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1. Introduction

The affine Hecke algebra H was introduced by Iwahori and Matsumoto [3]. Knowing the represen-
tations of M gives a substantial amount of information about the representations of a closely related
p-adic group. The definition of H involves a parameter ¢ which can have a large effect on the struc-
ture of the algebra. In this paper, we will fully describe the irreducible representations of the affine
Hecke algebras of type C, and G, for all possible values of q. The methods are essentially those
introduced in [9], with the modifications required to deal with g being a root of unity.

The representations in type A were described in the non-root of unity case by Zelevinsky, in terms
of combinatorial objects called multisegments (see [1] and [14]). In the root of unity case, these
representations are indexed by the aperiodic multisegments (see the appendix of [7] for an argument
relying on the results of [8]). The representations of H in all types have been classified geometrically
by Kazhdan and Lusztig [6] in the non-root of unity case, and studied in the root of unity case by
Grojnowski [2] and N. Xi [12,13], among others. In the root of unity case, Grojnowksi gives a simple
description of a geometric indexing set [2, Theorem 2] only in type A. However, Theorem 1 of [2] does
not apply in all cases (see the remark on p. 524 of [12]). And, to this author, at least, it is not obvious
how to turn the statement of Theorem 1 into Theorem 2. One hopes that a better understanding of
the representations of H in some small cases will help clarify these issues.
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We begin by defining the affine Hecke algebra 7, and recalling some basic facts about the rep-
resentations of H. We will make extensive use of C[X], a large commutative subalgebra of H, and
weights, elements of Hom(C[X], C), which describe the simple representations of C[X]. An H module
M can be described in part by which weights appear, i.e. which simple C[X] modules are composition
factors of it. The most important construction we will use is that of the principal series module M(t)
which can be constructed from any weight t € T, since every simple H-module is a quotient of M(t)
for an appropriate choice of a weight t (Proposition 1(c)). We also recall from [9] several facts needed
to analyze the modules M(t), with some adaptations as necessary to deal with the root of unity case.

The main goal of the paper is to describe a way of visualizing and describing the composition
factors of M(t) directly from the combinatorial data of the weight t. This can be done with particular
pictures based on the root system underlying H. The following are examples in the type A, case.
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The lines in this picture represent the hyperplanes perpendicular to the roots «, and are drawn as
solid, shaded, or dotted based on the values of the weight t on the elements X% € H. Each dot in the
picture represents one dimension of the module M(t), and dots are connected if a single composition
factor of M(t) contains both of these basis elements. The general goal is to determine a few rules that
determine which of these lines should be drawn. That is, we hope to find a few algebraic statements
that describe how M(t) breaks down into composition factors which can be translated into these
pictures. Essentially, Theorem 3(b), Proposition 4, and Theorem 5 below are sufficient to complete the
classification in the rank two cases, for all values of q. These pictures provide a very straightforward
way of determining the composition factors of M(t), without relying on heavy computations. One
also hopes that a complete classification of the rank two crystallographic cases will facilitate a greater
understanding of the representation theory of H in all types.

2. Definitions

In this section, we introduce the needed definitions and several preliminary results about the affine
Hecke algebra. Proofs of most previously known results will not be given.

The affine Hecke algebra. Let R be a root system in R" with simple roots aq,...o,. Let RT be the
set of positive roots and R~ the set of negative roots. We define the rank of R to be the number of

simple roots n.
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R = {:EOQ, +ao, :t(Oél + 042), :|:(2a1 + 012)} R = {:’:Oél, +ag, :f:(Oél + OLQ)}
Two examples of root systems in R2
The reflection through H, will be denoted by s, or s; for the reflection through Hy,. If 7 /mjj is

the angle between Hy, and Ho,j, then mjj € {2, 3,4,6} for 1 <i,j<n, and the Weyl Group Wy has
presentation
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Wo=(s1....sn |s? =1, sisjsi... =s;sisj..., for 1 <i, j<n).
—_— ——

m;; factors m;; factors

Let P be the weight lattice, spanned by the elements w; satisfying
(Wi, aj) =6 - %(Olj,dj),
for a; and «j simple roots. Let Q be the lattice spanned by the simple roots ;. Let
X={X*|reP}, withx". X*=X"""fori,peP. 1)
Then Wy acts on X by

w - XA — XW'A,

and this action extends linearly to an action of Wq on the group algebra C[X].
The affine Hecke algebra H is the C-algebra generated by {T; |i € I} and {X* | A € P}, where C[X]
is a subalgebra of H, and subject to the relations

T?=(q—q ")Ti+1, fori=1,2,...n, (2)
T;T;T;...=T;T;Tj... fori#j, and (3)
—_—
m;; factors m;; factors

)L_Xsi}x

X Tg, =T, X5 + (q—q 1) , forreP, 1<ign. (4)

1— X~

The rank of H is defined to be the rank of the underlying root system R. For w € Wy, let
Tw=TyTi... T,

for a reduced word w =s;; s, ...sj, in Wo. Then {TwX* | W e Wq, A € P} is a C-basis for H.

Weights. Let T = Hom(X, C*) be the set of group homomorphisms from X to C*. Then T is an
abelian group with Wy-action given by

w- t(X’\) :t(XWfl'*) forteT, we Wy, AeP.

An element of T is called a weight. For a weight t, the subgroup of Wy that fixes t under this action
is generated by {s; | t(X%) = 1}. (This relies on the fact that we chose P rather than Q to build H.
See [11], 3.15, 4.2, and 5.3).

For any finite-dimensional H-module M, define the t-weight space and the generalized t-weight
space of M by

Mi={meM|X* - m=t(X)mforall X € X}, and

ME" = {mem | for all X* € X, (X’\ — t(X’\))km =0 for some k € Z-o},
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respectively. Then M = @, Mtgerl is a decomposition of M into Jordan blocks for the action of C[X].
An element t € T is a weight of M if Mtgerl #0.

Induced modules and intertwining operators. If I C {1,...n}, define W; = (s; |i € I) and

Hi={TwX*|1eP, we W]
For example, Hy = C[X], while Hy; is the subalgebra of Hy; generated by C[X] and T;. Then for

t € T such that t(X%) =q? for i € I, define Cv; to be the one-dimensional 7;-module spanned by
vt, with H; action given by

Ti-ve=qve and X" ve=t(X")v,, forX*eX.

Proposition 1. (See [9], Lemma 1.17.) Let Cv; be defined as above, and let M = Ind%(Cvt. Let W = (s; |
i €l),and let Wo/W| be a set of minimal length coset representatives of W-cosets in Wy.

(a) Then the weights of M are {wt | w € Wo/W/}, and
dim(M") = (# of v € Wo/W; with vt = wt).
(b) There is a basis of M consisting of elements of the form

my =Tywve + Z Pw,uTuVe,

u<w,ueWgpy/ Wi

for w e Wo/W/, such that my, € M.
(c) If t is a weight of an irreducible H-module N and I = {, then N is a quotient of M. In fact, if ve N is a
non-zero vector in Ny, then

¢:M— N,

Vet—> VvV
extends to a surjective H-module homomorphism.

In particular, if I =, then we call

M(t) = H ®cix] Cv¢ = span{Ty, v | w € W}

the principal series module for t.

Part (c) of this lemma implies that the weights of a single simple finite-dimensional module M lie
in a single orbit Wt. We call this orbit (and, by abuse of terminology, any element of the orbit) the
central character of M. In fact, H has finite dimension over its center, and thus all simple H-modules
are finite-dimensional (see [9], Section 2.3). Thus, this proposition tells us that understanding the
composition factors of all the principal series modules M(t) is sufficient for understanding all the
simple H-modules.

For a weight t with t(X%) # 1 and an H-module M, define a C-linear operator t; : Mtgen — M by

e
Ti(m) = (Ti - (1_7(]) -m. (5)
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Theorem 2. (See [9], Proposition 1.18.)

(a) 1— X% is invertible as an operator on M®", so that t; : M®*" — M is well defined.
(b) As operators on M¢*", X*1; = 7;X* for all X* € X, so that T;(M{™") € M& ",
(

c) As operators on ME",

(@—q 'X%)(q—q 1 X~*)

TiTi =
(1= X%)(1 - X"%)

(d) The maps t; : M®*" — M5 and 7; : M5 — M5" are both invertible if and only if t (X% # q=2.
t sit sit t
(e) If i # j and my; is defined as in (3), then 7;7;7;... = T;T;Tj..., whenever both sides are well-defined
—— e —

m;; factors m;; factors
operators.

For t € T, the calibration graph of t is the graph with vertices labeled by the elements of the orbit
Wot and edges (wt, s;wt) if (wt)(X%) # q*2. The T operators are used to prove the following.

Theorem 3.

(a) (See[10], Proposition 2.3.) If w € W and t € T then M(t) and M (wt) have the same composition factors.
(b) (See [9], Proposition 1.6.) Let M be a finite-dimensional H-module, and let t and wt be two elements of
Wot in the same connected component of the calibration graph for t. Then

dim(MF") = dim(M%);").
(c) (See [4].) M(t) is irreducible if and only if P(t) := {o € RY | t(X%) = q*?} = 0.

The structure of modules. Theorem 3(b) shows that the connected components of the calibration
graph encode certain sets of weights whose corresponding weight spaces Mtgen must have the same
dimension in any irreducible H-module M. These ideas lead us to the following propositions which
will be fundamental in our later classification.

Proposition 4. Let M be an irreducible 2-dimensional H-module and assume q* # 1.

(@) If M has two different weight spaces M; and My, then t’ = s;t for some i, and t(X%) # q*2 or 1, but
t(X%) = q*2 and s;t(X%) = q*2 for j # i. Moreover, there is a unique 2-dimensional module (up to
isomorphism) containing these two weight spaces.

(b) If M has only one weight space ME", then t(X%*') = 1 for some i, and for j # i, t(X%/) = g2, and either
(aj, ) =0 orelse q*> = —1 and it is not the case that («;, ajv) =—land (o), ;) = —2.

Proof. (a) If t(X%) =1 for some i, then consider M as an Hj;-module. By Kato’s criterion (Theo-

rem 3(c)), the fact that g® # 1, and Proposition 1(c), there is only one irreducible ‘H{i;-module N with

central character t, where t(X%) = 1. This module is 2-dimensional with dim N¥*" = 2. Thus M = N

as Hy-modules and t =t'.

Assume M has two different weight spaces M; and My. Then since M is irreducible, some t;
must be non-zero on M;, and t’ = s;t. Then 7; must also be non-zero on Ms;, and t(X%) # q*2.
Since Ms;e = 0= Mg for j#i, t(X%) =q*2 and s;t(X%) = q*2. The weight structure determines
the action of C[X] on M, and since we know how the operators t; act, the actions of the T; are
determined as well, so that the module structure of M is determined by its weight structure.

(b) Assume M consists of one generalized weight space Mtge“. with v; € M;. If all the operators
7; were defined on My, then t;(v;) =0 for all i. Hence T;v¢ € Cv; for all i and v would span a
submodule of M, a contradiction. Thus some 7; is not well defined and t(X%) =1.
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If t(X%) =1 for any j #1i, then t(X#) =1 for any B in the span of o; and aj. Then M as an
‘Hyi, jy-module contains a principal series module, and must have dimension at least as large as the
number of roots in the root subsystem generated by «; and c;, which is a contradiction since this
number will be greater than 2. Then t(X%) # 1 for all j #1i.

