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Abstract

The convergence of modified Mann iteration is equivalent to the convergence of modified Ishikawa
iterations, wherf" is an asymptotically nonexpansive in the intermediate sense and strongly succes-
sively pseudocontractive map.
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1. Introduction

Let X be a Banach space and IBtbe a nonempty subset of, ug, xo € B be two
arbitrary fixed points and' : B — B be a map.

Definition 1. The mapT is said to be
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(i) asymptotically nonexpansive if there exists a sequehkgk,, k, € [1, 0), Vn € N,
lim, -« k, = 1, such that

IT"x = T"yl| <knllx —yll, Vx,y€B, VneN; 1)

(i) asymptotically nonexpansive in the intermediate sengeiff continuous for some:
and

lim sup sup (I7"x — T"y| — llx — y|l) <O (2)

n—oo x,yeB

(iiif) strongly successively pseudocontractive if there exists(0, 1) andng € N such that

lx =yl < |x —y+t[d =T"—kDx — I —=T"—kDy]|. 3)
forall x,y € B,t > 0 andn > no;
(iv) uniformly Lipschitzian if there existd > 0 such that
IT"x = T"y|| <Lllx —yll, Vx,yeB, VneN. (4)

An example of an asymptotically nonexpansive in the intermediate sense which not
continuous can be found in [1, Example 1.1, p. 456]. An asymptotically nonexpansive
map is uniformly Lipschitzian for someé > 1,i.e.,.3L > 1: |T"x — T"y| < L||x — y||,

Vx,y € B,Vn € N. Itis clear now that (ii) is weaker then (i).

Remark 2. An asymptotically nonexpansive mapasymptotically nonexpansive the
intermediate sense. The converse is not true.

Settingn = no := 1 in (3), we get the definition of a strongly pseudocontractive map. In
Example 1.2 from [1], there is a map which is not strongly pseudocontractive but which is
strongly successively pseudocontractive.

We consider the following iteration, see [3]:

up+1= A —ap)un + o, T"u,, n=0,12,.... (5)
This iteration is known amodified Mann iterationWe consider the following iteration,
known asmodified Ishikawa iteratio(see [2]):

Xn+1= (1= an)xy +anT" yn,

Vn=0Q0=B)xn +B:T"x,, n=0,12,.... (6)
The sequencegy, }, {8,} C (0, 1) are such that

o0
lim a, =0, lim g, =0, > oy =o0. )
n—>oo n—>oo 1

n=

The sequencéy,} remains the same in both iterations. fyr= 0, Vn € N, from (6) we
get (5). We denote by (T') the set of fixed points of . Replacingl” by T in (5) and (6)
one obtains ordinary Mann and Ishikawa iteration.

The aim of this note is to prove the equivalence between the convergences of the above
two iterations whenT is an asymptotically nonexpansive in the intermediate sense or
strongly successively pseudocontractive map.

The following lemma is from [7].
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Lemma 3[7]. Let{a,} be a nonnegative sequence which satisfies the following inequality
any1 < (L= Apay + 6y, (8)

wherex, € (0,1),Vn e N, Y}"0° 1 A, = 00, ands, = o(x,). Thenlim, . a, =0.

2. Thecase of asymptotically nonexpansivein the intermediate sense

Theorem 4. Let B be a closed convex bounded subset of an arbitrary Banach space

{x,} and{u,} defined by(6) and (5) with {«,}, {8} C (0, 1) satisfying(7). LetT :B — B

be an asymptotically nonexpansive in the intermediate sense and successively strongly
pseudocontractive self-map Bf Put

en = max(O, sup (I7"x = T"yll — |lx — yll)) ©)
x,yeB
so that
lim ¢, =0. (10)
n—oo

If ugp = xo € B, then the following two assertions are equivatent

(i) Modified Mann iteration(5) converges ta* € F(T).
(i) Modified Ishikawa iteratiorf6) converges ta* € F(T).

