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1. Introduction

Throughout this paper,H denotes an infinite dimensional complexHilbert spacewith inner product

〈·, ·〉, and B(H) denotes the C∗-algebra of all bounded linear operators onH. For an operator T ∈ B(H)

set, as usual, |T| = (T∗T) 1
2 and [T∗, T] = T∗T−TT∗ (the self-commutator of T). An operator T ∈ B(H)

is said to be hyponormal if [T∗, T] is nonnegative (equivalently, if ‖T∗x‖ � ‖Tx‖ for every x inH), and

T is said to be ∗-paranormal if ‖T∗x‖2 � ‖T2x‖ for any unit vector x in H. We introduce a new class

of operators:
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Definition 1.1. An operator T ∈ B(H) is said to be a ∗-class A operator if |T2| � |T∗|2.
A ∗-class A operator is a generalization of a hyponormal operator and ∗-class A operators form a

subclass of the class of ∗-paranormal operators.

Theorem 1.2. Each hyponormal operator is a ∗-class A operator.

Proof. Suppose that T is a hyponormal. Then

|T2|2 = T∗2T2 = T∗|T|2T ≥ T∗|T∗|2T = |T|4.
Therefore we have |T2| ≥ |T|2 ≥ |T∗|2. �

Theorem 1.3. If T ∈ B(H) is a ∗-class A operator, then T is a ∗-paranormal operator.

Proof. Using the Hölder–McCarthy inequality, we have

‖T2x‖2 = 〈T∗2T2x, x〉 = 〈|T2|2x, x〉 ≥ 〈|T2|x, x〉2 ≥ 〈|T∗|2x, x〉2 = ‖T∗x‖4.

for all x ∈ H such that ||x|| = 1. Hence the proof is complete. �

In this paper, we consider the properties of ∗-paranormal contractions and the tensor products for

∗-class A (and ∗-paranormal) operators.

2. On ∗-paranormal contractions

Recall that T ∈ B(H) is a C.0-contraction if T∗nx −→ 0 as n −→ ∞ for all x ∈ H. In the following,

we write cnu part for the completely non-unitary part of a contraction. In this section, we consider the

properties of ∗-paranormal contractions.

∗-Class A operators are normaloid (indeed hereditarily normaloid, i.e., the restriction of a ∗-class
A operator to an invariant subspace is again ∗-class A, so normaloid).

Lemma 2.1. If T is a ∗-class A operator and M is an invariant subspace of T, then T |M is also a ∗-class
A operator.

Proof. Let

T =
⎛
⎝ A B

0 C

⎞
⎠ on H = M ⊕ M⊥,

and P be the orthogonal projection ontoM. Since T is a ∗-class A operator, we have

P
{
|T2| − |T∗|2

}
P ≥ 0.

Therefore, we see that

AA∗ ≤ AA∗ + BB∗ = PTT∗P ≤ P(T∗2T2)
1
2 P ≤ (PT∗2T2P)

1
2 by Hansen’s inequality

= |A2|.
This implies that A is a ∗-class A operator and the proof is complete. �
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Lemma 2.2. The eigenvalues of a ∗-paranormal operator are normal (i.e., the corresponding eigenspaces

are reducing).

Proof. If T ∈ B(H) is ∗-paranormal, λ ∈ σp(T) and Tx = λx for some nontrivial x ∈ H, ||x|| = 1,

then

||(T∗ − λ)x||2 = ||T∗x||2 − λ〈T∗x, x〉 − λ〈x, T∗x〉 + |λ|2
� ||T2x||||x|| − λ〈x, Tx〉 − λ〈Tx, x〉 + |λ|2
= 0. �

Lemma 2.3. If T ∈ B(H) is ∗-paranormal, then asc(T − λ) � 1 for all complex numbers λ.

