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Abstract

Three numerical invariants of graphs concerning domination, which are named the signed domination number 7y, the k-sub-
domination number y; and the signed total domination number 7, are studied in this paper. For any graph, some lower bounds on
Ys» Vs and yg are presented, some of which generalize several known lower bounds on 7, y;s and 74, while others are considered
as new. It is also shown that these bounds are sharp.
© 2007 Elsevier B.V. All rights reserved.

Keywords: Signed domination number; k-Subdomination number; Signed total domination number

1. Introduction

Let G = (V, E) be a simple undirected graph with vertex set V and edge set E. The order of G is given by n = | V|
and its size by m = |E|. For v € V, we denote by dg (v) the degree of v in G, by N (v) the neighborhood of v and by
N[v] = N(v) U {v} its closed neighborhood. The maximum degree among the vertices of G is denoted by A(G) and
the minimum degree by J(G). For disjoint subsets A and B of vertices, we let E(A, B) denote the set of edges between
A and B. For § C V, G[S] denotes the graph induced by S. Let G be the complement graph of G. For any real x, we
denote [x] for the minimum integer not less than x, and | x| for the maximum integer not more than x. Finally, for a
real-valued function f: V' — R the weight of fis w(f) =), f(v), and, for S € V, we define f(S) = s f (v),
so w(f) = f(V). Other terminologies used in this paper will follow [1].

A signed dominating function of G is defined in [5] as a function f: V — {—1, 1} such that f(N[v]) > 1 for every
v € V. A signed total dominating function of G is defined in [16] as a function f: V — {—1, 1} satisfying f(N(v)) >1
for all v € V. The signed domination number for a graph G is y,(G) = minimum{w(f)|f is a signed dominating
function of G}. Similarly, the signed total domination number for a graph G is y,(G) = minimum{w( f)| f is a signed
total dominating function of G}.

For a positive integer k, a k-subdominating function of G is a function f: V. — {—1, 1} such that f(N[v])>1 for
at least k vertices v of G. The k-subdomination number for a graph G is defined as y;; = minimum{w(f)|f is a
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k-subdominating function of G}. The concept of k-subdomination number was first introduced and studied by Cockayne
and Mynhardt [4]. In the special cases where k = |V | and k = [|V|/2], 7;,(G) is, respectively, the signed domination
number y,(G) [5] and the majority domination number y,,,,;(G) [2].

Because there are signed dominating functions (k-subdominating functions) in any graph G, e.g. f(v) =1 for all
v € V, and because the number of these functions is finite, y,(G) (y;,(G)) exists. Concerning a graph G without
isolated vertices, there exists y, (G) for the same reason.

Since the problems of determining the signed domination number, the signed total domination number and the k-
subdomination number are NP-complete, many works on bounds on 7, y and y,, were studied in [2-7,9,10,12-17].
Many results on 7y, y, and y;, of certain special graphs have been reported. However, a few results on the lower
bounds on y, 7 and y,, of general graphs are reported [3,12,15,17], but these results in the general cases do not
coincide with those in the special ones. For example, from the existing results on the lower bounds on ) (G) [15,17],
the following result [10] cannot be wholly deduced: for any r-regular graph G of order n, y,(G) > n/(r+1) for r even,
and y,(G) =2n/(r+1) for r odd. On the other hand, the existing results on the lower bounds on y,(G) [15,17] cannot be
derived from the known results on the lower bounds on y,,(G) [3,12] either.

Our main aim in this paper is to achieve some better results on the lower bounds on 7, y, and y;, for a general
graph, so that there is a certain degree of coincidence among our results and those known results for the special graphs,
that is, the results in some special cases can be deduced directly from the results in a general case. By using a simple
and uniform approach, we derive some lower bounds on ), 7, and 7y in terms of several different graph parameters.
Some of these bounds generalize several known lower bounds on g, y; and ), while others are new. In addition, it is
shown that these bounds are sharp.

2. Lower bounds on signed domination number
For any graph G, the following theorem was proved in [17].
Theorem A (Zhang et al. [17]). For any graph G of order n and size m:

(1) 95(G)= (5 +2 — D/ +2 + 4),
@ 7(G)=n —2/3m,
(3) 1(G)>2[(—1 + T F8n)/2] —n,

and these bounds are sharp, where 6 = 6(G) and A = A(G).