Then consider M as an H(;; module, which is irreducible by Theorem 3(c). The action of H on the
basis {v¢, Tjv¢} is given by

) A |

Then since 7; (which is well defined since t(X*) # 1) must be the zero map on M", we have
M(T ) = M(

L), and

- 1 1 @) gy
M(Tj)=(q—q ])<m> [O 1-1(X })1< j z)]

However, since the relation (2) can be written (T; —q)(T; +q~H =0, M(T ;) must have eigenvalues
q or —q~! and t(X~%) =q*2.

If > # —1, so that g # —q~!, then either M(T;) —qI or M(T;) +q~'I is invertible, so that the
other must actually be zero and so the off-diagonal term must be zero. The only way this can occur
is if (o, ;) =0.

If ¢ = —1 then

M(Tj) = [g <"‘f’q“i >]

Then M(T;) and M(T;) must satisfy the same braid relation as T; and T, which is determined by the
type of root system spanned by «; and «;j. A check of the possible root systems (A; x A1, Az, Ca,

and G») shows that the braid relation is satisfied unless (ai,ajv) =-—1and (aj,(xl.v) =-2. O

Theorem 5. (See [9], Lemma 1.19.) Assume q> # 1. Let t € T such that t(X%) = 1 and suppose that M is an
H(q)-module such that ME" # 0. Let W, be the stabilizer of t under the action of Wq on T. Assume that
w € Wy /W, is such that t and wt are in the same connected component of the calibration graph for t, and let
w be a minimal length coset representative for w. Then

(@) dim(ME}") > 2 and dim M%;" > dim M.
(b) If ME,; = 0 then (Wt)(X%) = q*2 and if, in addition, q* # —1, then (waj, or’) = 0.

sjwt —

Visualizing modules. For t € T, define
Z®)={aeR"[t(X¥)=1} and P(t)={aeR"|t(XY)=g"}.

Notice that |Z(t)| and |P(t)| are constant on orbits Wyt, since the action of W permutes the multiset
{t(X%) | € R}.

The 7 operators and the sets Z(t) and P(t) provide extensive information about the structure
(and sometimes the composition factors) of M(t). Let Hy, be the hyperplane fixed by sy for ¢ € R. A
chamber is a connected component of R" \ Uy cr+Hy, and Wy acts faithfully and simply transitively
on the set of chambers. Choose a fundamental chamber C and define the positive side of a hyperplane
Hy to be the side on which C lies. The map
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{chambers} < Wy,
wlCH w (6)

is a bijection.
By 3.15, 4.2, and 5.3 of Steinberg [11] the stabilizer of t is

Wi =(sq | € Z(1)).
Thus, if Wo/W; is a set of minimal length coset representatives of W;-cosets in Wy, then

Wo/W; <> Wot <> {chambers on the positive side of all Hy, o € Z(1)},

Wi wt wlC, forw e Wo/W, (7)

are bijections. Again using type A, as an example, each Wy-orbit in T has a representative such that
the bijection (7) is illustrated by one of the following pictures.

H,, H,, H@1
C H(yQ C N .H(YQ Slc C .H(yg
$9C 92810 s9C
81820. 515951 ol 61520
Z(t)=R" Z(t) = {1} Zt)=0
Wo/Wt = {1} Wg/Wt = {1,52,5182} Wo/Wt = W

The bijection (7) shows that the weights of M(t) are in bijection with the chambers on the positive
side of the Hy, with o € Z(t), so that M(t) can be visualized within those chambers. Recall that the
elements of the orbit Wyt are the vertices of the calibration graph. The hyperplanes H, for a € P(t)
(which are drawn as dashed lines) divide the chambers into subsets corresponding to the components
of the calibration graph. To visualize M(t) in the picture of the chambers, we draw a number of dots
in each chamber equal to the dimension of the corresponding weight space. (See Fig. 1.) Then the
behavior of the T operators between two weight spaces is also encoded in the lines between the
corresponding chambers - solid, dashed, and dotted hyperplanes correspond to T operators that are,
respectively, undefined, defined but not invertible in both directions, or defined and invertible in both
directions. All this information can be combined to visualize the composition factors of M(t), which
is the main goal of this paper.

(M(0)E™ = M(1)

s (M)t (M®):
. le .~
ge? A{ 52511 [.l . 52t
)s2 (1) ] .|./
(@) M s
2(t) = r* Z(t) = {a } Z(t) =0
P(t):@ (t) { 27O‘1+052} P(t) :{Oéhaz}

Fig. 1. Visualizing modules in type A;.
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The structural theorems above tell us which dots to connect together in these drawings, and the
resulting picture describes the composition factors of M(t) - dots are connected via some path ex-
actly when the corresponding basis vectors lie in the same composition factor. In particular, the third
drawing gives a good picture of Theorem 3(b). If two chambers have a common boundary that is a
dotted hyperplane, then the T operator between the two corresponding weight spaces will be invert-
ible in both directions, and those weight spaces must have the same dimension in any irreducible
‘H-module with the central character shown in the picture. Thus in this case, the basis vectors with
those weights lie in the same composition factor and are connected above. Similarly, the second draw-
ing demonstrates Theorem 5. For this central character, Theorem 5 implies that the t-weight space of
an irreducible 7{-module must have dimension O or 2, and an irreducible containing a 2-dimensional
generalized t weight space must also have a non-zero st weight space. Thus, in the picture, the dots
in the t chamber are connected, and are jointly connected to a dot in the syt chamber, since the
corresponding basis vectors must lie in a 3-dimensional composition factor. In the first picture, M(t)
is irreducible by Theorem 3(c), so the dots are all connected.

Calibrated modules and weights. A weight t is defined to be regular if W, the subgroup of the Weyl
group that fixes ¢, is trivial. Then a weight ¢ is regular if and only if Z(t) = @.
A representation M is calibrated if

ME" = M,
for all weights t, i.e. the subalgebra C[X] € H acts diagonally on M.
Proposition 6. (See [9], Proposition 1.10.)
(@) Ifq? # 1, an irreducible H-module is calibrated if and only if
dim(M§™") =1

for all weights t of M.
(b) If M is an H-module with regular central character, then M is calibrated.

When g% =1, all irreducible modules are calibrated, as will be shown by Theorem 9.
Calibrated modules with regular central character.

Theorem 7. (See [9], Proposition 1.11.) Assume q2 # 1. Let t be a regular central character, and let G be a
component of the calibration graph. Define

HEO = C-span{v, | wt € G}.
Then the vector space H®-%) is an irreducible calibrated H-module with action

X v = w)(X)vw forX* e X, we Wy, and
Ti v = TDwvw + (¢ + (TDw)vsw for1<i<n, we Wo,

g1 )
where (T})w = %, and v, =0 if siwt ¢ G.
Note that since t is a regular central character, wt(X%) # 1 for w € Wy and i =1, ...,n. Hence

(T;)w is always well defined. The most difficult part of this theorem is checking that the given
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‘H-module structure satisfies the braid relation. Since t is assumed to be regular, this essentially
follows from the braid relation on the 7;. (See [9] for details.) In fact, more is true.

Theorem 8. (See [9], Proposition 1.11.) Assume g% # 1, and let M be an irreducible H-module with regular
central character t. (M is therefore calibrated). Then if wt is a weight of M, let G be the component of the cali-
bration graph containing wt. Then the weights of M are exactly the vertices in G. In addition, M is isomorphic
to the module H“%) given in Theorem 7.

Clifford theory when g% = 1. Let q?> = 1. Then we can identify the subalgebra H spanned by {T,, |
w € Wy} with C[Wp], so that

H =span{wX" |w e Wq, A €P}.

Let M be a finite-dimensional simple H-module and let t € T such that M; # 0. Let W; be the
stabilizer of t in Wy. As vector spaces, My = My, via the map m +— wm, and

M= & Mu.

weWo /Wt

since M is simple and the right-hand side is a submodule of M. (This implies that all H modules are
calibrated.)

Theorem 9. (See also [5].) Let q> = 1 and let M be an irreducible H-module. Let t € T be such that M; # 0.
Define Hw, = C-Span({wX* | w € W¢, X € P}), a subalgebra of H. Then

(a) M is an irreducible W¢-module.
(b) M is an Hw,-module and

M =H @y, M:.

Thus, when g% = 1, the standard conclusions of Clifford Theory completely describe the irreducible
representations of .

3. Type A,

We begin with the type A affine Hecke algebra. The results here are known, but this section
serves as a model for the other types.

The affine Hecke algebra. The type A; affine Hecke algebra is built on the root data of SL,. Let

R =7Zu1, P=Zw; and X:{X’“‘”}keZ}

so that X is the group generated by X®! and is isomorphic to P. The Weyl group is Wo = {1, s1} with
s% =1, and setting s1 X1 = X~®1 defines an action of Wy on X. Let g € C*. The affine Hecke algebra
of type A7 is defined as in Section 2. We let t, denote the weight given by t,(X“1) = z.

Proposition 10. Let M(t,) denote the principal series module for a weight t,.

(@) If z # +q*', then M(t,) is irreducible.
(b) If z==+q*!, then M(t,) has two 1-dimensional composition factors.
(c) Ifq> =1 and z = £q, M(t;) is a direct sum of its composition factors.
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Proof. Part (a) is given by Kato’s criterion (Theorem 3(c)), which also shows that M(t) must be re-
ducible if t(X®1) = £q*!. In parts (b) and (c), it is straightforward to explicitly calculate the action of
‘H on the basis {v¢, T1v:}. O

To visualize this classification, identify {tgx | x € R} with the real line. In this picture, the hyper-
plane Hy, is marked with a solid line, while Hy,+s are denoted by dashed lines.

Hafts Ha Hoc+§

N S
t

Characters t4«, generic ¢

If g is a primitive 2¢th root of unity then {tg« | x € R} is identified with R/2¢Z and Hy = {k¢ |

k € Z}. The following picture shows the specific case { =2, so that t; =t, =---, and £ =1, in which
case ty =tq =tp =---. The periodicity is evident in the picture.
Hai& Ha Ha:kz? Ha Haié Ha Ha Ha Hu Hu

| | |

N U SR U | W S S

! | | [ | ] ! |

g3 g0 tq tq2 2% tqo tq g0 tq g0

Characters tg, ¢* = 1 Characters tg, ¢> = 1

The following pictures show the chambers around ¢ as in Fig. 1, which give a picture of M(t) and
its composition factors.

| .
| .
O o o ol o O
| N
| .
t,t-1,¢° # 1 t1,t-1,¢° =1 tgitq q> # 1 tez # £q,1

The visualization is not as clear in this case as in others, since it is the smallest example of the
affine Hecke algebra, but the essential ingredients are present. The chamber pictures should be in-
terpreted as those in Fig. 1. The weights of the M(t) are all displayed, as are the actions of the T
operators that determine the composition factors of M(t). Notice also the connection to the drawings
of central characters above. The pictures of the M(ty) are a picture of a small open neighborhood
around the point tg in the picture of the characters. The complete classification of H modules is
summarized in the following tables (see Table 1).

Table 1
Table of possible central characters in type Aj.

