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Abstract The approximation of soft set is presented in modified soft rough (MSR)
approximation space in this paper, i.e., approximation of an information system with
respect to another information one. Besides, the concept of rough soft set is intro-
duced in a modified soft rough approximation space. Various properties are studied
like subset, union, intersection on rough soft set with some propositions presented on
rough soft set. Moreover, the measure of roughness of soft set is defined in MSR-
approximation space and the order relation is introduced on soft set. Furthermore,
lattice theory is studied in the MSR-approximation space under a modified rough
soft environment. Finally, some realistic examples are considered to usefulness and
illustrate of the paper.

Keywords Soft set - Rough set - MSR-approximation space - Lattice
© 2015 Fuzzy Information and Engineering Branch of the Operations Research Society
of China. Hosting by Elsevier B.V. All rights reserved.

1. Introduction

In recent years, scientists, engineers and mathematicians have shown great interest in
uncertainty as it found many fields like decision making, engineering, environmental
science, social sciences, and medical science etc. Probability theory, fuzzy set theory
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[1], rough set theory [2, 3] and other mathematical tools have been used successfully
to describe uncertainty, but each of these theories has its inherent difficulties [4, 5].
Consequently, in 1999, Molodtsov [4] proposed a novel concept for modeling vague-
ness and uncertainty called soft set theory which is free from difficulties affecting
existing methods. The operations of soft set defined by Maji et al. [6] and redefined
by Cagman and Enginoglu [7]. Recently, the properties and applications on soft set
have been studied increasingly [8-10]. Rough set was initiated by Pawlak [3] as a for-
mal tool for modeling and processing incomplete information in information system.
Every rough sets are associated with two crisp sets, called lower and upper approxi-
mations and viewed as the sets of elements which certainly and possibly belong to the
set. Pawlak’s rough set is mainly based on equivalence relation. But, in practical, it
is very difficult to find an equivalence relation among the elements of a set. So, some
other general relations such as tolerance ones and dominance ones are considered
to define rough set models [11, 12]. It has been successfully applied to knowledge
discovery, decision analysis, signal processing, mereology and many other fields [13,
14]. Soft set theory and rough set theory are treated as mathematical tools to deal
with uncertainty. A connection between these two has been made by Feng et al. [15]
and introduced the notion of soft rough set. In this model, they described the pa-
rameterize subset on the universe of discourse. As a result, some unusual situations
have occurred, like upper approximation of a non-empty set may be empty. Upper
approximation of a subset may not contain the set which does not occur in classical
rough set theory. To overcome these difficulties, Shabir et al. [14] redefined a soft
rough set model called MSR set.

In this paper, we study the approximations of an information system with respect
to another information ones. We approximate a soft set with respect a modified soft
rough approximation space and introduce the notion of rough soft set. Here, we
endeavor to establish link between soft set and rough set in connection with an appli-
cation in lattice. Also, we introduce the concept of measure of roughness in a soft set
and consequently some propositions and examples are presented here.

2. Preliminaries

Definition 2.1 An information system (or a knowledge representation system) is a
pair (U, A) of non-empty finite sets U and A where U is a set of objects and A is a set
of attributes; each attribute a € A is a function a : U — V,, where V, is called set of
values of attribute a.

Let U be a non-empty set of universe and R be an equivalence relation on U.
The pair (U, R) is called Pawlak’s approximation space. The equivalence relation
R is often called indiscernibility relation and related to an information system. An
indiscernibility relation R = I(B), B C A is defined as:

(x,y) € I(B) ©® a(x) = a(y), Yae€B,

where x,y € U, and a(x) denotes the value of attribute a for object x.
Using this indiscernibility relation, one can define the following operations as:

AX)={xeUl|[xlgCX}and A*(X) = {x e U | [x]g N X # y}.
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For any X C U, A.(X) and A*(X) are called lower and upper approximations of X
respectively. If A, (X) # A*(X), then X is called the rough set in the approximation
space (U, R). The difference A*(X) — A4(X) is called boundary region of X and is
treated as the area of uncertainty.

