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1. Introduction and the main result

There is by now a rich literature on blow-up problems. It is known that the first results on blow-up were obtained by
Rademacher and Bieberbach [13,1] for the following problem

{ Au=px) f(u) ing,
u(x) = +o00 as dist(x, 082) — 0,

where p =1 and f is the exponential function. Later, in [7,12], Keller and Osserman extended the results of [1,13] and
proved that

(11)

[ee] t
1/«/%dt<oo, whereF(t):!f(s)ds

is both necessary and sufficient condition for the existence of blow-up solution. In [4], Ghergu and Radulescu considered
a more general blow-up problem
{Au+|Vu|=p(X)f(u) in £2, (12)
ux) - 400 as dist(x, 32) — 0, '
where f is a non-decreasing function satisfying f € C%V[0,00), f(0) =0, f >0 on (0,00) and A = sup;>q f(6)/t < oo.
The authors proved that when £2 is a smooth bounded domain, the problem (1.2) has no solution. When £2 =RV, there is
a positive solution of (1.2) if and only if
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o0 t

/e‘%“”(/ eSsN-1 |mlin P(x) ds) dt = 4o0.
X|=S

1 0

Let us announce that several authors have studied extensively the semi-linear case and given various sufficient conditions
for existence of blow-up solution under some assumptions on f and p. See [3,7,8,12].
Motivated by paper [4], we consider

p-1_
{Apu+x|w| =pX) f(u) forxe £, (13)

u(x) - +o0o as dist(x, 082) — 0,

where Apu = div(|Vu|P=2Vu), p > 2. When A = 0, the problem (1.3) was investigated by many authors (see [5,10,11]).
When A # 0, under some conditions related to the functions p and f, the boundary blow-up problem (1.3) has no positive
solution (see [6]). In the present work, we study the problem (1.3) with £2 = RN. Namely, we are mainly concerned with

existence of solutions u € C,lo’c" (RN), with 0 < v <1, of the problem

v p—1 _ ) /(N
{Apu—i-)»l ul p(X) f) inD'(RY), (1.4)
u(x) — 400 as |x| — oo.
Throughout this paper we will always assume that o is non-negative continuous function such that « :=inf, gy p(x) > 0
and A € R\{0}. The function f satisfies the following hypotheses.

(H1) feCl0,00), f>0, f(0)=0, f >0 on (0, c0).

(Hz) sups.g % < oo, where 1 <qg<p—1.

(H3) infs>o(f(s+1t) — f(s)) >0 for all t > 0.
The main result of this paper is the following theorem.

Theorem 1.1. Suppose that (H1)-(Hs) hold. Then problem (1.4) has a positive solution if and only if

00 t 1

1
/(ektth/eASsN1¢(s)ds> dt:+oo, (15)

1 0
where ¢ (r) := infjy— 0 (%).

2. Auxiliary results and proof of Theorem 1.1
We need some auxiliary results. We start with the following lemma.

Lemma 2.1. Suppose that (H;)-(Hzy) hold. Then the equation

Apw + VWP = ¢(1x]) f(w) in RV (2.1)

has a positive radial solution w(|x|). If in addition, (1.5) is satisfied then w(|x|) — oo as |x| — oo.

Proof. To prove this result, we introduce the following radial problem

(w2 + 5w P w P =g fow),

w(0) =a, w'(0)=0,

where a > 0. Firstly, we prove the existence of positive large solution of (2.2). This will be done in two steps.
Step 1. Local existence. The proof is based on the fixed point theorem. By integrating (2.2), we obtain

(2.2)

w(r):a+/A(F(w(s)))d5, r=0,
0

where A(s) = |s|f’%€s and F(w(s)) =s'"N [FeN T —aw/ @ P71 + ¢ (0) f(w(t))]dt.
Consider the following space

Eqa={peC'([0.ra].R)/l¢lla <c}.
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where ¢ and r, are positive constants, which will be determined later and

l¢lla =max(lg —alleo, |¢]| 1)
We define the mapping T on E, as follows

() =a+ / A(F(¢(s))) ds.
0

For ¢ < a, we denote

y=y(,a:= sup f(b).