Proof. If the modified Ishikawa iteration (6) convergesi®, then it is clear that this
x* is a fixed point. Setting, =0, Vrn € N, in ( 6) we obtain the convergence of modified
Mann iteration. Conversely, we shall prove that the convergence of modified Mann iteration
implies the convergence of modified Ishikawa iteration. The proof is similar to the proof
of Theorem 4 from [5]. From (6) we have
Xn = Xp+41+ QpXp — 0y Tnyn
= A+ ap)xps1 +apXpg1 — oy Tnanrl — kot xp41
— 2005 Xp 41+ Koty Xy 1 + o Xy 4+ ot Tnxn+1 — Oy Tnyn
=L+ an)xnr1+on(I = T" —kDxpi1 — (2 — k)t xn+1
+ apx, + Oln(Tnxn—i-l - Tnyn)
= A4+ a)xnrr+oy(I =T" —kDxp11 — 2= k)ay [xn +an(T"y, — xn)]
+ apx, + Oln(Tnxn—i-l - Tnyn)
=+ ap)xp+1+a (I — T" — kI)xp41
— (L= K)atnxy + (2= ) (6w — T" ) + @ (T"xp 41— T" y). (11)

Analogously, for (5) we get

up = L+ an)upt1 + o (I — T" — kDuy41
— (L= B)anitn + (2 — k)2 n — T"un) + o (T"ttp g1 — T ). (12)
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Compute (11)—(12) to obtain
Xp —up = A+ o) (g1 — Upg1) + Oln[(l —-T" - kDxpy1— U — T" — kl)unJrl]
— (L= ke (n — ) + (2= k)i [xn — tn — (T"yy — T"up)|
+ Oln[Tnanrl - Tn)’n - (TnunJrl - Tnun)]' (13)
Using the triangular inequality and (3) with:= x, 41, y ;= up41, t ‘= oy /(1 4+ o),

lxn — unll = A+ an) || (X1 — Un+1)

Op
1+,
—A=Kaullxn —unll — (22— k)()l,%”x,, —uy — (T"yn — Tnun)H

—Qp ” Tnanrl - Tn}’n - (Tnun+1 - Tnun) ”

+

[(I =T" —kDxni1 — (I = T" = kD)up 1]

> 1+ o) I — tnsall — (L= K)an llx, — |
— 2= k)2 xn =ty — Ty — T"uy) |
— oy || T"xps1 = T" yp = (T"uns1 — T"up) | (14)
Thus
A+ ap)llxp+1 — upsall
< (14 A= Ban) 0 — wnll + @2 = K2 xn =ty — T"yn + T"un|
+ || T"xng1 — T g1 — (T"yp — T"un) |
< (L+ Q= 0an) lbxn = unll + @ = i llxn = T"yall + 2= k)af lly = T"uy |
+anll T tnsr — Tt || + | T" X1 — T" - (15)
Using the facts thatl + «)~* < 1 and(1+ «?) "1 < 1—a, + o? we get
Ixn41 — tngall < (1+ Q= B)an) (1 — o + o) 1xn — |
+an{ (2= K)atnllxn — T"yull + 2= k)atnllty — T"un]|
F T tpsr — T |l + I T" X012 — T"yull}
=1+ A= kan) (L — an +a2)[x0 — ]| + @n0n, (16)
where
on 1= (2= K)anllxn — T"yull + 2= K)oty — T"uy||
F T wpsr — T ||+ 17" X0 — T" Y- (17)
We have
M :=max{||xoll, sup{IT"x|l, x € B, n € N}} < o0. (18)

The sequencf|x, — T"y, ||} is bounded becaug&”y,} is in the bounded s&%, and{x,}
also is bounded by. Supposing thafx, || < M, a simple induction leads to

lxns1ll < A=) llxall + oM < A=) M + o, M =M. (19)
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Modified Mann iteration (5) converges, let be that fixed point. Thus
O< Nlup = T"unll < T"x* = T"up || + lluy — x*||
=(IT"x" = T"up |l — lun — x*|) + 2flue — x|
<cp+2|up —x*| =0 asn— oo. (20)
Itis clear that{||T"u,+1 — T"u, |} also converges to zero because
O< T un+1 — T"un||
SNT"upg1 = T"unll = lltns1 — wnll + lttnr1 — unll = 0 asn — oo. (21)

From (9) and (10) one obtains

17" xng1 = T"yull = [IT" yn — T"Xns2ll = Iyn — Xnsall] + llyn — Xntal
< Cn + ||)7n - xn+l|| - Os asn — OO, (22)
since
lyn — Xn+1ll = | =Bnxn + ﬁnTnxn + opxp —ap Tnyn”
<28, M + 20, M =2M (o, + B,) — 0 asn — oo. (23)

