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Abstract

This work is a continuation of the recent study by the authors on approximation theory over the
sphere and the ball. The main results define new Sobolev spaces on these domains and study polynomial
approximations for functions in these spaces, including simultaneous approximation by polynomials and
the relation between the best approximation of a function and its derivatives.
© 2011 Elsevier Inc. All rights reserved.

Keywords: Approximation by polynomials; Sobolev space; Modulus of smoothness; K-functional; Sphere; Ball

1. Introduction

In a recent work [3], the authors defined new moduli of smoothness and K -functionals on the
unit sphere Sl = {x e R? : ||x|| = 1} and the unit ball BY = {x € R? : ||x|| < 1} of R?, where
[lx]| denotes the usual Euclidean norm, and used them to characterize the best approximation by
polynomials. This work is a continuation of [3] and studies polynomial approximation in Sobolev
spaces.

The new modulus of smoothness on the sphere is defined in terms of forward differences in
the angle 6; ; of the polar coordinates on the (x;, x;) planes, and it is essentially the maximum
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over all possible angles of the moduli of smoothness of one variable in 6; ;. There are (g) such

angles, which are clearly redundant as a coordinate system. Nevertheless, our new definition
effectively reduces a large part of problems in approximation theory on S? to problems on S!,
which allows us to tap into the rich resources of trigonometric approximation theory for ideas and
tools and adopt them for problems on the sphere. These same angles also become indispensable
for our new definition of moduli of smoothness on the unit ball B?. In fact, our moduli on B¢
are defined as the maximum of moduli of smoothness of one variable in these angles and of
one additional term that takes care of the boundary behavior. We had two ways to define the
additional term, the first one is deduced from the results on the sphere and the second one is the
direct extension of the Ditzian—Totik modulus of smoothness on [—1, 1], both of which capture
the boundary behavior of the unit ball and permit both direct and inverse theorem for the best
approximation. For d = 1, approximation by polynomials on B! = [—1, 1] is often deduced
from approximation by trigonometric polynomials on the circle S! by projecting even functions
and their approximations on S! to [—1, 1]. This procedure can be adopted to higher dimension by
projection functions on S? onto B?, and this is how our first modulus of smoothness on B was
defined. It should be mentioned that our new moduli of smoothness on the sphere and on the ball
are computable; in fact, the computation is not much harder than what is needed for computing
classical modulus of smoothness of one variable. A number of examples were given in [3].

In the present paper we continue the work in this direction, study best approximation of
functions and their derivatives. On the sphere, our result will be given in terms of differential
operators D; j = x;d; — x;0;, which can be identified as partial derivatives with respect to ¢; ;.
We shall define Sobolev spaces and Lipschitz spaces in terms of D; ; on these two domains
and study approximation by polynomials in these spaces, including simultaneous approximation
of functions and their derivatives. The study is motivated by a question from Kendall Atkinson
(cf. [1]) about the numerical solution of a Poisson equation.

The paper is organized as follows. The main results in [3] on the unit sphere will be recalled
in Section 2 and the new results on the sphere will be developed in Section 3. The results in [3]
on the unit ball will be recollected and further clarified in Section 4. Finally, the new results on
the ball are developed in Section 5.

Throughout this paper we denote by c, c1, c2, ... generic constants that may depend on fixed
parameters and their values may vary from line to line. We write A < Bif A <cBand A ~ B
if A< Band B < A.

2. Polynomial approximation on the sphere: Recent progress

In this section we recall recent progress on polynomial approximation on the sphere as
developed in [3].

Let LP(S?~!) be the LP-space with respect to the usual Lebesgue measure do on S?~! with
norm denoted by || - ||, == || - ||Lp(Sd71) for 1 < p < oo, where for p = oo, we replace L™ by
C (S”l_l ), the space of continuous functions on S9! with the uniform norm.

