)—(1.14) and (1.16)—(1.17), all conditions for Theorem 1.4 are satisfied for all 0 <
T < 0.
Let u be a solution of (0.1)—(0.2) for (¢, x) € (0, 00) x R?. We define a stopping time

_ {inf{t > 0| lu(t) )l 12(gay =0}, (1.18)

oo, iftheset {---}is empty.

Theorem 1.7. Suppose d = 2 and ug € L%(2;: Fo: LA(R?)) such that ||Vuo||(M(Rz))z €
LY(2;: Fo). Under the assumptions (1.13)—(1.14), and (1.16)—(1.17),

u()=0, Vt>rt(w), P-almost surely, (1.19)
and

1
Plr<t}>1— E(||uo||i2(R2)), vt >0, (1.20)

et — 1
where C and o are positive constants independent of uy.
2. Technical lemmas

Let G be the building block of the d-dimensional torus 7;, with period L, i.e.,

L L
GL={x:(xl,...,xd)‘—gng<§, ]:1,...,d}.

For a real number s, the Sobolev spaces H; on 7Ty is characterized in terms of the Fourier series.

Hj = {f ‘ f=Y @t cq=a Y (1 +|k|2)s|c"|2<oo}

keZd kezd

where Z is the set of all integers, and k = (kq, ..., kg). LZ(GL) can be identified with HI?. We
equip Hg and H Ll with the following norms, respectively.

1
e =1z 10 = (1, + 119 A Z26,)
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Lemma 2.1. Let h € H£~ It holds that for each positive constant €,

Vh
<v. (7) Ah> > 0.
Ve +|Vh|? L2(GyL)

Proof. Let {¢; }‘J’:’=1 denote the standard orthonormal basis for R?. Then, for each 1 < j <d,

h(-+nej) —2h(-) + h(- —ne;) 9%h
2 -0
n 3xj

as n — 0, strongly in Lz(GL). Thus,

< < Vh ) 82h>
Vil — ).
Ve+IVhI2/ x5 112Gy

_ lim<V ' < Vh ) h(-+nej) =h() h()—=h(— nej)>
=0 Je+ IVhIZ) n? n* 12Gy)

=lim<V-<&>_v,< Vh( +nej) ) h('+77€j)—h(')>
=0 € +IVh()I? Je+ |V +nep]? ’ n? 261
207

where the last inequality follows from the convexity of the functional
hr—>/,/e+|Vh|2dx. O
GL

If feBV(RY),ie., fe L' (R with Vf e (M(R%))?, the following fact follows from
results in [6]; see also [5]. But for f € S, we need extra effort to find an approximating sequence
in SN LY(RY).

Lemma 2.2. Let ¥ € (L®(R?)) be such that V - W € L*(R?). Then, forall f €S8,
(VW ) 2 rty < I oo gy IVl prayya- .1

Proof. First we assume that f € S has compact support in R?. Let p, be the Friedrichs mollifier.
Then,

—(¥ % pe, Vfx* Pe>(L00(Rd))d,(Ll(Rd))d = ((V ‘W) x pe, f* pe>L2(Rd) —-(V-Y, f)LZ(Rd)

and

|(& % pe, V f *Pe>(L°0(Rd))d,(L1(Rd))d| < |||‘1’|HLOC(Rd)llVfH(M(Rd))d, Ve > 0.
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Thus, (2.1) holds. Next we assume that f € SN L' (Rd). Choose a function ¢ € C(‘)’O(Rd) such
that

=l oSy <t 2.2)
= 0, for|x|>2, SRS T '
Set
X
(pR(x)z(p(E), for each x. 2.3)
Then,

V@R O gy STV Fllomeraye + %nfnmd)
for some positive constant C depending only on ¢. Since (2.1) holds for ¢ f and
orf — f strongly in Lz(Rd),
(2.1) is valid for f by passing R — co. Next we drop the assumption f € L'(R?). Let us define

%sgn(z), —d<z<$,

hs(z) = 2.4

Z, otherwise.

If fed§,then, hs(f *xp)eSN L' (Rd), and we can apply the previous result to A5 (f * p¢).
In the meantime, for fixed € > 0,

hs(f * pe) = f % pe strongly in L2(R), as § — 0.
Since
V(f % pe)(x) =0, for almost all x, on the set {x | (f % pe)(x) = 0}
we find that
Rs((f * p) (X)) V(f * pe)(x) = V(f % pe)(x) as§— 0, for almost all x.
It follows that (2.1) is valid for f * p. and hence, for f € S. O

The following inequality is well known for f € BV(R?). For f € S, it can be proved by
means of /5(-) defined by (2.4). But it also follows as a special case of Theorem 3.47 in [1].

Lemma 2.3. Let v € L2(R?) be such that Vv € (M(R%))?. Then, it holds that

||U||L% ) < CIVll i rayye (2.5)

(R4

for some positive constant C independent of v.
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Lemma 2.4. Suppose f € L*(2; Fo; L*(R?)) such that |V f || pqerayye € L'(82; Fo).
Then, there is a sequence { fy}72 | such that

fi— f in LZ(Q; Fo: Lz(Rd)), as k — oo,
fr € Wl’l(Rd) N Hl(Rd), P-almost surely, Vk,
support of fr is contained in {x | |x| < Ry}, P-almost surely, for some 0 < Ry < o0,

E(IV fil wirayye) <14+ E(IV fllmrayd). Yk

Proof. Let 215(-) and p, be the same as in Lemma 2.2, and let ¢ be defined by (2.2)—(2.3). It is
enough to note the following facts.

||V(f * pé)”(Ll(Rd))d S IVl mcrayye, Ve >0, P-almost surely,
. 2 _
GIER)E(”.}C * Pe — f”LZ(Rd)) _07
hs(f % pe) € WHY(RY), V8 >0, Ve >0, P-almost surely,

1
“hS(f * p5)||L1(R‘1) < g”f * p6||i2(Rd)v P-almost Surely’

512% E(||Vhs(f x pe) = V(f * pe) | (LI(R,,)),,) =0, foreach fixed e >0,
lim E(|hs(f * pe) = (f * pe)”iz(Rd)) —0, foreach fixede > 0,
RlemE(||¢Rh3(f * pe) — hs(f * 'OG)HiZ(Rd)) =0, foreachfixedé > 0ande >0,
ngnooE(”V((pRh‘s(f*pf))”(Ll(Rd))d) = E(||Vh5(f*pE)”(Ll(Rd))d)v
for each fixed§ >0ande > 0. O

Lemma 2.5. Suppose that v € L>(2 x [0, T1; G; L*>(R%)) such that

E( sup_ [0 F2ge)) <. (2.6)
0T
Vv e (Ll((O, T) x Rd))d, P-almost surely. 2.7

Let & € L®(22 x [0, T] x R%; G ® B(RY); RY), vg € L*(22; Fo; L>(R?)), and ¥; € L*(2 x
[0, T1; G: L2(R)), Vj > 1, such that

00 T
> E(/ 195720 dt) < o 2.8)
j=1 0

If it holds that for each R > 0,
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t

PRV() = pRv0 + / goRV-u<s>ds+Z / YRV (8)dBj(s) in HT'(RY),  (29)

0 J=1y

forallt €[0, T, P-almost surely, where @g is defined by (2.2)—(2.3), thenv € C([0, T']; LZ(Rd)),
P-almost surely, and

1
||v(t)||L2(Rd) - ”UO”LZ(Rd) //E(S) : VU(S)dS

0 Rd

Z / (), v()) 2 pa) 4B, <s>+Z / |97 [32gayds  (2.10)

Jj=1 0
forallt €0, T], P-almost surely.

Proof. (2.6) and (2.9) imply that v is L*(R¢ )-weakly continuous in ¢ € [0, T], P-almost surely,
and that foreach R > 1 and € > 0,

(9rV) * pe € C([0, T1; Lz(Rd)), P-almost surely.

As above, the convolution is taken with respect to the space variables
Choose sequences { Ry} 1 oo, and {e,} | O.
It follows from (2.9) and Ito’s formula that

|| ((DR U(t)) * Pe HL2 Rd) || ((pRUO) * Pe ||L2(Rd)
t
+2 / ((rRV - E(5)) * e, (9RV(S)) * Pe) 2 gay dS
0

0o L

+ZZ/((§0RU(S)) * pe, (PR (5)) *Pe)Lz(Rd)dBj(S)
jzl()

+Z/f} OrYj(5)) % pc| dxds, Vie[0,T], (2.11)

J= loRd

for all R = Ry and all € = ¢,, P-almost surely. Fix € = ¢, and ¢ € [0, T']. Then, P-almost surely,

t

/<(§0RV . E(S)) * Pe> (QBRU(S)) * 106>L2(Rd) ds
0

t

= / (V- (9RE(5)) * pe, (9RV(S)) * Pe) 2 gay dS
0
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t

- /((V(PR . E(S)) * Pe ((/)RU(S)) * p€>L2(Rd) ds.
0

Meanwhile, by (2.2)—(2.3) and the fact that p.(x) = 0, for |x| > €, it holds that

T
/| R-E(s )*pe,((pRv(s))*pe)Lz(Rd)|dS
0

T d—1

. T
< |||E|||L°°([O,T]><Rd) |||V¢R|||Ld(Rd)/< / |(‘/’RU(S)) "‘106|”H dx> ds
0 R—e<|x|<2R+e

and

|||V¢R|||Ld(Rd) <C, VR>1.