For a graph G, let Vi ={v € V|dg(v) =0}, Vo ={v € V|dg(v) =1}, V3 ={v € VIN(v) NV # 0}, C(G) =
V — (V1 U V2 U V3) and 6%(G) = minimum{dg (v)|[v € C(G)}. Obviously, if C(G) = @, then y(G) = |V(G)|.
Therefore, in the following discussion we assume, without loss of generality, that C(G) # @. Thus, 6*(G) > 6(G)
and 6*(G) >2.

In terms of 6*(G), the following results were given in [15].

Theorem B (Yin et al. [15]). For any graph G of order n and size m:

(1) y(G)= (" +2 — Mn/(6* +2+ A),
(2) 75(G)=n—(4m/3)/(0" /2 + 1),

(3) 75(G) =2[(=08" + /52 + 8(5* + 2)n) /4] — n, where 6* = 6*(G) and A = A(G).

It has been proved in [15] that these three results in Theorem B are, respectively, tighter than those three results in
Theorem A because 6*(G) > 5(G) and 6*(G) > 2.

In this section, these known results will be extended and some new results will be given by introducing another
graph parameter, namely, the number of vertices having odd degree in G. This graph parameter is henceforth denoted
by o(G) or o for short, i.e. 0o(G) is the cardinality of the set {v € V|dg(v) is odd}. We begin with the following
lemma.
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Lemma 1. Ler f denote any signed dominating function of the graph G = (V, E). Let P = {v € V|f(v) = 1},
M={veV|f(v)=-1}, p=|P|,n=1|V|and o = o(G). Therefore, we have

(1 ZvePdG(U)>ZveMdG(v) +2(n — p) + o,
2) Y pepdipi) =Y, cpldc(v)/2].

Proof. Forv € V,letdp(v) and dys(v) denote the numbers of vertices of P and of M, respectively, which are adjacent
to v. Then, we have dg(v) = dp(v) + dy(v). Since f(N[v])>1, it is clear that dp(v) >dpy (v) for v € P, and
dp(v)>dy(v) + 2 for v € M. Hence, if v € P, then dp(v) > [dg(v)/2] and dy (v) < |dg(v)/2]; if v € M, then
dp(v) = [(dg(v) +2)/21 and dy (v) < [(dG (v) — 2)/2].

(1) Considering E(P, M), we can deduce

D ld () /2] Z|E(P, M)|> ) " [(dg(v) +2)/21,

veP veM
> lde)/2]+ ) Tde()/212 Y [(de() +2)/21+ Y _[d6(v)/2],
veP veP veM veP
> dew)= Y [de(v)/21 + M|,
veP veV
Y de)= Y do()/2+ (n—p) +0/2,
veP veV
Y dew)= ) dg)/2+ Y dc®)/2+ (n — p) +0/2,
veP veP veM
D dg() =) dc()/22 ) dG©)/2+ (n — p) +0/2.
veP veP veM

Hence,
Y d)= ) dg(v) +2(n— p) +o.
veP veM

(2) Considering the graph G[P] induced from P, we have dg[p)(v) = dp(v) for v € P. Since dp (v) = [dg (v)/2]
for v € P, then ZuePdG[P](U) > ZUEP [dc(v)/2]. O

For any graph G, 7(G) is related to all the following graph parameters: |V (G)|, |E(G)|, 6(G), 4(G), 6*(G),
0(G), etc. From lemma 1, considering different combinations of these parameters, we obtain some new lower bounds
for y,(G), and these new results are independent from each other. Now, we are in such a position to prove the
following results.

Theorem 1. For any graph G of order n and size m, we have

(1) 7(G)=((6* +2 — MHn +20)/(5* + 2+ 4),

(2) (G =Cm+2n+0)/(4+ 1) —n,

(3) 7(G)=n— (2m —0)/(6* + 1),

4) 7,(G)=2[(=0* + \/5*2 + 8(6 +2)n + 80)/4] — n,
(5) 75(G)=2[(1 + /14 8(m + n) +40)/4] —n,

and these bounds are all sharp, where 5* = 6*(G), A = A(G) and o = o(G).