Proof. Lemma2.2 implies (T−λ)−1(0) ⊥ (T−λ)H; hence, if x ∈ (T−λ)−2(0) and x /∈ (T−λ)−1(0),
then x = 0 (⇒ asc(T − λ) � 1). �

Lemma 2.3 implies that ∗-paranormal operator have SVEP, the single-valued extension property,

everywhere [1, Theorem3.8]. Indeed,more is true: ∗-paranormal operators satisfy (Bishop’s) property

(β), whereA ∈ B(H) satisfies property (β) if, for anopen subsetU of the complexplane and a sequence

{fn} of analytic functions fn : U −→ H, (A − λ)fn(λ) converges uniformly to 0 on compact subsets of

U implies fn converges uniformly to 0 on compact subsets of U . Recall, [20, Lemma 2.1 and Theorem

3.5], that a sufficient condition for A ∈ B(H) to satisfy property (β) is that σa(A) = σna(A), where σa

denotes the approximate point spectrum and, for a sequence {xn} ⊂ H of unit vectors,

σna(A) = {λ ∈ σa(A) : ||(A − λ)xn|| −→ 0 ⇒ ||(A∗ − λ)xn|| −→ 0}.
Proposition 2.4. ∗-paranormal operators satisfy property (β).

Proof. Let T ∈ B(H) be ∗-paranormal. In view of the above, we have to prove that σa(T) = σna(T).
The Berberian extension theorem [4] says that there exists a Hilbert space K ⊃ H and an isometric

∗-isomorphism T −→ To ∈ B(K) preserving order such that σa(T) = σa(T
o) = σp(T

o). It is

immediate from the definition of ∗-paranormality that To is ∗-paranormal, hence (see Lemma 2.2)

σp(T
o) consists of normal eigenvalues. Let λ ∈ σa(T) and let {xn} ⊂ H be a sequence of unit vectors

such that ||(T − λ)xn|| −→ 0 (as n −→ ∞). Denoting the equivalence class of {xn} (in K) by [x],
it follows that (To − λ)[x] = 0; hence (To − λ)∗[x] = 0. Since {||(T − λ)xn||} is a convergent

sequence, it follows [4, p. 112] that limn−→∞ ||(T − λ)∗xn|| = limn−→∞ ||(T − λ)xn|| = 0. Thus

σa(T) = σna(T). �

The following theorem shows that (just as for paranormal contractions [5]) ∗-paranormal contrac-

tions in B(H) are the direct sum of a unitary and a C.0-contraction.

Theorem 2.5. ∗-paranormal contractions are the direct sum of a unitary and a C.0 cnu contraction.

Proof. If T ∈ B(H) is a contraction, then the sequence {TnT∗n} converges strongly to a contraction

A ∈ B(H) such that

0 � A � 1, A−1(0) = {x ∈ H : T∗nx −→ 0}, and TAT∗ = A;

furthermore, there exists an isometry V : A(H) −→ A(H) such that

A
1
2 T∗ = VA

1
2 ⇐⇒ TA

1
2 = A

1
2 V∗
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on A(H), and

||A 1
2 Vnx|| −→ ||x||

for every x ∈ A(H) [8]. For an x ∈ H, let

xn = A
1
2 Vnx, n ∈ N ∪ {0}.

Then, for all non-negative integers k,

Tkxn+k = TkA
1
2 Vk+nx = A

1
2 V∗kVk+nx = A

1
2 Vnx = xn,

and for all k � n,

Tkxn = xn−k.

Evidently, the sequence {||xn||} is a bounded above increasing sequence: we prove that if T is ∗-
paranormal, then A is a projection. We start by proving that {||xn||} is a constant sequence.

Let T be ∗-paranormal. Then, for all n � 1 and non-trivial x ∈ A(H),

||xn||2 = ||Txn+1||2 � ||T∗(Txn+1)||||xn+1|| � ||T3xn+1|| 1
2 ||Txn+1|| 1

2 ||xn+1||
= ||xn−2|| 1

2 ||xn|| 1
2 ||xn+1||;

hence

||xn|| � ||xn−2|| 1
3 ||xn+1|| 2

3 � 1

3
(||xn−2|| + 2||xn+1||).

