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Fifty years of finite elements — a solid mechanics perspective
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Abstract The finite element method has been considered as one of the most significant engineering
advances of the twentieth century. This computational methodology has made substantial impact on
many fields in science and also has profoundly changed engineering design procedures and practice.
This paper, mainly from a solid mechanics perspective, and the Swansea viewpoint in particular,
describes very briefly the origin of the methodology, then summaries selected milestones of the
technical developments that have taken place over the last fifty years and illustrates their application
to some practical engineering problems. c© 2012 The Chinese Society of Theoretical and Applied
Mechanics. [doi:10.1063/2.1205101]
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I. INTRODUCTION

This paper attempts to summarise the progress of

finite element techniques over the five decades or so

since the method was first established. Attention is

restricted to solid mechanics applications, although it

is recognised that the methodology has now spread to

encompass many fields in science and engineering. For

example, applications range from computational fluid

dynamics (CFD) models of many thousands of kilo-

metres for weather forecasting and tidal predictions to

multi-physics models of less than one micron used in

semiconductor device simulations. It would be invidi-

ous to attempt to name a single inventor of the finite

element method. The term “finite element” was indeed

coined by R. W. Clough in 1960, but other workers

made cornerstone contributions to the method’s devel-

opment around the same time. The three pioneers who,

without doubt, made the most notable contributions

to the early development of the method, J. Argyris,

University of Stuttgart, R. W. Clough, University of

California at Berkeley and O. C. Zienkiewicz, Swansea

University, are pictured in Fig. 1. However, given the

strong links of the authors with Swansea, we hope that

we will be forgiven if this paper is in any way biased

towards the Swansea viewpoint.

The literature concerning the development of the fi-

nite element method is vast and the reader is directed

to the text by O. C. Zienkiewicz1, and the references

therein, for a summary of the most notable contribu-

tions. The only additional references provided in this

paper relate to some specific contributions by the au-

thors.

a)Corresponding author. Email: d.r.j.owen@swansea.ac.uk.
b)Email: y.feng@swansea.ac.uk.

Fig. 1. The A–Z of finite elements — J. Argyris, R. W.
Clough and O. C. Zienkiewicz.

II. ORIGINS AND EARLY DEVELOPMENTS

The mathematical foundations of the technique
were laid in the early decades of the last century, with
contributions by Ritz, Galerkin, Courant and others.
Within the finite element community, the origins of the
method can be traced back to the early 1940’s where on
the west coast of the USA there was a pressing need for
a method to determine the stress state in plates, due to
the emerging use of metal cladding in aircraft construc-
tion. Consequently, Hrenikoff and McHenry developed
a procedure based on an equivalent bar system in which
the continuum problem was reduced to a finite number
of structural bars — an early example of discretisation.

At the same time on the east coast of the USA,
Courant was pursuing a more mathematical approach
for the solution of a torsion problem by discretising the
domain into triangular regions. From that time onward
progress was slow, undoubtedly hampered by the lack of
computing power, until in 1956 the first recognisable fi-
nite element paper was published by Turner, Clough,
Martin and Topp. Initially, the formulation of the
method followed a traditional structural mechanics ap-
proach in which the total potential energy of the prob-
lem was minimised, using a discretised form of the dis-
placement field, to yield the stiffness equations. Later,

brought to you by COREView metadata, citation and similar papers at core.ac.uk

provided by Elsevier - Publisher Connector 

https://core.ac.uk/display/82648131?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1


051001-2 D. R. J. Owen, and Y. T. Feng Theor. Appl. Mech. Lett. 2, 051001 (2012)

Fig. 2. Clywedog dam, 1963.

Fig. 3. Elasto-plastic analysis of a notch-bend specimen
showing the mesh and geometry employed, and illustrates
the departure of the numerical prediction from the Hencky
solution, which had previously been considered to be exact.

this was generalised to the virtual work approach, but
a significant step forward took place with the develop-
ment of weighted residual schemes which for the first
time permitted the solution of problems for which a
potential energy can not be defined. This opened the
door to the solution of non-structural problems and con-
tributed to propagation of the method to other appli-
cation fields.

The first non-structural application was undertaken
by Zienkiewicz and Cheung in 1965 in the treatment of a
groundwater flow problem. From that time the method
became widely established and accepted in engineer-
ing design and one of the first industrial used of the
technique, for the stress analysis of the Clywedog dam
in mid-Wales, is illustrated in Fig. 2. As can be seen
from Fig. 2, which illustrates the dam and the finite el-
ement discretisation employed, the mesh was extremely
coarse by present day standards with 200 linear con-
stant strain triangular elements being used to represent
the dam and its foundation. The dam was modelled as

a two-dimensional plane strain problem. This reflected
both the current state of finite element development and
the limited computational power available at that time.
Nevertheless, the analysis provided valuable insight to
the behaviour of the dam and the foundation, which
comprised mudstone and grit zones, and was well in ad-
vance of alternative analytical methods then available.