Proof. Let f be a signed dominating function of G such that w(f) =y,(G).Let P ={v € V|f(v) =1}, M ={v €
VIf()=—1}and p=1|P|.So, )(G)=p —(n— p)=2p —n.
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According to Lemma 1, we have
Y de)= ) dg(v) +2(n — p) +o. )
veP veM
Notice that M € C(G), so dg(v) > 6* for v € M. Thus,
(1) Considering 4 >dg (v) and 6* <dg (v) for every v € V, we get from (¥)
Ap> Y do)+2(n—p)+0=Q2+5)n—p)+o.
veM
From this inequality, it is deduced that
p=((0" +2)n+0)/(6* +2+ A).
Hence, y(G) =2p —n=((0" +2 — MHn +20) /(0" + 2 + A).
(2) Considering 2m =), .,dg (v) and 4 >dg (v) for every v € V, we get from ()

2) dgw)= Y de(v)+ Y d(v) +2(n— p) +o,

veP veM veP
2) dg()= ) de() +2(n - p)+o,
veP veV

2ZdG(v)>2m+2(n —p)+o,

veP
24p>=2m +2(n — p) +o.
From this inequality, it is deduced that
p=Q2m+2n+0)/24 +2).

Hence, y(G) =2p —n>2m +2n+0)/(4+1) —n.
(3) Considering 2m = ZvevdG(v) and 6* <dg (v) for every v € V, we get from (%)

Y d)+ Y de()=2) dcv)+2(n — p) +o,

veP veM veM
Y de()=>2) " dg(v) +2(0n — p) +o,
veV veM

2m =2 Z dg(v) +2(n — p) +o,
veM

2m=2(6" + 1)(n — p) + o.
From the inequality, it is deduced that
p=n— (Q2m—0)/(25" +2).

S0, 9(G) =2p —n>=n—(2m —0)/(0" + 1).
(4) Consider G[P]. According to Lemma 1, we have ZUePdG[P](U) > ZUGP [dG(v)/2]. On the other hand, since
G|[P]is asimple graph, p(p — 1) > ZvePdG[p](v).Then,

p(p—1= ) [de)/212 ) dc(v)/2,

veP veP

2p(p— 1= ) de)= Y dg()+2(n—p)+0=2+5)(n - p)+o.
veP veM
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From the inequality, it is deduced that

p>(—0" + \/5*2 +8(5* +2)n + 80)/4].

So, p(G) =2p —n=2[(—6* + \/5*2 + 8(6" +2)n + 80)/4] —n.
(5) According to (4), we have

2p(p—1)= Y dg ).
veP
From (2), we have

ng(v)>m +(n— p)+0/2.

veP

So,
2p(p—1=m+ (n— p)+0/2.

From the inequality, it is deduced that

p=(14+ /14 8(m +n) + 40)/4.

Hence, ,(G) =2p —n>2[(1 + /1 + 8(m +n) + 40)/4] —n.
In order to show that these bounds in Theorem 1 are sharp, we first should notice the following observation, a proof
of which is straightward and therefore omitted.

Observation. For a lower bound on 7, if there exists a graph whose ), reaches the lower bound, then the lower bound
is sharp; for a graph G, if there exists a signed dominating function f on G such that w( f) attains the lower bound, then
75(G) attains the lower bound.

In the following, for every lower bound on y,, we will give a graph G and construct a signed dominating function f
on G such that w(f) attains the lower bound, and thus the lower bound is sharp. We also clarify that our bounds for
some of these graphs are tight and the corresponding bounds given in Theorem B are not.

In fact, a trivial example such as G = K, suffices for this, where n is an even number not less than 4. It is easy to
check that y,(K,) = 2 attains all the five bounds in Theorem 1, while both those bounds in Theorem B(1) and (2) are
not more than 1. Besides, we can construct a non-complete graph with an arbitrary large order whose y, reaches the
lower bounds in Theorem 1(1)—(3) as follows. Letting ¢ be a positive integer, we consider a cycle of length 2 and color
the edges red and blue alternatively. For every red edge, we add an additional vertex being adjacent to both endpoints
of this red edge. Let P contain the cycle vertices and M the “corona” vertices. The obtained graph is denoted by G. It is
easy to see that the graph G is a graph with n =37, m =4t, 6* =2, A=3 and 0 =2¢. Define a function f : V — {—1, 1}
as follows: f(v)=1forv € P and f(v)=—1forv € M.Itis easy to check that fis a signed dominating function with
w(f) =t and that all of these bounds in Theorem 1(1)—(3) are also #, which implies that y,(G) attains these bounds.
However, y,(G) does not attain the corresponding bounds given in Theorem B(1) and (2), which are [3¢/77 and [¢/3],
respectively. Next, we show that there is also a graph G different from K, such that y,(G) reaches the lower bounds in
Theorem 1(4) and (5). Let G be a graph obtained from K¢ U Ks by joining each vertex of K to three vertices of K¢ in
such a way thateach vertex of Kg is joined to exactly three vertices in K¢. The graph G is a graph with n = 12, m = 33,
0* =3 and 0 = 6. Define a function f : V — {—1, 1} as follows: f(v) =1 for v € K¢ and f(v) = —1 for v € Kg. It
is not difficult to prove that fis a signed dominating function of G, and w( f) = 0. We can verify that y,(G) attains the
bounds given in Theorem 1(4) and (5), both of which are 0, but y,(G) does not attain the corresponding bound given
in Theorem B(3), which is —2. [

