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1. Introduction

We study inverse nodal and inverse spectral problems for differential operators. Inverse spectral problems consist in
recovering operators from their spectral characteristics. Such problems play an important role in mathematics and have
many applications in natural sciences (see, for example, monographs [2-4,16,18,21,26,28] and the references therein). Inverse
nodal problems consist in constructing operators from the given nodes (zeros) of eigenfunctions (refer to [15,19,22,23]). In
the present paper we obtain some results on inverse nodal and inverse spectral problems and establish connections between
them.

Consider the following boundary value problem with discontinuity conditions inside the interval:

—y"+qx)y=1y, O0<x<T, (1)
U(y):=y'(0) —hy(0)=0, V(y):=y'(T)+ Hy(T) =0, (2)
y(T/2+0)=a1y(T/2-0), y/(T/2+O)=a1_1y/(T/2—O)+a2y(T/2—O). (3)

Here X is the spectral parameter, q(x), h, H, aj, ay are real, q(x) € L(0, T), and a; > 0. Without loss of generality we assume
that

T

/q(x) dx=0. (4)

0

* This research was supported in part by Grants 07-01-00003 and 07-01-92000-NSC-a of Russian Foundation for Basic Research and Taiwan National
Science Council.
* Corresponding author.
E-mail addresses: ctshieh@math.tku.edu.tw (C.-T. Shieh), yurkova@info.sgu.ru (V.A. Yurko).

0022-247X/$ - see front matter © 2008 Elsevier Inc. All rights reserved.
doi:10.1016/j.jmaa.2008.05.097


http://www.ScienceDirect.com/
http://www.elsevier.com/locate/jmaa
mailto:ctshieh@math.tku.edu.tw
mailto:yurkova@info.sgu.ru
http://dx.doi.org/10.1016/j.jmaa.2008.05.097

C-T. Shieh, VA. Yurko / J. Math. Anal. Appl. 347 (2008) 266-272 267

We will consider inverse problems of recovering q(x), h and H from the given spectral or nodal characteristics. The coeffi-
cients a; and ap from (3) are assumed to be known a priori and fixed. We denote the boundary value problem (1)-(3) by
B=B(q,h, H).

Boundary value problems with discontinuity conditions inside the interval often appear in applications. Such problems
are connected with discontinuous material properties. For example, discontinuous inverse problems appear in electronics
for constructing parameters of heterogeneous electronic lines with desirable technical characteristics (see [17,20]). Spec-
tral information can be used to reconstruct the permittivity and conductivity profiles of a one-dimensional discontinuous
medium (see [13,24]). Boundary value problems with discontinuities in an interior point also appear in geophysical models
for oscillations of the Earth (see [1,14]). Here the main discontinuity is caused by reflection of the shear waves at the base of
the crust. Discontinuous inverse problems (in various formulations) have been considered in [5,7,12,13,24,25,27] and other
works.

2. Inverse spectral problems

In this section we study the so-called incomplete inverse problem of recovering the potential q(x) from a part of the
spectrum of B provided that the potential is known a priori on a part of the interval. We note that for recovering q(x) on
the whole interval (0, T) it is necessary to specify two spectra of boundary value problems with different boundary con-
ditions (see [27]). We also note that for classical Sturm-Liouville operators incomplete inverse problems were investigated
in [6,9,10].

Let y(x) and z(x) be continuously differentiable functions on [0, T/2] and on [T /2, T]. Denote (y, z) := yz’' — y'z. If y(x)
and z(x) satisfy the matching conditions (3), then

(¥, 2)1x=T /240 = (¥, Z)|x=T /2—0- (5)

Let @(x, A) be the solution of Eq. (1) satisfying the initial conditions y(0) =1, y’(0) =h and the matching condition (3).
Then U(gp) = 0. Denote A(X) := —V(¢) (U and V are defined in (2)). The function A(}) is entire in A of order 1/2, and
its zeros {An}n>0 coincide with the eigenvalues of B. The function A(%) is called the characteristic function for B. Since the
boundary value problem B is self-adjoint, all zeros of A(%) are real and simple.