2.1. Polynomial spaces and spherical harmonics
We denote by Hnd the space of polynomials of total degree n in d variables, and by

I,(S4 1 = H,fi |ge—1 the space of all polynomials in H,fl restricted on SY~!. In the following
we shall write IT¢ for IT¢(S?~!) whenever it causes no confusion. The quantity of best
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approximation is then defined by

En(f)p = inf |If =gl 1=p=oo. 2.1)

gelly_,

Let Hg denote the space of spherical harmonics of degree n on S?~!, which are the restrictions
of homogeneous harmonic polynomials to S¢~!. Let A be the Laplace—Beltrami operator on the
sphere, defined by

Aof(x):=AF(x), xeS™!  Fo=f (ﬁ) , 22)
y
where A := % 4+ 4 ‘)722 is the usual Laplace operator and it acts on the variables y. Then
1 d

the spherical harmonics are the eigenfunctions of Ay,
AoY = —n(n+d—2)Y, YeH. (23)
The reproducing kernel of the space Hﬁ in L?(SY"!) is given by the zonal harmonic

n+i _, d—2
Zpa(x,y) = TC”«x’ . A=-—7—, 2.4
where (x,y) denotes the Euclidean dot product of x,y € R and C,)l‘ is the Gegenbauer
polynomial with index A, normalized by C}(1) = ("“LZnA_I). The orthogonal projection

proj,, : L2S4 H,dl is an integral operator given by

1
proj, /() = /S T Zua(xy)do (), 2.5)

where w; = de_] do is the surface area of S¢~!. Let  be a C°°-function on [0, co) with the
properties that n(x) = 1 for 0 < x < 1 and n(x) = 0 for x > 2. We define

> [k
Vaf(x) =) n (—) projy. f(x) = / FOVKn((x, y) do(y), (2.6)
=0 n Sd-1
forx eS¢ landn =1, 2, ..., where
2k k+A
K, (1) = ];)n <;> - Crt), tel-1,1]

Then V,, f € II{, V, f = f forall f € IT¢, and for f € LP(S?~1) or C(S?71),

IVaf — fllp <cEn(f)p, 1=p=o0. 2.7

2.2. A class of differential operators on S%~!

One of the main tools in our study is a class of differential operators D; ;, 1 <i # j < d, that
commute with the Laplace-Beltrami operator. Throughout this paper we denote by ey, ..., e4
the following orthonormal basis in R¢,

e1=(1,0,...,0),e2=(0,1,0,...,0),...,eq = (0,...,0,1). (2.8)
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(We could, of course, choose another orthonormal basis in RY with respect to which we set the
coordinates, and in many cases, our discussion below relies on the choice of such an orthonormal
basis.) Let SO (d) denote the group of rotations on R¢. For 1 <i # j < d and t € R, we denote
by Qi ;. the rotation by the angle ¢ in the (x;, x;)-plane, oriented such that the rotation from
the vector e; to the vector ¢; is assumed to be positive. For example, the action of the rotation
Q1.2 € SO(d) is given by

Q12.:(x1,...,xg) = (x;cost —xpsint, x; sint + xpcost, x3, -+ , xXq)
= (scos(¢p +1),ssin(¢p + 1), x3, ..., X4), 2.9)

where (x1, x2) = s(cos ¢, sin¢), and other Q; ; , are defined likewise.

To each Q € SO(d) corresponds an operator L(Q) in the space L2(S471), defined by
L(Q)f(x) == f(Q 'x) for x € S?!, which is a group representation of SO(d). The
infinitesimal operator of L(Q;, ;) has the form

0 0 .
Di,j L(Qi,j,t)] = )Cja— —xi—, 1<i<j<d. (2.10)
1=0 Xi

::5[

In particular, it is easy to verify that, taking (i, j) = (1, 2) as an example,

¢

The following useful observation, which asserts that D; j f is independent of smooth extensions
of f,is a simple consequence of (2.11):

12f(x) = (—i> f(scosg,ssing, x3, ..., xq). (2.11)

Proposition 2.1. Let xo € S~ and let F and G be two smooth functions on an open neighbor-
hood U C RY of xq which coincide on U NS¢~ Then Dir,jF(xo) = Dl.”jG(xo).