Since 6*(G) =2 and o(G) >0, we easily deduce that the bound in Theorem 1(3) is tighter than the corresponding
one in Theorem B(2) by directly comparing these two bounds. Besides, it is easy to see that Theorem B(1) and (3)
are the special cases of Theorem 1(1) and (4) where o(G) = 0, respectively. Considering that each of both the results
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in Theorem 1(1) and (4) is an increasing function of o(G) and the fact o(G) >0, we deduce that they are tighter than
those in Theorem B(1) and (3).
From Theorem 1(1) or (2) or (3), the following result can be immediately deduced.

Corollary 1 (Henning [10]). Forany r-regular graph G of ordern,y,(G) >n/(r+1) forr even,andy,(G) >2n/(r+1)
for r odd. Furthermore, the bounds are sharp.

3. Lower bounds on k-subdomination number
For y,,(G) of any graph G, the results in Theorem C and D were presented in [3] and [12], respectively.

Theorem C (Chang et al. [3]). If G be a graph of order n with degree sequence d1 < ... <d,, 4 = A(G), then

k
2 di +2
vks(G>>A+IZ[ 5 ]—n.

j=1

Theorem D (Kang et al. [12]). For any graph G of order n and size m, let A = A(G) and 6 = 6(G). Then,

2m 4+ (n —k)(4+2)
o+1 '

Vks(G) zn —

In the remaining part of this section, we will use a uniform approach to prove two results on y;, one of which is
the same as the result in Theorem C, and the other generalizes the result in Theorem D. We begin with the following
lemma.

Lemma 2. Givena graph G and a positive integer k. Let f be a k-subdominating function of G. Let P={v € V| f(v)=1},
M={veV|f(v)==1}land p=|P|.Let Py={v € V|f()=1, f(N[v) 21}, =P - P, Mi={v € V|f(v)=—1,
f(N[v) =1} and My =M — M. Then,

DY de) +IPI= ) (o) +2)/2].

veP vePlUMI

Proof. For v € V, let v be adjacent to exactly dp(v) vertices of P and exactly dys(v) vertices of M. Thus, dg(v) =
dp(v)+dy(v).Forv € P1UMj,since f(N[v])>1,itisclearthatdp (v) >dy (v) forv € Pr,anddp (v) >dpy (v)+2 for
v € M. Hence, if v € Py, thendp(v) > [dg(v)/2] and dys (v) < |dg (v)/2];if v € My, thendp (v) > [(dg(v) +2)/2]
and dy (v) < [(dg(v) —2)/2].

Let us consider the set E(P,M). So,

Y ldow)/2l+ Y dg@)ZIE(P. M= Y [(de(v) +2)/2],

vePl veEP2 veM1

Y a2+ Y dew)+ Y [d6®)/21= Y [(d6w) +2)/21+ Y [d6(v)/2],
vePl1 veP2 veP1 veM1 vePl1

Y ode)+ Y de)= Y [de®)/2]+ Y [de(v)/2] + M,

vePl veP2 veM1 vePl

Y dew)= Y [dg)/2]+ M.

veP veP1UM1

Note that M; N P; = ). Hence,

Y de) +IPI= Y [dew)+2)/2]. O

veP vePlUMI

By Lemma 2, we can obtain the following results.
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Theorem 2. For any positive integer k and any graph G with degree sequence d < - - - <dy,letm=|E(G)|,n=|V (G)|
and fi =Y 5_[(d; +2)/2]. Then,

(1) 1s(G) = 72 —n,
(2) 74s(G)=n — IR
and these bounds are all sharp, where 6 = 6(G) and A = A(G).