Dims. of irreds. by weight

ty t_q tq tgq tz, z# +1 or £q
¢t #1 2 2 1,1 1,1 2
?=-1 2 2 1,1 N/A 2
g=-1 1,1 1,1 N/A N/A 2

The way that the representation theory of H varies with q can be seen through a number of
different lenses. The structure of M(t) is controlled by the 7 operators, which in turn are largely
controlled by the sets P(t) and Z(t). In the picture of the characters, we see that the hyperplanes
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Hq and Hgas are distinct unless g2 = +£1. When these hyperplanes coincide, the sets P(t) and Z(t)
change, changing the structure of the corresponding modules. Similar interpretations of course hold
in all types.

4. Type Az

The type Az root system is R = {£a1, £aa, £(o1 + 2)}, where (o1, ory) = —1 = (0, ), with
Weyl group Wy = S3. The simple roots are o1 and a3, and o1 + «; is the only other positive root.

(o3} Q] + g

w2

w1

The type A, root system

In this picture, s; is reflection through the hyperplane perpendicular to «;. The fundamental
weights satisfy

1
w1 = §(2a1 + o), o1 =2w1 — wy,
1
a)z=§(2az+a1), o = 2w — w1.
Let

P =Z-span{wi, w2} and Q = Z-span(R)

be the weight lattice and root lattice of R, respectively.
The affine Hecke algebra H is defined as in Section 2. Let

ClQl={X*|reQ} and Tq =Homc.g(C[Q].C).
Define
tzw:C[Q]— C byt,w(X*)=z and t;w(X*?)=w.
For each t;w € Tq, there are 3 elements t € T with t|q =t; w, determined by
(X1 =2w and ¢(X2) =t(X") - zw.

The dimension of the simple modules with central character t and the submodule structure of M(t)
depends only on t|g. Thus we begin by examining the Wy-orbits in Tq. For a generic weight ¢,
P(t) and Z(t) are empty so that M(t) is irreducible by Theorem 3(c). Thus we examine only the
non-generic orbits.
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Proposition 11.Ift € Tq, and P(t) U Z(t) # @, then t is in the Wq-orbit of one of the following weights:

+2
t1,1,t1’qz,tq271,tqz’qz, {t1,z|zeCXz;£l,q },

or {tp,|zeC*z#1, ¢*2, q*}.

Proof. The proof consists of exhausting all possibilities for Z(t) and P(t), up to the action of Wy.
Case 1: If Z(t) contains two positive roots, then it must contain the third. This implies t =t1 ;.
Case 2: If Z(t) contains only one root, by applying an element of Wy, assume that it is «1. Then

t(X*2) = t(X¥17%2), 5o either P(t) =@ or P(t) = {02, @1 + a2}. The first central character is t; , for

some z#1 or q*2. (If z=1 or z=q*?, either P(t) or Z(t) would be larger.) For the second case,

there are two potential choices for the orbit, arising from choosing t(X“2) = g? or q—2. However, ty,q-2
is in the same orbit as ty ;.

Case 3: Now assume that Z(t) = . If P(t) is not empty, assume that o7 € P(t) and t(X%) = g2.
Then t(X%2) £ q~2 by assumption on Z(t). Then it is possible that oy € P(t), in which case t = te -
If o1 + oz € P(t), then t(X*®2) =q* and t = t2.q-4 = S251tg2 2. Otherwise, t = t2,2 for some z #
1, q:I:Z’ q74. 0

Remark. Note that if > = —1, then t; ;2, t;2 ;, and ty2 ;> are all in the same Wo-orbit. If ¢ =1, then
ti1=te 1=t 2 =tp e, and t1; =tg ,. Also, for every generic weight ¢, there are six weights in
its Wo-orbit, all of which are generic.

It is helpful to draw a picture of the weights {tsx qv|X, y € R} for various values of g. Solid lines in
these pictures show the hyperplanes H,, while dashed lines denote hyperplanes Hy.+s, for & € RT.
The weight tgx v is the point x units away from Hy, and y units away from Hg,.

Hal Ha1+6 Hm Ha1+6Ha1—6
| <

~ -
Haytasts 11,29 ) NI l,tqz > -
> i > e Ha1+a2

e

SO H S < tl,z‘
ag—=6_ 7

< 11,424

~
Ha1+a2 t1;2)

Central characters with general ¢ Characters with ¢2 a third root of unity

Ha1+a2 Ha1 Hulj:(s Hoq

H 15 HOll Hal
as
1% 71,29 Hoy oo 1129 H,,
@
2 \\ H
~ a2
f1,4 H H
Ho o - crban T o e
tl \ Hoz1+(¥2i5 t1$1
k) ~

Central characters with ¢ = —1 Central characters with ¢? = 1
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Analysis of the characters.

Proposition 12. There are six 1-dimensional representations of H. Three of these representations are given by
the three weights t with t|q = tg2 52, with each T; acting with eigenvalue q. The other three are given by the

three weights ¢ with t|q = tg-2 4-2, with each T; acting with eigenvalue —q!

Proof. The relation (2) determines the two possible eigenvalues for the action of T; on a 1-
dimensional module. The relation in (4) relates the eigenvalues for X“! and T;. O

Principal series modules. We now examine the pictures of the chambers around a weight t|q, as
a way of visualizing M(t). The solid, dashed and dotted hyperplanes hold the same interpretation
as in Fig. 1. These hyperplanes encode the action of the T operators, which largely determine the
composition factors of M(t). Assume for now that g% # 1.

Case 1: P(t) empty. By Theorem 3(c), if P(t) = {a € RT|t(X*') =1} is empty, then M(t) is irre-
ducible and is the only irreducible module with central character t. This case includes the central
characters t 1, t12, and t;  for generic z, w - that is, any z and w for which P(t; w) =Z(t; w) =0

Case 2: Z(t) = ¥, P(t) # #. This case includes the central characters ¢y g2, and tp .. If Z(t) is
empty, then M(t) is calibrated and the irreducible modules with central character t are in one-to-one
correspondence with the components of the calibration graph.

Case 1:
(M) = M(t) () (@)
(M(8))st '
S (MO {} (O
M(t)) s 5ot
(), (M), M0
tl,h q2 7é 1 tl,z-, q2 7& 1 tz,w
Case 2:
(M (1)), MO (M (1)), MO (M(1))sy0 1M
L :
(M()szne & 175 (M) (M()sysrt €378 (M(t))sae (M (1)) spont <>
.7 el B . .7 ele N :
) . | ~
(M (t))sys (M (t))s, s (M (),
(V1)) Do (M0 (M0 gyt O
tg2 g2, AL AL g2 25 ¢? a primitive third root of unity tqzyz,q #1

Case 3: P(t) #9, Z(t) # ¢. The only central characters with both Z(t) and P(t) non-empty are t1 1
and t;; when g? =1, and tp1 and ty 2 in all cases. If g4 =1, then tg,1 and tq 2 are in the same
orbit, and are in the same orbit as tp g. If q? =1, then tp1=ti @ =ti1.

If g? #+1 and t|q = ty,q2 OF tg2 q, then Theorem 5 shows that M(t) has two 3-dimensional com-
position factors. When g% = —1 and tlq =ty g2, Proposition 4 shows the two-dimensional weight
space M(t)¥*" makes up an entire composition factor, as does M(¢)&°;,. The remaining composition

S18pt°
factors are two copies of the 1-dimensional module with weight s;t.
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(M(£))En (M(t)se (M(t))F" (M(t))5™

(M(t)spe  (M(t)55, S o (M(1))sy
- | - S
- ~ | - ~
|
|
(M ()5t (M (1)5y5
t17q2,q4 # 1 tq2'1,q4 §é 1 tl,q27q2 =1

Explicitly, let Cp ; be the 1-dimensional H{1j-module spanned by v; and let C, ;> be the 1-
dimensional H;-module spanned by vs,s,¢, given by
X*ve=t(X*)v; and Tiv¢=gqv;, and
X' Vepst = (52510 (XM Vsyse and  Tqve,s,e = —q 'yt
Then
M ="H @ny,, (qu,] and N="H®n,y, (Cquz
are 3-dimensional H-modules with central character g ;.

Proposition 13. Let M = H ®7,, Cp2 1 and N =H ®,, C 2.

(a) Ifq* % 1 then M and N are irreducible.
(b) If g> = —1 then Mg, ¢ is an irreducible submodule of M and Ns,; is an irreducible submodule of N. The
quotients N/Ns,: and M /M, are irreducible.

Proof. (a) Assume g = 1. If either M or N were reducible, it would have a 1-dimensional submodule
or quotient, which cannot happen since the 1-dimensional modules have central character t; g. Thus
both M and N are reducible.

(b) If tlq =tg2 ¢, then the action of 77 is non-zero on Mtgen by Proposition 1, and Mtgen is not
a submodule of M. But M is not irreducible, and the only possible remaining submodule is Ms,;.
A similar argument shows the result for N as well. O

(]\/[(t))%en (]‘/{(t))mt (Nj(t))fen

~ -

(M(8))spr  (M(1)55

s981t

- ~

|
|
|
(M(t)E™, '

t17q27q4 7& 1 tq2,17q4 7& 1

The modules with central character t such that t|q =t; ;2 can be constructed in an entirely anal-

ogous fashion, for g% # 1. Finally, if g2 = 1, then Theorem 9 suffices to classify the representations of
‘H with central characters t and t7, for z # q%2.

Summary. Table 2 summarizes the classification.
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Table 2
Table of possible central characters in type Aj.

Dims. of irreds. by weight

t11 t,z [1_q2 tqz,l tqz‘qz tqz_z tzw, 2, w# %1 or in
q ;e ¢ #1 6 6 3,3 3,3 1,1,2,2 3,3 6
q° = 6 6 3,3 3,3 1,1,1,1,1,1 3,3 6
¢ = 6 1,2,2 N/A N/A 3,3 6
q=- 1 1,1,2 3,3 1,2,2 N/A N/A N/A 6
5. Type C2
The type C; root system is R = {£oq, *op, =(o01 + 2), =2 + )}, where (on,azv) = —1 and
(az,alv) = —2. Then the Weyl group is Wq = (s1, 52 | s% = s% =1,51525152 = $2515251), which is iso-

morphic to the dihedral group of order 8. The simple roots are «; and o, with additional positive
roots o1 + o and 2«1 + 2. Then the action of Wg on R can be seen in the following picture, where
s; acts by reflection through Hy;, the hyperplane perpendicular to «;.

a2 a +ay 207 + ag

(€3]

The type Cy root system
The fundamental weights satisfy
1
w1 =Oé1+5052, a1 =2w1 — w2,
wy =01+, ) =2wy — 2w1.
Let
P = Z-span{w1, w2} and Q = Z-span(R)

be the weight lattice and root lattice of R, respectively.
Then the affine Hecke algebra H is defined as in Section 2.

H2a|+oc2 Haq Hag
N s
N [
N [
\ s
N A
N
Hoitasts — = - AT
N
7 Z 1IN Ha1+a2
/ N
s N
Ha2+§/ | > N
4 1 H2a1+oc2+§
|
Hoy s

The torus Ty
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For all weights t;\ € Tq, there are 2 elements t € T with t|q =t , determined by

t(X"”)Zzzzw and t(X*2) =zw.

We denote these two elements as t; w1 and tzw 2. Which particular weight t,  ; is which is unim-
portant since we will always be examining them together. And in fact, most of the time, we will
only refer to the restricted weight t; , since the dimension of the modules with central character t
depends only on t|q. One important remark, though, is that if t(X*!) = —1, then the two weights t
with t|q =t_1,w are in the same Wy-orbit and represent the same central character.

