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By using the concept of local completeness, we extend Danes’ Drop Theorem to
locally convex spaces.  2002 Elsevier Science (USA)

Key Words: local completeness; bounded set; drop theorem.

1. INTRODUCTION

Suppose that �E� � �� is a Banach space and B is the closed unit ball in
�E� � ��. For any x0 �∈ B, the convex hull of the set �x0� ∪ B is called a
drop determined by the point x0 and B, and it is denoted by D�x0� B�. If a
nonempty closed subset A of E at a positive distance from the closed unit
ball B is given, then there exists a ∈ A such that D�a�B� ∩A = �a�, which
is the so-called Danes’ drop theorem; see [1]. The drop theorem was used in
various situations (see, for instance, [1–6]) and it is equivalent to Ekeland’s
variational principle (see [7]). Modifying the Danes’ drop theorem assump-
tion, Rolewicz [8] and Giles et al. [9] introduced the drop and weak drop
properties for the norm � � of E. Moreover, Kutzarova [10] and Giles and
Kutzarova [11] extended the discussion to consider the drop and weak drop
properties for closed bounded convex sets in Banach spaces. Chen et al.
[12] introduced the concept of a strong Minkowski separation of sets and
obtained the following drop theorem in locally convex spaces.

Theorem 1.1 ([12, Theorem 3]). Given a sequentially closed bounded
convex set B in a sequentially complete locally convex space E, for every
sequentially closed set A which is strongly Minkowski separated from B, there
exists a point a ∈ A such that D�a�B� ∩A = �a�, where D�a�B� denotes
the convex hull of �a� ∪ B.
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Recently Zheng [13] extended Theorem 1.1 to topological vector spaces
as follows:

Theorem 1.2 ([13, Corollary 2.1]). Let A and B be closed (or sequen-
tially closed) subsets of a topological vector space E. Moreover, suppose that
B is bounded and convex and that 0 �∈ cl�A− B�, where cl�A− B� denotes
the closure of A−B. Then for any x0 ∈ A, there exists a ∈ D�x0� B� ∩A such
that D�a�B� ∩A = �a� provided that either A or B is sequentially complete.

It is easy to show that “A is strongly Minkowski separated from B”
implies “0 �∈ cl�A− B�.” We observed that the converse implication is not
true even in R2 (see [14]). On the other hand, we [14] proved the follow-
ing result: Let A be a nonempty subset of a locally convex space E and B
be a convex subset of E. Suppose that either of A�B is bounded, then A
and B can be strongly Minkowski separated if and only if 0 �∈ cl�A − B�.
Hence if the topological vector space E in Theorem 1.2 is a locally convex
space, then Theorem 1.2 is just equivalent to Theorem 1.1. This note tries
to improve Theorem 1.1 in another way and it is done by substituting “a
locally complete locally convex space” for “a sequentially complete locally
convex space” and “0 �∈ clτ�A− B�, where τ is any locally convex topology
on E” for “A is strongly Minkowski separated from B.”

2. LOCALLY COMPLETE SPACES AND
LOCALLY CLOSED SETS

First we recall some known results on locally complete spaces and locally
closed sets.

Definition 2.1 (See [15, p. 225] or [16, Definitions 5.1.1 and 5.1.5]).
Let E be a locally convex separated space (in the following, briefly denoted
by “a locally convex space”). A sequence �xn�n∈N in E is said to be locally
convergent to an element x in E if there is a bounded disc B in E such that
the sequence converges to x in EB, where EB denotes the normed space
�span�B� pB� and pB denotes the Minkowski gauge of B. A sequence
is called locally Cauchy if it is a Cauchy sequence in EB for a certain
bounded disc B in E. A locally convex space is locally complete if every
locally Cauchy sequence is locally convergent.

For a locally convex space E, we denote its topological dual by E′. Obvi-
ously, if E is locally complete, then it is locally complete for every topol-
ogy of the dual pair �E�E′�; see [16, Corollary 5.1.7]. Since every closed
bounded disc B in a sequentially complete space is a Banach disc (i.e.,
EB is a Banach space), every sequentially complete space is locally com-
plete [16, Corollary 5.1.8.]. But the converse is not true. We can easily
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find locally complete spaces which are not sequentially complete; see [16,
Example 5.1.12] or Example 3.1 in this paper.

Definition 2.2 ([16, Definitions 5.1.14 and 5.1.19]). Let E be a locally
convex space and A a nonempty subset of E. A point x is a local limit point
of A if there is a sequence in A locally convergent to x. We say that A
is locally closed if every local limit point of A belongs to A and that A is
locally complete if every local Cauchy sequence in A converges locally to a
point of A.