The sequences,}, {T"x,} and{T"y,} are in the bounded s&, and bounded by > 0.
The following inequality is, in fact, inequality (29) from [5]:
(1+ Q- b)) (1 - oy +a?)
=1—kay 4+ ka? 4+ (1 — ko < 1—kay, + ka? + (1 — k)a?
=1—kay, +a?. (24)

The condition lim_, - a0, = 0 implies the existence of a positive integérsuch that for
aln>N

k

Substituting inequality (25) into (24) we get

(L4 (@ kaw) (L~ oy +02) < 1~ kety 03 < 1 kety + 500

k
=1- S0 (26)
Relations (26) and (16) lead to
k
lXn41 — tpyall < (1 - Ean) lxn — unll + anoy, (27)

where{o, }is given by (17). From (22) we know that ljm - o, = 0. Denote

k
an = |lxn —unll, Ap 1= Eanv O = oy = 0(Ay). (28)
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Relations (28) and (27) lead to (8); using Lemma 3 we have

lim flx, —u,||=0 (29)
n—>oo
to obtain
0< llxn = x™ || < llxn — unll + lup —x*| - 0 asn — oo. (30)

Hence lim oo [|lx, —x*||=0. O

3. The strongly successively pseudocontractive case
3.1. The Lipschitzian case

Theorem 5. Let B be a closed convefwithout being necessarily boundeslibset of an
arbitrary Banach spac& and {x,}, {u,} defined by(6) and (5) with {«,}, {8} C (0, 1)
satisfying(7). Let T be a successively strongly pseudocontractive and uniformly Lip-
schitzian withL > 1 self-map ofB. If ug = xg € B, then the following two assertions
are equivalent

(i) Modified Mann iteration(5) converges ta* € F(T).
(i) Modified Ishikawa iteratiorf6) converges ta* € F(T).

Proof. Supposing, again, that modified Ishikawa iteration converges, analogously as in the
proof of Theorem 4 we obtain the convergence of modified Mann iteration. Conversely,
supposing that modified Mann iteration converges, we will prove that modified Ishikawa
iteration will converge. For that we need to evalujatg — u, ||. The mapT is successively
strongly pseudocontractive. Thus relations (11), (12), (14)—(16), (24) hold:
1 = nga ] < (1= ke + ) 10 — |
+ Oln{(z —kapllxn = T"yull + 2= ey lup — T"uy ||
F 1T ups1 — T"upll + 1 T" xp 11 — Tn)’n”}' (31)
We have

[xp — unll + lln = T"unll + 1 T" up — Tn)’n”

llxn — Tn)’n” <
< |xn_un||+||un_Tn”n” + Llluy — yull. (32)

|
|
lin = yull = || (L= Bu) (n — xn) + Bt — T"x) |

< A= Bllxn = unll + Bullten — T" xn|

<@ = BlIxn — tnll + Bu(IT"un — T" x|l + lltn — T" )

<A =B lxn —unll + BuLllxn — unll + Bullun — T"uy||

= (L= Bu + BuL)llxn — unll + Bullun — T"uy||

< Lllxg —unll + Bulln — T"uyll, (33)
because KL=1—-8,+B,L<L.
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Substituting (33) into (32) we get

30 — Tyl < Nt — xull + llitn — T" |
+ L(Lxn — tnll + Bullten — T"un )
<A+ LAxn — unll + A+ LB ltn — T"un . (34)
Now

17" Xp11— T"yull < Llxnt1 — yull = L| (X — an)xn + an T" yu — yu|
=L[(1—an)tn — yn) +an(T"yn — ya)||
SL(A=a)xn = yall + @l T" yn — yall). (35)
Using (33),

IT"yn = T"unll + 17" ttn — unll + llttn — yull

A+ Dllun = yull + 17" un — unll

A+ L) (Lllwn = x| 4 Ball T" e — ) + I T" s — |

= (L4 L)Llxn = unll + [(A4 L) B + LI T un — unl. (36)

||Tn)’n —yull <
<
<

o0 = yull = |20 — A= B)xw — BaT"xn | = Bullxn — T" x|
< Bl lxn = unll + 1T "t — || + 17" %0 — T" i | ]
< B4 L) N1y — wnll + 1"ty — ul). (37)
Substituting (36) and (37) in (35) one obtains