The operators D; ; are connected to the usual tangential partial derivatives according to the
following formula [3, (3.15)]:

d
3i|:f <i)j| =8jf—xj2x,-8,-f=— Z x;D; jf. (2.12)
X llxll=1 i=1

llx |l {i1<i£)<d)

The operators D; ; are also closely related to the Laplace-Beltrami operator Ag. In fact, Ag
satisfies the following decomposition [3, (2.6)],

Ao = Z D} ;. (2.13)

I<i<j<d

Furthermore, each operator D; ; in this decomposition commutes with Ay. In particular, by (2.3),
this implies that the spaces of spherical harmonics on S~! are invariant under D;, j

2.3. Moduli of smoothness and K -functionals on S¢~!

Forl <i < j <dand @ € [—m, ], we define the rth difference operator A{,j,@ by

-
. k r
A jg=U—=Tg, ;) = E (=D (k) Tg; ko
k=0
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where T f(x) := f(Qx) for Q € SO(d). This differential operator can be expressed in terms
of the usual forward difference as, for example, for (i, j) = 1(, 2),

Asg fX) = ng (x1 cos(-) — x7 sin(+), x1 sin(:) + x2 cos(+), x3, ..., xXq) , (2.14)

where Zg is acted on the variable (-), and is evaluated at t = 0. The following new modulus of
smoothness was recently introduced in [3, Definition 2.2]:

Definition 2.2. Forr € N, > 0,and f € LP(S?"!),1 < p < o0, 0r f € C(S¢™") for p = o0,
define

o, (f,1)p = sup max HAf’jﬁpr. (2.15)

|9‘§,1§i<j§d

It appears that this modulus of smoothness is not rotationally invariant; that is, in general,
wr(f,t)p #wr(Ty f, 1), for p € SO(d). A similar comment applies to the K -functional defined
in Definition 2.4 below.

This modulus of smoothness enjoys most of the properties of classical moduli of smoothness
[3, Proposition 2.7], and it permits both direct and inverse theorems [3, Theorem 3.4]:

Theorem 2.3. For f € LP(S"" ) if 1 < p <ocoand f € C(S* 1) if p =00,

E.(f)p <cor(fin™h,, 1<p<oco. (2.16)
On the other hand,
n
o (fin )y <en Y KT E (), 1< p < oo (2.17)
k=1

A new K -functional on S¢~! was defined in terms of the differential operators D; ; in [3,
Definition 2.4]:

Definition 2.4. Forr € Ny and ¢t > 0,

=i _ r r
K. (f,0)p = gecif(‘;_.){”f glly +1 ]SrngdIID,,,gllp}~ (2.18)

As in the classical setting, our K-functional and moduli of smoothness are equivalent
[3, Theorem 3.6].

Theorem 2.5. Let r € Nandlet f € LP(ST 1) if 1 < p <ooand f € C(S ) if p = oc.
For0O <t <1,

o (f,)p ~ K (fs8)p, 1= p=<o0.
Remark 2.1. In the case when » = 1,2 and 1 < p < oo, our modulus of smoothness and

K -functional are equivalent to a rotationally invariant modulus [3, Corollary 3.11]. Whether the
equivalence holds in general remains open.
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Finally, we point out that there are several well studied moduli of smoothness on §d-1 (see,
for instance, [4,8]). One of the advantages of our new modulus is that it reduces many problems
in approximation on S?~! to the corresponding problems of trigonometric approximation of
one variable, the latter is classical and well studied. Another advantage is that our modulus is
relatively easier to compute, as demonstrated in Part 3 of [3].

3. Sobolev spaces and simultaneous approximation on S?~!

The classical Sobolev space W,’, on S?~! is defined via the fractional order Laplace-Beltrami
operator (see, for example, [2,7,8]):

Wy = {7 € L") 1fllwg = 1/ 1+ (=202 £, < o0} 3.1

where (—Ag)’/? denotes the fractional order Laplace-Beltrami operator on SY~! defined in the
distributional sense, which satisfies, in particular,

(=A0)"?Y = (n(n +d —2))"?Y, Y eHY, (3.2)

according to (2.3). We shall introduce a new Sobolev type space on S?~! in this section and then
study approximation by polynomials for functions in this new space. Our new Sobolev space is
defined via the differential operators D; ;, 1 <i < j < d, which, by (2.13), are more primitive
than Ag. First, however, we need a lemma.