Let xr.e stand for the characteristic function of the set {x | R — € < |x| < 2R + €}. It follows
from Lemma 2.3 that

”XR’G(((pRv)*pE)”La%I(R ||XR E(|U|*p€)”Ld 7T (Rd)

<ol o
Ld

d (Rd) NS CHVU”(L] (Rd))d

and

Jim Ixr.e(lvl%pe)| o =0, dP®dt-almostall (w,1).
— 00

Ld-T(R4)

Hence, by (2.7) and Lebesgue’s dominated convergence theorem,

T d-1
Rlim </XR)€|((/)RU(S)) * Pe | 2T dx) ‘ ds =0, P-almost surely,
—00
0 Rd
and thus,
T
Rle@/|((V¢R . E(s)) * Pe, ((pRv(s)) * pg)Lz(R,,) | ds =0, P-almostsurely. (2.12)
0

Next we see that
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t

/(V : (QORE(S)) * Pe> (‘PRU(S)) * pG)L2(Rd) ds
0

t

= — f((g{)RE(S)) * P¢, V(QORU(S)) * pé)(LZ(Rd))d dS
0

and, by using (2.7) and the same estimate as for (2.12),

hm / (pR:(s))*p€9 ( RU(S))*IOE)(LZ(Rd))ddS_// (S)*/Oe) (VU(S)*,Og)dXdS

0 Rd

for all t € [0, T'], P-almost surely. We then pass € = €, — 0 to obtain the third term in (2.10).
Next we handle the martingale term in (2.11). Let us set

co 1

MR,G(I) = Z/((‘PRU(S)) * Pes (Wij(S)) * pG)LZ(Rd)dBj(S)v
J=1ly

M, (t)—Z/ v(s), Iﬁ/(s)*pé*p€>L2 Rd)dB ()

]10

and

M(t) = Z / v(s), ¥ (9)) 2 (gay 4B (5).

We can rewrite Mg ((t) as

Mec =) / 08, 0 ((RY; ) * e+ e))y2 oty 4B ().
j=1 0

By the Burkholder—Davis—Gundy inequality and (2.6),

E( sup [Mg.o(t) = M0)])
0T

1
2

00 T
< CE(Z/I(U(I), PR ((9rVj (1)) * pe * pe) — ¥ (1) * pe * pe)Lz(Rd)|2dt)
0

j=1
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0 T
<CE( sup ||v<r>UL2(Rd)(Z/||wR((¢ij<r>) * Pe * Pe)
0<1<T =1y
1

2
- wj(t) * Pe * Pe ||iZ(Rd) dt) )
o T }
< C(E(Zfllwk((waj(t)) * Pe % pe) — i (1) * pe * pe IIiz(Rd) dt)) -
j=1y
It holds that
||§0R((§0Rw]) * Pe *pé) - I/f] * Pe * Pe ”LZ(Rd)
< or((@RY)) * pe % pe) — (VRV} * Pe * pe | 12 o)
+ ” (QRVj) * pe * Pe — Yj * Pe * Pe ”Lz(Rd)
< 2”(1 —§0R)(|Wj| * Pe *,Oe)HLz(Rd) < 2||1/fj||142(1red)-

By (2.8) and Lebesgue’s dominated convergence theorem,

i (g, 0 = M) =0

and hence, there is a subsequence still denoted by { Rx} such that
lim Mg, (t) = Mc(t)
Rj—00
for all ¢ € [0, T'], P-almost surely. In the same way,

lim M., (1) = M(t)

€, —0
for all ¢ € [0, T'], P-almost surely.
The other terms in (2.11) are easy to handle first by passing R = Ry — oo and then, by passing
€ =€, — 0. By (2.10), v € C([0, T]; L>*(R?)), P-almost surely. O
Lemma 2.6. B(S) C B(L*(R%)).

Proof. Let

yN: {(f’m) E3)| ”m”(M(Rd))d <N}

for each positive integer N, equipped with topology induced by Y. Then, Yy is a Polish space,
and so is its closed subset A(S) N Yy . We write
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Sy =A""w).
Then, Sy is a Polish space, and
o
S=Jsw
N=1

If O is an open subset of S, then O N Sy is an open subset of Sy. Since the identity map
Sy — L%(RY) is one-to-one and continuous, every Borel subset of Sy is also a Borel subset
of L2(Rd): see [7, p. 67]. Hence, every Borel subset of S is a Borel subset of L2(Rd). O

Lemma 2.7. Let fi — f weakly in L*(2 x [0, T1; G; Hg). Suppose that

E( sup IVfil0.) <Ci VR,
0<t<T L

and

E( sup ||ka||(Ll(GL))d)<C2, vk,
0T

for positive constants Cy and Cy. Then, it holds that

E( sup ”Vf”%HO)d)gCl, (2.13)
0<t<T L
and
E( sup IVl 0) < Co (2.14)
0<t<T

Proof. There is a sequence { fk} such that each fk is a convex combination of finite fi’s and
fe — f strongly in Lz(.Q x [0, T]; G; [-]2),
Hence there is a subsequence still denoted by { fk} such that
filw, 1) = f(w,1) strongly in H?,

for d P ® dt almost all (w, t). It follows that
< i f
”Vf”(H?)d X kh%go ”vfk”([.[l(j)d
and

VAl < Bm IV fillpic, e
k— 00
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for d P ® dt almost all (w, t). Thus,

E( sup ||Vf||(Ll(Rd))d><E( sup lim ”ka“(Ll(Rd))d>
0<I<T 0<I<T k=00

<E(lm sup Vil oy )
k=00 0<t<T

< tim E( sup IV fillzigaye) < Ca
ksoo NOKIST

which gives (2.14). In the same way, (2.13) can be shown. O
3. The Cauchy problem on 7,
3.1. Modification of coefficients of the noise

Case I. Assume (1.1)—(1.5). Let A be the operator from L2(RY) into HB such that
Ap(w)(x) =wkx), VYVxelGp.

Set R =L/4, and

go.L = AL(prgo), L=1,
gjir(w)=Ar(pr(Ngj(pr(Hw)), L=1,Vj>1,

2943

(3.1

(3.2)
(3.3)

where ¢ is defined by (2.2)—(2.3). Then, it is easy to see that go,, and g; ; have the following

properties.

g0 €L*(0,T; HY),  g0€C(0,T1x HY; HY), ¥j>1,VL>1,

©R80.L — 8o strongly in LZ(O, T; Hl(Rd)),

and, for all € [0, T'],

l8i.L@.0) o <cjtdillvliye, YveH] Vji>1,

l8..@) = gL o <djllv—wlpe, Vv, weHY, Vj>1,
and

lgjL, v)||HL1 <Kej+Kdjlvlly. Ve H, Vj>1,

(3.4)
(3.5)

(3.6)

3.7)

(3.8)

where ¢;’s and d;’s are the same as in (1.2)—(1.3), and K denotes positive constants independent

ofj>land L > 1.
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Case II. Assume (1.7)—(1.10). Following the same argument as in Lemma 2.4, we set

80,Ly = ALk ((kah(Sk (80 * )Oek)) (39)

where L; = 4Rj. We can find sequences

{Ri} 1 o0, {8k} 4 0, {ex} 10

so that
gor, € L*(0,T; Hf,), Vk, (3.10)
1V go, Lk||(L1([0 TIxGp))d S <1+ ||Vg0||(L1([o TIx R))ds vk, (3.11)
@R, 80,1, — 8o strongly in LZ(O, T; Lz(Rd)), as k — oo. 3.12)
We also set
gLt w)=g;t,w), Vj=1, Vk, (3.13)

where g; satisfies (1.8)—(1.10).
We note that (3.13) implies (3.6)—(3.8).
We consider the initial value problem on a d-dimensional torus 7; with period L.

ou Vu B;
Fiahe (|V |>+gOL+Zg]L(U) (3.14)
u(0) =uo,r. (3.15)

Definition 3.1. u is said to be a solution of (3.14)—(3.15) on 7 if the following conditions are
satisfied.

(1) uis H Ll -valued progressively measurable such that

E( sup Ju]ly) <oc

and
ueC([0,T]; HE), P-almost surely,
(ii) there is some [T, € L®(2 x [0, T]1 x T1; G ® B(T.); R?) such that

[T | <1, dP ®dt® dx-almost all (w, 1, x),
Il; -Vu=|Vu|, dP ®dt® dx-almost all (w, 1, x),

and
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t t

u(t)=uo,L+/v-nL<s>ds+/go,L<s)ds+Z/g,L (())dB;(s) (3.16)

0 0

holds in H, Uforallz e [0, T'], P-almost surely.