Let U be an initial universe of objects and E be the set of parameters and A C E.
P(U) is the power set of U.

Definition 2.2 A pair S = (F,A) is called a soft set over U, where F : A — P(U)
denotes a set valued mapping.

Definition 2.3 [14] Let (F,A) be a soft set over U, where F is a mapping from A to
P(U), ie., F : A — P(U), where P(U) is the power set of U. Let y : U — P(A)
be another mapping defined as y(x) = {a | x € F(a)}). Then the pair (U, V) is called
MSR approximation space and for any X C U, lower MSR-approximation and upper
MSR-approximation respectively are defined as follows:

X, = (e Uy #u() ¥y e X°),
where X = U - X,
X, = {x e U | y(x) = y(y) for somey € X).
If K./, * Yw, then X is said to be modified soft rough set.

Example 2.1 Let U = {uy, uy, u3, us, us} be the set of schools considered as universal
set and an attribute set A = {ej, ez, e3,e4}. Here e; denotes good location, e, de-
notes sufficient teachers, ez denotes good maintenance of discipline, e4 denotes good
relation in teacher-student. Let the soft set (F, A) over U is given by the following
table:

Table 1: Table represents the soft set.

(5] [} es [}

wy 11 0 0
w 0 0 1 1
wy 11 1 0
w 0 1 1 1
Us 0 1 0 1

Here 1 and O denote ‘yes’ and ‘no’ respectively. Then from the definition of MSR
set, y : U — P(A) is defined as follows:

Yuy) = {er, e2}; Yua) = {eak; Yuz) = {eal; Y(ug) = {ey, e3} = Y(us).

Let X = {u;, u3, us}. Therefore for the MSR-approximation space (U, ), we can
write

X, = {u1,u3} and X, = {uy, us, us, us).

Clearly, &// * Xl,, so X is a modified soft rough set.
3. Rough Soft Set
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In this section, we introduce the notion of rough soft set in modified soft rough ap-
proximation space.

Definition 3.1 Ler (F, A) be a soft set over U and (U, ) be an MSR-approximation
space with respect to A. Let (G, B) be another soft set over U. (G, B) is said to be
rough soft set with respect to a parameter e € B if G(e) # G(e)y, (G, B) is said to be

a full rough soft set or a simply rough one ifG(e)w # G(e), VY e € B and we denote it
by RsG(ep). We denote rough soft set with respect to e by RsG(e) = (G(e) ,G(e)y).

Example 3.1 Considering a universal set of batsman U = {u, u», u3, ua, us, ue, 7, ug}
and an attribute set A = {ey, e, €3} where ¢, denotes Bold out, ¢, denotes Catch out,
e3 denotes LBW. Let (F, A) be a soft set representing the record of the player given
by the following table:

Table 2: Table represents the data on information system.

)

)
N

[
w

uj 1 1 1
w 1 0 1
us 0 1 1
Uy 1 0 1
us 0 0 1
s 10 0
u; 1 1 0
ug 0 0 1

Here 1 and O denotes ‘yes’ and ‘no’ respectively. Then from the definition of MSR
set, ¥ : U — P(A) is defined as follows:

Yur) = {er, e, e3; Yluz) = {er, e3l; Yluz) = {ez, e3}; Y(ua) = fey, e3};

Wlus) = {es}; Ylue) ={er}; Ylur) ={er, e2}; Ylug) = {ea}.