Thus,

2(||xn+1|| − ||xn||) � ||xn|| − ||xn−2|| = (||xn|| − ||xn−1||) + (||xn−1|| − ||xn−2||).
Denoting bn := ||xn|| − ||xn−1||, we have 2bn+1 � bn + bn−1, where bn � 0 and bn −→ 0 as

n −→ ∞. Suppose that there exists an integer i � 1 such that bi > 0; then bi+1 � bi/2 > 0, and

it follows from an induction argument that bn � bi/2 > 0 for all n > i. Consequently we must have

bn = 0 for all n, which means ||xn−1|| = ||xn|| for all n � 1. This implies that

||A 1
2 Vnx|| = ||A 1

2 x|| = ||x||

for every x ∈ A(H), i.e., the non-negative contraction A
1
2 is an isometry on A(H) (= A

1
2 (H)). HenceH

admits the decompositionH = A(H)⊕A−1(0) into A-invariant subspaces (observe that (A
1
2 )−1(0) =

A−1(0)), A
1
2 |A(H) is the identity map (on A(H)) and A

1
2 |A−1(0) = 0. Hence A is a projection.

Recall from [13] that if A is a projection, then T admits a decomposition

T = Tu ⊕ Tc, Tc = S∗ ⊕ T0,

where Tu is unitary and the cnu part Tc of T is the direct sum of a backward unilateral shift S∗ and a

C.0-contraction T0. We prove that S∗ is missing from the direct sum. For this recall the (easily proved)

fact that an operator B = B1⊕B2 has SVEP at a point if and only if its direct sumcomponents have SVEP
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at the point. Since ∗-paranormal operators have SVEP (everywhere), it follows that if S∗ is present in

the direct sum for T , then it has SVEP everywhere. This, however, contradicts the well known fact that

the backward unilateral shift does not have SVEP anywhere on its spectrum except for the boundary

points of its spectrum. Hence T = Tu ⊕ T0. �

It is immediate from Theorem 2.5 that a C11 ∗-paranormal contraction is unitary. More is true. Let

D denote the unit disc (in the complex plane), and ∂D its boundary.

Proposition 2.6. A ∗-paranormal operator T with spectrum σ(T) ⊆ ∂D is unitary.

Proof. T being normaloid (see Lemma 2.1), T is a contraction. Suppose that T has a non-trivial cnu

part Tc; then Tc ∈ C.0 is normaloid (by Lemma 2.1) with σ(Tc) = {λ : |λ| = r(Tc) = 1}. Thus
σ(Tc) consists entirely of the peripheral spectrum of Tc [9, p. 225]. Choose a λ ∈ σ(Tc); replacing Tc
by 1

λ
Tc if need be (evidently, ∗-paranormal operators are closed under multiplication by scalars), we

may assume that λ = 1, and then it follows from [9, Proposition 54.2] that (Tc − 1 has ascent � 1

and) dim(T∗
c − 1)−1(0) > 0. Since Tc and T∗

c have the same invariant vectors, dim(Tc − 1)−1(0) > 0.

This implies that 1 is an eigenvalue, hence a normal eigenvalue, of Tc . But then Tc has a unitary direct

summand – a contradiction. Hence T is unitary. �

Let DT = (1 − T∗T) 1
2 denote the defect operator of T ∈ B(H): we say that DT is Hilbert-Schmidt,

DT ∈ C2, if D2
T is trace class. A C00-contraction T is of the class C0 of contractions if there exits an

inner function u such that u(T) = 0: a C00-contraction with Hilbert-Schmidt defect operator is a C0-

contraction [19]. The following corollary says that a ∗- paranormal contraction with Hilbert-Schmidt

defect operator is the direct sum of a normal and a C10 contraction.