Theorem 3.2. Assume (3.4) and (3.6)~(3.8). Let ug, . € L*(2; Fo; H}). Then, there is a unique
solution uy of (3.14)-(3.15). Furthermore, it holds that

E( su 2 )<CE 2 C/ 2 i 17
Ogtng ||ML||HL1 (HMO,L”HLI) + ”gO,L ”HLI + ( )

and

E( sup ”uL”Ho +E</||VML||(L1(GL))ddl>

o<r<T

T

E(lluo.Ll72,,) +C / lgo.2117 2, 4t +C (3.18)
0

where C denotes various positive constants independent of ug. 1., go.L, and L > 1.
If gj 1, J 20, satisfies (3.10), (3.11) and (3.13), we also have

E( sup [[Vur, G, ))d>

0T
T
E(”VM()’L](”(LI(GL]())d)+C/ ”VgoyLk”(Ll(GLk))ddt (319)
0
and
T
E( / ||V-HLk||2Lz(GLk)dt)
0
T
E(||VM0,Lk||(L1(GLk))d)+C/ ”Vgova”(L](GLk))d dl (320)
0

Sfor some positive constants C independent of uo, 1, 8o,1,, and Ly > 1.

As mentioned above, the conditions (3.13) implies (3.6)—(3.8).
The remainder of this section is devoted to the proof. The details are presented through three
steps.



2946 J.U. Kim / Journal of Functional Analysis 262 (2012) 2928-2977

Step 1. Throughout this step, we fix L > 1, n > 0, and € > 0, and consider the initial value
problem on 7.

u Vu > dB;
— A U —€Au—V- <7)=go,L+ gL —-=L, (3.21)
ot Ve +|VuP? ; ! dt

where ug . is the same as in Theorem 3.2.
Foreach v e Hg and r € [0, T], we set

At,v) = —nA’v+eAv+ V- < >+go,L(l)~

Vv
Ve+ V|2
It is easy to see the following properties.

(i) For each vy, vy, v3 € HZ, andr e [0, T'], the map

A= (A(t, v; + Avp), v3)ng,Hg

is continuous on R.
(i) Foreach v, w € H} andt € [0, T1,

o
2(A(t,v) — A(t, w), v — w)HZZ’HZ + Zng,L(t, v) — gj,.(t, w)Hi,g <yillv— wllig

j=1
where yj is a constant satisfying
o0
2 ) .
VL= Zdj’ d;’s are the constants in (3.7). (3.23)
j=1

(iii) Foreachve H} andt € [0, T],

o0
2AAG 0.2 o+ D851 [ < v2llvl = llvle + 800
j=1

for some positive constant y» independent of ¢ and v.
(iv) Foreachv e Hf andr € [0, T],

[AG ]2 <yl + [g0.L0)] o

for some constant y3 independent of ¢ and v.
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By virtue of the properties (i)-(iv), we can apply Theorem 4.2.4 in [16] to obtain a unique
solution u of (3.21)—(3.22) such that u € C ([0, T']; HB), P-almost surely, and

ue L2(2 x [0, T: G; H), E(OiugTHu(t)”iIg) < o0. (3.24)
t

XX

Furthermore, it holds that

t t
2 2 2
4326, + 20 [ 1806 g, ds+ 2 [1VUO] g,y
0 0

t

t
|Vu(s)[? 2
w2 [ [ s = oty + 2 [len 0 ulyag, ds
AN IO vy 2 i
L

0
o0 ? oo !
+22f<gjaL(u(S))’u(s)>L2(GL)dBj +Z/ng,la(”(s))“iz(GL)ds (3.25)
=1y J=1y
for all ¢ € [0, T'], P-almost surely. For each k = %, n=1,2,..., it holds that

t t

(u % p) (1) = uo,L * pe —n/A2(u(S)*pK)dere/A(u(S)*px)ds
0 0
t

t
+/v.(%)*p,(ds+/goi(s)*ﬂxds
00 t
+Z/gj,L(M(S))*pKdBj
0

j=1
in H Ll, for all ¢+ € [0, T], P-almost surely. Here p, denotes the Friedrichs mollifier, and the

convolution is taken with respect to the space variables.
By Ito’s formula, we see that

t
| Vi) % e[ 2, 0 + 20 / [V (2065) 5 0) 12,0 45
0

t
+2€/||Au(s) % Py ||iZ(GL)ds
0

+2/<V~<%)*p Au(s)*,o> ds
Ve +1[Vu(s)|? “ 1260

0
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t

= ”Vuo,L * IOK ”%LZ(GL))d + 2/(Vg0,L(S) * ka VM(S) * pK)(Lz(GL))d dS
0

+2Z/ V5.1 (u(9)) * pe. V() * pi) 26, )0 4Bj
J=1y

0
Z/|ng M(S) *pK”(LZ(GL))ddS (326)

for all t € [0, T], P-almost surely. By (3.24), we have

(v (=) )
/ * O, Au(t) * py
( e+ Vu@)? L2(Gy)

for some constant C independent of k. But it may depend on € > 0. By means of the Burkholder—
Davis—Gundy inequality together with (3.4)—(3.8), (3.24) and (3.27), we can derive from (3.26)
that

dt) <C (3.27)

E(0<sup | Vu(e) o | (LQ(GL))d) <C (3.28)

for some constant C independent of «. Since
|Vu(o, 0| (LG = I}f})” Vu(w, 1)  pc | (L2(Gp))

for d P ® dt-almost all (w, t), it holds that

£, 170k zio,0) < E(tim sup 1940 o zc,pm)

< tim £ sup || V) # o 2y ) <€ (329)

k—0 tel0

Since u € C([0, T1; HY), and Vu € L0, T; (HY)4), P-almost surely, it follows that Vu(z) is
(Hg)d -weakly continuous in ¢ € [0, T'], P-almost surely. Thus,

[Vu g2y = Jim |V * o 126,

for all ¢ € [0, T'], P-almost surely. Also, by (3.24),

t

. Vu(s)
Iim [ (V| —————— ) * o«, Auls) * px ds
K—0 Ve+Vu(s)? L2(Gy)
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Vu(s) > >
= [{V | ———— ), Au(s) d
0/< <\/6—1-|Vu(s)|2 e L2(Gp) ’

for all ¢ € [0, T'], P-almost surely. Hence, we have

t t

2 2 Vu(s)
|| Vu(t) ”(LZ(GL))d + 26/"A“(S)||L2(GL) ds +20/<V . <—€ — |Vu(s)|2>, Au(s)>L2(GL)ds

0
t

g “VMO’L”%Lz(GL))d +2/<Vg0,L(S)7 VM(S))(L2(GL))d ds
0

o ! o0 ?
+2Z/(ng,L(u(s)),vu(s))(Lz(GL))ddBj +Z/||ng,L(u(s))||fL2(GL))d ds (3.30)

j=1 0 j=l1 0

for all ¢ € [0, T'], P-almost surely. It follows from Lemma 2.1, (3.25) and (3.30) that

E( sup (“”(t)“iZ(GL) + [ Vu@ ”?LZ(GL))‘I)) <G, (3.31)
t€l0,T]

T
|Vul?
E ——dxdt | <C, (3.32)
e+ |Vul?
0 G

T
E( / ||Au||iz(GL)dr> <Ce, (333)
0

where C is a positive constant independent of > 0 and € > 0, and C. denotes a positive constant
independent of n > 0.

Step 2. Throughout this step, L > 0 and € > 0 are fixed. Let u,, be the solution of (3.21)-(3.22)
obtained above. Following the argument in [16, pp. 88-90], we pass n — 0 to obtain a solution

of
ou ( Vu ) ad dB;
A=V (e ) = gL+ D gL, (3.34)
ot Ve+ |Vul? ; / dt
u(0) =uo,L, (3.35)

such that the solution u satisfies (3.31), (3.33), and u € C([0, T]; Hg), P-almost surely. Also,
u(t)is H Ll -weakly continuous in ¢ € [0, T'], P-almost surely, and it holds that

|Vu(s)|?