It is easy to see that the intersection of locally closed sets is locally closed
(see [16, Proposition 5.1.17]). The local closure of a subset A of a locally
convex space E is the intersection of all the locally closed subsets of E
containing A (see, [16, Definition 5.1.18]). Obviously the local closure of
A is locally closed and contains all the local limit points of A. Concerning
local completeness and local closedness of drops, we have the following.

Lemma 2.1. Let B be a bounded convex subset of a locally convex space
E and x0 ∈ E be given. If B is locally complete (resp. locally closed), then
D�x0� B� is locally complete (resp. locally closed).

Proof. We only give the proof of the result concerning local complete-
ness. Assume that B is locally complete. If x0 ∈ B, then D�x0� B� = B is
locally complete. If x0 �∈ B, then D�x0� B� �= B. We take any locally Cauchy
sequence �ai�i∈N in D�x0� B�, where ai = λix0 + �1 − λi�bi, 0 ≤ λi ≤ 1,
bi ∈ B for every i. By the definition of locally Cauchy sequences, there exists
a bounded disc A such that �ai�i∈N is a Cauchy sequence in EA. Without
loss of generality, we may assume that A contains the absolutely convex
hull of �x0� ∪ B. Since �λi�i∈N ⊂ �0� 1, there exists a subsequence �λij �j∈N
of �λi�i∈N such that λij

j→λ0 ∈ �0� 1. Next we shall deal with the cases in
different ways, according to whether λ0 = 1 or not.

(i) If λ0 = 1, then

aij − x0 = λijx0 + �1− λij �bij − x0

= �1− λij ��bij − x0�

∈ 2�1− λij �
(
1
2
B − 1

2
x0

)

⊂ 2�1− λij �A�

Since λij
j→λ0 = 1 and A is bounded, aij

j→x0 in EA. And since �ai�i∈N
is a Cauchy sequence in EA, we conclude that ai

i→x0 in EA, where x0 ∈
D�x0� B�.
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(ii) If 0 ≤ λ0 < 1, then we may assume that every λij �= 1. For any
ε > 0, there exists j0 ∈ N such that for any j� j′ ≥ j0, we have

aij − aij′ ∈
ε�1− λ0�

4
A� (1)

1− λ0

1− λij
<

4
3
� (2)

∣∣∣∣ 1
1− λij

− 1
1− λij′

∣∣∣∣ < ε

3
� (3)

∣∣∣∣
λij′

1− λij′
−

λij
1− λij

∣∣∣∣ < ε

3
� (4)

By (1) and (2), we get

1
1− λij

�aij − aij′ � ∈
1

1− λij
· ε�1− λ0�

4
A ⊂ 4

3
· ε
4
A = ε

3
A� (5)

By (3), (
1

1− λij
− 1

1− λij′

)
aij′ ∈

(
1

1− λij
− 1

1− λij′

)
D�x0� B�

⊂
(

1
1− λij

− 1
1− λij′

)
A ⊂ ε

3
A� (6)

By (4),( λij′

1− λij′
−

λij
1− λij

)
x0 ∈

( λij′

1− λij′
−

λij
1− λij

)
D�x0� B� ⊂

ε

3
A� (7)

Combining (5), (6), and (7), we have

bij − bij′ =
aij − λijx0

1− λij
−
aij′ − λij′x0

1− λij′

= 1
1− λij

�aij − aij′ � +
(

1
1− λij

− 1
1− λij′

)
aij′

+
( λij′

1− λij′
−

λij
1− λij

)
x0

∈ ε

3
A+ ε

3
A+ ε

3
A = εA� for any j� j′ ≥ j0�

That is to say, �bij �j∈N ⊂ B is a locally Cauchy sequence. Since B is
locally complete, �bij �j∈N converges locally to a point b0 ∈ B and hence
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the sequence aij = λijx0 + �1 − λij �bij converges locally to a0 �= λ0x0+
�1−λ0�b0 ∈ D�x0� B�. Remarking that �ai�i∈N is a locally Cauchy sequence,
we conclude that �ai�i∈N converges locally to a0 ∈ D�x0� B�. Thus we have
proved that D�x0� B� is locally complete.

Lemma 2.2. Let A be a nonempty subset of a linear space E and B be a
convex subset of E. If there exists a locally convex topology τ on E such that
0 �∈ clτ�A − B� ( particularly, τ may be the finest locally convex topology on
E), then for any x0 ∈ A and any ε > 0, there exists a ∈ D�x0� B� ∩A such
that