We begin by examining the Wy-orbits in Tq. The structure of the modules with weight t depends
virtually exclusively on P(t) = {a € RT | t(X%*) = ¢*?} and Z(t) = {¢ € R* | £(X¥) = 1}. For a generic
weight t, P(t) and Z(t) are empty, so we examine only the non-generic orbits.

Proposition 14. Let q be generic. If t € Tq, and P(t) U Z(t) # @, then t is in the Wq-orbit of one of the
following weights:

f1, Eo11, By g2, B2, Txq,1, Eg2 25 T_q g2, {tl,z ’ z#1, q:I:Z}’ {tZJ |Z;é:|:1, q:i:27 :I:q:H},

{teolz#1, 6%, % ¢ %), or {t,p|z#+1, ¢ —q7% ¢ % £¢7'}.

Proof. The proof consists of exhausting all possibilities for Z(t) and P(t), up to the action of Wy. In
the following, we refer to oy and o7 + a2 as “short” roots, and oy and 2«1 + oy as “long” roots.

Case 1: |Z(t)| > 2.

If Z(t) contains a short root and any other root, then t =t; 1. If Z(t) contains two long roots, then
t=t_11.

Case2: |Z(t)| =1.

If Z(t) contains exactly one root, we may assume it is either oy or ay. If t(X*1) =1, then t(X*?) =
t(X*te2) = ¢(x2*1+@2) Thus either P(t) = {a2, 01 + or2, 201 + @3}, or P(t) = @. That is, t is in the
orbit of t; ;2 or t1, for some z 3 q*2, 1. If £(X%2) =1, then £(X%1) = t(X%17*2). Then either P(t) =
{or1, 001 + a2}, P(t) = {201 + a2}, or P(t) =¢. These are the orbits of 2 5, t4q,1, and t1, respectively,
where z # q*2, £¢*!, or 1.

Case 3: Z(t) =0.

Now assume that Z(t) is empty, and P(t) is not empty. First assume that P(t) contains at least
one short root. We can apply an element of w to assume that o1 € P(t) and t(X%') =q?. Then if
oy € P(t), we must have t(X%?) = q? or else Z(t) would be non-empty. Thus t = teg- a1t e
P(t), then t(X*1t%2) = g*2 so that either £(X%2) =1 or t(X2*1+t%) = 1. If 201 + oz € P(t), then
t(X211e2) = g=2 or else a1 + oy € Z(t). Hence t(X*2) = q~°. But then sps15pt =tz g2. If P(t) = {or1},
then t =ty , for some z# 1, ¢*2, g4, q°.

Now, assume that P(t) contains a long root but no short roots. Then we may assume that
t(X%) = 2. If t(X%011%2) = g2 then t(X¥) = —1. If t(X2%1%%2) = q=2 then t(X%') = —q—2. How-

ever, 515251t g2 42 =t_; 2. Thus ¢ is in the same orbit as t_; ;> or t, g2 for z# +1, g2, g4, —q2,
+q7'. O

,q—Z

Remark. If g2 is a root of unity of order less than or equal to 4, there is redundancy in the list of
characters given above. Essentially, this is a result of the periodicity in Tg when g2 is an £th root of
unity. If g2 is a primitive fourth root of unity, then te2.q2 =S15251t_1 g2-

If q2 is a primitive third root of unity, te.q2 = S25152tg2 1. Also, one of tg1 and t_g1 is equal
to tg-2; and is in the same orbit as fp ;. (Which one it is depends on whether ¢ =1or —1.
In either case, t;2q 4 is in a different orbit than tgp 1, so t;2q ¢ is our preferred notation for this
character.)
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If g¢> = —1, then t_17 = t,1, and ty 2 is in the same orbit as tp 2 =t_q p. Also in this
case, t, 2 =tz 1 =Stz 1. Finally, if ¢ = —1, we have t;1 = tp1 =t @ =t e =tgi. Also,

t_11= I_qu, while tqz’z =t1; and tZ’qz =tz1.

H,,

N\ Has
\l/ tz.q2
71N
’ L NIZS!
2 N
11,2 ¢ %7
N’ 7/ AN ,
° N7 .tz,w ! N\
t T_1,1 . ). G
z,w ’ t1 27N | tq21 PR
tz,l L iy N | 7,
g1
N e ’
° 7 \1|\ // Hquruz
ty, ty,. S ’
7 [
=1 ¢ =-1
H,
1
N N s Ha, H,,
NEd N v
i~ 7S
A% BN
11, q%, N/ S
AN D¢ N
, 3
b g RN
\ t
, N // | z, | \\
> %
S Lo ’
AN A |
NIARZE'N 1,0\, 7
tl ;/_‘:___|\fq2_1_/|__
X5 N W,
N
l, 7 [
tqytlil/ N I
a)ta
1,1 /IN SN 1z H(Y1+(Y2
Ve (AN Vi | AN

¢? a fourth root of unity

¢? a third root of unity

Analysis of the characters.

Proposition 15. There are eight 1-dimensional representations of H, one for each weightt witht|q = ty2 g2
In each of these representations, T; acts with eigenvalue q or —q~" when t(X%) = q* or q—2, respectively.

Proof. As in Proposition 12. O

Remark. We will use the notation L, , ; to denote the 1-dimensional representation with weight
t2 w2 j, where each of z and w is either q or —q~ 1. Note that if q is a primitive fourth root of unity,
then Lgqi =Ly _g13_i=L_g14i =L g1 _g13 fori=1or2.
Principal series modules. A weight t|o corresponds to a point in the root lattice Q as described
above. The composition structure of the principal series module M(t) is largely determined by the
structure of the operators t;, which can be encoded in the following pictures of small neighborhoods
of the various points t in Q. The solid lines are the hyperplanes Hy,, while the dashed lines represent
the hyperplanes Hy,+s. Thus the hyperplanes in the picture of the neighborhood of t show which T
operators are invertible and which are not (or are not well defined). In most cases, this is enough to
determine the exact composition factors of M(t).

Case 1: P(t) =0.

If P(t) =@, then by Kato’s criterion (Theorem 3(c)), M(t) is irreducible and is the only irreducible
module with central character t. The weights of M(t) are in bijection with Wo/W;, the cosets of
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the centralizer of t in W, and dim(M(t)y¢) = |[W¢|. If w and s;w are distinct weights in M(t), then
T : M(t)s = M(t)s;¢ is a bijection.

Case2: Z(t) =, but P(t) # 0.

If Z(t) =0 then t is a regular central character. Then the irreducibles with central character ¢t are
in bijection with the connected components of the calibration graph for t, and can be constructed
using Theorem 7.

Case 1:
M(t) = M ()5 on
M) JM( Vet M ()5
L M%) M(ES,,
NS
PM@En, MO
: M ()&% 6 '
tl,laq2 7& 1 tl,Zan 3& 1 tz,lv q2 # 1
M (B)sasrt M(t)sar
A[(t)8182§1t - ]\/[(t)swzt
X ]\/f(t)v52515251t ]\/[( )92 s1sa2t
t,1717q 75 +1 tz,w
Case 2:
M (t)sy4 | M(t)t M (t)sie - M(2)e, M ()sye - M(2)e,
. / N . s/
. ’
M(t) s281t ( : ]\/[(t)szl‘ M(t)szslt ]\/[(t)szt ]w(t)szslt\ \.\’:\., 4 ]\/[(t)szt
........ IR T (P 2 N R S
S . /o
]w(t)slszslt : _]V[(t)slszt M(t)818281}5 7 ' v_]w(t)slsﬁ M(t)513251}/.‘5’.\ N {M(t)slsﬁ
; : - v , % : - , , s : N .
o " s : - s .
M(t)52515251t]\/{(t)523152t ‘]\J(t)52515251t]\/[(t)5231SZt M(t)szslszsltJ\/[(t)szslszt
q zvq 5&1 zqvq #1 t—l,q27q47é17q87£1
M (t)sye ) M(t)e,- M (t)sye 1 M)y,
I ’ AN I Y
. s
M(Osssrt o 8L Mt Mg 31 9 M (D)sat
........ ,) BN ST E0 B
]M(t)s]szs]} ‘el Jw(t)slszt A/[(t)S]SZS]} 7 : . N ]M(t)slsﬁ
4 | . 4 | N
s . s N
e . s/ | .
M(t)szslszsﬂzu(t)szslSzt ]"/[(t)SZSISZS]tM(t)523152t

tg2.42, q generic 42,42, q & primitive eighth root of unity
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Case 3: Z(t) #0, P(t) £ 0.

The only central characters not covered in Cases 1 and 2 are those in the orbits of t; g2, {2 4, and
tig,1-

tl =tg 5.

If g =1, then Theorem 9 shows that 7 has five irreducible representations - four of them 1-
dimensional, and one 2-dimensional.

Assume g% # 1 and let

_Is if g =—1,
T
1 {515251 if g2 # —1.

Then let Cp ; and Cy—2 ; be the 1-dimensional H;;-modules spanned by v; and v,¢, respec-
tively, given by

X*ve=t(X*)v; and Tiv¢=gqv;, and
X Ve = Wi) (X vy and  Tivw,e=—q" V.
Then
M =H &y, (qu,l and N=H ®Hy Cq*2,1

are 4-dimensional 7{-modules.

I
o
518281C I
I
I

tg2.1, @ #*1 t42.1, ¢ & primitive fourth root of unity

Proposition 16.If ¢* = —1 and M = H ®4,, C2  and N = H @, Cy-2 ; then

(a) M isirreducible, and
(b) The map

¢:N—> M,
hvye > hv, forhe™

is an H-module isomorphism, where v =TT v; — qT2v; — v: € M, and
(c) Any irreducible H-module L with central character t is isomorphic to M.

Proof. (a) If g is a primitive fourth root of unity, then M has weight spaces M{*", and M%7, each of
which is 2-dimensional. By Theorem 5 and Proposition 4, M is irreducible.
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(b) Let v =T Tav — qTav¢ — v¢. Then a straightforward computation using equation (4) shows
that v spans a 1-dimensional H{1;-submodule of M, given by

Tiv=qv, and Xv :slt(X’\)v.

Then the H1j-module map given by v — v corresponds to ¢ under the adjunction

Homy (H ®,y Cq*Z,l’ M) =Homy,,, ((quz’l, Mlw,)-

Thus ¢ is an H-module map and since M is irreducible, the map is surjective. Since M and N have
the same dimension, ¢ is an isomorphism.

(c) Let L be an irreducible H-module with central character t, which must have weights t and sqt.
Then, viewing L as an Hqj-module, it must have all 1-dimensional composition factors, and it must
have a 1-dimensional Hqj-submodule, with weight t or sit. Then the same argument as in part (b)
gives an isomorphism from M to L or from N to L. O

s152C

5182810

tg2 1, ¢ a primitive third root of unity 42,1, q generic

Proposition 17.

(a) If q? is a primitive third root of unity then Ms,s,¢ is a submodule of M isomorphic to L_,-1 4 .1 and
M/Ms,s,¢ is irreducible. In addition, N, is a submodule of N isomorphic to Ly g, and N /N, is irre-
ducible.

(b) If g2 is not £1 or a primitive third root of unity then M and N are irreducible and nonisomorphic.