¢ t
2 2
¢ +2 / \Y d +2//7d d
”I/t( )”LZ(GL) 60 || M(S)H(Lz(GL))d § s €—|-|VM(S)|2 e
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t

= lluo,L22,, +2 / (g0.0.(). u(5)) 25, ds
0

[e.e]

£2) / 81 (). )] 2 g, 4By + Y / s (@) |2y, ds  (336)
i=19

forall t € [0, T], P-almost surely. We now consider

dluxp)=€Aux*p.dt+V -

(/=)
= )xpedt
€+ |Vul?

o0
+ 8o, * pcdt + ZgjL(u)*pK dB,

where p, is the Friedrichs mollifier. Let us set
J.(v) = /,/6 +|Vv|2dx.
GL

By Ito’s formula, it holds P-almost surely that

t

Je(u(t)*p’():JG(MO,L*IOK)+6/<AM(S)*IOK’—V.< Vu(s) * pi >> s
0 €+ |Vu(s) * pc|?/ 112G

+/<V~ ( Vu(s) )*,0 V. ( Vu(s) * py )> s
J Vet Vue) e+ [Vu(s) * pe 2/ 1261)

. / (Vi) #p) - (Vgo6)p0)

Ve +|Vuls) * pe|?

0 GL

t
(Vu(s) * pi) - (Vgj,L (u(s)) * pe)

+

2 Ve +Vuls) * pel?

ddej
=1y 6,

L1 Z//(Wg,m(s))*mz

Ve+1Vuls) * pe?

CVus) x pe) - (VgL (u(s)) * pk)'Z) dx ds

(Ve +1Vuls) * pe|?)?

forallte[O,T],andK=%,n=1,2,....
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Since u € H?, d P ® dt-almost all (o, 1),

(V Vu ) v Vu
Vet vuz) " Ve + |Vul?

strongly in LZ(GL), as k —> 0, dP ® dt-almost all (w, t). In the meantime, it holds d P ® dt-
almost all (w, t) that

C

S Au * P L2(G NS Au L2(G
L2(GL) ﬁ (Gr) \/g GL)

Ve + |V pel?

lv.

for all k, and

V(s pe) -V 4 Vu-ve¢

" dx—
Ve +|Vuxpc|? \/e+|Vu|2
L

ask — 0, forall ¢ € HLl. Hence,

v ( Vu * py ) v ( Vu )
. ——— % . e —
Ve + |Vuxp|? e+ |Vul?

weakly in L%*(G1),as k = 0, dP @ dr-almost all (w, 7). Thus,

Vu Vu x py
Vil————)*0o, V| —m—m—m———
Ve+Vul? Ve+IVusxpe|*/ 112G

2

> ()

and, foreach j > 1

L%(GL)

(Vu*pk)%ng,L(u)*pK)dx Vu-Vgju) L(u)

Ve + |Vux pe|? \/e—i—|Vu|2

GL

as k > 0, dP ® dt-almost all (w, t). Also,

‘ (Vuxpe) - (Vg L) * pe) P

2
et L KT
K

GL

dP ® dt-almost all (w, t). Thus,



2952 J.U. Kim / Journal of Functional Analysis 262 (2012) 2928-2977

(Vuxpe) - (Vgj L) * pg)

z/ S
=19 &, Ve + Vi x ol

t
o0
Vi - ngL(“)
— xdBj
;O/Gf Ve+|Vul?

forall t € [0, T], P-almost surely.
By these convergence results and the fact that Vu(t) € (Hg)d, for all r € [0, T], P-almost

surely, we can pass k — 0 to arrive at

ddej

t

Vu(s)
J. = Je(uo,.) + /<A =V <7)> 4
(u(t)) (up,L) +¢€ u(s) e+ Va2 26, ’

_OftH ( €+|Vu|2>

/ / (Vu(s) - (Vg @) o
Je+1Vus)? !

) t
+/ (Vu(s)) - (Vgo,L(s)) dx ds
L%(Gp)

Ve +Vu(s))?

eJrIVM(S)I2 (Ve +|Vu(s)?)?

00 2 2
%Z//CV& )" 1(Vuls)) - (Vg Lu(s)))] )dxds (3.37)
=1y ¢

forall t € [0, T], P-almost surely.
We also have

190150 2y o+ 2 [ 1806 %35,
0

t
+2/<V~<Vu7(s))*pk,A(u(s)*pK)> ds
; Ve + |Vu(s)|? L2(Gp)

1
= ”VMO,L * Ok ”%LZ(GL))d + 2/(VgO,L(S) * POk s VM(S) * IOK>(L2(GL))d ds
0

o L

+ 22/(ng,L(u(s)) * O, VU(s) * pK>(L2(GL))d dB;
J=1y

+Z/ 1VgjL(u(s)) * o ||(L2(GL))d ds
i=ly
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for all t € [0,T], P-almost surely. Since Vu(t) € (H), for all t € [0,T], and Au €
L2(0, T; HB), P-almost surely, we can pass k — 0 to arrive at

t

t
2 2 Vu(s)
Vulr 42 / A d +2f<V-<7>,A > d
Ve liazc, ‘) [l ds S\ Temeon) Ve,

t

- ”Vuo,L”%LZ(GL))d +2/(Vg0’L(S), VM(S)>(L2(GL))d ds
0

00 t
+2)° /(Vg,-,L(u(s)), Vu(®)} 26, 4B

J=1y

00 t
+2 / V85, () {26, 0 s (3.38)

j=1y

for all ¢ € [0, T'], P-almost surely.

Now we denote by u, the above solution of (3.34)—(3.35) with given € > 0. Under the condi-
tions (3.4)—(3.8), we use Lemma 2.1 and the Burkholder—Davis—Gundy inequality to derive from
(3.36) and (3.38)

T
2 < 2 2
E(OgngnuenHLl)\CE(||uo,L||HL1)+CE J g0l dr ) +C (3.39)

|21

m)lzl—ﬁ,VzeRd,

and, by the inequality

T T
E( [ IVuelpig,,dt )| <CE(luoLl3a )+ CE| [ lgo.Ll?a dt | +C
L“(GpL) L“(GL)
0 0

+/eTL? (3.40)
where C denotes positive constants independent of ug, 1., go,1, €, and L.

Step 3. Throughout this step, L > 0 is fixed. Let u, be the solution of (3.34)—(3.35) obtained in
Step 2 above. Our goal is to pass € — 0 to arrive at a solution of (3.14)—(3.15).
Set

Vue

VeE+ |Vue|2'

Then, we can extract subsequences still in the same notation such that

HL,G =
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My — M weak starin L%(2 x [0, T] x T1; G ® B(T1); RY),
uc — u weakly in LZ(Q x[0,T]; G; HLI)

and
gj.L(ue) = pj . weakly in L*(£2 x [0, T1; G; H}).
It follows that
[ <1, dP®dt®dx-almostall (w,1,x), (3.41)
and, by Lemma 2.7,
T
E(oi?ﬁr ||u||§,£) < CE(lluo.L I3, ) + CE< / lgo.L 1% dz) +C, (3.42)
0

T T
E( / ||W||L1<GL>dt) < CE(luo.Ll7ag,)) +CE< f ||go,L||iz(GL)dt) +C, (343)
0 0

where C denotes positive constants independent of ug, 1., go,r, and L. It holds that

t 1

u(t)—u0L+/V HL(S)ds+/go L(S)ds+2/p; L(s)dB; (3.44)

0 0 J=ly

in H 1, for all ¢ € [0, T'], P-almost surely. We still use the argument presented in [16] to show
that u is a solution of (3.14)—(3.15). Since we are handling a singular limit at this stage, we will
provide the technical details. By a result of Krylov—Rozovskii (see [16, p. 75]), it holds that

ueC(0,T; HE), P-almost surely, (3.45)

and

t

e ||u(t) H?{f = ||u0,L||i12 — c/ef"s Hu(s)”?{? ds
0
t t

—2/e‘”<HL,Vu(s))(H2)d ds+2/e_”<go,L(s),u(s)>H2 ds
0 0

t

+22 e 1(5), us) o dB; +Z/ Npsa@|fpds (46
j=1 j= 10
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for all ¢+ € [0, T], P-almost surely, where ¢ = y; is a positive constant which is the same as
in (3.23).
Meanwhile, for every ¢ € L?(£2 x[0,T]; G; Hg), the solution u. of (3.34)—(3.35) satisfies

t

el < sty —e [ Juets) ~ o) s
0
¢ t

_che*%(s),ue(s)) ods+c/e*” )3 ds

0
t
_Z/f —cs |Vue(S)| ds—|—2/ S(gOL(S),Me(S)> o ds
€+ |Vbt€(s)|2 ’ Hp
o !
+2Z/‘/’7”<g./,L(ue(s)),ue(s))Hg dB;(s)
Jj=1 0

53 / g 0e(s) = 21 (66) s

j=1y

22/ (gL (ue(s)). gj, L(¢(S)))H0 ds
j:

—Z/ I FIA ¢(S))||H0 ds (3.47)

Jl()

for all t € [0, T], P-almost surely. Let us choose any bounded nonnegative Borel function
on [0, T]. Using (3.23) and the inequality

—cs |VL£€(S)|2 —cs —cs
// /76+|Vu O /f |Vue(S)|dxds—«/—// dxds,

0 GL

we combine (3.46) and (3.47) to obtain

T t T t
—cE(fw(z)/e—” ||u(s)||§_12 dsdt) —2E</1ﬂ(t)/e_cs<HL(s),Vu(s))(Hg)d dsdt)
0 0 0 0