17" xn+1—T"yull < L[(l_ o) 1xXn = yull + an I T" yn — yn”]
<L{@—an) (Bl @+ Dllitn = 2l + 1Tt = )

(L DL = |+ [ L) + 1T = un])}
= (1= o) Bu(L+ L)LIIxp — nll + L(L = 0t) Bull Tt — 10|
+an (L4 L)L?||xy — |
+an L[(1+ L)Bn + I T"up — un|l
= (LA = ap)Bu(L+ L) + ay(L+ L)L?)|lxy — un]|
+ (BaL(X— ) + an L[+ L) By + 1)) IT"up — unll.  (38)
Replacing (38) and (32) in (31) we get

2041 — tngall < (1= katy + 202) 1x0 — |
+ 2= k)o2((A+ LAIxy — nll + L+ BuL) ltn — T"un )
+ 2=k llun — T"upll + cn | T" uns1 — T"un |
+an(L(L = o) Bu(L+ L) + oy (L + LYL?)[1x5 — un |
+ an(BaL(L— o) + o L[(L+ L) By + 1)) ltn — T" |
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={ (L= ko +202) + @ 2@+ L?)
oL+ L)((A = )y + L) fxn =
+{@=k0a2@+ L) + B LA~ )
+an L[+ L) + 1] ltn = T
+an T unt1 — T"un|. (39)
Formula (30) from [5] withM = 2+ (2 — k)(1+ L?) 4+ L2(1+ L) leads us to
(1 — ko) + 202 + (2= k)2 (1 + L?) + oy L(1 + L) (1 — atp) B + an L)
<1 —katy +aty (20 + 2= K)an(L+ L% + L1+ L)((1 — ) By + L))
< 1—kan +anM(an + Bn)
<1—kay +onk(l—k) =1 — kay, (40)
for all n sufficiently large, since lig, o (@, + B,) = 0. Relations (40) and (39) lead to
X1 — tnall < (1= k2orn) [ — 1 |
+an{ [ @ Ban@+ BuL) + [BL A~ )
o L[ LB + 1]t = T+ 1"t 2 = T |

= (1 — K2an) X0 — tnll + ctnen,

€p = [(2 — ko, 2+ BuL)
+[BL@ =) + @uL[@+ LBy + 1] |ltn = T
+ ||Tnun+l - Tnun Il. (41)

Supposing that lig, oo lu, — x*|| = 0, with Tx* = x*, we have lim_ « |lu, —
T"u,| =0 because

O< lun — T"unll < llup — X"+ 1T"x" — T"un|
< Mun = x*1 + Lllun — x* = A+ L) lup —x*| > 0 asn — oo. (42)

Itis clear that if lim,— o |ty — T"uy| =0, then lim,— oo | T"up+1 — T"uy| = 0.
Denote by

an = ||xn — unll, A = k2o, 8n = anen = 0(Ay). (43)
Supposing that modified Mann iteration converges, i.e,, lim u,, = x*, we get from (42)
lim [ T"up1 — T"unl| =0
n—00
and

lim |ju, — T"u,|| =0
n—o0
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becausd is uniformly Lipschitzian. Thus limL, « €, = 0, which means that, = o(,,).
Relations (43) and Lemma 3 lead us to

lim |jx, — un| =0. (44)
n—>oo
The inequality
0< |xn — X*” < lxy — un |l + |luy _X*” —0 asn— o0 (45)

leads us to conclusion that jm o x, =x*. O
3.2. The non-Lipschitzian case

Let X be a real Banach spack,be a nonempty subset af and7 : B — B.
The mapJ : X — 2X" given by Jx :={f € X*: (x, f) = |Ix|% IIf]l = x|}, Vx € X,
is calledthe normalized duality mappin@he Hahn—-Banach theorem assures thag @,
Vx € X. Itis an easy task to see thigt(x), y) < |lx||llyll, Vx,y € X, Vj(x) € J(x).
In[1,Lemma 2.1, p. 459] it is shown that the definition of successively strongly pseudo-
contractive map is equivalent to the following definition:

Definition 6. T is successively strongly pseudocontractive maghdfre existsc € (0, 1)
and aj (x — y) € J(x — y) such that
(T"x —T"y, j(x — y)) <kllx —yI? Vx,yeB. (46)

We need the following lemma from [4].