Proof. Letfbe ak-subdominating functionof G suchthatw(f)=7,,(G), P={v € V|f(v)=1}, M={v € V|f(v)=—1}
and p=|Pl.Let P ={v e V|f(v) =1, f(N[v)) =21}, P, =P — P|,M; ={v € V|f(v) =—1, f(N[v]) >1} and
My, =M — M. Then, |IMi|+ |P1| >k and y,((G) =p — (n — p) =2p — n.

By Lemma 2, we have

dde)+ 1Pz Y [(de(v) +2)/21. (%)

veP vePlUM1

(1) Considering 4 >dg (v) for every v € V, we get from (¥*)

Ap+p> Y [(de()+2)/2].
vePlUM1

Noting that M1 U P1| = |M1| + | P1| >k, we have

P>< > f(dG(U)+2)/21>/(A+1)>fk/(A+l)-

veP1UM1

Thus, 7,(G) =2p —n> j—i"l —n.

(2) Considering 2m = ), _,dg (v) and d<dg (v) for every v € V, we get from (**)

D de)+ Y de)+ P> Y [(de)+2)/21+ Y d6(v),
veP veM vePlUM1 veM
Y de)+1P> Y o) +2)/21+ Y de(v),
veV veP1UM1 veM
2m+ Pz Y o) +2)/214 Y dev),
vePlUM1 veM
pIP= —2m+ Y [(de)+2)/21+ Y dc()> —2m+ fi +d(n — p),
vePlUM1 veM
—2m + on + fi
o+1

=

—4m+(3—1)n+2 4m+2n—2
Thus, y4,(G) = 2p — n> =R — py _ At 2l
In the special case where k = | V|, considering that 2 f; = 2m + 2n + o and that J is actually 6" in the process of the
above proof, we can immediately get those two bounds in Theorem 1(2) and (3) from these two bounds in Theorem
2, respectively. Besides, those bounds in Theorem 1 are sharp, so there exist graphs whose y,,’s attain the bounds in

Theorem 2. In this sense, the bounds in Theorem 2 are sharp. [

Notice that Theorem 2(1) is Theorem C. Considering that

k k n
dj +2 d; dj
w257 ]- L ehranan- 3 Grirar
j=1 j=1 Jj=k+1
>m—n—k)4/2+k + o;/2,
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we get from Theorem 2(2)

4m+2n—2fk> 2m+(n—k)(A+2)—0k> 2m 4+ (n — k)(4 + 2)
>n— >n —
0+1 o+1 o+1

Vks(G) 2” -

This yields Theorem D, where oy is the cardinality of the set {j|d; is odd, 1< j <k}.
By setting d =d» = ... =d, =r in Theorem 2(1) or (2), we have:

Corollary 2 (Hattingh et al. [9]). For every r-regular (r >2) graph G of order n, y,(G)>=> —n + k(r +3)/(r + 1)
forrodd,and y,(G)> —n+k(r +2)/(r + 1) for r even.

In the special case where k = [|V|/2], from Theorem 2(1) or (2), we easily obtain the following result.

Corollary 3 (Henning [10]). For every r-regular (r >2) graph G of order n, Ymaj(G) = (L =r)n/2(r + 1)) for r odd,
and Tmaj(G) = —rn/Q2(r + 1)) for r even.

4. Lower bounds on signed total domination number

In this section, we consider any graph G without isolated vertices. We will establish several lower bounds on yin a
way similar to the case of y,.

Lemma 3. Given a graph G without isolated vertices. Let f be a signed total dominating function of G. Let P = {v €
Vifw=1},M={veV|f(v)=—1}, p=|P|,n=|V]|and o = o(G). Then,

e ZvePdG (v) >ZUeMdG(U) +2n — o,
(2) Y epdciri(v) =3 cpl(dG(v) + 1)/21.

Proof. For v € V, let v be adjacent to dp(v) vertices of P and adjacent to dys(v) vertices of M. Thus, dg(v) =
dp(v) +dy(v). Forv € V,since f(N(v))>1, we have dp(v) >dp (v) + 1. Therefore, dp (v) > [(dg (v) + 1)/27 and
dy(w)<|(dg() —1)/2] forv e V.