00 T 1
+ZE</¢(:)/e—cs ”pj’L(s)||Z£dsdt>
=t o 0
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T t T t
—zcE(/w(z)/e—”(u(s),¢(s))H2 dsdt) +cE</w(r)/e—” ||¢(s)Hi,£, dsdt)
0 0
T
— 2 lim E(/l/f(t)// CY|Vu€(s)|dxdsdt>
e—0
0

0 G

t

/ e “(pj.L(s), gj,L(¢(S))>H2 ds dt)
0
t

+i2E(OfTW(t)§:

j=1 j=1

T
mLE ( Of 2003 Of e[l () [0 dsdt)

Jj=1 Jj=1

which yields

T t
—cE( / ¥ (1) / e us) —¢(s)||i,g ds dr)
0
+ZME<[W(I)// _”|Vue(s)|dxdsdt)
e—0

0 G
—2E</w(t)// e I (s) - Vu(s)dxdsdt)
0 G
+Z (/W)Z/ | pjls) — g,L(q)(s))”Hodsdt) <O0. (3.48)
j=1 Jj 10

Set ¢ = u in (3.48). Since Vu, converges to Vu weakly in L2(£2 x [0, T1; G; (H?)d), it holds
that

(/w(t)// —C‘]Vu(s)wxdsdz) hmE</w(t)// “‘Vug(s)|dxdsdt>

0 G 0 GL

Also, by (3.41),

(/w(t)// TS HL(s) - Vu(s)dxdsdt) </w(z)f/ “}Vu(s)\dxdsdt)

0 G 0 G
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Hence, we can derive from (3.48) that

piL=gjLm), dP®dt®dx-almostall (w,?,x),Vj>1, (3.49)
and
T t T t
E(/W(l)//eCs|Vu(S)|dXdet> < H—mE</I/f(t)//€Cs|Vu€(S)|dxdsdt)
0 0 GL 0 0 0 GL
T t
=E</1/f(t)//e_“17L(s)~Vu(s)dxdsdt).
0 0 GL
Since

IT; -Vu <|Vu|, dP ®dt® dx-almost all (w,t, x),
it holds that

Il -Vu=|Vu|, dP ®dt® dx-almost all (w,1, x). (3.50)
By virtue of (3.41)—(3.45) and (3.49)—(3.50), u is a solution of (3.14)—(3.15) according to Defi-
nition 3.1.

For uniqueness, let u and & be two solutions of (3.14)—(3.15). Let I1; and 1 1, correspond to u
and u, respectively. Then,

(M, — Iy, Vu — Vi) gy = IVull iy + 1Vl Gy

— (L, Vu) oy — (M1, Vi) o0 >0, by (3.41),

for d P ® dt-almost all (w, t). We use this for the estimate of ||u(z) — @ (¢) ||§10 to derive u = u.
If (3.10)—(3.13) hold, (3.37) yields ‘

T
E( sup Je(ue(t))) <CE(J€(MO,L))+C/ 1V80, 111Gy 1 (3.51)
0T
0
and
T T
E(/ ||v.nL,€||§12 dt) < CE(Je(uo,1)) +C/ IVgo.Lll(z1(G, ) dt (3.52)
0 0

where C denotes positive constants independent of 1o, 1, 80,7, € and L. By Lemma 2.7, we can
pass € — 0 to obtain (3.19) and (3.20). The proof of Theorem 3.2 is complete.
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Remark 3.3. The purpose of the term nA%u in (3.21) is to obtain Hz-regularity directly from the
known result in the existing literature. This regularity is used to apply Lemma 2.1. However, this
term is a technical obstacle in obtaining (3.51)—(3.52). This is the reason why we passed n — 0
with € > 0 fixed. We also note that a deterministic version of Eq. (3.34) was discussed in [20]
over a unit square with the Neumann boundary condition. It was also discussed in [2].

4. Proof of Theorems 1.2 and 1.4

The basic idea for the existence of a solution of (0.1)—(0.2) in R? is to obtain a solution
as the limit of the sequence {u;}2 ,, where each uy is a solution in Theorem 3.2 above with
L =Ly *oo,ask— oo.

We start with the following fact which is an adaptation of Lemma 2.7.

Lemma 4.1. Suppose that {up, }7° | is a sequence such that

Lyt oo, ask— oo,
up, € L*(2 x [0, T1; G HY, ). Vk,
XkUL, — Uoos
weakly in L*(£2 x [0, T1; G; L>(R%)), where i denotes the characteristic function of the
setGp,.
() if E(suppg,<r ||MLk(l)||§{o ) < Cy, for all k, then E(supg, < ”uoo(t)”%z(Rd)) <(y,
Ly

(i) if EGupo,<r ez, (17, ) < Ca. for all k, then E(supo, < oo (D131 ga)) < Co.
Li

(lll) ifE(Sup0<t<T ||VLth (t)”(Ll(GLk))d) < C3,f0r all k, then

E( sup ||Vu00(t)||(M(Rd))d)<C3v

SIS

. . T T
(IV) l\fE(fO ||VuLk(t)”%L2(GLk))d dt) g C4! and E(f() ”VuLk(t)”(Ll(GLk))d dt) < CS» for all k;

T
then E(f() ”Vuoo(t)”?IJ(Rd))d dt) g C4, and

T
E(/”Vuoo(t)”(Ll(Rd))d dt) < Cs.
0

Proof. We will show (iii). Since uno is L2(R?)-valued G-measurable and for each nonneg-
ative number r, the set {f € L%(RY) | IV fllamcraye < r}ois a closed subset of L2(R%),
Vuooll Amrayy is G-measurable.

Choose any 1 < R < oo. There is a sequence {v, };
nation of finitely many xxu;,, Ly > 4R, and

| such that each v, is a convex combi-



J.U. Kim / Journal of Functional Analysis 262 (2012) 2928-2977 2959

Um — Uso Strongly in L2(.9 x [0,T]; G, Lz(Rd)),

E<0<S?ET”¢vam(t)||(L1(Rd))d) <C39 vm? (41)

X'

where @p is defined by (2.2)—(2.3).
There is a subsequence still denoted by {v,,} and Q € G such that
dP ®dt(22 x[0,T]\ Q) =0,

Um — Uoo  strongly in L?(R?), for each (w, 1) € Q0.

Thus, Vv, — Vi in the sense of distributions over R4, for each (w, t) € Q. It follows that

E(OE?ET”wRVMOO(I)H(M(Rd))d> < E( Sup h_In H(pvam(t)”(Ll(Rd))d)

<1< 0<I<T m—00

<E( ll_ITl SUPTH(PRVUm(t)”(Ll(Rd))d)

m—000<1<

< 1im £(

m—00 0

sup |@r Vo, (1) )<C3, by (4.1),
gng“ m H(Ll(Rd))d
and thus,

20 17O aine) < £( 2, ol )

S E(Rli—>_moo oi?gr lerVuss®] (M(Rd>>">

< tim E( sup [[¢rVitoo ()| nygane) < C-
et 0<1<T” ”(M(R nd ) S

In the same way, (i) and (ii) follow. For (iv), we use the same argument to obtain first
E(fOT ||Vuoo(t)||%L2(Rd))d dt) < C4. For each R > 1, we use uniform integrability to see that

9rVur — ¢rVius weaklyin (L'(£2 x [0,T] x R%; G ®B(Rd)))d’

and thus, E(fOT @R Voo ()l (11 (ray)e df) < Cs. By passing R — 0o, we see that

T
E(f”woo(:)”(LI(Rd))d dt) <Cs. O
0
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4.1. Proof of Theorem 1.2
Let ug € L*(82; Fo; H'(R?)) be given. Define
uok = A, (9reuo),  Li =4Ry
where Ry 1 oo, and Ay was defined by (3.1). Then, ug x € LZ(.Q; Fo; Hle) and
@R.ttox — uo  strongly in L*(82; Fo; H'(RY)).
Also, go,r and g; 1 are defined by (3.2) and (3.3), respectively.

Let uy be the solution in Theorem 3.2 above with L = Ly and ug 1 = uo k-
We then have

E( sup @iy )<c vk,
0T Lg

T
E(//Wukmxdt)gc, Vk,

0 G,
for some positive constants C. Hence, there is a subsequence still denoted by {u;}72, such that
XkUk — Uoso, weakly in L2(£2 x [0, T]; G; L*(R?)), (4.2)

where x is the characteristic function of the set G, , and, by Lemma 4.1,

£, 00l Ol a) < € “3
T
E(//|Vuoo|dxdt) <C. 4.4)
0 Rd

If necessary, we can further extract a subsequence {uy}7>, so that the corresponding sequences
{372, and {g; 1, (ur)}2 | be convergent as follows.