Proof. (a) Assume g2 is a primitive third root of unity. Then Proposition 1 shows that 75 : Ms,e —
Ms,s,+ is non-zero. But s3s1t(X%2) = q? so that 1, : Ms,s,t — Ms,¢ is the zero map by Theorem 2, and
Ms,s,¢ is @ submodule of M. By Theorem 5, M/Mj,s,¢ is irreducible. A parallel argument shows that
Ns,¢ is a submodule of N, with N/Nj,; irreducible.

(b) If g¢* #1 and ¢® # 1, then P(t) = {1, o1 + a2}. Then Theorem 5 shows that the composi-
tion factor M’ of M with (M’); # 0 has dim(M")¥*" > 2 and (M’)s,r # 0. Then by Theorem 3(b),
(M')s,5,¢ # 0, so that M’ = M. Similarly, Theorem 5 and Theorem 3(b) show that N is irreducible.
Since they have different weight spaces, they are not isomorphic. O

tlg = t g2

Note that if g =1, then t1,q2 =tg2,1 =t1,1, so this case has already been addressed.

Let C; 2 and C; g2 be the 1-dimensional Hj-modules spanned by v; and vy, respectively,
and given by

Tovi=qv; and X*vi=t(X")v,, and

-1 A A
ToVwgt = =4 Vwor and X' vygr = wot(X*)Vigr.
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Then

M=H®py C1 2 and N=HQy C; 4

are 4-dimensional 7-modules.

8281520

11,42, ¢ generic

Proposition 18. Assume q* = —1 and let M = H @, C; ;2 and N = H ®,, Cy g-2. Then

(a) Mg,s,¢ is a submodule of M, and the image of Mg, is a submodule of M/Mjs,s,:. The resulting 2-
dimensional quotient of M is irreducible. Also, N, is a submodule of N and the image of Ns, s, in N/Ng,¢
is a submodule of N/Ns,. The resulting 2-dimensional quotient of N is irreducible, and

(b) Any composition factor of M(t) is a composition factor of either M or N.

Proof. (a) If g = —1, then M has weight spaces Mfen, which is two-dimensional, and Ms, and Mg s,t,
both of which are 1-dimensional. Proposition 1 and Theorem 2 show that 77 is non-zero on Ms,, but
zero on Mjs,s,¢, SO that M s, is a submodule of M. The resulting quotient must be reducible, but
since v; generates all of M, the generalized ¢t weight space cannot be a submodule. Thus the s)t
weight space is the submodule, and its quotient must be the 2-dimensional module constructed in
Proposition 4, since it accounts for the entire t weight space of M(t). A similar argument shows the
result for N.

(b) By counting dimensions of weight spaces, the remaining composition factor(s) of M(t) must
have weights syt and sqsyt. If there were only one composition factor L left, it would contain both
weight spaces which would each have dimension 1, which is impossible by Proposition 4. Thus the
remaining composition factors are more copies of the 1-dimensional modules. 0O

M) M)
N ‘ N :
N e P 7/
hN d 7y M(t)sy A M(t)s
NIRL A NI
S SO S S
N M@ N, Mt
7/ d N . 7 N .
M(£)851s2 M(t)851s2
t1,42, q  primitive fourth root of unity 11,42, ¢ generic

Proposition 19. Assume q? # £1. Then Ms,s,¢ is a submodule of M and M/Ms, s, is irreducible. Similarly,
Ns,¢ is a submodule of N and N /Ny, is irreducible.
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Proof. If g* # 1, then by the same reasoning as in Proposition 18, Ms,s,c must be a submodule of M.
Similarly, N, is a submodule of N. Then Theorem 5 shows that the resulting 3-dimensional quotients
of M and N are irreducible. O

If g2 # 1, the composition factors of M and N account for all 8 dimensions of M(t).

tIQ = tiqj.

Let Ciq,1 and (Ciq*lv1 be the 1-dimensional H»;-modules spanned by vs,; and vs,s,¢, respectively,
and given by

A A
Tovs,e =qVvs,e and X*vse=s1t(X")vs,, and

T =—q" d X'vgys0 = sasit(X*

2V52S1t_ q VSzS]f an VSzS][_SZS] ( )VSZSﬂ'

Then

M ="H ®@nyy, Cig1 and N=H QHy Ciqq’]

are 4-dimensional H-modules.

If t]g =t_q1 and q is a primitive sixth root of unity or if t|o =51 and q is a primitive third
root of unity, then t|q = ;-2 ;, which is in the same orbit as t.. ;, and the irreducibles with central
character t have already been analyzed.

tig1, ¢* #1
(excluding ¢_4 1 when ¢ is a primitive sixth root of unity, and

tg1 when ¢ is a primitive third root of unity)

Proposition 20. Let M = H ®,, Caq,1 and N =H ®3,, Cog-1 1. Unless t|q =t_q,1 and q is a primitive
sixth root of unity or t|q = tgq,1 and q is a primitive third root of unity, M and N are irreducible.

Proof. By assumption, P(t) = {2«1 + or3}. Then the claim follows from Theorem 5. O

Since they have different weight spaces and are thus not isomorphic, M and N are the only two
irreducibles with central character t.

Summary. Table 3 summarizes the classification. Note that in this table, the entries for t+q 1 assume
that +q £ g2, as described above.

6. Type G>

The type Gy root system is

R = {=on, o, £(01 + a2), £Qa1 + 02), £Ba1 + a2), £(3a1 + 202) },
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Table 3
Table of possible central characters in type C,, with varying values of q.

Dims. of irreds.

(<2}
Il
-

t e #1,q5#1 @=1q"#1 q q q=-1
tis 8 8 8 8 1,1,1,1,2
t11 8 8 8 4 2,2,2,2
t,z 8 8 8 8 4,4

t g 1,1,3,3 1,1,3,3 1,1,3,3 1,1,2,2 N/A
te1 4,4 4,4 1,1,3,3 N/A N/A
tg1 4,4 4,4 4,4 4,4 N/A
tgn 4,4 4,4 4,4 N/A N/A

tz1 8 8 8 8 4,4
te.g? 1,1,3,3 1,1,1,1,2,2 N/A N/A N/A
t2.z 4,4 4,4 4,4 4,4 N/A
tyg 2,2,2,2 N/A 2,2,2,2 N/A N/A
tog? 4,4 4,4 4,4 4,4 N/A
trw 8 8 8 8 8

with (o1, ay') = —1 and (@, ay') = —3. Then the Weyl group is

2 2
Wo =(s1,52 | 57 =55 =1, 515251525152 = 525152515251),

isomorphic to the dihedral group of order 12. The simple roots are «; and «», and a1, 1 + o2,
3a1 + oy will be referred to as short roots, while «y, 21 + a2, and 3oq + 2a; will be referred to as
long roots.

a2

aq
The type G root system
The fundamental weights satisfy
w] =201 + oy, o] =2w1 — w3,
wy =301 + 207, oy =2wy —3w;q.

Let

P = Z-span{w1, wy}.
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This is the same lattice spanned by «; and a,. Then Wy acts on X by

$1 X9 = XfUZ*fUl,
S1- X%2 = X%2,
Sy - X¥1=X®, and

Sy - X¥2 = X3w1—w2'

The affine Hecke algebra H of type G; is defined as in Section 2.
Let T = Homc_4¢(C[X], C) and define

tow:T—C byt;w(X*)=2z and t;,(X*?)=w.

Hul
|
|
|
|
|
~ \ | / -
~
~ H- \ | / -
Hoai+as N 3artan v Hay e Hoitas
~ / -
~ o \ |/ -
~ \ ) -
~ \ b
~ | -
~ \ /I -
~ /-

|

H3a1+2a2+5 _______ < N

- ~
= — H3a1+2a2
- - / > ~
- 7 N N
- / | ~
e \ ~
Phe / | \ ~
<
Hoytaots- H / I ‘o ~ Haay+as+5
az+0 | 3aitaz+d
|
|
|
|
|
|
|
|
|
Ha1+5

The structure of the modules with weight t depends virtually exclusively on P(t) and Z(t). For a
generic weight ¢, P(t) and Z(t) are empty, so we examine only the non-generic orbits.

Theorem 21. If g2 is not a primitive £th root of unity for £ < 6 and Z(t) U P(t) # @, then t is in the same
W -orbits as one of the following weights.

t1,1, 61,21, t11/3’1, tlyqz, t1,4q, fq2,1 g1, tqz/z,] s tqzy,qu, t11/3,q27 tqz’qz,

{t12]2eC*, z££1, ¢, £¢*"}, {tz1]2eC*, z£ %1, 113, ¢*2, £¢*, ¢*2/3),
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{tp.]zeC* {1.¢*.q7*}n{z.¢°2.¢*2.¢°2.¢°*} =0}, or

o |zeC* 1.3 ¢ %) n{z.¢*2.¢* 2. ¢* 2, ¢* 2} = 0},

Proof. In general, the third roots of unity in this theorem are assumed to be primitive, so that there
are two different weights that we call ty1/3 1 and tq13 g. Similarly, tgs ; typically refers to one of
three different characters, corresponding to the three third roots of q2. We refer to o1, o1 + o2, and
2a1 + oy as “short” roots. The other roots are referred to as “long” roots.

Case 1: |Z(t)| = 2.

If Z(t) contains at least two roots, and one of them is short, then Z(wt) contains o7 for some
w € Wy. If Z(wt) also contains any of o, o1 + 2, 2001 + 2, or 3a1 + >, then it contains both simple
roots and thus wt =ty 1. It is also possible that Z(wt) = {a1, 301 + 22}, in which case wt(X¥1+o2) =
—1, and wt(X*?) = —1, so that wt =t; _1.

If Z(t) contains no short roots, it contains two of oy, 31 + a2, and 3w + 2. But then it must
also contain the third, and Z(t) = {a2, 301 + a2, 301 + 202}, In this case, wt(X*?) =1, but wt(X%1)
is a third root of unity, so that wt = tq1/3 ;.

Case2: |Z(t)|=1.

If Z(t) has exactly one root, then there is some w € Wy with Z(wt) = {a1} or Z(wt) ={a>}.

If Z(wt) ={a1}, then P(t) either contains all of oy, 1 + a2, 2a¢1 + &2, and 31 + @, or it contains
none of them. If it contains all of them, wt(X%) =q*2, and t is in the same Wy-orbit as tyq2. If
3a + 203 € P(wt), then wt(X%2) = £q*!, and ¢t is in the same orbit as t1,44. Otherwise, wt = t1 ,
for some z besides +q*! and g*2. Also then, z £ +1 by assumption on Z(t).

If Z(wt) = {2}, then any two roots that differ by a multiple of oy are either both in P(wt) or
both not in P(wt). By applying wy if necessary, we can assume that wt(X%) = g for the « that are
in P(wt). If o1 € P(wt), then wt(X*) =q?, and wt = t.1- If 201 + ap € P(wt), then wt =tyq 1. If
301 + oy € P(wt), then wt(X*) is a third root of g2 and wt = £y q2/3- Otherwise, wt =t 1 for some
z so that none of z, z2, 23 is equal to q=2 or 1. That is, z# +1,11/3, q%2, £q*!, q*2/3.

Case 3: |Z(t)| = 0.