It is well established that isoparametric representa-
tion is fundamental to many modern aspects of finite
element analysis. The essence of the idea was origi-
nated in contributions by Ian Taig of the British Air-
craft Corporation (a forerunner of British Aerospace)
and Bruce Irons, then at Rolls Royce. Ian Taig de-
scribed a scheme for distorting the shape of a rectan-
gular element to quadrilateral form in a contribution
to the 1963 Swansea Symposium. Subsequently, Irons
published a note in the AIAA Journal which described,
in generality, the approach as it is known today, and
coined the term “isoparametric”. Subsequent contribu-
tion from Swansea brought together the ideas, put for-
ward in the earlier papers and formalised the procedure
for general application.

J. R. Griffiths et al.2 described the application of
isoparametric elements to the solution of a notched bar
in bending under elasto-plastic conditions (as shown in
Fig. 3) and deserved to be mentioned as the numeri-
cal solution demonstrated that the hitherto considered
“exact” analytical solution for a perfectly plastic Tresca
material was, in fact, invalid due to a deficiency in
the initial assumptions made. The theoretical solution
based on slip line field theory involved the assumption
that the through-thickness stress, σz, is always inter-
mediate, i.e. it is neither the maximum or minimum
principal stress. Discretisation of the specimen with a
notch angle of 22.5◦ and a root radius 2.54 × 10−4 m
was undertaken with quadratic isoparametric elements
employing a fine mesh subdivision in the vicinity of the
notch root. The loading conditions shown ensure a pure
bending regime over the region of the specimen con-
taining the notch, conforming to the conditions of the
analytical solution. It is seen from the numerical solu-
tion that the through-thickness stress, σz, becomes min-
imum at some distance approaching the elasto-plastic
interface and, it can be seen from Fig. 3 that the nu-
merical and analytical solutions agree up to the position
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where this condition occurs. Beyond that distance the
numerical solution provides the correct response and not
the analytical prediction. This is an early (but small)
example of computational methods acting as “the third
pillar of scientific progress”.

III. ADVANCED DEVELOPMENTS FOR NONLINEAR
PROBLEMS

Following on the small strain analysis of elasto-
plastic problems,3 research in the late eighties and
nineties moved on to the computational treatment of
problems involving finite strains. At this time, impli-
cations of the necessity for consistent linearization of
return mapping schemes had become apparent and the
deformation kinematics for finitely straining solids be-
came better understood. A key contribution to the field
was the introduction of logarithmic strain as the funda-
mental measure, which together with the concept of the
exponential map for integration of the rate equations
established a sound computational basis for plastically
deforming materials under finite strain conditions.4–6

Practical problems involving finitely deforming
elasto-plastic solids almost invariably include frictional
contact conditions. Such phenomena are highly nonlin-
ear, making their computational simulation problemat-
ical, and A. Munjiza et al.7 and E. A. de Souza Neto
et al.8 introduce a consistent tangent model that has
a local quadratic rate of convergence. With a view to
modelling material failure, damage models have been in-
corporated within the finite strain elasto-plastic frame-
work. In this context an additive split of the prin-
cipal stress space has been introduced to incorporate
different rates of damage under tensile and compres-
sive regimes.9 Other contributions to nonlinear com-
putational mechanics include the modelling of strain
localisation phenomena in both classical and Cosserat
continua.10

The need to accommodate the large changes in ge-
ometry associated with finite deformation conditions
has made adaptive mesh refinement techniques essential
and has resulted in a profound impact on the solution
of industrial problems. Frequently, adaptive remeshing
is employed to ensure that an adequate topological de-
scription is maintained throughout a solution in which
gross geometric distortions take place, rather than to
control the solution error. Nevertheless, apart from
the basis upon which remeshing is triggered, the entire
adaptive process follows the standard approach in which
the new mesh size is predicted from a suitable error
measure and the solution variables, including history,
are transferred from the old to new mesh.11 Examples
of these classes of problems include bulk forming pro-
cesses in which the initial workpiece geometry will be
significantly different from the final product and mis-
sile impact/armour penetration problems where frac-
ture and material separation processes dominate the
solution. Examples of situations involving finite strain

Fig. 4. Elasto-plastic large deformation container forming
simulation.