tela—c,a+c]

Thus for all ¢ € E; and s € (0, r4], we have

[fle©) — f@| <yles) —a|<ye.
Therefore o (f(a) —cy) < ¢(S) f(¢(s)). Hence

S

/ N o) f(e®) de,

0

a(f@ — VC)S <siN
N

that is

wW@-pa=i L5 if) 0
F(p(s)) > QU@7% ’

By (H»), there exists M > 0 such that
y<M sup i}
tela—c,a+c]
<M(a+c)!
< M(Q2a)17 1.
Choose ¢ such that

i of(@ ;
lnf(l, a, m) if A > O,

; af(a ;
inf(1, a, T 2a)iT if A <O.

c<

In the case A > 0, it follows from (2.5) that c(ay + Aci™1) < @ Therefore

O - <alf@ —cy) -2
Sinceq<p-—1,
af(a) < a(f(@) —cy) —rcP™!
2N N '

Also in the case A <0, it is clear that

af@ _af@=cy)
2N N '
According to (2.4), we obtain

0 < As< F(p(s)), forall0<s<rq,

af(@

where A = S5~

163

(2.3)

(2.6)

Claim 1. T maps E, into itself. Indeed, let ¢ € Eq and r € [0, r4]. First, it is easy to see that T(¢) € C1([0,1,],R). On the

other hand, we have
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IT@)() —a| < / LA(F(p(s))| ds
0

< [(Fee)* Fow) s

2—
Since the function s — sP-T is non-increasing in (0, 00), it follows from (2.6) that

s

2=p
p—1

IT(@)r) —a| < / (A5) 73 F(p(s)) ds.
0

On account of (2.3), we have
fle®) < f@+cy.
Choosing rq < 1, we get

AP~ + Bi(f(a) + CV)S
N )
where 1 = sup;¢(p 1) ¢ (). This and the inequality (2.7) imply that

Fp(s)) <

,
p—1 =
IAlc +ﬂ11v(f(a)+CV)A§T’{/splﬁ ds

0

< AP+ B1p = D(f @ +CV)A12%r"%1.
Np

IT(@)(1r) —a| <

By choosing

p—

Npc p=2] P
rg <T1i= AT
[Iklcl"l +B1(p — D(f(@) +cy) ]

we obtain
IT(@)(r) —a| <c, forallre[0,rq].
In just the same way, we arrive at

M+ Brf@+cy)  2p

IT(p)' (] < N g
So, choose
Nc p2 P!
fas 2= [mclH ThT@Ton } ’
Therefore

[T(@) (| <c, forallre[0,rg].

From this last inequality and (2.9), we deduce that T(¢) € E, and the claim follows.
Claim 2. T is a contraction. In fact, let ¢, ¥ € E; and r € [0, r4]. Then

[T @) — T < / |A(F(¥(9))) — A(F(¢(9))) | ds.
0

Set G(s) = min(F(¢(s)), F(¥(s))). Then

0< As< G(s), forall0<s<rg.

(2.7)

(2.8)

(2.10)
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It is easy to see that

AFW©)) - A(Fe©))] < 667 F(3(5) = o).

Also by a simple calculation, we get

(W) = (@ ®) <=2y ¢,

and

dS|fF(¥ () — fF(e®)| <yBillY — @llso.

Therefore

M = D2y = @'l + ¥ BrllY ~ Pl

[F(¥(s)) — F(9(s))] < N

Combining this last inequality with (2.11), we obtain

r

||¢f—<o||a/6<s>—q

0

[Al(p = P> + y By

ITW) (1) = T(p)(1)] < N

r

2-p 1
A ||w—so||a/sv4 ds

P —DP? +y by

h N
0
< P=DWMB =D +ypy)  2p =
Np ¥ — @l
By choosing
p-1
| = alk
Tg<13:= A= )
2(p = D(IA(p — DeP2 + y 1)
we get
1
|T(W)(T)—T(<p)(r)|<§||1/f—€0||a-
On the other hand, we have
UWWU—H@WMIA(WWD— A(F(em))]
G(T)P 1|F( ¥ (1) — F(em)]
A(p — P2 + 2-p
<= DYy glaco
A(p—1)eP=2 + 4,¢
M )IcV VB2
Choose
N p2P!
ra<r4::|: — AIH} .
2(IAl(p — DeP=2 + ¥ p1)
Therefore