Let (G, B) be another soft set defined as

G(er) = {ur, uz, ug, us, u7}; G(ez) = {uy,us, us, ug};

Gle3) = {uz, u3, us, us, uz, ug}; Gles) = {ur, up, uz, us, ue, u7},
where e; denotes Bold out, ¢, denotes Catch out, e3 denotes LBW and e4 denotes
Run out. Lower MSR-approximation set and upper MSR-approximation set of (G, B)
are

Gler) = {ur,ua, us, us, urk; Gler)y = {ur, ua, us, s, uz};

Glex) = {ur,u3, ugh; Gler)y = {1, uz, u3, g, ug};

Gles), = {us, us, ug, 7, us}; Gles), = {uz, u3, s, us, ug, 7, us};

Glew), = {ur, uz, us, us, u7}; Glea)y = {1, ty, 3, g, s, g, 7).

Clearly, (G, B) is a rough soft set with respect to parameters e,, ez and ey.

Proposition 3.1 Let (F, A) be a soft set over U and (U, ) be an MSR approximation
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space with respect to A. Let (G, By), (G2, By) be two rough soft sets. Then

Gi(e), if e€ By — By,
H(e) =< Gy(e), if e€ B, - By,
Gi(e)UGy(e),if e€ BiNB,

is a rough soft set if By N By = ¢.

Proposition 3.2 Let (F, A) be a soft set over U and (U, ) be an MSR approximation
space with respect to A. Let (Gy, By), (G2, By) be two rough soft sets. Then Ve €
By N By, H(e) = Gi(e) N Ga(e) is a rough soft set.

Definition 3.2 Let (F, A) be a soft set over U and (U, ) be an MSR approximation
space with respect to A. Let (G, By), (G2, By) be two rough soft sets. (G, By) is said
to be rough soft subset of (G, By) if

(i) By € By, and
(ii) Ye € By, Gi(e) = Ga(e) andGi(e), = Ga(e)y.
We write (G1, By) C (G, By), where T denotes soft rough subset.

Definition 3.3 The union of rough soft sets RsG(e) and RsG(e,) with respect to the
parameters ey and e, respectively in MSR-approximation space (U, ) is denoted by
RsG(e1) URsG(ey) and is defined as RsG(e1) URsG(e2) = (G(er) UG(ez) ,Gle1)y VU
G(62)¢)~

The union of rough soft sets RsG(e4) and RsG(ep) is defined as RsG(es)URsG(ep) =
(%w U%,@w U G(f),) foralle € Aand f € B.

Definition 3.4 The intersection of rough soft sets RsG(e;) and RsG(e,) with respect to
parameters e| and e, respectively in MSR-approximation space (U, ) is denoted by
RsG(e1) MRsG(ez) and is defined as RsG(e1) MRsG(e2) = (G(e1) NGlez) ,Gler)y N

G(ea)y)-
The intersection of rough soft sets RsG(es) and RsG(ep) is defined as RsG(es) M
RsG(ep) = (G(e) N G(f)w, G(e)y N G(f)y) foralle € Aand f € B.

Proposition 3.3 Let (G, B) be an soft set over U and (U, y) be an MSR-approximation

space. Then set (RsG(e), U, M), Ye € B together with (U, U) and (¢, ¢) form a lattice

where the order relation C is defined as RsG(e1) € RsG(e;) = G(e;) C G(ep) and
—_— —

G(er), S G(ea)y.

Example 3.2 Considering the Example 3.1, for simplicity, we denote the subset of U,
other than ¢ and U by sequence of numeric suffices. For example u, u, 4, ug, u7 is
written as 12467. The Hasse diagram for Example 3.1 of lattice under the soft rough
set is given in Figure 1.
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oG D)

(13567, 1234567)

(12467, 12467) S (136.12346)

oo

Fig. 1 Lattice under rough soft set

Proposition 3.4 Let (G, By) be a soft subset of (G2, By). If (G2, By) is a rough soft
set, then (G, By) is rough soft subset of (G2, B).

Proof Since (G, B;) is soft subset of (G, B), therefore Gi(e) = G,(e) for all
e € By. Therefore Gi(e) = Ga(e) and Gi(e), = Ga(e), for all e € B;. Hence
(Gy, By) is rough soft subset.