If Z(t) is empty but P(t) contains a short root, then a1 € P(wt) for some w € Wy. If P(wt)
contains another short root, then we can apply s; if necessary so that P(t) contains o7 and o1 + 3.
Then either wt(X%1) = wt(X*11%2) so that wt(X*2) =1, or wt(X%) and wt(X*11t%) are ¢ and
g2 in some order, so that wt(X2¥1+%2) = 1. Thus P(wt) contains at most one short root. If P(wt)
also contains a long root, then applying s; if necessary, we can assume P(wt) contains either o
or 3aq + 2ay. If P(wt) contains o; and ay, then we can apply wg to assume that wt(Xaq) = g2.
If wt(X®2) =q~2, then oy + oy € Z(wt). Then wt(X%?) =g% and wt = tg2,q2- If P(wt) contains a4
and 3aq + 20, then since «q is perpendicular to 3aq + 2z, we can apply s1 and/or $3g,424, tO
assume wt(X*1) =q? = wt(X3>*1%2%2) Hence wt(X?*2) =q~* and by assumption, wt =tz 2. If
P(wt) = {a1}, then wt =tgp , does not take the value 1 or g*? on any other positive root. Then
{1,6%,a72} N {z,0°2,9*2,4°2,¢°2%} = 0.

If P(t) contains no short roots, but at least two long roots, then wt(X®2) = q? = wt(x3%1+2)
for some w € Wy. (If wt(X*2) =q~2, then wt(X3*1+2%2) =1, a contradiction.) Hence wt(X%1) is a
primitive third root of unity and wt = tq13 5. If P(t) contains exactly one long root, then wt=t,
for some z € C* so that wt does not take the value 1 or g*2 on any other positive root. Thus
{1.¢. g% N{z.¢’2.¢*2*, ¢*2* . ¢*2*} =0. O

Remark. There are some redundancies in this list for specific values of q. If g% is a primitive fifth root
of unity, then q and —q are equal to =% and —q~* in some order depending on whether ¢° =1 or
—1. Then tg ;> is in the same orbit as t,-4 1, which is equal to either tq1 or t_q,1.

If g% is a primitive fourth root of unity, then one note is necessary on the weight tq3 1. Since q2
is a third root of g2, we take q*/> to mean a different third root of g* so that t,s ; and t ; are in

different orbits. In addition, tp ;-2 =tz g, which is in the same orbit as £ ;.
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If g% is a primitive third root of unity, then 1'/3 =¢? q=2, or 1. Then ty153 ; is in the same orbit
as tg2 4 Or t1.1. Also, ty1/3 2 is in the same orbit as t; g, which is in turn in the same orbit as ty g.
In addition q and —q are equal to g2 and —q~2 in some order depending on whether ¢3 is 1 or
—1. Then t; ;2 is in the same orbit as either 14 or t1,q, and £ ; is in the same orbit as either tq 1
ort_g1.

If ¢ = —1, then t g2 =tpi1=t-11, which is in the same orbit as te2.q2 while ti2=t1,-1.In
fact, t_1,1 = s152t1,—1. Also, since q = —q~ 1, the weights t1,+q are in the same orbit as each other, as

are the weights t.4 1. Finally, 13,42 is in the same orbit as tg231-

. Finally, if g = —1, then t11 = ['qzy] = tl,qZ.: tqz_qz =t,—q=1tq1- Also, tq.1 '= t_1.1, which is
in the same orbit as t1, 1 = t1,q = tp2 _g-2. Finally, ty13 1 =tgs 1 = ty13 2, while 1, =t , and
tz1= tzqqz.

Analysis of the characters.

Proposition 22. There are four 1-dimensional representations of H, one for each weight t +a 4+2. In these
modules, T; acts with eigenvalue q or —q~! when t(X%) = g or q—2, respectively.

Proof. As in Proposition 12. O

Remark. We will use the notation L ,, to denote the 1-dimensional representation with weight t,2 .2,
where each of z and w is either q¢ or —q~!. Note that if q is a primitive fourth root of unity, then all
four 1-dimensional representations are isomorphic.

Principal series modules. We now examine the principal series modules M(t) for all the possible
central characters above.

Case 1: P(t) =4.

If P(t) =@ then by Kato’s criterion, Theorem 3(c), M(t) is irreducible and thus is the only irre-
ducible module with central character t.

Case2: Z(t)=0.

If Z(t) =0 then t is a regular central character. Then the irreducibles with central character t are
in bijection with the connected components of the calibration graph for t, and can be constructed
using Theorem 7.

The following graphs show the pictures of the central characters found in Cases 1 and 2 of The-
orem 21, for the particular values of q for which either Z(t) or P(t) is empty. The remark after
Theorem 21 details these values of q.

Case 1:

2 6
t1717q27£1 tfﬁJ?q #17 q 5&1 tl,—h q27é2|:1
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e

1,2, ¢ # 1, 2 generic T2, 2, W generic

Case 2:

g2z q*> # 1, z generic g2 t

20%> q*> # 1, z generic

| -/ |
| e’ ‘e
VAN
| RN S
| / \ / |
[ / \ / |
| [
te2—q=2 4 'gcncrihc or ¢? by g2 qZ: 7& 1 q generic or ¢> g2 425 4 _
a primitive third or a primitive fourth or a primitive twelfth root of unity
fifth root of unity fifth root of unity

Case 3: Z(t), P(t) # 0.

For these central characters, rather than analyzing M(t) directly, it is easier to construct several
irreducible H-modules and show that they include all the composition factors of M(t).

Case 3a: ty g.

Assume o1 € Z(t) and o € P(t). Then t = £ g*2, but 5251528152t g2 =ty g2, SO that analyzing
M(t; g2) is sufficient. Then let t =ty ;». We have Z(t) = {o1} and P(t) = {er2} unless g% = 1. Hence
the cases g =1 and g% = —1 will be treated separately.

If ¢2 =1, then Z(t) = P(t) = R, and the irreducibles with this central character can be con-
structed using Theorem 9.

If ¢> #1, let Cv; and Cvw,t be the 1-dimensional Hp;-modules spanned by v; and v, respec-
tively, and given by
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Tove =qvy, Xtve =t(XM)ve,
ToVwye = —q_]vwot, and X’\vwot = Wgt(X’\)vWOt.
Then define

M =H @,y Cve and N=H ®Hypy Cvwgt-

\
// N \52515251C
52815281820
2 2 _
tl,q2v q 7é -1 tl,q27 q = -1

Proposition 23. Assume g% # +1. Let M =H ®H Cve and N =H @74, Cvw,t, wheret =tq po.

(@) Ms,s,s,5,¢ is a 1-dimensional submodule of M. M, the image of the weight spaces My, s,s,: and M, s, in
M /Ms,s,s,5,t, is a submodule of M /Mss,s,s,t. The resulting quotient of M is irreducible.

(b) If g2 is not a primitive third root of unity, then M is irreducible.

(c) If g% is a primitive third root of unity, then (M)s,s,5,¢ is a submodule of M'.

(d) Ns,¢ is a 1-dimensional submodule of N. N’, the image of the weight spaces N, s, and Ns,s,s,¢ in N/Ns,z,
is a submodule of N/Ns,;. The resulting quotient of N is irreducible.

(e) If g% is not a primitive third root of unity, then N’ is irreducible.

(f) If g2 is a primitive third root of unity, then (N")s,s,¢ is a submodule of N'.

Proof. Assume g% # —1. Then Z(t) = {1} and P(t) contains o, o1 4012, 2011 + a2, and 3o1 + . If g2
is a primitive third root of unity, then P(t) also contains 3a1 + 2a. Then M has one 2-dimensional
weight space Mtgen and four 1-dimensional weight spaces Ms,e, Ms;s,t, Ms,s,s,t, and Mg, s,s,s,¢. FOr
w € {S2, 5152, 525152, 51525152}, let my, be a non-zero vector in M. By a calculation as in Proposi-

tion 1(b),

Myt =TuwT1ve+ Y GywTwT1ve,

w'<w

for w € {s2, 5152, 525152, 51525152}, where ay w € C. Then if s;w > w, Timy # 0 for w € {s3, 5152,
$251S2}, since the term T;T,, T{ cannot be canceled by any other term in Tjmy.

Thus 71 : Ms,s,5,5,t = Ms,s;s,¢ 1S the zero map since, by Theorem 2, rlz : Ms,5,5,t = Ms,s,5,¢ IS the
zero map. Hence M, s,s,s,¢ iS @ submodule of M. Similarly, 71 : M, s,c — My, must be the zero map
since, by Theorem 2, 112 : Ms,r — M, is the zero map. Let M1 = M /Mg ,s,s,¢. Then M’, the subspace
spanned by i, 5,r and iMs,ss,r in M1, is a submodule of M;. Theorem 5 shows that My = M1/M’ is
irreducible.

(b) If g2 is not a primitive third root of unity, ‘C22 T (M) 5,6 = (M')s;5,¢ is invertible, so that M’ is
irreducible.

(c) If g2 is a primitive third root of unity, then 7, : (M)ss15,t = (M{)s;s,¢ is the zero map and
(M})s,s,5,¢ is a 1-dimensional submodule of M/, and M /(M})s,s, s, is 1-dimensional as well.

(d)-(f) The same argument used in (a)-(c) applies, with each weight space M, replaced by
NWW(][‘ O
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However, the composition factors of M and N are not distinct. If g is not a primitive third root of
unity, then M’ and N’ are irreducible 2-dimensional modules with the same weight space structure.
Then Proposition 4 shows that M’ = N’. If g2 is a primitive third root of unity, then note that two
1-dimensional modules Cv; and Cvy are isomorphic if and only if they have the same weight. Then
M/ and N/ have the same composition factors. In any case, the 3-dimensional modules are different
since their weight space structures are different.

Proposition 24. If g% # +1 then the composition factors of M and N are the only irreducibles with central
character ty .

Proof. Counting multiplicities of weight spaces in M(t) and the distinct composition factors of M and
N shows that the remaining composition factor(s) of M(t) must contain an s;st weight space and an
S7S1Sat weight space, each of dimension 1.

If g% is not a primitive third root of unity then Theorem 3(b) shows that there must be one re-
maining composition factor with an s1syt weight space and an s»s15,t weight space, and Proposition 4
shows that it is isomorphic to M;.

If ¢ is a primitive third root of unity then 7Ms s, — Ms,s,¢ is not invertible. Hence there cannot
be an irreducible module consisting of an sisyt weight space and an s;s1s; weight space, and the
remaining composition factors of M(t) are 1-dimensional. O

C
C
\ / \ /
\ /50 \ /7 59C
\ \
~ \ // ~ \ P _
S \ P N \ P
~ \ /. - ~ \ /. e
Son ]/ /./ e 5351C AN 5251C
Dl \\\///I
............... S
- 7N ~ o N ~
AT N e~ @ s281820 ST e s s25152C
- / - /
- / ~ - / ~
// / N S // / N\ @ N
/ \ / \
/ \ 828182810 / \ 828152810
/ \ / \
$951895152C 5251525152C

t1,42,4* a primitive third root of unity t1,42,4% not a primitive third root of unity, ¢* # —1

. en . en . en . en . en . en
If ¢*> = —1, then dim Mf =dim Msgzr =dim Msgmt =2 and dim N[g =dim Nngt =dim ngmt =2.
()
N M
\ s sC
\ i ;
~ \ /e P
- \ /e 7
S~ Ve - o
S N T e S281
h \\ //../d
AN
- ; AN N
- - / \ ~
- ~
- / \ SO
Y \
/ \
/ \
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Proposition 25. Assume q> = —1 and t = ty,q2- Let M ="H @74, Cvr and N =H ®3y, Cvsysr.