1
ITW) (1) = T(p) (] < I =¢la-

Combining (2.13) with (2.15), we get

1
ITw) =T, < SI1¥ = ¢lla.

165

(211)

(212)

(2.13)

(2.14)

(2.15)

Finally, we choose r, < inf(1,rq, 12,13, 14). Consequently, T is a contraction. According to the Banach contraction theorem,

the existence of a unique solution of problem (2.2) in [0, ry] follows.
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Step 2. Global existence. Let w = w(.,a) be the maximal solution of (2.2) defined on [0, rmax). First, note that by conti-
nuity of w, there exists ro > 0 such that w(r) > a/2 for r € [0, rg). So, using the fact that f is non-decreasing, we get

¢ f(w(r) >af(a/2)>0, Vrel0,r).

Since w’(0) =0, we can find 0 < r{ <ro such that

—)»|w’(r)|pi1 +¢@) f(w(r) >0, Vrel0,rp).
Hence, integrating (2.2), we obtain
N1 ]w/]pfzw/(r) = / (N1 [—)\‘w/(t)‘pq + o) f(w(t))]dt
0
>0, Vre(0,rp),

which implies w’ > 0 in (0, rp). Particularly, by using the fact that w’(0) =0, we deduce that w is convex in [0, r7), ry < T5,.
Next, we have w’ > 0 in [0, rmax). In fact, suppose by contradiction that w changes the monotonicity, then there is some
b > ry such that w'(b) =0 and (IW'|P=2w") (b) < 0. It follows from (2.2) that (|w’'|P—2w’)' (b) = ¢(b) f (w(b)) > 0, which is
impossible and the desired result follows. Finally, suppose again by contradiction that ryax < oo. It is clear that w(r) — oo
as r — rmax. Recal that w’ > 0 in [0, rpax). Thus, (2.2) gives
_ p—1y/ _
(eArrN ](W/) ) — ekrrN 1¢(r)f(W)
Integrating this equality, we get

r 1

£ =)
w(r):a+/(e‘“t“”/e“s”‘%(s)f(w(s))ds) dt, r>o0. (2.16)
0

0

In view of (Hz) and according to w is non-decreasing in [0, rpax), we have

r t 1

1
w(r)<a+C[w(r)]% / (e“ﬂ” / e“s”%(s)ds) de

0 0

r t 1

p—1
<a+c[w(r)]ﬁ f(e_“/e“qb(s)ds> dt,

0 0

where C > 0. Using the fact that g < p — 1 and letting r go to rpax, We obtain a contradiction. Consequently rmax = o0.
Now, we claim that lim,_, o W(r) = oc. In fact, since f(w) > f(a) > 0, it follows from (2.16) that

, ¢ 1

p—1
w(r)>a+f(a)ﬁf<e“t1N/e“s”%(s)ds) dt, r

0 0

WV

0.

By (1.5), the right side of the last inequality goes to infinity as r — oo and therefore lim;_, o, W (r) = co. Consequently w(|x|)
is a positive large solution of (2.1). The proof of lemma is now complete. O

We shall use the following weak maximum principle. Its proof is presented in [6].

Theorem 2.1 (Weak maximum principle). Suppose that (Hs) holds. Let 2 C RN be a bounded domain and u, v € WP (£2) satisfy
the following inequality

—Apu = A VulP 4 p(x) f () < —Apv —AIVVPT 4 p) f(v) in WP (). (217)
If|Vul, |Vv| € L(£2), then the inequality u < v on 952 impliesu < v in £2.

loc

The other result that we need is an interior regularity for weak solutions. It is due to DiBenedetto and Tolksdorf [2,14].
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Theorem 2.2. Let £2 C RN be a bounded domain. Suppose h(x, t, n) is a measurable in x € £2 and continuous in t and n such that
lh(x, t, )| < T+ )P on 2 x Rx RN Letu e WP (§2) N L™ (£2) be a weak solution of Apu =h(x, u, Vu). Given a sub-domain
O CC £2, thereisa v > 0 and a constant C dependingon N, p, I', ||u||« and O such that

|Vu()|<C and |[Vu(x) —Vu)|<Clx—yl’, xye0. (2.18)

Lemma 2.2. Let 2 C RN be a bounded domain. Let u € W'-P(£2) N L{2 (£2) be a solution of

—Apu—AVulP T 4 px) fu)=0 inD'(2).
Then |Vu| € L;.(£2).