Lemma 3.1. For f,g e C' (S VYand 1 <i # j <d,

/SH fx)Dj jg(x)do(x) = — /S‘H D; j f(x)g(x)do (x). (3.3)

Proof. By the rotation invariance of the Lebesgue measure do, we obtain, for any 6 € [—m, ],

/ f(x)g(Qi,j,fex)dU(x)Z/ f(Qi jox)g(x)do(x).
Sd-1 Sd-1

Differentiating both sides of this identity with respect to 6 and evaluating the resulted equation
at & = 0 lead to the desired Eq. (3.3). O

The Eq. (3.3) allows us to define distributional derivatives D} jon S?=! for r € N via the
identity,

f D! f(0)gx)do (x) = (=1) / F@)D]g()do(x), ge S,
Sd—1 Sd—1
We can now define our new Sobolev space on the sphere.

Definition 3.2. Forr € Nand 1 < p < oo, we define the Sobolev space W), = W, (S~ to be
the space of functions f € LP(S?1) whose distributional derivatives Dl.” j fi1<i<j<d,all
belong to L” (S4—1), with norm

1f ity = 1+ D IDE fllp.

I<i<j=<d

where L?(S471) is replaced by C(S4~1) when p = o0.
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The following proposition compares the new Sobolev space with the classical one defined
in (3.1):

Proposition 3.3. For 1 < p <ocoandr =1o0r2, or p=2andr €N, one has

=W, and |flw;, ~ I flw;. (3.4)
In general, forr >3 and 1 < p < 00,
W, cWy, and | fllwr SN llws. (3.5)

Proof. (3.5) is an immediate consequence of (3.13) of [3], whereas (3.4) for the case of
1 < p <ooandr = 1,2 follows directly from (3.17) of [3]. Thus, it remains to show that
forall f € C"(SY V) andr € N,

=20 Fll2 S 1D} fll2- (3.6)
J
I<i<j<d
Without loss of generality, we may assume that de_l f(x)do(x) = 0. For j € N, define

0; f = D _ni-1<j<ni Proji f. Since proj, f € Hg, it is evident that 6; f* is orthogonal to 6, f
if j # . Hence, we have

1= 20) 2 F15 = D16k ((— D)2 )15 ~ D 27 16x £15,
k=1

k=1
where the equivalence follows from the fact that Ap commutes with proj; and (3.2), which
implies, by [3, Corollary 3.7] with p = 2 and the definition in (2.18),

o]

o
=202 115 S Zz%r KO£ 2795 S 1<‘?La}‘<dz 1D} ;O )3
- — k=1

max_ Zuek(D DI~ | max (1D £1

1<l<

where we have used the fact that D7 . ; j commutes with proj,, (see, for example, (3.9) below). This
proves (3.6) and completes the proof O

Remark 3.1. One interesting question is if our Sobolev spaces WI’, are rotationally invariant. For
r=12and1 < p < oo,orr > 3 and p = 2, it indeed is according to Proposition 3.3. This
question is pertinent to Remark 2.1.

Theorem 34. If r e N, f e W/, and 1 < p < oo, then

Ex(f)p <en”™ max E,(Df; ). 37

<i< ]<

Furthermore, V, f, defined by (2.6), provides the near best simultaneous approximation for all
Dl.”jf, 1 <i < j <d, in the sense that

DL (f = Vaf)llp < cEa(D}; f)p. 1<i<j<d (3.8)

Proof. Applying (3.3) to the function g : [—1, 1] — R and using

DN g((x, ) = &' (b, y)(xiyj — xj30) = =D g ((x, y)),
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it follows immediately that

D) f Fex, y)do(y) = / D fg(x, y)do (). (3.9)

Consequently, by (2.4) and (2.6), we see that V, D} = D; jVn. Thus, using Theorems 2.3 and
2.5, we obtain

Ex(f)p = Ean(f = Vaf)p < cK,(f = Vufin™)),

<cn™” max ||D!.(f -V,
< 1§j<j5d“ i i (f w I p

—r r r
=cn max D; . f—V,D:; .
(max (1D f = Va (D] Al

<cn”” max E,(D ,
= 1<[</<d ( ljf)p

where we used (2.18) in the third step, the fact that V,, Dr L= D’ iy V,, in the fourth step, and
(2.7) in the last step. This proves (3.7). The inequality (3.8) follows 1mmed1ately from the above
proof. [

Next we define a Lipschitz space on the sphere and consider approximation in such a
space.