Fig. 5. Oblique missile impact on a steel target.

plastic deformation and the need for adaptive mesh re-
finement are provided in Figs. 4 and 5.

Figure 4 illustrates simulation of the buckling of a
thin-walled food can under vacuum loading, compar-
ing numerical prediction with experimental observation.
The container is modelled using quadratic shell elements
and the loading is simulated by applying a negative
pressure to the inner surface of the model. Numeri-
cal solution is undertaken assuming finite strain elasto-
plastic behaviour, with self-contact conditions being
necessary to simulate the stage of deformation when
final collapse of the container takes place. Figure 5
displays the penetration of a steel target obliquely im-
pacted by a tungsten missile, which is another exam-
ple of material deformation under finite strain elasto-
plastic conditions. In this case the problem is mod-
elled by linear tetrahedral elements modified by the “F-
bar patch” approach to overcome incompressible locking
under large deformation response. Since impact takes
place under ordnance velocity conditions, the material
constitutive model must account for rate dependent ef-
fects and in the present case a Johnson-Holmquist (JH2)
model is employed. Additionally, material separation
procedures are incorporated to simulate penetration of
the target material. Frequent mesh regeneration is es-
sential to preserve an accurate geometric description
of this transient event. Although the remeshing fre-
quency is governed by the distortion of elements, the ele-
ment size distribution in the new mesh is determined by
equalising the solution error over the elements employ-
ing standard error estimation procedures. It should be
emphasised that many outstanding issues remain in the
development of adaptive processes for non-linear prob-
lems which principally centre on the choice of appropri-
ate error measures and mapping procedures to minimise
the pollution of the solution brought about by transfer
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of variables. The accurate geometric representation of
free surfaces in evolving meshes, generally through the
use of a non-uniform rational B-spline NURBS descrip-
tion, is also of importance, since in forming problems
for example, significant volume changes can accumu-
late with repeated remeshing, resulting in unrealistic
predictions of die closure forces, etc.

IV. MODELLING OF DISCRETE AND MULTI-FRACTUR-
ING PHENOMENA

Following on from the study of damaging and frac-
turing materials, much work has focused over the last
two decades on the development of discrete element
methods for particulate modelling and the simulation
of multi-fracturing phenomena in materials. This work
has extended developments in the continuum mod-
elling of finitely deforming solids by including dam-
age/fracture based failure and introducing material sep-
aration on a local basis to permit simulation of the
degradation of a continuum into a multi-fractured par-
ticulate state.12–14 Key issues in this methodology in-
clude the modelling of incipient fracture on a continuum
basis, procedures for the insertion of discrete fractures,
the mapping of solution variables between the contin-
uous and discontinuous states, energy and momentum
preservation and subsequent modelling of the combined
continuum/discrete particle system developed. In the
latter context, the establishment of global search pro-
cedures for the efficient detection of potential contact
between particles is of crucial importance, e.g. Ref. 14
and references therein.

Based upon this methodology, contributions have
been made to fundamental understanding in several key
application areas, including explosive simulations which
necessitates coupling of the multi-fracturing solid be-
haviour with the evolving detonation gas distribution,
defence problems related to high velocity impact involv-
ing the penetration of metallic and ceramic materials
and structural failure predictions for impact, seismic
and blast loading. Figure 6 illustrates numerical sim-
ulation of the Sugano experiment which involves pen-
etration of a reinforced concrete slab by a missile that
is intended to represent a jet engine strike on a nuclear
containment structure. The loading consists of three
discrete masses, representing the fan, compressor and
turbine discs connected by a spring system represent-
ing the stiffness of the engine casing. The slab contains
an isotropic layer of steel reinforcement and each indi-
vidual segment is modelled as an elasto-plastic beam.
Figure 6 shows the fracture pattern developed at one
stage of the impact event, showing concrete spallation
from the distal face opposite to the impact zone and
a series of concentric fracture rings centred on the im-
pact position. The numerical prediction of the extent
of fracture and deformation of the reinforcement steel
system is in good agreement with the experimental re-
sults of Sugano. Figure 7 shows a discrete element sim-
ulation of the controlled fragmentation resulting from

Fig. 6. Missile impact on a reinforced concrete plate.