Let A = p%, T :=Imp. For |A| = oo uniformly in x one has (see [27] or Chapter 1 in [28]):

X
1 i 1 T
@(x, 1) = cos px + (h + E/q(t) dt) S pox +O(; exp(|t|x)>, X<, (6)
0
sin px sinp(T —x 1 T
@(x,1) = (b1 cos px + by cos p(T — X)) + (F1 (x)—'o + Fz(X)L> —|—o<— exp(|t|x)>, X>—, (7)
2p 2p 0 2
X
, . 1 T
@ (x,A)=—psinpx+ | h+ Efq(t)dt cos px+o(exp(|T]x)), x< > (8)
0
, . . CoS pX cos p(T —X) T
@' (x,1) = p(=b1 sin px+ by sin p(T —x)) + [ F1(x) 5~ Fy(x) 5 +o(exp(Itlx)), x> > 9)
where
X X T/2
F1(x) =by (Zh +/q(t)dt) +ap, Fa(x) =b; <2h — /q(t)dH—Z / q(t)dt) —dy,
0 0 0
-1 -1
b1=a1+a1 , bZ:mfa1
2 2
It follows from (6)—(9) that for |A| — oo,
. wcospT
A(A):b1<psmpT—Tp+71)+o(exp(|1:|T)), (10)
where
T ) T T2
a)=2H+2h+/q(t)dt+ Z_z w1 =—b—2(2H—2h+[q(t)dt—2 / q(t)dt) - g—z
1 1 1
0 0 0

It is easy to see that
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@ — w1 =2b7 " ((b1 +b2)H + (b — ba)h +az), (1)
@+ w1 =2by " ((b1 —b2)H + (b1 +ba)h).
Using (10) by the well-known method (see, for example, [4]) one has that for n — oo,
mn 1 1
= A= — + —— —1 n—1 - . 12
Pn = /hn Tty (@+ED w1)+0<n> (12)

_Together with B we consider a boundary value problem B =B(§,h, H) of the same form but with different coefficients
G, h, H (we remind that the coefficients a; and a; from (3) are fixed and known a priori). We agree that if a certain symbol o
denotes an object related to B, then & will denote an analogous object related to B. The following theorem has been proven
by M. Horvath [11] for the Sturm-Liouville equation without interior discontinuity. We show it also holds for (1)-(3).

Theorem 1. Fix b € (0, T/2]. Let A C N U {0} be a subset of nonnegative integer numbers, and let 2 := {An}nca be a part of the
spectrum of B such that the system of functions {cos2pnX}nea is complete in L5(0, b). Let q(x) = G(x) ae.on (b,T), H=H, and
§£2 = 2. Then q(x) = q(x) a.e.on (0, T) and h = h.

Proof. Since

" (%A +qex,A) =rpx, 1),  —@ (X, 1) +FER)PEK, L) = rP(x, 1),
0,0 =¢0,0)=1, ¢ ©0,r=h ¢0xr=h,
it follows from (5) that
T

/ rQX, G0 R dx= (|70 47 50) (906 DGX, 1) — 9(x, )G (x, 1))

0
= (T, )AL — AQWG(T, 1) — (h—h), (13)

where r(x) = q(x) — q(x). Taking (11) and (12) into account we get
h=h. (14)
Since A(An) = A(An) =0 for n € A, it follows from (4), (13) and (14) that

1

b
/r(x) (go(x, An)@(X, An) — 5) dx=0, neA. (15)
0

For x < T/2 the following representation holds (see [4,16,18]):
X
@(x, 1) = cos px + / K(x, t) cos ptdt, (16)
0
where K(x,t) is a continuous function which does not depend on A. Hence

X

1 1
QX )P(x, L) — 3 = 3 (cospr—l— / V(x,t) cosZptdt),
0

where V(x,t) is a continuous function which does not depend on A. Substituting (16) into (15) and taking the relation
fOT r(x)dx = 0 into account, we calculate

b

b
/(r(x)+/V(t,x)r(t)dt> cos2ppxdx=0, neA,
X

0

and consequently,

b
r(X)+/V(t,x)r(t) dt a.e.on (0,b).
X
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Since this homogeneous integral equation has only the trivial solution it follows that r(x) = 0 a.e. on (0, b), i.e. q(x) = q(x)
a.e.on (0,b). O

Theorem 1 will be used in the next section for studying inverse nodal problems. The next theorem is devoted to the
particular case when b = T/2. In this case one has to take the whole spectrum, and the completeness can be proved. This
theorem is a generalization of the result from [9] for the classical Sturm-Liouville operators.

Theorem 2. Let q(x) = §(x) a.e.on (T/2,T), H= H and A, = A, for alln > 0. Then q(x) = §(x) a.e. on (0, T) and h = h.