Definition 3.5. For r € N, 1 < p < oo, and ¢ € [0, 1), we define the Lipschitz space
W% = Wy*(S?71) to be the space of all functions f € Wy, with

1AL 6(DF Ol
I Fllwre ity = Il fll, + max sup ——oif LI77P
W (S ) p <l<]<d0<|0|<] |9|0l

where ¢ is a fixed positive integer, for example, £ = 1.

Clearly, W; (S = W;’O(Sd’l). Our next theorem gives an equivalent characterization of
the space W;,* for a € (0, 1). For the same set of parameters as in the definition of W,“, we
define the space

r+a wr 1(f7t)
HI* :={feL”(Sd D e = 1l + sup ZEEEE < 0o

0<t<1

Theorem 3.6. If r e N, 1 < p < o0, and € (0, 1), then W,* = H;JF“, and moreover,

1 e ~ Wl gaer ~ IF N +supn" T E, (f)).

n>1

Proof. To prove that f € W,* implies f € H;*“ and || || Hye = cll f lyyre, it suffices to show
that for f € W; and £ € N,

AL Fllp < cl01" 1 AL o (DL Hllp- (3.10)
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Using Lemma 2.6(ii) in [3], we have
r+t 14
18755 Flp = | 87508 50 1] < ctor |78 50 1]

However, from (2.14) and (2.11), a quick computation shows that A; ;¢ D; j = Di ;4 jg,

hence, by iteration, A D.’ =Dy, Af o

ij6 As a result,

1D} A o fllp =1 Af,eD fllp-

Together, these two displayed equations yield (3.10).
Conversely, assume f € H;*"‘. We first show that D[.r’/.f e LP(S41). For g € €871
and G, (1) == g(Q; jx), we can write [3, (4.8)] '

0 0
A{,j,g(g)(x)=/ / GOty +--+1,)dn - dty,

0 0

which implies, in particular, that

A?li’g(g)(x)
m —

Jim — =G (0) = D] ;g(x). (3.11)

Thus, by the definition of the distributional derivative D.’ 1] f, it follows that, for g € C OO(S‘I _1),
/S D 0lg) do = (=1 / f@)D]g(x)do
}"
i 70 8(X)
= (—1)’ lim / fooSuio 89
6—0 Jsd-1 or

= (1)’ lim o SO

d
6—0 Jgi-1 or §)do,

where the last step uses the rotation invariance of the Lebesgue measure do. However, by the
Marchaud inequality (Proposition 2.7 of [3]), for f € H I’,""",

1
wr+£(f’ u)[?
orfinp e’ [y <t | e
t

Hence, by Holder’s inequality, we deduce with % + % = 1 that

‘/ (D} ; f(x)]g(x) do (x)

= cllfllgrrallglly

which implies, upon taking supreme over all g with ||g]|,» < 1 that DZ i f € LP(S%1). Next we
note that for £ € N,

I Af ; (DS iPDlp=c IIA“rz il du (3.12)
0.0 P o S T :

which follows from the analogue result for trigonometric functions [5, (7.1)] as in the proof of
Lemma 2.6 of [3]. Consequently, it follows that

1 o r+l du
”f”Wm = ||f||p +Cl<Iznij<d()<S\lGllp<l 0] ” b f”p urtl — C”f”HH—a

since0 <a < 1.
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Finally, to complete the proof, we observe that the equivalence

I ggaer ~ W1 + su;l)n’+“En(f)p (3.13)
nz

follows directly from (2.16) and (2.17). O
Theorem 3.6 implies the following:
Corollary 3.7. If re N, a € [0, 1), f e W;%, and 1 < p < o0, then
En(f)p < en™ ™| fllyye.

Remark 3.2. Since the best approximation E,(f), is rotationally invariant, by (3.13), the
spaces H,‘;H" are rotationally invariant, whereas by Theorem 3.6, our Lipschitz spaces are also
rotationally invariant when 1 < p < oo, r € N and « € (0, 1). It remains unclear whether or not
the space W;,’O(Sd ~1Y is rotationally invariant when » > 3or p = 1,00 and r = 1, 2.