Lemma 7 [4]. If X is a real Banach space, then the following relation is true

b+ yIZ < Ix P+ 2y, jx+),  Vx,yeX, Vjx+y)eJx+y). (47)
We are able now to prove the following result:

Theorem 8. Let X be a real Banach space with dual uniformly convex ahd non-
empty, closed, convex, bounded subseXofet 7: B — B be a successively strongly
pseudocontractive operator ard, }, {«,} defined by6) and (5) with {«,}, {8,} C (0, 1)
satisfying(7). Then forug = xo € B the following assertions are equivalent

(i) Modified Mann iteratior(5) converges to the fixed point Bt
(i) Modified Ishikawa iteratior6) converges to the fixed point of

Proof. The proof is similar to the proof of the main result from [6]. If either (5) or (6)
converges to a point*, thenx* is a fixed point forT. Using (5), (6), (47) withx :=
Q=) (xp —up), y:=ay(T"y, — T"u,) (observe that + y = x,,+1 — u,+1) and (46)
we get

2
llXn+1 — Mn+l||2 = ” (L —otn) (X — up) + an(T" y, — Tnun)H
<(A- an)znxn —Un ”2 + zan(TnYn —T"up, J(xXp1— ”n+1)>
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= (L= o) ?|lxp — unll?
+ 20 (T" yu — T" . J (Xpg1 — tng1) — J (Y — tn))
+ 20 (T" yu — T"ut, J (yn — n))
< (L= 0n)?||xn — unll? + 205k | yn — un?
+ 20 (T" yu — T"ut, J (Xp11 — tny1) — J (Yn — tn))
< (L= 0n)?||xn — unll? + 205k |y — un?
+ 20 | T" yn — T" |l | J (Kng1 — ttng1) — T (yn — )|
< (L= 0n)?||xn — unll? + 205k | yn — un?

+ 200, M1 | J (xXp 1 — ttns1) — J (yu — un) |, (48)
for someM; > 0. Observe that|| 7"y, — T"u,|} is bounded. We prove that
J(xpt1 —upt1) — J(yn —uy) > 0 asn — oo. (49)

If the dual is uniformly convex, thed is single map and uniformly continuous on every
bounded set. To prove (49) it is sufficient to see that
H (n+1 — unt1) — (Yo — un)H = H (n+1 = yn) — (Un41 — un) ”
= ” —apXp +nT" yn + Buxn — BuT" Xn + tnttn — otn T"uy ”
S an(llxnll + 1T yull + Nl + 1T unll) + B (2l + 117" x4 1)
<(oy +B)M — 0 asn— oo, (50)

whereM = sup, ((lxall + 17" yull + lun |l + 17" un D), Uxull + 17" x4 1)) < 00

The sequencesu,}, {x,}, {T"x,}, {T"u,} and {T"y,} are bounded, being in the
bounded seB. Hence one can see that theabove is finite and (49) holds.

We define

on =20, M1 | J (g1 — ttng1) — T (9 — un) |- (51)
Again, using (6) and (47) withh := (1 — 8,)(xp — uy), y := Bu(T"x, — u,) (Observe
thatx + y =y, — u,) we get
yn = w2 = [ (L= )@ — ) + B (T" 0 — )|
< (A= B)? N0 — un | + 2Ba(T" %0 — ttn, J (90 — )
< Ml — |1 + BuMa. (52)
The last inequality is true becaus@”x,, — u,,, J (y» — uy))} is bounded, with a constant
M> > 0. Replacing (51) and (52) in (48), we obtain
X1 = untall® < A= 0n)? 0 — tnlI® + 200kl x0 — wnl|® + 00 + 0t (2K) B M2
= (1= 2(1 = K)an + af) Ilxn — un | + o). (53)

The condition lim_, o a0, = 0 implies the existence of arp such that for allz > ng we
have

o < (L—k). (54)
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Substituting (54) into (53), we obtain12(1 — k)a, + a2 < 1—2(1— k)a, + (1 —k)a, =
1— (1-k)ay,. Thus, from (53)

lxnt1 — tnrall> < (L= (L= k)atn ) X0 — unll? + 0(ctn). (55)