Xk8j.1, () — gj.co  weakly in L2(22 x [0, T1; G; L2(RY)), j=1,2,..., 4.5)
and
xkITr, — Ms  weak starin L°(£2 x [0, T] x RY; G ® B(R?); RY), (4.6)
which yields

My <1, dP ®dt® dx-almost all (w,1,x). 4.7)
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Choose any R > 1. Then, it holds that

t

? o0
(pRuoo(t)=¢R“O+f¢RV'Hoo(s)ds+/‘PRgO(S)dS+Zf¢jo,m(S)dBj(s) (4.8)
0 0 j=1y

in H~'(RY), for all t € [0, T'], P-almost surely.
It follows from Lemma 2.5 that

U € C([0, T1; L*(RY)),  P-almost surely, 4.9)

and

t

™ oo ) |72ty = 1401122 o) — € f ™o (8) 32 a, ds
0
t

t
—2//e_”1700(s).Vuoo(s)dx ds+2[e_“(g0(s),uoo(s)>L2(Rd)ds

0 R4 0

+2Z/ J,oo(s),Moo(S))Lz(Rd)dBj(s)

110

0o L

3 [ lgrm ) gy ds (4.10)
J=1y

for all r € [0, T'], P-almost surely, where ¢ = y; is the positive constant satisfying (3.23). Let us
choose any arbitrary ¢ € L?(£2 x [0, T1; G; L*>(R?)) such that ¢ =0, for |x| > 2R > 2.

We take Ly > 4R. Since uy is the solution of (3.14)—(3.15) with L = Ly and uo,;, = uo, it
follows from (3.46), (3.49) and (3.50) that

t

e ||uk<z)||L2(GL )= o klza, ) —¢ f ™ ux(s) —¢<S>||iz<mk>ds
0

I3 t

- 2c/6‘”S(¢(s),uk(s)>L2<ch>ds +C/e_cs ”‘p(s)”i”GLk)ds
0 0
t

t
—2/ / 67”|Vuk(s)|dxds+2/e7cs<g(),1‘k(s),uk(s)>L2(GLk)ds
0

0 Gy,

+22/ ()14 (ur (), Mk(S)>Lz(GL ydBj(s)
J= 10
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Mz

_|_
1

~.
I

/ o [P () BN CI0)| R
0

[\

+
j=1

Z/e (gL (uk (), gj, Lk(d)(s)))Lz(GL yds
0

t

/ i (@6) 72, @.11)
1o

||M8

for all ¢ € [0, T'], P-almost surely.
Next we choose any bounded nonnegative Borel function ¥ on [0, T].
It follows from (3.23), (4.2)—(4.6), and (4.10)—(4.11) that

T t
_cE(/lﬂ(t)fe—Cs ||uoo(s)uiz(Rd)dsdt>
—2E</I/f(t)// TS Moo (s) - Vuoo(s)dxdsdt>

0 Rd

00 T t
+) E ( f v / ™) 8,00(8) | F2gay d dr)

=1 \p 0

T t
< —2cE( [0 [ 695y dr)
0 0

T t
+cE( v / ¢ )22 d dr)
0
—2 lim E(/w(z)/ / —”}Vuk(s)\dxdsdr>
k—00

0 GLk

T o
+2E</w(r Z/ $(gj.00(), g,(q)(s)))Lz(Rd)dsdt)
i=1y

—E(/w(z)Z/ ) gj (o)) ||L2(Rd)dsdz) (4.12)

Jl()

We rearrange terms in (4.12) to arrive at
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T t
_cE</1/f(t)/e—m s (5) _¢(s)||iQ(Rd)dsdt)
0
+2 lim E([w(z)/ / “|wk(s)|dxdsdt>
k—00

0 GL
—2E</1/f(t)// TS Moo (s) - Vuoo(s)dxdsdt)
0 Gy,
+E([¢(;)Zf 5| gj.00(5) — g (¢ (s))}|L2(Rd)dsdz> 0. (4.13)
J 10

We can take ¢ = @ru in (4.13). Then, pass R — oo to arrive at

2 lim E(/lﬁ(t)/ / _”|Vuk(s)|dxdsdt>
k—o00

0 Gr,
T t
—2E</1ﬂ(t)f/e_csﬂw(s)-Vuoo(s)dxdsdt)
0 0 Rd

+E(f1ﬁ(t)2f e gj00(s) — g/(uoo(s))”Lz(Rd)dsdt) 0. (4.14)

Jl()

By virtue of Lemma 4.1 and (4.7), we have

(/w(t)// TS Moo (s) - Vuoo(s)dxdsdt>

0 Rd
(/w(r)// —”\vMoo(s)|dxdsdz>
0 Rd
< lim E<f1ﬂ(t)/f _”|Vuk(s)|dxdsdt)
k—o00 0 GLk

Thus, it follows from (4.14) that

18,00 = 8 ttoo) | 12gay =0, dP @ dr-almostall (@,1),Yj > 1, (4.15)
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and
T t T t
E(/t//(t)//e_”ﬂoo(s)-Vuoo(s)dxdsdt> =E(/w(z)//e—“\woo(s)wxdsdt).
0 0 Rd 0 0 Rd
Since

Iy - Vs < |Vius|, dP ®dt ® dx-almost all (w, 1, x),

it holds that

I - Vioo = |Viso|, dP ®dt ® dx-almost all (w, 1, x). (4.16)
By virtue of (4.3)—(4.4), (4.7)—-(4.9), and (4.15)-(4.16), u is a solution according to Defini-

tion 1.1. For uniqueness of a solution, let u and & be two solutions. By means of the property (v)
in Definition 1.1 and Lemma 2.5, we can easily derive

E( sup ||u(t)—ﬁ(’)”iZ(Rd)>=0'

SIS
The proof of Theorem 1.2 is complete.
4.2. Proof of Theorem 1.4
Recall conditions (1.7)—(1.10) and (3.9)—(3.13).

Suppose ug € L2(82; Fo; L*(R?)) and || Vuo |l pq(gaye € L' (825 Fo).
Then, by Lemma 2.4, there is a sequence { fk}}f‘;l such that

fr — ug in Lz(.Q; Fo; Lz(Rd)), as k — oo,
fr € Wl’l(Rd) N Hl(Rd), P-almost surely, Vk,

supp fx is contained in {x | |x| < Ry}, P-almost surely,
where Ry 1 00, as k — oo

E(IV fillz1rayye) < 1+ E(IVuoll aqerayye).  Vk.
We set

uo k= Ar, (fx)

where Ly = 4Ry, for each k. Let u; be the solution in Theorem 3.2 with L = Ly and ug, 1. = uo k.
We utilize the estimates (3.18)—(3.20).
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Through the same procedure as above, we find us, and 1, and arrive at

2 lim E(/lﬂ(t)/ / _”’Vuk(s)|dxdsdt)
k—00

0 G,
+2E</1ﬁ(1)/-/ (V- Hoo(s))uoo(s)dxdsdt)
0 R4
+ZE</W)Z/ ) gj.00(s) — g](uoo(v))HLz(Rd)dsdt> 0. (417
Jj=1 j=ly

Fix any € > 0 and R > 1. Since [or(Vui * pe)||(L2(Rd))d < ””k”LZ(GLk)”Vpe”(Ll(Rd))d’ for

Ly > 4R, we have
T
2
E( / lor(Vux *pe>||Lz(Rd)dr> <C
0

for some constant C independent of L; > 4R. Hence,

@rR(Vug * pe) = @r(Veo * pe)

weakly in (L'(£2 x [0, T] x R%))?, and

(/w(r)// ~|or Vuoo(v)*,oe)‘dxdvdt)

0 Rd
< lim E</w)// ““lor wk(s)*ps)|dxdsdr>
k—o00 0 pa
< lim E(/w(t)/ / “|Vuk(s)|dxdsdt)
k— o0
0 GL

We pass R — 00, and then, pass € — 0 to arrive at

T t
E(/Iﬁ(t)/e_cs | Vitoo ) || pgcrayye dsdt)
0
< lim E(/w(t)/ / ”|Vuk(s)|dxdsdt) (4.18)
k—o00

0 Gr,
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It follows from Lemma 2.2 and (4.17)—(4.18) that
800 = 8o0) || j2(gsy = 0. dP @dt-almostall (@, 1), ¥j > 1, (4.19)
and
—(V Moo, uco) 2(gay = Voo | Mgy, dP @ dt-almost all (o, 1). (4.20)
By means of (3.18)—(3.20), (4.19)—(4.20), and Lemma 4.1, we can argue as in the proof of The-

orem 1.2 to conclude that u is a solution according to Definition 1.3. Uniqueness of a solution
also follows in the same way as above.

5. Proof of Theorem 1.6

First of all, we note that 0 < T < oo was arbitrarily given in Theorem 1.4. By the pathwise
uniqueness of a solution, we may assume that the solution exists on the interval [0, c0), P-almost
surely. We will derive some necessary estimates.