(a) M and N each have two 1-dimensional modules and two 2-dimensional modules as composition factors.
(b) The composition factors of M and N are the only irreducible modules with central character t.

Proof. By Proposition 4, there is a 2-dimensional module P with P = Ptgen. Let v € P; be non-zero.
The map

(CVt—> P,

Vi—> Vv

is an H{z;-module homomorphism. Since

Homy (M, P) = Homy,, (Cvy, P),

there is a non-zero map from M to P. Since P is irreducible, this map is surjective and P is a quotient
of M. The kernel of any map from M to P must be

M1 = Mg @ Mg,
which is then a submodule of M.

Then we note that m = T1TT1T2T1v — qTaT1T2T1v — T1T2T1v + qT2T1v + T{v — qv spans
a 1-dimensional submodule of Mi. Then let My = M1/m, so that T {ToT1ToT1v = qT2T1T2T1v +
T1TyT1v —qTyT1v — T1v +qv in My.

Then by a calculation as in Proposition 1(b), M, contains an element m’ = ToT;v — qT{v —3v €
Ms,¢. Then m’, 71(m’) and T; - 71(m’) are linearly independent (since their leading terms cannot be
canceled) and span M;. However, M3 = (t1(m’), Ty - T1(m’)) is clearly closed under the action of T,.
Also, T1(m’) € My, s,¢, SO that

X}L _ XSQA

XH - Ton(n) = X n () + (-0 ) T ey

71 (m/),
which again lies in M3. Finally, one can compute that

Ty -r(m') = ¢ 'ny (m), and Tq-Tyri(m') =q(r1(m')) + T27i (m').

Thus M3 is a submodule of Mj. By Theorem 5, M3 is irreducible, and M;/M3 is a 1-dimensional
module which is isomorphic to the 1-dimensional module spanned by m.

An analogous argument proves the same result for N. Let Q be the 2-dimensional module with
Q= ngfsr;[. Then there is a surjection from N to Q, and the kernel of this map, N1, consists of the t
and syt weight spaces of N. Then n =TT T2T1Tov — qT1ToT1Tov — ToT1Tov +qT1Tov 4+ Tov — qv
spans a 1-dimensional submodule of N;. Let N, = N;/Cn.

Then N, contains a non-zero element n’, and n’, T;(n’), and T17y(n’) are linearly independent
and span N,. But 75(n’) and T;7,(n’) span a submodule of N, which is irreducible by Theorem 5.

(b) Let Cvy,¢ be the one-dimensional 71j-module with weight s>t, and define L =H Oy Cvs,t.
We claim that the composition factors of L are the same as those of M. First, note that the one-
dimensional H-module Lg 4 restricted to Hyiy is Cvg,. Then there is an H{jj-module map from
Cvsye to Lg g, and thus there is a map from L to Lgq. Let Ly be the kernel of this map. Then L; has
a 1-dimensional syt weight space, and 2-dimensional generalized t and sysyt weight spaces. Also, L4
contains | = 12(Vs,t) = TaVs,r — qVs,e, an element of the t weight space of L1. Then we note that T -
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(TaVsyt —qVsyr) = (q — qil)TzvSQt + Vst —qT2Vsyr = q(T2Vsyr —qVsye), SO that | spans a 1-dimensional
‘H{2)-submodule of Ly, with weight t.

Thus, there is an H,-module map from Cv; to L1, and thus an H-module map from M to L. This
map is surjective since I, Tal, T1Tal, ToT1T2l, and T1T,T1T>l are linearly independent and span Lj.
Then L; is a quotient of M and its composition factors are composition factors of M.

Now, let P be any irreducible H-module with central character t; .. If P is not a composition
factor of M or N, then P must be in the kernel of the (surjective) map from M(t) to M. Hence
P is at most 6-dimensional, and each of its generalized weight spaces is at most 2-dimensional. If
P = P¥", then P is 2-dimensional and must be the module described in Proposition 4. Otherwise,
we note that PE" @ P, is an H(y)-submodule of P, since the action of 7; fixes this subspace of P.
Thus szetn ® Psglesnzt contains an irreducible (1)-submodule. This subspace must be either Pflesnzt ora
1-dimensional module with weight s,t. Hence P is a quotient of either L or M and is isomorphic to
a composition factor of M. O

Case 3b: t1,+q.

Let t’ € T and assume a1 € Z(t') but az ¢ P(t'), so that none of a1 + a2, 201 + 2, or 3a1 + oy are
in P(t). Since P(t') # @, 3a1 42013 € P(t'), so that t/(X?%?) = g*2 and t'(X*2) = q*'. By applying wq
if necessary, we may assume t'(X*2) = +q. Thus we will analyze the weights t; 4, together, except
in one case. If q is a primitive third root of unity then g =q~2 and q~! = ¢?, so that t1,qg =ty 42
was analyzed in Case 3a. If g is a primitive sixth root of unity then —q=¢~2 and —q~' =¢? so that
t1,—q =t; -2 was analyzed in Case 3a. Thus these cases are excluded from the following analysis by
simply assuming that t'(X%2) £ q~2.

If g2 =1, then Z(t') = P(t) = {a1, 30t1 + 22}, and the irreducibles with central character t can be
constructed using Theorem 9. Specifically, there are four 3-dimensional modules with central charac-
ter t'.

If g% # 1, then sysyt’ (X91) = ¢/(X~1~%) = £qF! and sqspt' (X®2) = t/(X301+292) = q*2_ Then by
Theorem 3, M(t') and M(t) have the same composition factors, where t = sysat’. Also by assum-
ing that t/(X%2) % q—2, we have Z(t) = {201 + a2} and P(t) = {ar2}. Let Cv; and Cvwy be the
1-dimensional H2;-modules spanned by v and v, respectively, and given by

Tove=qve,  X've=t(X")ve,

-1 A y
ToVwot = —q Ve, and X' vyyge = wot (X*) Vg

Then define

M =H @y Cve and N=H OHyy Cvwgt-

t-11, q2 =1 tj:qfl,(12>q2 ?é 1
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Proposition 26. Assume q? # 1. Let t’ = t1,+q, and define M and N as above. Assume that it is not true that
t'(X%2) = q~2. Then M and N are irreducible.

Let t = syspt. Under the assumptions, Z(t) = {207 + a2} and P(t) = {«y}. Then dimM?en =
dim MY = dimME([ , = 2. By Theorem 5, M has some composition factor M’ with dimM%_ =2,

and by Theorem 3(b), M’ =M and M is irreducible. Similarly, Theorem 5 and Theorem 3(b) show
that N is irreducible. O

Under the assumptions of this theorem, since M and N are each 6-dimensional, they must be the
only composition factors of M(t). If t/(X%2) = g2, then wot’ = t1 42, which was discussed in the case
above.

These two cases are the only weights t with P(t) non-empty and Z(t) containing a short root.
Specifically, if t is any weight such that Z(t) contains a1, o1 + o2, or 21 + a2, there exists w € Wy
so that a1 € Z(wt). Then t is in the orbit of one of the weights in the previous cases. Then for the
following cases, assume o1, o1 + o2, 201 + o & Z(¢).

Case 3c: tg 4.

If ayp € Z(t) and o1 € P(t), then o1 + oy € P(t) as well, and t = tg=2 1. These weights are in the
same orbit, so we examine M(t; ;). If q?> = —1 then t(X?*11%2) =1, so that t is in the orbit of one
of the weights considered in Cases 3a and 3b. If ¢ =1, then t = t1; which has also already been
considered. Then we assume g2 # +1.

Let Cv; and Cvy,e be the 1-dimensional H{j;-modules spanned by v, and v, respectively, and
given by

T1ve =qvy, X)‘vt:t(X’\)vt,

—1 A A
T1Vwet = =0 Ve, and X' vyyge = wot (X*) Vg

Then define

M=H ®%;, Cv¢ and N ="H ®;;, Cvwg.

_______ I
I

I I |

I I |

I I |

I | |

I I

I I o tq2,1.7 ¢* not a

tqzvl,qZ a primitive tg2 15 ¢* a primitive primitive third or fourth root

third root of unity fourth root of unity of unity and ¢* # £1

Proposition 27. If g2 is a primitive third root of unity, then M and N are irreducible.

Proof. If g% is a primitive third root of unity, then Z(t) = {&2, 301 + o2, 3001 + 202} and P(t) =
{1, a1 + a2, 2001 + o).
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Then dimM{™" =4 and dimeletrl = 2. By Theorem 5, if M' € M is a submodule of M, then
dim(M)E" > 2 and dim(M")§' > 2. Then dim(M/M"){" < 2, but dim(M/M")$ =0, so that The-
orem 5 implies that (M/M’); = 0. Thus M’ =M and M is irreducible. Theorem 5 similarly implies
that N is irreducible. O

Then since M and N have different weight spaces, they are not isomorphic and are the only
irreducibles with central character t.

Proposition 28. Assume q? # +1 and that g% is not a primitive third root of unity.

(a) If g2 is a primitive fourth root of unity then My,s,s,5,¢ is a 1-dimensional submodule of M, and M’, the
image of the weight spaces My, s,s,r and Ms,s,r in M/Ms,s,s,¢, is an irreducible submodule of M /M, s,s, ¢
The resulting quotient of M is irreducible.

(b) If g% is a primitive fourth root of unity then Ng,¢ is a 1-dimensional submodule of N, and N’, the image
of the weight spaces Ns,s,¢ and Ng,s,s,t in N/Ng,¢, is an irreducible submodule of N /Ns,;. The resulting
quotient of N is irreducible.

(c) The composition factors of M and N are the only composition factors of M (t).

(d) If g2 is not a primitive third or fourth root of unity then M and N are irreducible, and are the only irre-
ducible modules with central character t.

Proof. If g2 is not +1 or a primitive third root of unity, Z(t) = {&2}, so that M has one 2-dimensional
weight space M#*" and four 1-dimensional weight spaces Ms,¢, Msys,t, Ms,sy5,e, and Msys,s,s,¢-

(a) If g2 is a primitive fourth root of unity, then P(t) = {1, @1 + a2, 3001 + @2, 31 + 202} For
w € {s1, 5251, 515251, 52515251}, let my,; be a non-zero vector in My,;. By Proposition 1(b),

Myt =TwT2ve+ Y Gy TwTave.

w/<w

for w e {s1, 5251, 515251, S2515251}, where a, € C. Then if s;w > w,

TiMyt # 0

for w € {s1, 251, 515251}, since the term T;T,, T, cannot be canceled by any other term in jm;.

Thus 72 : Ms,s,s5,5,¢ = Ms,s,s,¢ i the zero map since, by Theorem 2, 122 Mg, sp5,t = M s,5,¢ 1S
the zero map. Hence Ms,s;s,s,¢ iS @ submodule of M. Let M1 = M/Ms,s,s,s,¢. Similarly, 72 : Ms,s,t —
Ms,r must be the zero map since, by Theorem 2, 122 : M, — M, is the zero map. Then M/, the
subspace spanned by my,s,r and mg;s,s,¢ in My, is a submodule of M;. Since 1'12 t(MDsysit = (M))sys1¢
is invertible, M; is irreducible, and Theorem 5 shows that M, = Ml/M/l is irreducible.