Corollary 2.7. If T ∈ B(H) is a ∗-paranormal contraction such that DT ∈ C2, then the pure (i.e., the

completely non-normal) part of T is a C10-contraction.

Proof. Decompose T into its normal and pure parts by T = Tn ⊕Tp. Then Tp ∈ C.0 is cnu andDTp ∈ C2.
Recall [18, p. 75] that the C.0 contraction Tp has a triangulation

Tp =
⎛
⎝ T1 ∗

0 T2

⎞
⎠ ,

where T1 ∈ C00 and T2 ∈ C10. Since DTp ∈ C2 implies DT1 ∈ C2 , T1 is a C0-contraction and as such has

a triangulation

T1 =
⎛
⎝ T11 ∗

0 T12

⎞
⎠ ,

where σ(T11) = σp(T11) ⊂ D and σ(T12) ⊆ ∂D (the minimal function of T11 is a Blaschke product

and the minimal function of T12 is a singular inner function [18]). Since T1 is pure (and so does not

have any eigenvalues, by Lemma 2.2), and since σ(T1) ⊆ ∂D implies T1 is unitary, we conclude that

Tp = T2 ∈ C10. �

An operator T ∈ B(H) is said to be supercyclic if the homogeneous orbit {λTnx : λ ∈ C, n ∈ N∪ 0}
is dense in H for some x ∈ H. (Such an H is then necessarily separable.) It is known that paranormal

operators in B(X ) are not supercyclic: ∗-paranormal operators satisfy a similar property.

Corollary 2.8. ∗-paranormal operators are not supercyclic.

Proof. Let T ∈ B(H) be a ∗-paranormal operator such that T has a supercyclic vector. Since T satisfies

property (β) and is normaloid, σ(T) = {λ : |λ| = r(T) = ||T||} [14, Proposition 3.3.18]. Dividing
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by ||T|| if need be, we may thus assume that T is a contraction with spectrum in ∂D. But then T is

unitary; since no unitary operator on an infinite dimensional Hilbert space can be supercyclic, we

have a contradiction. �

Weprovenext that∗-paranormal operators are simply polaroid,where anoperatorA ∈ B(H) is said
to be simply polaroid if the isolated points of the spectrum of the operator are simple poles (i.e., order

one poles) of the resolvent of the operator. The following notation and terminology will be required.

The quasinilpotent part H0(A) and the analytic core K(A) of A ∈ B(H) are defined by

H0(A) =
{
x ∈ H : lim

n−→∞ ||Anx|| 1
n = 0

}

and

K(A) = {x ∈ H : there exists a sequence {xn} ⊂ H and δ > 0

for which x = x0, Axn+1 = xn and ‖xn‖ � δn‖x‖ for all n = 1, 2, . . .}.
H0(A) and K(A) are (generally) non-closed hyperinvariant subspaces of A such that (A)−q(0) ⊆ H0(A)
for all q = 0, 1, 2, . . . and AK(A) = K(A); also, if λ ∈ isoσ(A), then H = H0(A − λ) ⊕ K(A − λ),
where H0(A − λ) and K(A − λ) are closed [1].

Theorem 2.9. ∗-paranormal operators are simply polaroid.

Proof. Let λ ∈ isoσ(T), where T ∈ B(H) is ∗-paranormal. Then

H = H0(T − λ) ⊕ K(T − λ),

whereH0(T−λ) andK(T−λ) are closed,σ(T1) = σ(T|H0(T−λ)) = {λ} andσ(T|K(T−λ)) = σ(T)\{λ}.
If λ = 0, then, T being normaloid, T1 = 0 and H0(T) = T−1(0). If instead λ �= 0, then (recall,

∗-paranormal operators are closed under multiplication by scalars) we may assume that λ = 1.