Let u be a solution of (0.1)—(0.2) according to Definition 1.3. Then, it holds that

t

””(t) “iZ(Rd) = ””(0) ”22(1&) +2/(V -1 (s), ”(S))LZ(Rd)dS

0
13 00 t
+ 2/(80, u(s)>L2(Rd) ds + 22/(51' (u(s)), u(s))Lz(Rd)dBj
0 J=1o
o0 ! )
3 [ e o) s 6.
j=ly
for all + > 0, P-almost surely.
Let us set X (1) = ||u(?) |2 By Ito’s formula, it follows from (5.1) that

L2(R)"

E(e(1+X(®)")

=E((1+X©0)") —i—k/e“E((l +X())")ds

t

_ 2r/e“E((1 +X() | V2) | g eyye)
0

t

”’/ HME((14+ X)) (80.() 12 ) ds
0
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00 t
+ry” / HE((14X®) & @) | 72ge)) ds

J=1y

j=

t
L2 (r — 1)2/&?15((1 +X(s))r‘2|(s,-(u(s)),u(s))Lz(Rd)yz) ds (5.2)
0

—_

where A and r are constants. By (1.15), we can choose A > 0,6 > 0,and 0 <r < % such that

o0 o0
Atrs+ry pr—2r(1—r)(1-8)) ai <O0. (5.3)
j=1 j=1

We estimate the right-hand side of (5.2). It holds that
r—1 1 2 8 r
I+ X)" (g0, u)2(ray < %Ilgolle(Rd) + 5(1 +X). (5.4)
By the inequality
2>0-81+x)?>—Cs, VxeR,
for some positive constant Cg, we see that

(14 X)) 21{E (), u®)) o g | = 21 = 8)(1+ X (5))" = a2Cs. (5.5)
(RY) j j

By virtue of (1.12)—(1.15) and (5.3)—(5.5), we find that

E(@(1+X®)") <E((1+X©®)")

t

- 2r/e”E((1 + X @) V1) | g igayy) ds

0
t o0
r

+/e’“<5||é>’0||iz(1ed)"'Zr(1 _r)CBZ“JZ‘) ds (5.6)

0 /=1

which yields
) . Y

E((14 X)) <eE((14 XO) )+ ——C<C Vi >0, G7

where C denotes various positive constants. If we take A = 0 in (5.3), then (5.6) is still valid with
A =0, and thus,
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1 ; r—1
- /(1 +XO) VU@ vy gayya dt
0
2: E(1+X(@©))+Cc<C, VI>1.
It follows that
| T
7E( 1760 dt)
0
] T
- ?E</(1 +X0) V[ Va0 | g gy (1+ X @) dt)
0
T | T
r r—1 —-r r
< ?E</(1 LX) ||Vu(t)H(M(Rd))ddt) + TE</(1 LX) dt)
0 0
<C, VT >l (5.8)

Next let #1 and u, be two solutions of (0.1) according to Definition 1.3. It holds that

”I/t]([) _u2(t)||L2(Rd) ||u1(0) Lt2(0) ||L2(Rd)
t
2 / (V- IT1(5) = V - Fy(s), 11 (5) = 2(5)) 2 )
0

+2Z / £(11()) = & (u2(5)) . 11 (5) = u2(5)) 2 gy Bj

j=1y
Z / &7 (1 () = & (u2(9)) [ 32 ey s (5.9)

for all r > 0, P-almost surely.
Let

Y (1) = [ur () = w20 o o

By applying Ito’s formula to (5.9), we have
t
E(n+Y®))=E((n+Y©0))+2 / ME((n+Y(5) ) ds
0
t

+2r / & (n+Y () (V- I1(s) = V- Ta(s). 11 (5) = 02()) 12 d
0
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00 t
3 [+ ) T e ) ~ & (16 ) d

J=1y

t
+2r(r—1) Z/e“E((n +Y()
0

j=1
X |(&7 (1) = & (u2(9)), w1 (5) = u2(9)) 12 gay %) ds. (5.10)

By virtue of Definition 1.3 and Lemma 2.2, we have the inequality
<V . H] —-V. Hz, up — u2>L2(Rd) § 0

and thus, it follows from (1.13), (1.14) and (5.10) that

E((n+Y®)))<E((n+Y©0))+ x/e“E((n +Y() ) ds

0o |

+r Y [ HBE((n+Y () Y () ds
j=ly
00 t
+2r(r—1) Z/e“a?E((n + Y(s))r_zY(s)z) ds. (5.11)
J=1y

Obviously, the same A > 0and 0 < r < % in (5.3) satisfy
o [e¢)
)\+r2ﬁf+2r(r-1)2a§<o. (5.12)
j=1 j=1
Thus, by passing 1 | 0 in (5.11), we obtain
E(MY(®)) < E(Y(0)), Vt=0. (5.13)
We now follow the procedure discussed in [11] and [16].
Let us extend the stochastic basis and the sequence of the Brownian motions to the whole real

line, and let X (+; s, y) denote the solution of (0.1) for —oo < s < oo such that X (s; s, y) =y € S.
For —oc0 <5 <t < 00, it follows from (5.9) that

E(| X (55,60 = X (¢35, | T2 0)) < C D E(IE1 — 621125 ) (5.14)

for all &,& € L?(2; Fy; L*(RY)) such that || V&l|(nqgaye € L'(2; Fy), i = 1,2, where
C (¢, s) denotes some positive constant which depends only on # — s.
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For —oco <r < s <t < 0o, we use (5.14) and approximation of X (s; r, z) by S-valued simple
functions with respect to the norm of L2(82; Fy: L2(RY)) to show

E(¢(X (t;r, z)) |]—'S) = E(¢(X (t; s, y))) |y:X(”’Z), P-almost surely, (5.15)

if ¢ is a bounded Lipschitz continuous function on L%(R%). Thus, (5.15) is valid when ¢ = x,
VI € B(L2(R?)), where xr is the characteristic function of I'. Since B(S) C B(L%(R?)),
(5.15) shows that X (- : -,-) is a Markov process over S. It is also time homogeneous in the
following sense.

Lemma 5.1. Let L{- - -} denote the probability law of {- - -}.
E{X(t; s, y)} = E{X(t —s;0, y)}, V—oo<s<t<oo, Vyes.

Proof. Typically, this follows from the Yamada—Watanabe theorem in infinite dimensions. The
result worked out in [17] is quite general, but it cannot be directly applied to our case. Because
of the singular term V - I, the equation cannot be put in the required functional setting of [17].
So we will get around this hurdle. Suppose that we are given two stochastic bases.

& def ( ) def

&) 2, F, PAFNABL, O = (2, F, P{F}. (B 1521)-
Let u and & be solutions of (0.1) with the initial condition #(0) = #(0) = y € S over @] and O,

respectively. It is enough to show that

Llum}=cfa®}, vi>o.

Fix any 0 < T < oo and y € S. By the pathwise uniqueness of a solution, we may assume
that both u and & have been constructed according to the procedure in Section 4.2. There is a
sequence of positive numbers {Lk},fil 1 0o, and a sequence {y },fi | such that y, € H lk, Vk, and

Xkyk =y in L*(R?), and VYKl Gyt < THIVY I mrayes Yk,

where x; is the characteristic function of the set G,. Choose a sequence of positive num-
bers {eJ} 21 4 0. Let ULe; and ap,, € be solutions of (3.34) with L = Ly, € = ¢;, and
ULy e 0) = uLk,e] (0) = yx over ®1 and Oy, respectively. Also, let u;, and i, be solutions
of (3.14) with L = Ly, and uy, (0) = @iz, (0) = yx over © and O, respectively. Let £ be the
set of all (XkMLk,ej, XkﬁLk,ej), k,j=1,2,.... Let K denote the weak closure of the convex hull
of £ in

L*(2 x[0,T1; G;dP ®dt; L*(RY)) x L*(2 x [0, T1; G; d P ® dt; L*(RY)).

Then, (xxur,, xkitr,) € K for each k. Let u and & be solutions of (0.1) with u(0) = a(0) =y,
over ®1 and ®,, respectively. According to the procedure to construct a solution of (0.1)-
(0.2), we see that (u,n) € K. S1nce IC is also strongly closed in Lz(.Q x [0,T];G;dP ®
dt; L2(RY)) x L2(22 x [0,T1; G;dP ® dr; L>(R?)), there is a sequence {(¢;, &)}, in the
convex hull of £ which converges to (i, &) strongly in L>(£2 x [0, T1; G;:dP ® dt; L*>(R%)) x
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L2(2 x[0,T1; G:dP®dt; L*(R%)). We can extract a subsequence still denoted by {(Z;, gi)}?il
such that

/d)(u(t))dP = lim /¢(§i(t))dP, (5.16)
2 l OOQ

and
/¢(ﬁ(r))dﬁ= lim /¢(2i(t))dﬁ, (5.17)
5, P,

for any bounded Lipschitz continuous function ¢ on L?(R?), and all t € Q, where dz ([0, T]\
Q) =0. We will show that ¢; and g:l- have the same probability law for each i.