D�a�B� ∩A ⊂ �ta+ �1− t�b� 1− ε < t ≤ 1� b ∈ B��

Proof. By the hypothesis that 0 �∈ clτ�A− B�, there exists an absorbent
absolutely convex subset W of E such that W ∩ �A− B� = �. Denote the
Minkowski gauge of W by pW , then

pW �x− y� ≥ 1 for any x ∈ A and any y ∈ B�

Thus

α = inf�pW �x− y�� x ∈ D�x0� B� ∩A� y ∈ B� ≥ 1 > 0�

For any ε > 0, take a ∈ D�x0� B� ∩A and b1 ∈ B such that pW �a− b1� <
α�1+ ε�. Let z be an arbitrary element of D�a�B� ∩A, then z ∈ D�x0� B� ∩
A and z can be written as

z = ta+ �1− t�b� where t ∈ �0� 1 and b ∈ B�

Since B is convex, tb1 + �1− t�b ∈ B. Thus

α ≤ pW �z − tb1 − �1− t�b� = pW �t�a− b1�� = tpW �a− b1� ≤ tα�1+ ε��

Since α > 0, we have 1 ≤ t�1+ ε�. From this,

t ≥ 1
1+ ε

> 1− ε�

Thus we have shown that

D�a�B� ∩A ⊂ �ta+ �1− t�b� 1− ε < t ≤ 1� b ∈ B��
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3. DROP THEOREM IN LOCALLY CONVEX SPACES

Theorem 3.1. Let A be a locally closed subset of a locally convex space
E and B be a locally closed, bounded, convex subset of E. Moreover, assume
that there exists a locally convex topology τ on E such that 0 �∈ clτ�A − B�
( particularly, τ may be the finest locally convex topology on E). Then for any
x0 ∈ A, there exists a ∈ D�x0� B� ∩A such that D�a�B� ∩A = �a� provided
that either of the following conditions is satisfied:

(i) the local closure of B ∩ L�A� is locally complete, where L�A�
denotes the linear manifold generated by A;

(ii) A is locally complete.

Proof. Take ε1 > ε2 > ε3 > · · · > 0, such that
∑∞

i=1 εi ≤ 1. By
Lemma 2.2, for ε1 > 0 there exists a1 ∈ D�x0� B� ∩A such that

D�a1� B� ∩A ⊂ �ta1 + �1− t�b� 1− ε1 < t ≤ 1� b ∈ B��
For ε2 > 0 there exists a2 ∈ D�a1� B� ∩A such that

D�a2� B� ∩A ⊂ �ta2 + �1− t�b� 1− ε2 < t ≤ 1� b ∈ B��
We repeat this process, obtaining a sequence �an�n∈N . Clearly �an�n∈N has
the representations

a1 = t0x0 + �1− t0�b0� 0 ≤ t0 ≤ 1� b0 ∈ B�
an+1 = tnan + �1− tn�bn� 1− εn < tn ≤ 1� bn ∈ B�

From this,

an+1 − an = tnan + �1− tn�bn − an

= �1− tn��bn − an��
Hence

an+1 = �an+1 − an� + �an − an−1� + · · · + �a2 − a1� + a1

= �1− tn��bn − an� + �1− tn−1��bn−1 − an−1�
+ · · · + �1− t1��b1 − a1� + a1�

Here bn ∈ B and an ∈ D�an−1� B� ∩A ⊂ D�x0� B� ∩A. Remarking that B
and D�x0� B� are both convex sets, we get

an+p+1 − an+1 = �1− tn+p��bn+p − an+p� + · · · + �1− tn+1��bn+1 − an+1�
∈ �1− tn+p��B −D�x0� B�� + · · · + �1− tn+1��B −D�x0� B��
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=
( n+p∑
i=n+1

�1− ti�
)
�B −D�x0� B��

⊂
( n+p∑
i=n+1

εi

)
�B −D�x0� B���

Since B−D�x0� B� is bounded in E and
∑n+p

i=n+1 εi may be arbitrarily small
for all p ∈ N provided that n is large enough, �an�n∈N is a locally Cauchy
sequence which is contained in D�x0� B� ∩A.
Suppose that there exists a subsequence �ani�i∈N of �an�n∈N such that

every ani = x0. Then for any z ∈ D�x0� B� ∩A = D�ani � B� ∩A, z can be
written as

z = t ′niani + �1− t ′ni�b′ni � where 1− εni < t ′ni ≤ 1� b′ni ∈ B�

Letting i → ∞, we have

z = lim
i→∞

�t ′niani + �1− t ′ni�b′ni�
= lim

i→∞
�t ′nix0 + �1− t ′ni�b′ni�

= x0�

This means that D�x0� B� ∩A = �x0� holds and the result is obvious. Hence
we may assume that every an �= x0. Since

an ∈ D�an−1� B� ∩A ⊂ D�x0� B� ∩A�

we have another representation of an,

an = λnx0 + �1− λn�yn� 0 ≤ λn < 1� yn ∈ B�

Observe that yn = an/�1− λn� − λnx0/�1− λn� ∈ L�A� and yn ∈ L�A� ∩B.
Denote the local closure of L�A� ∩ B by loc-cl�L�A� ∩ B�, then

an = λnx0 + �1− λn�yn ∈ D�x0� L�A� ∩ B� ∩A
⊂ D�x0� loc-cl�L�A� ∩ B�� ∩A�

(i) If the local closure of L�A� ∩B is locally complete, by Lemma 2.1
D�x0� loc-cl�L�A� ∩ B�� is locally complete, too. And since A is locally
closed, D�x0� loc-cl�L�A� ∩ B�� ∩A is still locally complete.