Applying Proposition 2.6 it follows that T1 is unitary. Consequently [14, Theorem1.5.14] T1 = I|H0(T−1),

which implies that H0(T − 1) = (T − 1)−1(0). Thus, in either case, we have that H0(T − λ) =
(T − λ)−1(0). The proof now follows from the implications

H = (T − λ)−1(0) ⊕ K(T − λ)

⇒ (T − λ)H = 0 ⊕ (T − λ)K(T − λ) = K(T − λ)

⇒ H = (T − λ)−1(0) ⊕ (T − λ)H. �

Recall [7] that an operator A ∈ B(H) is hereditarily polaroid, A ∈ HP , if every part (i.e., restriction

to a closed invariant subspace) of the operator is polaroid. Since every part of a ∗-paranormal operator

is ∗-paranormal, ∗-paranormal operators are HP operators. For an operator A ∈ B(H), let H(σ (A))
denote the set of functions f which are analytic on a neighborhood of σ(A), and let Hc(σ (A)) denote
those f ∈ H(σ (A))which are non-constant on connected components ofσ(A). The following corollary

is an immediate consequence of Theorem 2.9 and [7, Theorem 3.6].

Corollary 2.10. If T ∈ B(H) is a polynomially ∗-paranormal operator and A ∈ B(H) is an algebraic

operatorwhich commuteswith T, then f (T+A) satisfies generalizedWeyl’s theorem for every f ∈ H(σ (T+
A)) and f (T∗ + A∗) satisfies a-generalized Weyl’s theorem for every f ∈ Hc(σ (T + A)).

3. Tensor products for ∗-class A operators

For given non-zero operators T, S ∈ B(H), let T ⊗ S denote the tensor product on the product space

H ⊗ H. The operation of taking tensor products T ⊗ S preserves many properties of T, S ∈ B(H),
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but by no means all of them. Thus, the normaloid property is invariant under tensor products (see

[16, pp. 623]), and T ⊗ S is normal if and only if T and S are [10,17]; however, there exist paranormal

operators T and S ∈ B(H) such that T ⊗ S is not paranormal [2]. In [6], Duggal showed that for non-

zero T, S ∈ B(H), T ⊗ S is p-hyponormal if and only if T, S are p-hyponormal, where an operator

T ∈ B(H) is said to be p-hyponormal if |T|2p − |T∗|2p � 0 for 0 < p � 1. This result was extended to

p-quasihyponormal operators and class A operators in [12,11], respectively.

In this section, we prove an analogous results for ∗-class A operators.

It is well known [3] that T is ∗-paranormal if and only if

T∗2T2 − 2λTT∗ + λ2 � 0 for all λ > 0.

Borrowing an argument from Ando’s [2] show in the following that there exists a ∗-paranormal oper-

ator T ∈ B(H) such that T ⊗ T is not ∗-paranormal:

If a bounded linear operator T is ∗-paranormal, then the tensor products T ⊗ 1 and 1 ⊗ T are

∗-paranormal. In fact, for each λ > 0

(T ⊗ 1)∗2(T ⊗ 1)2 − 2λ(T ⊗ 1)(T ⊗ 1)∗ + λ2(1 ⊗ 1) = (T∗2T2 − 2λTT∗ + λ2) ⊗ 1 � 0,

because the tensor product of two positive operators is positive. Observe that T ⊗ T = (T ⊗ I)(I ⊗ T),
and T ⊗ I double commutes with I ⊗ T (i.e., (T ⊗ I)(I ⊗ T) = (I ⊗ T)(T ⊗ I) and (T ⊗ I)(I ⊗ T∗) =
(I ⊗ T∗)(T ⊗ I)). We give below an example to show that the tensor product T ⊗ T is not necessarily

∗-paranormal.

Let K = ⊕∞
n=1 Hn, where Hn

∼= H. Given positive operators A and B ∈ B(H), define the operator

TA,B on K as follows:

TA,B =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 0 0 0 0 · · ·
A 0 0 0 0 · · ·
0 B 0 0 0 · · ·
0 0 B 0 0 · · ·
0 0 0 B 0 · · ·
...