Proof. Let us show that the system of functions {cos pnX}n>0 is complete in Ly(0, T). Indeed, let f(x) € L»(0, T) be such
that

T
/f(x)cospnxdx:o, n>0. (17)
0

Consider the functions

T
._ _F)
F(A) := / f(x) cos pxdx, Fo(A) := —A(A)'
0

Fix § > 0, and denote Gs :={p: |p — pn| = & Vn > 0}. Then (see [27])

|A)| = Clplexp(ITIT), p € Gs,

and consequently,

C
|[Fo)| < —. peGs. (18)
|

pl’
On the other hand, it follows from (17) that the function Fo()) is entire in A. Together with (18) this yields Fo(1) =0, i.e.
F(A) =0. Hence f(x) =0 a.e. on (0, T). Thus, the system of functions {cos pnX}n>0 is complete in L>(0, T). Applying now
Theorem 1 for b =T /2 we obtain q(x) =q(x) a.e.on (0,T) and h=h. O

Corollary 1. Let q(x) = (x) a.e.on (T/4,T), H = H and Jon = Aap for alln > 0. Then q(x) = G(x) a.e. on (0, T) and h = h.

Proof. It is sufficient to prove that {cos(2p,X)} is complete in L, (0, T /4). For the purpose, the reader can refer to Theorem 3
on p. 163 of [21]. O

3. Inverse nodal problems

The study of inverse nodal problem without discontinuous conditions was initiated by O.H. Hald and J.R. McLaughlin
(see [8] and [19]). In this section, we consider the inverse nodal problems with discontinuous conditions. In the first part of
this section we obtain uniqueness theorems and a procedure of recovering the potential q(x) on the whole interval (0, T)
from a dense subset of nodal points. In the second part of the section we establish connections between inverse nodal and
spectral problems. Using these connections and the results of Section 2, it is proved that under additional restrictions the
potential can be recovered on the whole interval (0, T) from a subset of nodal points situated only on a part of the interval.

The eigenfunctions of the boundary value problem B have the form y;,(x) = ¢(x, An). We note that y,(x) are real-valued
functions. Substituting (12) into (6) and (7) we obtain the following asymptotic formulae for n — oo uniformly in x:

X

ya(x) =cos “x+ z;—n(r <2h+fq<t>dt> —(0+ (—1)"_1w1)x> sin ?wo(%), X< (19)
0
-1 n 1 n—1
yn(®) = (b1 + (=1)""'b) cos <X+ E(TH )+ (=D" 'TF(x)
_ (a)+ (—1)"’1a)1)(b1x+ (=D hy(T —x))) sin ?xﬁto(%), X > g (20)

For the boundary value problem B an analog of Sturm’s oscillation theorem is true. More precisely, the eigenfunction yn(x)
has exactly n (simple) zeros inside the interval (0, T), namely: 0 < x,l1 <---<xp <T. The set Xp := {x{l}n%J:]—n is called

the set of nodal points of the boundary value problem B. Denote X’é = {xém_k}m%’j:m, k=0, 1. Clearly, Xg UXé = Xp.
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Inverse nodal problems consist in recovering the potential q(x) and the coefficients h and H from the given set Xp of nodal
points or from a certain its part. Denote

i I\T
Oy = ]—E E

Taking (19)-(20) into account, we obtain the following asymptotic formulae for nodal points as n — oo uniformly in j:

o)
xX=a)+-——|T 2h+/q(t)dt —(w—-—o)a) | +ol =), xel0, =), n=2m, (21)
272n2 n2 2
0
oy
i T j 1 j T
Xp=0p+ —— 2h+ | q)dt )| — (w+w)o; | +o|l = ), x,€(0,= ), n=2m+1, (22)
272n2 n2 2
0
o)
xj—oz T t)dt — (w — )aj+c +o0 l X e I T), n=2m (23)
" 271n2 d @@l T n2) e \2r ) T
0
o
: : 1 : T
xﬂ,:a 2n2 2(T/q(t)dt—(a)—l—w])oz,i-l—c])+o<n—2), x#,e(i,T) n=2m+1, (24)
0
where
b " h(by —b b
2Ta 2T 2T — Thy(w —w
o= 2 2 /q(t)dt+ (b1 —b2) 2( 1)
bi+by  bi+b b1 + by by + b
(25)
2Tb 2Th(b; +b Thy(w+ w
¢ = 2 / ) dt + (b1 +ba)  Thy( 1)
by — by by — by b1 —b;
We note that the sets Xﬁ, k=0,1, are dense on (0, T). Using these formulae we arrive at the following assertion.
Theorem 3. Fixk=0Vv 1and x € [0, T]. Let {x{,"} € X" be chosen such that llmn_m,xJn X. Then there exists a finite limit
i 2720 (. AT (26
&)= lm —m=(x'n—{Jn—5 T} )
and
X
-1 k+1 T
EES =/q<t)dt - wxuh, 3
% . : (27)
o+ (— w1 Cy
8r(x) =/q<r>dr— — X+ ?‘, x> o,

0
where cg and ¢y are defined by (25).