Choose any two finite collections {MLk,e,}, and {LA‘Lk,E_;}’ k=1,...,m,j=1,...,n. We may
interpret these two collections as solutions of a system of equations over & and ©®,, respectively,
which can be put in the framework of [17]. Hence, for each ¢ € [0, T'], the joint probability law
of {XkMLk,ej ®Y, k=1,...,m, j=1,...,n, and the joint probability law of {XkﬁLk,ej M}, k=
I,...,m, j=1,...,n, are the same over (Lz(Rd))m”. Thus, for any given set of constants ¢y ;,
k=1,....m,j=1,...,n,

m n m n
DO erjxrure, ) and YN cpjxadipy.e ()
k=1 j=1 k=1 j=1
have the same probability law, which yields
/¢({,-(t))dP :/¢(2,~(t)) dP, Vi, Vi. (5.18)
2 2

Hence, it follows from (5.16)—(5.18) that

/¢(u(z>)dp =/</>(12(t))d13 (5.19)

2 2
for any bounded Lipschitz continuous function ¢ on L2(Rd),A and all ¢+ € Q. Since u €
C([0, T1; L>*(R%)), P-almost surely, and 7 € C([0, T']; L>(R%)), P-almost surely, (5.19) yields
that
Liu®}=Llam}, v O
We now proceed to construct an invariant measure. By virtue of (5.7) and (5.13), we find that

E(|X0:=T1.y) = X(0: T2, )|} ga) < Ce ™. VT3> T >0,

where the positive constant C depends only on y, go, and §;’s.
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The space L% (2; F; LZ(Rd)) is an F-space under the metric

pO1,y2) = E(Iy1 = 20175 gay)-

So there exists Xoo € L (2; F; L2(R%)) such that

2r

Jim_ E(][Xoo = X (0; =T, 0| 2 ga)) = 0- (5.20)

Let 7 and oo be probability measures over L?(R?) defined by
ur=L{X©0:=T.0)},  ftoo=L{Xoo}-
Then, by (5.20), as T — o0,

UT = oo Weak star.
We also define a probability measure over L>(R?) by

T

vT(F)z%/E(Xp(X(O; —1,0)))dt, VI e B(L*(R?)).
0

It is easy to see that v — oo, Weak star as T — o0.
Foreach N > 1,8y ={f € L2(R?) | |V fll p(raye < N} is a closed subset of L?(R9), and

T

T
1
/P{X(;;O,O)eSN}dt=1—7/P{||VX(z;o,0)||(M(Rd))d > N}dt
0 0

N =

1ot LE(Hvxa-o 0| )dt
= T /) Nr P MR
0
C
>l—ﬁ, by (5.8),
and
(Sy) = lim vp(Sy) =1 ¢ VN > 1
MHoolON /T~>oo T\ON) = Nra .
Thus,

Moo (S) = 1. (5.21)

Next choose any bounded Lipschitz continuous function ¢ on L*(R%), and fix t > 0.
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Let us define

q(y) = E(¢(X(t;0,y))), V¥yeS.

By (5.14), ¢(-) is continuous on S with respect to the L2(R%)-norm. Let q(-) be the unique
extension of ¢ (-) to L2(RY). Since g is a bounded continuous function on L%(RY),

/é(y)dur(y)ﬁ / qg(y)dpos(y). (5.22)

L2(RY) L2(RY)

In the meantime, by (5.20) and Lemma 5.1,

/ é(y)dw(y)=/q(y)dur(y)=E(E(¢(X(t;O,y)))!yzx(o;,r)o))

L2(R4) S
=E(¢(X(0; —t —T,0))) > E(¢ (X)) = / ¢ (y) ditoo(y)
L2(R%)

which, combined with (5.21) and (5.22), yields

/Cl(y)d,uoo(y)= / g dpeo(y) = / ¢ () dpoo(y). (5.23)

S L2(RY) L2(R4)
Consequently, it holds that

/ E(xr(X(:0,))) dieo(y) = poo(I), VI € B(L*(R?)).
S

Hence, the restriction of it to S is an invariant measure.
For uniqueness, suppose w1 and pu; are invariant measures over (S, 5(S)). We can extend
them to (LZ(R?), B(L?(R?))) such that

1i(G) = i (GNS), VG eB(L*(RY)), i=1,2.

So it is enough to show /1] = f1. For this, it is enough to show that for any bounded Lipschitz
continuous function ¢ on LZ(R?),

lim E@(x(:0.9)) = i [ E@(x(:0.))dit ()
L2(R4)

= / dMdpi(y), VzeS,i=12. (5.24)

L2(R%)

Fix any y, z € S. It is known that for some 0 < r < 1,
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E(|X@:0,5) = X(1:0.2) |75 ) = 0

ast — 00. So
| X0, 9) = X (#:0,2)] 12 ga) = O

in probability as ¢t — oo, and thus,

|p(X(#;0,y)) — (X (1:0,2))| > 0

in probability as r — oo. It follows that

E(|¢(X(t;0,y) —o(X(1;0,2)]) >

as t — oo for each y, z € S. This shows the first equality in (5.24), because [1;(S) =1,i =1, 2.
The second inequality is valid because u; is an invariant measure. The proof of Theorem 1.6 is
complete.

Remark 5.2. In the H'-setting, we can proceed in the same way as above to obtain a probability
measure /Lo over L2(R%). However, it is not known whether oo (H'(R%)) = 1, even though
wnr(H L(R9)) =1, VT > 0. We need further estimates for this. In fact, we can obtain a uniform
bound of E(||uL,€(t)||‘;I]) independent of L > 4, € > 0, and ¢ > 0, for some 0 < ¢ < 1, where

ur.e is a solution of (3.34). But this estimate does not carry over to a solution u;, of (3.14)
or to a solution u of (0.1), because u; and u are obtained as weak limits, and the functional
V> E(||v||‘;1,) is not convex.

L

6. Proof of Theorem 1.7

Let d =2, and ug € L*(£2; Fo; L*(R?)) such that || Vuoll aq(g2))2 € L' (825 Fo). As above,

we set X (¢) = [|u(t) || and apply Ito’s formula to (5.1) with go =0 to derive

L2(R?)’

TAL

E(e"<”’)(n+X(r/\t))r)+2"E</8”(77+X(S))r_1HV”(S)”(M(RZ))ZdS)

0
TAL
:E((n—}-X(O))r)—l-aE(/e”(n—i—X(s))rds)
0

00 TNt
+rE(Z [ et x60) ™ e e ds)
J=1y

00 TAL
+2r(r—l)E(Z/e (n+ X)) |<§j(u(s)),u(s))Lz(R2)|2ds> 6.1)
0

j=1
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where t is the stopping time defined by (1.18),and 0 > 0, n > 0,and 0 < r < % are constants
such that

o o
54y 2201 -0 el <. (6.2)
j=1 j=1

By (1.17), we may take r = JT and some small o > 0 to satisfy (6.2), and pass n | 0 in (6.1) to
find

AL
8E(/e”||u(s)||1%2(R2)ds) gE(nuOn%z(Rz)), Vi >0, (6.3)
0
and
TAL 5 .
E(/e‘” ||u(s)||;§(R2) ||Vu(s)||(M(R2))2ds) <CE(||u0||zz(R2)), vt > 0. (6.4)
0

By virtue of Lemma 2.3, (6.4) yields

AL

E(f 08 ||u(s)H227(R2)dS) SCE(

0

L
40l 72 g2y). V1> 0. (6.5)

It follows that

TAL AL . |
E(/eas ds) :E(/ 603 “M(S)“ZzZ(RZ)”u(s)“IZAZ(RZ)ds)
0 0

. TAL 1 . TAL 1
< EE< / e Ju)] 2 0 ds) +§E< / e uts)| zz(m)ds)
0 0

1
< CE(lluol [ g2)). V> 0.

By passing ¢ — oo,

1
E(e" —1) S CoE(lluoll 2 go,)
which yields (1.20).

Next we will show (1.19).

Choose any 0 <] <t < oo, and any O € F;,. As in (6.1) with r = % and o =0, we can
derive

1 1
E(xo(n+ ||“(t2)||il(1e2))4) <E(xo(n+ ””(tl)HiZ(R2))4)-
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By passing n — 0,

1 1
E(xolu)] > g2) < E(xo|u@)] ;42

1

which shows that [|u(¢)]|2

22 (R2) is a supermartingale. Thus,

1 1
E([uts +0)] ;2 g2) < E([u()] 72 52)) =0, Vs >0.
Hence, it follows that

|| u(s + 1) || 2R = 0, for any positive rational number s, P-almost surely.

1
Since ||u(?)||

complete.

22 (R2) is continuous in ¢, P-almost surely, (1.19) follows. Proof of Theorem 1.7 is
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