4. Polynomial approximation on B¢: Recent Progress

In this section, we recall recent progress on polynomial approximation on B¢ as developed
in [3]. For u > 0, let W,, denote the weight function on B¢ defined by

W, (x) i= (1 — [|lx ||}~ 12, 4.1)

For 1 < p < oo we denote by || f||p,, the norm for the weighted L? space LP (B, W),

l/p
I fllpu = (/Ed If(x)l”Wﬂ(x)dX> ) (4.2)

and || flloo,u := I flloo for f € C(B4). When we need to emphasis that the norm is taken over
B?, we write || fllp., = I £ r@e,w,)- For f € LPBY W,),1 < p < oo, 0r f € CBY),
p = 00, the best approximation by polynomials is defined by

E.(f) = inf — .
w(f Dl pelld Il f p”p,u

4.1. Weighted orthogonal polynomial expansions on B¢

Let V,f(WM) denote the space of orthogonal polynomials of degree n with respect to the weight
function W, on B4. We denote by PH(x,y) the reproducing kernel of V,’f (W) in Lz(IBd , W)
It is shown in [9, Theorem 2.6] that

Py(x,y) = /Smil Zn,d+m ((x, y)+ 1=yl (v S)) do(§) (4.3)

for any x, y € B¢ and (x, x') € S?™~1 where Zp,4(t) is the zonal harmonic defined in (2.4)
and p = mT_l For n being a C°°-function on [0, co) that satisfies the properties as defined in

Section 1.1, we define an operator

VI = a /;B FOIKE G Wy, x B, (44)
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where a,, is the normalization constant of W, and

2n k
Kl (x,y) = _n (;) P (x, y). (4.5)

k=0

This operator plays the same role as V,, f in the study on S?~!. In particular, V) f € szn and
If = Vi fllpou < CEa(f)ppus 1 < p < 00

The spaces V,‘f(W#) of orthogonal polynomials are also the eigenspaces of the following
second order differential operator:

d d
D=y (1—xDF =2 > xixjdid; — (d +2u) Yy xid;. (4.6)
i=1 l<i<j<d i=1
Indeed, elements of V,‘f (W) satisfy (cf. [6, p. 38])
DyP =—n(n+d+2u—1)P foral P e VI(W,). 4.7

It was shown in [3, Proposition 7.1] that the differential operator D, can be decomposed as a
sum of second order differential operators:

d

2 2 2

Du=) Dyt D, Dij= ) Di (438)
i=l I<i<j=d I<i<j<d

where the operators Dz j for 1 <i < j < d are defined as in (2.10), and

D} =D} = Wuol ™0 [ = W@ ]a, 1<i<d. 4.9)
For the rest of the paper, we will always set ¢ (x) = /1 — ||x||2. We have the following useful
estimates:

Proposition 4.1. If | < p < oo, and g € C*(BY) then

1Dugllp~ Y ID7 8l (4.10)

l<i<j=d

Furthermore, if r € N, 1 < p < 00, and g € C*" (BY) then

il 7 gllpu < IDFgllp < c2ll® 87 gllpu + c2liglpp. 1<i <d. (4.11)

Proof. (4.10) was proved in [3, Theorem 7.3]. In the case when r = 1, (4.11) was shown in [3,
Theorem 7.4], and the proof there works equally well forr > 1. O

4.2. Moduli of smoothness and K -functionals

Two moduli of smoothness and their equivalent K -furlctionals on B¢ were introduced in [3].
Our first modulus on B¢ was defined via an extension f of a function f : B¢ — R to B¢t!,
defined by

~

Fx, xam1) = f(x), (¥, x441) € BT x e BY. (4.12)

More precisely, it is defined as follows [3, Definition 5.3].
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Definition 4.2. Forr e N, > 0,and f € L”(]B%d, W, < p<oo,orfe C(]B%d) for p = o0,
define

or(f,t = su max ||A! . d ,
- (f )p,u |9|£t {1<i<j<d I l,],ef”Lp(B W)

1<i

max. ||A;d+1,9f||Lp(W+1,WM1/2)} , (4.13)

where form = 1, || A 4,1 Flier@a+tw,_, ) is replaced by | A7 yirg Fllrsa)-

This definition doesn’t appear to be rotationally invariant. This same comment applies to
Definitions 4.3 and 5.7 below.