...
...

...
...

. . .

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

.

Then a computation shows that the operator TA,B is ∗-paranormal if and only if

B4 − 2λA2 + λ2 � 0 for all λ > 0.

Now consider the operators

C =
⎛
⎝ 1 1

1 2

⎞
⎠ and D =

⎛
⎝ 1 2

2 8

⎞
⎠ .

Then both C and D are positive and for every λ > 0

D − 2λC + λ2 =
⎛
⎝ (1 − λ)2 2(1 − λ)

2(1 − λ) (2 − λ)2 + 4

⎞
⎠
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is positive. Let A = C
1
2 and B = D

1
4 . Then TA,B is ∗-paranormal because for λ > 0

T∗2T2 − 2λTT∗ + λ2 = B4 − 2λA2 + λ2 = D − 2λC + λ2

is positive. But the tensor product T ⊗ T is not ∗-paranormal. In fact, if T ⊗ T is ∗-paranormal, then

(T ⊗ T)∗2(T ⊗ T)2 − 2(T ⊗ T)(T ⊗ T)∗ + 1 ⊗ 1

must be positive, and hence the compression of the left side to the canonical imbedding of H ⊗ H in

K ⊗ K is also positive. However the compression coincides with

D ⊗ D − 2C ⊗ C + 1 ⊗ 1 =

⎛
⎜⎜⎜⎜⎜⎜⎝

0 0 0 2

0 5 2 12

0 2 5 12

2 12 12 57

⎞
⎟⎟⎟⎟⎟⎟⎠

,

which is not positive.

Now we will consider the tensor products for ∗-class A operators. We need the following famous

inequality (see, for example [17, Proposition 2.2]) as a useful tool.

Lemma 3.1. Let Si, Ti (i = 1, 2) be nonzero positive operators. Then the following conditions are equiva-

lent:

• S1 ⊗ T1 ≤ S2 ⊗ T2.• There exists c > 0 such that S1 ≤ cS2 and T1 ≤ c−1T2.

Theorem 3.2. For nonzero operators S and T ∈ B(H), S ⊗ T belongs to ∗-class A if and only if S and T

belongs to ∗-class A.

Proof. Suppose that S and T are∗-classAoperators inB(H). Then |S2|−|S∗|2 ≥ 0and |T2|−|T∗|2 ≥ 0

implies

|(S ⊗ T)2| − |(S ⊗ T)∗|2 = |S2| ⊗ |T2| − |S∗|2 ⊗ |T∗|2
= |S2| ⊗ |T2| + |S2| ⊗ |T∗|2 − |S2| ⊗ |T∗|2 − |S∗|2 ⊗ |T∗|2
= |S2| ⊗ (|T2| − |T∗|2) + (|S2| − |S∗|2) ⊗ |T∗|2 ≥ 0,

which implies S ⊗ T is a ∗-class A operator.

Conversely, suppose that S ⊗ T is a ∗-class A operator. Then

|S∗|2 ⊗ |T∗|2 = |(S ⊗ T)∗|2 ≤ |(S ⊗ T)2| = |S2| ⊗ |T2|.
Now using Lemma 3.1, we have a positive real number c for which

|S∗|2 ≤ c|S2| and |T∗|2 ≤ c−1|T2|.
This implies that

‖S‖2 = ‖S∗‖2 = sup
‖x‖=1

〈|S∗|2x, x〉 ≤ sup
‖x‖=1

〈c|S2|x, x〉 ≤ c‖ |S2| ‖ = c‖S2‖ ≤ c‖S‖2
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and

‖T‖2 = ‖T∗‖2 = sup
‖x‖=1

〈|T∗|2x, x〉 ≤ sup
‖x‖=1

〈c−1|T2|x, x〉 ≤ c−1‖ |T2| ‖ = c‖S2‖ ≤ c−1‖T‖2.

Clearly, we must have c = 1, and hence S and T are ∗-class A operators. �
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