(ii) If the set A is locally complete, then D�x0� loc-cl�L�A� ∩ B�� ∩
A is locally complete since D�x0� loc-cl�L�A� ∩ B�� is locally closed by
Lemma 2.1.
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Anyway, D�x0� loc-cl�L�A� ∩ B�� ∩A is locally complete provided that
either Condition (i) or Condition (ii) is satisfied. Recall that �an�n∈N is
a locally Cauchy sequence; there exists a0 ∈ D�x0� loc-cl�L�A� ∩ B�� ∩A
such that �an�n∈N converges locally to a0. Since A and B are both locally
closed, we know that D�an� B� ∩ A is locally closed for every n. Now
an+k ∈ D�an� B� ∩A for any k ∈ N and an+k

k→a0 (in the sense of local
convergence); we conclude that a0 ∈ D�an� B� ∩A for every n ∈ N . Next
we show that D�a0� B� ∩ A = �a0�. Take any z ∈ D�a0� B� ∩ A, then
z ∈ D�an� B� ∩A for every n, and z has the representations

z = µnan + �1− µn�yn� 1− εn < µn ≤ 1� yn ∈ B�
for every n. Thus

z − an = �1− µn��yn − an�
∈ �1− µn��B −D�x0� B���

where B − D�x0� B� is bounded in E and 1 − µn
n→0. From this, �an�n∈N

converges locally to z. On the other hand, �an�n∈N also converges locally
to a0. Thus z = a0 and D�a0� B� ∩A = �a0�.
From Theorem 3.1, we know that the condition “the local closure of

B ∩ L�A� is locally complete” or “A is locally complete” is essential and
that the local completeness of B\L�A� is insignificant for the drop theorem.
Particularly, if B is locally complete, then the local closure of B ∩L�A�, as
a locally closed subset of B, is certainly locally complete. Thus by Theorem
3.1 we can make the following deduction.

Corollary 3.1. Let A be a locally closed subset of a locally convex space
E and B be a locally closed, bounded, convex subset of E. Moreover, assume
that there exists a locally convex topology τ on E such that 0 �∈ clτ�A − B�.
If either A or B is locally complete, then for any x0 ∈ A, there exists a ∈
D�x0� B� ∩A such that D�a�B� ∩A = �a�.

As a sequence of Corollary 3.1, we have

Corollary 3.2. Let A be a locally closed subset of a locally complete
locally convex space E and B be a locally closed, bounded, convex subset of E.
If there exists a locally convex topology τ on E such that 0 �∈ clτ�A− B�, then
for any x0 ∈ A, there exists a ∈ D�x0� B� ∩A such that D�a�B� ∩A = �a�.

Remark 3.1. (i) In Theorem 3.1, Corollary 3.1, and Corollary 3.2, we
use the condition “there exists a locally convex topology τ on E such
that 0 �∈ clτ�A − B�.” Here the locally convex topology τ may be the ini-
tial topology of the locally convex space E, and τ also may be any fixed
locally convex topology on E. Particularly, τ may be the finest locally con-
vex topology on E. Hence our condition is weaker than the condition
“0 �∈ cl�A− B�” and the former is more convenient for application.
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(ii) Obviously sequentially complete spaces are locally complete and
sequentially closed sets are locally closed. However, there exist locally
complete spaces which are not sequentially complete and there exist
locally closed sets which are not sequentially closed (see the following
Example 3.1).
From the above (i) and (ii), we know that Theorem 3.1, Corollary 3.1,

and Corollary 3.2 are indeed proper improvements of [12, Theorem 3].

Example 3.1. There exist locally complete spaces which are not sequen-
tially complete; see [16, Example 5.1.12]. In fact, for any locally complete
space E containing c0, (E�σ�E�E′�) is locally complete but not sequen-
tially complete; see [17, Theorem 5]. For example, �c0� σ�c0� l1�� and
�l∞� σ�l∞� l∞′�� are such spaces. Also, it is easy to give a locally closed
set which is not sequentially closed. Let S be the unit sphere in �c0� � �∞�,
that is, S = �x ∈ c0� �x�∞ = 1�. Clearly S is closed in �c0� � �∞� and
hence locally closed in �c0� σ�c0� l1��. But S is not sequentially closed in
�c0� σ�c0� l1�� since every en ∈ S, en → 0 in �c0� σ�c0� l1��, and 0 �∈ S.
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