Fig. 7. Bench blasting — explosive mining simulation.

the designed sequential explosive blasting of a mining
bench in an open cast coal mine. Here five boreholes
containing ammonium nitrate fuel oil (ANFO) explo-
sive are sequentially detonated with a prescribed delay
with the objective of fracturing the coal mass within
acceptable particle size distribution limits, i.e. so that
the quantity of fines material is minimised and no large
segments, requiring secondary blasting, are produced.
In this case, the initial coal mass is represented by a
bonded particle system employed a fractal representa-
tion. Key contributions that are fundamental to the
methodology for these types of application include the
development of efficient contact search algorithms and,
in particular, the coupling of particulate systems and
multi-fracturing solids with other physical fields, involv-
ing liquids or gases, through the introduction of a lattice
Boltzmann description.15

For the solution of industrial scale problems, par-
allel processing becomes an obvious option for signif-
icantly increasing existing computational capabilities.
The necessity of frequent introduction of new physi-
cal cracks and/or adaptive remeshing at both local and
global levels to represent material failure makes paral-
lel implementation more difficult and challenging than
for conventional finite element problems. For situations
involving both finite and discrete elements, a dynamic
domain decomposition strategy is adopted since domain
re-partitioning has to be frequently undertaken due to
the highly dynamic evolution of the problem configu-
ration. The principal issues which must be addressed
include: (i) dynamic domain re-partitioning, based on
a graph representation, which is both efficient and min-
imises data movement, (ii) dynamic parallelisation of
the global search procedure and (iii) dynamic load re-
balancing based on a (relative) cost model for the com-
putational effort associated with each discrete object.
The development of such parallel computational mod-
elling procedures is highly challenging and is likely to
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remain the focus of considerable research activity for
the immediate future.

Considerable advances have also taken place in the
solution of large-scale problems (in solid mechanics
problems of 1–10 million degrees of freedom are con-
sidered large, whereas in computational fluid dynam-
ics problems in excess of 100 million degrees of free-
dom are often undertaken). Iterative techniques, based
on Krylov-type methods, are now widely used in solu-
tion. These methods include conjugate gradient squared
(CGS), bi-conjugate gradient stabilised (Bi-CGStab)
and generalised minimum residual method (GMRES)
techniques. Large-scale equation solving capabilities
can be further enhanced by combining these schemes
with multi-grid approaches.16 The non-nested nature of
the multi-gridding allows the mesh generation and vari-
able mapping algorithms employed in adaptive mesh re-
finement strategies to be directly exploited.

V. OTHER RELATED NUMERICAL TECHNIQUES

The above has provided a brief overview of devel-
opments over the last five decades, but is inevitably
incomplete. One other area of recent intense research
activity has been that of meshless methods, or element-
free Galerkin approaches. This work has been largely
driven by the goal to eliminate mesh generation require-
ments, thereby facilitating, in particular, the solution of
problems in which material separation or merging oc-
curs. A further area in which work will become essential
is the development of suitable techniques to handle the
ever increasing amounts of data required to both de-
scribe large-scale complex non-linear problems and to
represent the results. This is becoming a pressing is-
sue and advances in this direction are equally, if not
more so, necessary than that the development of new
computational solution strategies.

More recently, there has been considerable interest
in research for describing random media fields through
the use of stochastic finite element modelling with a
view to accounting for both uncertainties in the distri-
bution of material properties and the presence of inter-
nal fractures in geo-mechanical and other solids.17

VI. CONCLUDING REMARKS

Although the past fifty years of computational mod-
elling have proved to be exciting and rewarding, the fu-
ture will be even more challenging. The president’s in-
formation technology advisory committee (PITAC) re-
port published in 2005, which was commissioned to de-
termine the role of computational science in ensuring
America’s world-wide competitiveness in science and
engineering, identified computational modelling as the
third pillar of scientific progress. It recognises that com-
puter simulation will play as equally an important role
as theoretical developments and experimentation. The

key conclusion of the PITAC report is that the most
scientifically and economically promising research fron-
tiers in the 21st century will be conquered by those most
skilled with advanced computing technologies and com-
putational science applications.

Universities world-wide are currently becoming un-
der increasing pressure to operate more efficiently on
both teaching and research fronts. The rapid pace of
progress also implies that education and professional
training have or will, become a lifelong activity, with
a continuing need for engineers to update their com-
petence and skills. Furthermore, most institutions are
experiencing a shortfall in human skills, with an increas-
ing scarcity of highly trained academic and technical
people being evident. With this in mind, collaborative
research and teaching programmes between universities
within Europe, and indeed world-wide, is becoming an
economic necessity to meet leading edge technological
challenges. In addition to the more traditional research
areas, many other topics, particularly in the life sciences
and bio-medical engineering, are emerging and it is true
to say that computational methods offer as many ex-
citing prospects for development as they did some fifty
years ago. In conclusion, we who have worked, and con-
tinue to work, in the field of computational modelling
should feel privileged by the experience.
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