Define a, := ||x, — unll?, A := (1 — K)a, € (0,1). Then Lemma 3 implies that
iMoo a@n = liMps 00 lXn — ”n”z =0,ie,

lim |jx, — un| = 0. (56)

n—o0
Suppose that modified Mann iteration converges, i.e,, im u,, = x*. The inequality
O < [Ix™ = x|l < Ml — x| + X0 — un| (57)

and (56) imply that lim,_, o x, = x*. Analogously lim,_, » x, = x* implies lim,_ « u,
=x*. 0O

4. The equivalence between T-stability

Let F(T):={x*e X: x*=T(x"},x* € F(T). Consider

&n 1= Hanrl — A —ap)xp—a,T"y,|, (58)
On 1= ||Mn+l —(L—an)up —ayT"u, ” . (59)

Definition 9. If lim ,,_, o &, = 0 (respectively lim_, - §, = 0) implies that lim,_, o, x, =
x* (respectively lim_, - u, = x*), then (6) (respectively (5)) is said to be T-stable.

It is obvious if we take the limit in (6), respectively (5).

Remark 10. Let X be a normed space witB a nonempty, convex, closed, and bounded
subset. LetT : B — B be a map. If the modified Mann (respectively Ishikawa) iteration
converges, then lim, » §, = 0 (respectively lim_, ~ ¢, = 0). The remark holds without
the boundeness assumption®fwhen the mag is uniformly Lipschitzian.

Proof. Letlim,_ « 1, = x*. Then from (59) we have

0 < 8 < Nupy1 — unll + o lluy — T"un||
< lunta _X*” + llun _X*” + apllup _X*” "'Oln”x)‘< - Tn”n”

—0 asn—o00. O
We are able now to prove the following result:

Theorem 11. Let B be a closed convex bounded subset of an arbitrary Banach space
X and {x,} and {u,} defined by(6) and (5) with {«,}, {8.} C (0, 1) satisfying(7). Let

T be an asymptotically nonexpansive in the intermediate sense and successively strongly
pseudocontractive self-map 8t Let {c,} be as in(9) satisfyinglim, o ¢, = 0. If ug =

xo € B, then the following two assertions are equivatent
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(i) Modified Ishikawa iteratior{6) is T-stable.
(i) Modified Mann iteratior(5) is T-stable.

Proof. From Definition 9 we know that the equivalenge< (i) meansthatlin, » &, =
0 < lim,— o0 8, = 0. The implication lim,—, o0 £, = 0= lim,_, » 8, = 0 is obvious by set-
ting 8, = 0 in (6). Conversely, suppose that (5) is T-stable. Using Definition 9, again, we
get

lim 8, =0 = I|lim u, =x* (60)

n—o0 n—o0

Theorem 4 assures that lim . 1, = x* = lim, . o x, = x*. Using Remark 10 we have
lim,>00&, =0. Thuswe getlim_ 8, =0=Ilim,¢,=0. O

Similarly one can prove the following result.

Theorem 12. Let B be a closed conveixvithout being necessarily boundeslibset of an
arbitrary Banach space and {x,}, {u,} defined by6) and (5) with {«,}, {8.} C (0, 1)
satisfying(7). Let T be a successively strongly pseudocontractive and uniformly Lip-
schitzian withL > 1 self-map ofB. If ug = xg € B, then the following two assertions
are equivalent

(i) Modified Ishikawa iteratior{6) is T-stable.
(i) Modified Mann iteratior(5) is T-stable.

Also the following results holds using Theorem 8:

Theorem 13. Let X be a real Banach space with dual uniformly convex @@ non-
empty, closed, convex, bounded subseXofet 7: B — B be a successively strongly
pseudocontractive operator ard, }, {«, } defined by6) and (5) with {«,}, {8,} C (0, 1)
satisfying(7). Then forug = xo € B the following assertions are equivalent

(i) Modified Ishikawa iteratiorf6) is T-stable.
(i) Modified Mann iteratior(5) is T-stable.

Our theorems are also true for set-valued mappings, if such maps admit appropriate
single-valued selections.
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