Definition 3.5 Let (F,A) be a soft set over U and (U, ) be an MSR approximation
space with respect to A. Let (G, B) be another soft set over U. We define

Gle)), =Gler), © Gler) = Gle),

Glen, = Gle2), © Gler) = Gle),

Glen), = Gler) and G(er), = G(ex), © Gler) = G(ea).
These binary relations are called lower rough soft, upper rough soft and rough soft
equal relations respectively.

Proposition 3.5 The rough soft equal relation is an equivalence one.
4. Measure of Roughness of Soft Set

In this section, we study the measure of roughness of a soft set with respect to an
MSR-approximation space.

Definition 4.1 Let (F, A) be a soft set over U and (U, ) be an MSR-approximation
space. Let (G, B) be another soft set over U. Measure of roughness of (G, B) with
respect to parameter e € B is denoted by Rg(.) and is defined as follows:
IG(e) |
RGe) = —.
1G(e)yl
Clearly, 0 < Rge) < 1. Now, we define binary relation ‘=" on soft set (G, B) as
G(ey) = G(ey) if and only if R,y = Rgie,) for ej, e, € B.

Proposition 4.1 ‘=’ is an equivalence relation on (G, B). The partition [G(e)]= has
a strict order in its element.

Proof The measure of roughness of all members of a class is the same. Therefore,
each class is characterized by a unique number belonging to interval [0, 1]. So there
is a strict order among these classes.

Proposition 4.2 (G, B) forms a chain by the order relation =.
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Proof  Since relation ‘=’ partitions the soft set and the partition has a strict order
relation, therefore the soft set forms a chain.

Example 4.1 Suppose (F,A) is a soft set over U = {uy, up, us, us, us, ug} and the set of
parameter is A = {ej, €2, €3, e4}, where e; denotes under stress, e, denotes young age,
e3 denotes drug addicted, ¢4 denotes healthy. The soft set (F, A) is given in Table 3.

Table 3: Table represents the data on information system.

1231 0 1 0 1
w 0 1 0 1
us 0 0 0 1
uy 0 0 0 O
us 10 0 O
us 0 0 0 1

Now (U, ¢) is the modified soft rough approximation space where ¢ : U — P(A)
is defined as y(u1) = {ez, e4); Y(uz) = {ea, es}; Y(uz) = {ea}; Y(us) = {}; ¥lus) = {e1};
U(us) = {es}. Let (G, B) be another soft set over U and the set of parameter B =
{e1, s, 3, e4}, where e denotes smokers; e, denotes smokers and drinkers; e3 denotes
men; e4 denotes people live in city. The soft set (G, B) is given by the following table:

Table 4: Table represents the data on information system.

uy 10 1 1
up 0 0 1 1
us 0 0 1 1
uy 0 1 0 O
us 0 0 0 O
ue 0 0 0 O

Lower MSR-approximation and upper MSR-approximation of (G, B) are G(e;) = {};
G(er)y = {ur,ua}; G(ea) = {ua}; Glea)y = {us}; G(es) = {us,uq, us, ue}; Gles)y, =
{ur, up, uz, us, us, uel; Gles) = {ur,uz}; Gles)y, = {ur,u2,u3,ue}. Clearly, (G, B) is

a rough soft set with respect to parameters ej, €3, es. Now Rge) = 0, Rge,) = 1,
Ré(e) = 2/3, Rgeyy = 1/2.

The Hasse diagram of this chain is given in Figure 2.
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O Réres)

() Raey

() Raey

O Raey

Fig. 2 Chain form by rough soft set

5. Conclusion

Soft and rough sets are two different approaches to uncertainty and rough soft set
is a fusion of these two theories. We have introduced the concept of approxima-
tion on an information system with respect to another information one based on an
MSR-approximation space. We have constructed the rough soft set and studied their
properties in MSR-approximation space. Besides, we have established the connec-
tion between a rough soft set and a lattice theory by measuring the roughness of a
soft set. The theme of this paper may be extended to further results in lattices under
different environments of soft-rough relations.
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