Proof. Let O be a subset compact and 2’ be a sub-domain of £2 such that O C 2’ cc £2 and define

ha(x, t )—{_“’7|”_1+p(><)f(t) ift <M,
MR St 4 pof My it M,

where ||u]lq0. 7 < M.
Then, for x € £2/,

< AP+ px) f (M)
< (1M + 112lloo, 0 fF M) (1 + 71P7T)
<r(+m)’.

It is clear that u is a weak solution of A,u =hy(x,u, Vu) in £2’. By Theorem 2.2, it follows that |Vu(x)| < C, Vx € O.

Consequently |Vu| € Lj?’(£2) and the proof of lemma is complete. O

|hm(x.t, 1)

Lemma 2.3. Suppose that the hypotheses of Theorem 1.1 hold. Then for eachk =1, 2, ..., the problem
(P { L) :=—Apu—AVulP '+ p®) f(w) =0 inD'(RY),
ux) — wik) as |x| — oo,

admits a positive solution uk.

Proof. First, let us introduce the following problem

(PY) {L(u)::—Apu—MVulp_]+,0(x)f(u)=0 for x € B(0, n),
! u=wik) on 9B(0, n),

where n > k.
After the transformation u =v + w(k), (P’,i) becomes

(Pk)’ l k) = —Apv — VY|P 4 pX) f(v+w(k)=0 forxeB(0,n),
n v=0 on dB(0,n),

therefore

L (w(lxl) — w(k)) = —Apw(Ix]) — A|Yw(Ixl)|P ™" + o) f (w(lx]))

> —Apw([x) = A[Vw ()" + ¢ (1x1) £ (w(lx))-

By using the fact that w(|x|) is solution of (2.1), we get

L (w(|xl) — w(k)) > 0.
Furthermore, w(|x|) = w(n) > w(k) on dB(0,n) and L¥(—w (k)) = 0. On the other hand, set

he(x, 5,1 = =P~ + pX) f (s + w(k)),
thus

x5 )| < AP+ p o) f (s + wik))

< AP+ p o £ (w(Ix1)),
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for —w(k) <s < w(|x]) — w(k). It is clear that
p
o and p(x) f(w(Ix])) € L°(B(0,n)).
Then, we apply Theorem 2.2 in [9] to (P})’ taking —w (k) < w(|x|) — w(k) as the ordered pair of sub- and super-solution.

There exists a solution between —w (k) and w(|x|) — w(k). So, problem (P’,g) admits a weak solution denoted by u’,ﬁ such
that

p—1<

0<uk® <w(lxl), xeB(O,n). (219)

According to Lemma 2.2, [Vuk| € L?°(B(0, n)). Since L(u) =0 < L(w(k)) in w~1P (B(0,n)) and uk = w(k) on 8B(0, n), the
maximum principle implies

ukx) <w(k), xeB(,n), foralln>k. (2.20)

This implies u’r‘lJrl <w(k) = u’,ﬁ on dB(0,n). Since L(ufg) = L(u’,;H) =0 in W‘“’/(B(O,n)), applying again the maximum

principle, we obtain

k

Upyq < u® in B(0,n), foralln>k.

n

Let ¢ € Cgo(]RN). Choose ng > k such that suppg := KC C B(0,n0/2). Then, the sequence {u’;},‘f:n0 is non-increasing and
bounded below by 0 and hence converges in B(0,np). The remainder of the proof is similar to the proof of Lemma 2.1
in [10]. In view of (2.20), un(x) < w(k), x € B(0, ng), for all n > ng. So, by proceeding as in the proof of Lemma 2.2 with the
aid of Theorem 2.2, there is a v > 0 and C > 0 such that for every n > no,