(1) Consider the set E(P,M). Thus,

> Ldo) = /21 = E(P. M= Y [(de ) + 1)/21,

veP veM

D e @) = /2] + ) Tde®) + 1)/212 Y [d6®) + 1)/21+ Y [(dc(v) + 1)/2],
veP veP veM veP

Y de()= ) [(dw) + 1)/21,

veP veV

Y de)= )y dg)/2+n/2+ (n—0)/2,

veP veV

Y de)= Y dow)/2+ Y do()/2+n—o/2.

veP veP veM

Hence,

Y de()> ) dg(v) +2n —o.

veP veM

(2) Considering graph G[P] induced from P, we have dg[pj(v) =dp(v) forv € P. Since dp(v) = [(dg(v) + 1) /2]
forv e P, ZuePdG[P](U) > ZveP [(do(w)+1)/2]. O

By Lemma 3, we can obtain the following theorem concerning the lower bounds on ;.
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Theorem 3. For any graph G without isolated vertices, let m = |E(G)| and n = |V (G)|. Then,
, o—Atdn—2
(1) 94(G) > o=an=20,
(2) 74(G)>2En=0
(3) 74(G)=n — 2m=3nto,

@) 7,(G)=2[(3 =5+ (6 —3)2+8(0 + 2)n — 80)/4] — n,
(5) y«(G)=2[(3 4+ 9+ 8(m +n) —40)/4] —n,

and these bounds are all sharp, where 6 = 6(G), A = A(G) and 0 = o(G).

Proof. A proof of these bounds in Theorem 3 is similar to the proof of those bounds in Theorem 1, and therefore is
omitted. In the following, we will give a graph G such that 7 (G) attains all the five bounds, and thus these bounds are
all sharp.

Let t >4 be an integer. Take a graph H that is isomorphic to the complete graph K. To each v € V (H) assign a star
S(v) with ¢ — 2 edges. Identify the central vertex of S(v) with v for each v € V(H). Denote the resulting graph by G,
cf. [16]. Let f : V(G) — {—1, 1} be such that f(v) =1 for v € V(H) and f(v) = —1 otherwise. Obviously, fis a
signed total dominating function of G and w(f) = f(V(G)) =t(3 — t). It is easy to verify that all the five bounds in
Theorem 3 are also #(3 — t), which implies that y, (G) attains these bounds. [

From Theorem 3(1), (2) or (3), we can directly obtain the following result.

Corollary 4 (Zelinka [16]). Forany r-regular (r >2) graph G of ordern,y(G) =n/r for r being odd, and y4(G) >2n/r
for r being even.

Note. We have been recently informed from one of the referees that several other lower bounds on the signed total
domination number of a general graph have been established in a different way by Henning [11].

Remark. We may view the concept y; as a generalization of y,. Similarly, we may also generalize the concept ), as
follows.

Definition 1. For a positive integer k, a total k-subdomination function G is a function f : V — {—1, 1} such that
S(N(v))>1 for at least k vertices v of G. The total k-subdomination number for a graph G is defined as 7,,(G) =
minimum {w( f)| f is a total k-subdominating function of G}.

Quite analogous to the case of y;, we have the following lemma, from which we can obtain Theorem 4 stating two
different lower bounds on 7, (G) of any graph G without isolated vertices. Their proofs are very similar to those in
the case of y;, and therefore are omitted.

Lemma 4. Given a graph G without isolated vertices and a positive integer k. Let f be any total k-subdominating
function of G. Let P ={v € V|f(v)=1},M ={v € V|f(v) = —1} and p =|P|. Let Py ={v € V|f(v) =
LfN)21L, =P — P, M ={veV|fv)=—1, f(NW) =1} and My = M — M,. Then,

DY dew)= Y [de)+1)/2].

veP vePlUM1

Theorem 4. For any positive integer k and any graph G containing no isolated vertices with degree sequence
di<---<dy,letm=|E(G)|,n=|V(G)|and gy = Z];‘:l [(dj + 1)/2]. Then,

(1) P (G) =28 —,
(2) Yt(G)=n — 28k

and these bounds are all sharp, where 6 = 6(G) and A = A(G).
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It is easy to see that the results in Theorem 4(1) and (2) generalize the results in Theorem 3(2) and (3), respectively.
Moreover, we can directly obtain the following result from Theorem 4(1) or (2).

Corollary 5. For any positive integer k and every r-regular (r 22) graph G of order n, y,4(G) = + Dk/r —n
for r being odd, and 7, (G) = (r + 2)k/r — n for r being even.

Note. We have been recently informed from one of the referees that an analogous theory for total k-subdominating
functions has been studied in the Ph.D. dissertation by Harris [8].
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