Let us now formulate a uniqueness theorem and provide a constructive procedure for the solution of the inverse nodal
problem.

Theorem 4. Fix k =0V 1. Let X C X’f3 be a subset of nodal points which is dense on (0, T). Let X = X. Then q(x) = §(x) a.e. on

0,T),h= h, H = H. Thus, the specification of X uniquely determines the potential q(x) on (0, T) and the coefficients of the boundary
conditions. The function q(x) and the numbers h, H can be constructed via the formulae

1

q(x) = gi(x) — T(gk(T) — g(0)), (28)
O) ( T/2

_ & _ & T)_ _ kif

h===. H=- VP, | a0 (29)

where gy (x) is calculated by (27).
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Proof. Formulae (28)-(29) follow from (27) and (4). Note that by (27), we have

-1 k+1
g, (x) =pkx) — (w) (30)
hence
T
gk(T) — gk(0) = / px) dx — (0 + (=D o) = — (0 + (=D ). (31)
0

Then (28) can by derived directly from (30) and (31). Similarly, we can derive (29). Note that if X = X, then (26) yields
gr(x) = gx(x), x € [0, T]. By virtue of (28)-(29), we get q(x) =q(x) a.e.on (0,T), h=h, H=H. O

Analogously one can prove the following more general assertion.
Theorem 5. Let X C Xp be dense on (0, T). If X = X, then q(x) = §(x) a.e.on (0, T), h=h, H = H.
Proof. The consequence follows directly from (28)-(29). O

Alternatively, we can obtain a reconstruction formula of potential function from the nodal lengths. For X C Xp we denote
Ay = {n: 3jx) € X}.

Definition 1. Let X C Xp. The set X is called twin if together with each of its points x£ the set X contains at least one of
adjacent nodal points x{,_1 or/and x{lﬂ.

Let us go on to the investigation of an incomplete inverse nodal problem when nodal points are given only on a part of
the interval. First we will prove an auxiliary assertion.

Lemma 1. Fix n, j. Let xi =% xfl = i{;ﬂ, and let q(x) = q(x) a.e. on (x,j;, xf]). Then iy = An.

Proof. On the interval x € (xﬁ,x,’%“) we consider the boundary value problem Bp; for Eq. (1) with the matching condi-
tions (3) (if T/2 € (x), x)*1)) and with the boundary conditions

y(x) =yt =o.

The function y,(x) = @(x, Ap) is the eigenfunction of B, and simultaneously it is the eigenfunction of Byj. Since y,(x) has no
zeros for x € (x), x. !
a.e. on (x,ﬁ,x{,‘”

), it follows that A, is the first eigenvalue of Byj, and y,(x) is the first eigenfunction. Since q(x) = q(x)
), one has Ap =Ap. O

Theorem 6. Fixk =0V 1 andb € (0, T/4). Let X C X’é N (b, T) be adense on (b, T) twin subset of nodal points such that the system
of functions {cos 2 pnX}ne oy is complete in L2(0, b). Let X = X and H = H. Then q(x) =q(x) a.e.on (0,T),and h = h.

Proof. Since X = X, it follows that gi(x) = gx(x) for x € (b, T), and consequently, gl’{(x) = gi(x) a.e. on (b, T). Together
with (27) this yields q(x) — q(x) =d a.e. on (b, T), where d is a constant. Denote qo(x) := qx)+d, x€ (0, T). Then q(x) =
qo(x) a.e. on (b, T). Let {Ag}@] be the spectrum of L(qo, h, H). By Lemma 1, A, = Ag for n € Ax. Applying Theorem 1 we
obtain q(x) =qo(x) a.e.on (0,T), and h = h. Thus, q(x) =q(x)+d a.e. on (0, T). Using the relation fOT qt)ydt = fOT qt)dt =0,
we calculate d =0, i.e. q(x) =q(x) a.e.on (0,T). O

Theorem 7. Fix b € (0, T/2). Let X := Xg N [b, T). If X = X, H = H, then q(x) = §(x) a.e. on (0, T), and h = h.

Proof. The proof is similar to that of Theorem 6. Let X = X7 U X5, where Xy = Xﬁ N (b, T). Fix k=0 or 1, by the same
arguments in the proof of Theorem 6, we have q(x) = qo(x) :=q(x) +d in (b,T) and h = h. Applying Lemma 1, we have
An = An, Where {in}n>0 =0 (L) and {An}n>0 = o (L). By Theorem 1 and the fact fOT q(t)dt = [y g(t)dt =0, we obtain d =0,
g(x) =G(x) a.e.on (0,T), and h=h. O
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