(b) Replacing t by wpt in this argument shows that N also has three composition factors. The
weight space N, is a submodule of N, and N1 = N/Ng, has an irreducible 2-dimensional submodule
Nj, consisting of the image of Ns,s,r and Ny;s,s,c in Nq. Theorem 5 shows that Nq/Nj is irreducible.

(c) The composition factors of M and N are not distinct, since M} and Nj are irreducible 2-
dimensional modules with the same weight spaces, and Proposition 4 shows that M} = N{. The 1-
dimensional composition factors of M and N are not isomorphic since they have different weights,
and the 3-dimensional modules are different since their weight space structures are different.

Counting multiplicities of weight spaces in M, N, and M(t) shows that the remaining compo-
sition factor(s) of M(t) must contain an s;sit weight space and an sispsit weight space, each of
dimension 1. But Theorem 3(b) shows that there must be one remaining composition factor, and
Proposition 4 shows that it is isomorphic to M1. Then the composition factors of M and N are all the
composition factors of M(t).

(d) Theorems 5 and 3(b) show that both M and N are irreducible if g2 is not a primitive third or
fourth root of unity. Since M and N are not isomorphic and are each 6-dimensional, they are the only
composition factors of M(t). O
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! $1C C

_ 81820\ W
P
b
/ i
. 518281C ./'\,
-

l ——————
! N
! I
I N
: 5152515251C, :

te2 1, ¢% not a primitive , I
third or fourth root of unity t42.1,q” a primitive fourth root of unity

Case 3d: tigq,1.

If op € Z(t') and 21 + o € P(t'), then t/(X2¥) = q*2 and t'(X%) = +q*!. By replacing t' by
wot’ if necessary, it suffices to assume that t'(X*1) = +q. If t/(X%) = q~2, then ¢’ was analyzed in
Case 3c. This occurs when ¢> =1 and t/ = tq,1, or when @®=—-1and t' = t_g,1. Thus the following
analysis will apply to tq,1 except if ¢® =1, and t_q,1 except for when q® = —1. (This is tantamount to
assuming that P(t) and Z(t) each contain exactly one element for this t.)

Also, if t/(X3®1) = =2, then P(t) also contains 3«; + o> and 3aq + 2. This occurs when ¢° =1
and t/(X%) =q or when ¢° = —1 and t/(X%!) = —q. When either of these hold, t’ is the same orbit
as tg 2. This case (which was specifically not addressed in Case 2 above) will be treated separately
below.

Define t = sps1t’ so that t(X%1) = g2 and t(X%) = 4+q 3. Let Cv; and Cvw,t be the 1-dimensional
‘H1y-modules spanned by v; and v, respectively, and given by

T1ve =qvy, X)‘vt:t(X’\)vt,

-1 A A
T1Vwgt = —q Ve, and X' viyge = wot (X*) Vaygr.

Then define

M =H @y, Cve and N=H ®Hp Cvwgt-

51C 51C | C
. | \
s159C" N 51500\ & : // 1820
v I 4 v
! ° o/
! 8182510 ~\ \ 82810
S
N
. /I
: // | \\
| S
/ I N
: / | \
| |
te2xq-3, P(t) = {an}, Z(t) = {3a1 + 22} tg2q2,q" =1

Proposition 29. Let t’ = t.q 1. Assume thatt' (X%) # q~2 and t' (X3%1) # q~2. Then M and N are irreducible.
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Proof. Let t = sys1t’. Under the assumptions, Z(t) = {31 + 23} and P(t) = {«1}. Then dim Mtgen =
dimM%" = dim M, = 2. Then Theorem 5 and Theorem 3(b) show that M is irreducible. N is also
irreducible by the same reasoning. O

Under the assumption of the theorem, since M and N are not isomorphic and are each 6-
dimensional, they are the only composition factors of M(t). Note that t'(X%1) = q~2 exactly if ¢*> =1
or —1 and t/(X%') =q or —q, respectively. In this case, the central character t' has been analyzed
above (Case 3c) Also, t/(X%1) =q~* exactly if ¢° =1 or —1 and t/(X%!) = q or —q, respectively. In this
case, t’ is in the same orbit as t2 g2
Proposition 30.If t =t > and g is a fifth root of unity, then

(a) M has a 5-dimensional irreducible submodule M’ and
(b) N has a 5-dimensional irreducible submodule N’.

Proof. Given these assumptions, Z(t) = {3a; + 22} and P(t) = {1, @2, 3e1 + 2}. Then dim ME" =

dim Mfzetn =dim Mflesnzt =2. Let Lg ¢ = Cv be the 1-dimensional # module given by

Tiv=qv, X% =q?v, fori=1,2.

Since
Homy (H ®7¢y, Cvt, Lg q) = Homyy,, (Cve, Lg glrp,)
and
¢:Cve— Ly g,
VeV

is a map of H(j;-modules, there is a non-zero map 6 : M — Lg 4. Then let M7 be the kernel of 0,

which is 5-dimensional. Similarly, there is a map p: N — L 1, where L Cv is given by

q 1.9~ g g =

Ti=—q lv, X% =q~2v, fori=1,2.

Then if Ny is the 5-dimensional kernel of p, Theorem 5 and Theorem 3(b) show that M; and N; are
both irreducible. O

These two 5-dimensional modules, plus the 1-dimensional modules Lqgq and L_g-1 _,-1 account
for all the composition factors of M(t).

Case 3e: tg2/3 1.

If oy € Z(t) and 3aq + ap € P(t), then 3aq + 2ay € P(t) as well. If ¢(X3%1+2) = q=2, then
wot(X®2) = 1 and wot(X3*11%2) = g2, so by replacing t with wot if necessary, assume that
t(X*)3 = q%. If o € P(t), then this weight was analyzed in Case 3c, and if 2a1 + a3 € P(t), then
this weight was analyzed in Case 3d.

Then we assume Z(t) = {oz} and P(t) = {31 + oz, 31 + 202}, Let t' = sqt so that Z(t') = {3y +
az} and P(t") = {o, 301 + 22} Let Cv and Cv,, be the 1-dimensional 71;-modules spanned by
vy and vy, respectively, and given by

T1vy =qvy, Xrve =t/ (X*) vy,

1 A )
T1Vwgr = —q Vg, and X vy = wot’ (X*) vy
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Then define
M=H Q%) Cve and N=H Qs Cvyyr.
: SlC : C
\ : \ :
5159C \ . s159C \ .
\
515251C &L~ o/ 518981C "'-‘)'_\\:
$1895182C / 51525182C
) \
RNV/4RN
5152515251C : 5152515251C \\
tq2/3,17 P(t) = {30&1 + a9, 301 + 20[2}, tqz/g’l, P(t) = {3(11 + a9, 3a1 + 2042},

¢ # -1 ¢ =-1

Proposition 31. Assume t = tys 1, where q*/3 is a third root of q* not equal to ¢** or +q*', and that
q? # £1. Then M and N are irreducible.

Proof. Under the assumptions, Z(t') = {3a1 + a2} and P(t) = {a2, 31 + 22}, so that dim Mtgen =
dim M¥ ' = 2 while dim Ms,s, = dim Ms,s,s,¢ = 1. Then Theorem 5 and Theorem 3(b) show that M is
irreducible. Similarly, N is irreducible by the same reasoning, so that M and N are the only irreducible
modules with central character t. O

Proposition 32. Assume q* = —1 and that t =t/ 1, where q*/3 is a third root of > not equal to ¢** or

+q*!. Then M and N each have an irreducible 2-dimensional submodule consisting of their sys1t and s15351t
weight spaces. The resulting quotients are irreducible.

Proof. Let X = {e, s1, 5251, 515251}. By a calculation analogous to that in Proposition 1(b), the gener-
alized t’ weight space of M is generated by v and a vector v of the form )",y axTxvy, where the
ay are in C and as,s,5, # 0. Then 72(v) # 0, since it contains a non-zero T>T1T,Tqv; term. But then
7272(v) =0 by Theorem 2(c), so that the space M1 = Mg,y @ Ms, s, is actually a submodule of M. The
resulting quotient M /M is irreducible by Theorem 3. A similar argument shows the same for N. O

Note that Proposition 4 shows that the 2-dimensional composition factors of M and N are isomor-
phic, and this proposition implies that when g2 = —1, the composition factors of M and N are the
only irreducibles with this central character. Counting dimensions of the weight spaces of these irre-
ducibles shows that the final composition factor of M(t) must be 2-dimensional with weights s,t’ and
s1sat’, since there are no 1-dimensional modules with this central character. So the last composition
factor of M(t) must also be isomorphic to the 2-dimensional submodule of M.

Summary. We summarize the results of the previous theorems, including our choices of representa-
tives for the various central characters, in Table 4. Some notes are necessary about Table 4. An entry
of “N/A” means that the given central character is in the same orbit as a previous character for that
particular value of g, as described after Theorem 21.

If ¢'° =1, we are assuming that q°> = —1, 50 that tig1 =ty ;.

If ¢® =1, then only the central characters te2,1 tg2,_g-2, and tg2 » change from the generic case.
All three of these characters are now in the same orbit. Also, we assume that for the central character
tg23.1, we choose a cube root of g besides q 2.
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Table 4
Dims. of irreds.

t q generic q2=1 q'0=1 =1 =1 =1 qg=-1
t11 12 12 12 12 12 12 1,1,1,1,2,2
t1,-1 12 12 12 12 12 1,2,2 3,3,3,3
t113 4 12 12 12 12 N/A 12 3,3,6
t g2 1,1,2,3,3 1,1,2,3,3 1,1,2,3,3 1,1,2,3,3 1,1,1,1,3,3 N/A N/A
t1,4q 6,6 6,6 6,6 6,6 6,6 6,6 N/A
t, 12 12 12 12 12 12 6,6
te2 1 6,6 6,6 6,6 1,1,2,3,3 6,6 N/A N/A
tg1 6,6 6,6 1,1,5,5 6,6 6,6 6,6 N/A
tg 6.6 6.6 6,6 6,6 6,6 N/A N/A
te23 1 6,6 6,6 6,6 6,6 6,6 2,4,4 N/A
tz1 12 12 12 12 12 12 6,6
t3 g2 3,3,3,3 N/A 3,3,3,3 N/A 3,3,3,3 N/A N/A
tg2,—q—2 2,2,4,4 N/A 2,2,4,4 2,2,4,4 N/A N/A N/A
te.g2 1,1,5,5 1,1,2,2,3,3  NJA N/A N/A N/A N/A
t22 6,6 6,6 6,6 6,6 6,6 6,6 N/A
t g 6,6 6,6 6,6 6,6 6,6 6,6 N/A
tzw 12 12 12 12 12 12 12

If g =1, the entries for the central characters tiq,1 and ty,+q only apply to the characters t_;- 4
and t; _g-2 (depending on whether @® is 1 or —1). Then we note that ty13; = tgx2q, and g2 4 is
in the same orbit as tp ;. Also, ty 2 = Woty 2, and t;2 ; = Wotg ;. Finally, ty13 2 = tge2 2, but
Sitgz g2 =tg-2 g2 = Saly g2 and so both are in the same orbit as ty,42-

When g? = —1, a number of characters change from the general case. Now, t1,_1 = ty,q2, which is
in the same orbit as t;2 -2, tg2 o2 and tg ;. Similarly, £11/3 g2 is in the same orbit as t;2/3 ;.

When > =1, Z(t) = P(t) forall t e T.

g2
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