[Vukx)| <€ and |[Vukeo — vuk(y)| <Clx—yl", xye€B(0,no/2). (2.21)

Therefore the sequences {”lfz}ﬁino and {Vu’n‘}?,‘;no are equicontinuous in B(0,n9/2) and hence, there is a subsequence still

denoted by u’,ﬁ such that u’,f, — uk and Vu’,f, — vk uniformly on compact subsets of B(0, np/2) for some uk e C(B(0, np/2))
and vk € C(B(0,ng/2))N. So, vk = vu¥ in B(0,ng/2) and Vuk € C%Y(B(0,n¢/2)). By (2.21),
\Vuk|P Vgl < CIVg| inK.
Since 1 — |n|P~2n is continuous, it follows that
Vb 0[P 2Vt Vo) — [Vuk PP vk ver), xe K.
According to dominated convergence theorem, we deduce
/|Vu',‘1|p_2Vu’,§V<p—> /|Vuk|p_2Vung0.

In the similar way, we get

/|Vu’,‘1|p_1(p—> /|Vu"|p_l¢.
On the other hand, we have
0< fufyq) < fuy) and fuf)— f(un(®)., xeK.
thanks to the monotone convergence theorem, we conclude
/pf(u’ﬁ)¢—> fpf(u")w-

Consequently,
- / Vit Vuk v + / Vit g = / pF()e. Vo e (RN).

Finally, we have u’n‘ = w(k) on 3B(0,n). Thus, it follows that u’;(x) — w(k) as |x| — oo and u¥ is a positive solution of (P¥).
The proof of lemma is now complete. O

Proof of Theorem 1.1. Sufficient condition. In view of Lemma 2.3, for each k=1,2, ...,

lim u"(x) =w(k).
|x|]— 00
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Since w(k) < w(k + 1), there exists Ro > 0 such that u¥(x) < uk+1(x) for |x| > Ro. Thereby,

L(u*) = L(uk?) in w=1P(B(0, Ro)),
uk < ykt1 on 9B(0, Rp).
Then, again by the maximum principle, u*¥ < u*+! in B(0, Rg). Which implies that u® < u**! in RN. By (2.19), we deduce
0 < uk(x) < w(|x|) for x e RN. Then u¥ — u as k — oo such that 0 < u(x) < w(|x|) for x e RN.

Let ¢ € CS"(]RN) and R > 0 such that suppg := KC C B(0, R/2). Recalling that w is non-decreasing, thus uk(x) < w(R)
for x € B(0, R). So, as in the proof of Lemma 2.3, there is v > 0 and C > 0 such that u¥ — u € C(B(0, Ro/2)), Vuk — Vu on
compact subsets of B(0, R/2) and |Vu¥| < C. Moreover Vu € C%" (B(0, R/2)). Similar to the above proof, we obtain

- [vup2vuvg s [ 1vuro= [ sy veecs Y)

Since uk(x) - w(k) as |x] - oo and w(k) — oo as k — oo, it follows that u(x) — oo as |x| — oo and problem (1.1)
admits a positive solution u € C;)’C” (RN,
Necessary condition. Suppose that

00 t 1

p—1
/ e‘“tl_N/‘e“quqb(s)ds dt < oo (2.22)
1 0

and the problem (1.4) has a positive solution u € C,lo’cv (RN). Choose w(0) =a > u(0), with w a solution of (2.2). Then, there
is a ball B(0, R) such that

w(|x]) >u inB(0,R). (2.23)
In view of (2.16), we have
00 t ﬁ
w() <a+ C[w(r)]% / e‘“t“”/e“s”‘%(s) ds dt.
0 0

Using the fact that ¢ < p —1, we deduce w is bounded. On the other hand, u(x) — oo as |x| — oo implies there exists A > 0
such that u(x) > supgg, w(r) for |x| = A. Thus, L(u) = L(w(|x])) =0 in B(0, A) and u(x) > w(|x|) for |x| = A. The maximum
principle gives u > w(|x|) in B(0, A). Which is contradictory with (2.23). The proof of Theorem 1.1 is now complete. O
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