In the case when u = ’"T*I and m € N, we have established in [3, Theorem 5.5] the direct

theorem, that is, the Jackson inequality

Ei(f)pu<co(fin Ny 1<p<oo, (4.14)

and the corresponding inverse theorem,

n
o (fon ™ pu <en™ Y KT ER) ps (4.15)
k=1

in terms of this new modulus of smoothness. Moreover, it was also shown in [3, Theorem 5.8]
that the modulus of smoothness w; (f, 1), is equivalent to the following K -functional:

Kr(fotpg = _inf {I1f = gl
r f P, e (BY) f 8 LP (B, W,)

r r r r ~
+1t max 4 ”Di,jg”Lp(Bd,W,,,) +t lI;liaSXd ||Di,d+1g||LP(Bd+],Wufl/z)} (416)

1<i<j<

where if m = 1, then ||D£d+1§I|LP(Bd+1)Wﬂ_1/2) is replaced by ||D;”d+1§”Lp(§d).

The second modulus of smoothness for a function on the unit ball introduced in [3] can
be considered as a higher-dimensional analogue of the classical Ditzian—Totik modulus on the
interval [—1, 1]. In the unweighted case, this modulus is defined as follows [3, Definition 6.7]:

Definition 4.3. Forr e N, > 0,and f € LP(]B%d, Ww,l1 < p<oo,orfe C(]B%d) for p = o0,
define

@ (f.0)p = sup { maxdnA;,»,hfup,lrglagd||£zw,.f||p}, (*.17)

0<|h|<t Ul=<i<j=

where Zh denotes the central difference and

B 101 30 ()1 (5 (5 =) o)

and we assume Zz v = 0 if either of the points x £ r h<p2(x) e; does not belong to B.

The weighted version @, (f, t)p,n Of the above modulus can also be defined, but is
more complicated. Both direct and inverse theorems were established in terms of @,(f, 1),
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in [3, Theorem 6.13]. Furthermore, it was shown in [3, Theorem 6.10] that the modulus of
smoothness @, (f, 1), is equivalent to the following K -functional

Refopu= _inf {If = gllput" max 1] gl

in
geCr(B)

t" max |¢" 9] }
+ 1oy lle ,g”p,u
in the sense that, for the equivalence between K, r(f, t)p and w,(f, 1) in the unweighted case,

B, <K (fit)y <cd (f)p+ct" | f]lp-

The two K -functionals, hence their equivalent moduli of smoothness, are connected as shown
in [3, Theorem 6.2].

Theorem 4.4. Let 1 = "1 andm € N. Let f € LP(B, W) if 1 < p < 00, and f € C(BY)

if p = oco. We further assume that r is odd when p = oo. Then

Ki(fs ) p ~ Ki(fs ) popis (4.18)

and for r > 1, there is a t, > 0 such that

K (fs)pu <cKe(fippu+ct I flpps O<t <ty (4.19)

Remark 4.1. As in Remark 2.1, one could ask if these new moduli of smoothness and K-
functions depend on the orthonormal basis of the Euclidean space.

Finally, we point out that it was shown in [3] that both moduli @, (f, t) poand oy (f, 1) p
enjoy most of the properties of classical moduli of smoothness and they are computable as
demonstrated in Part 3 of [3]. In comparison, the only other modulus of smoothness [10] on
the unit ball that is strong enough to characterize the best approximation is hardly computable.

4.3. Representation of the term Dj ;| f

The term D; de ,& appears in the definition of our first K-functional K, (f, 1), , in (4.16)

on the ball, where g(x, xz11) = g(x) as in (4.12). Notice that fis a iunction inx € R4, but
the operator D; g1 = X;0441 — X4+19; involves x441, so that D] , T f is indeed a function of

(x, xg41) in B!, The following lemma gives an explicit formula of this term in terms of f.

Lemma 4.5. Assume that (y, ya+1) = s(x, Xg+1) € Bt with s = ||(y, ya+DIll > 0, x € B4
and xg41 = ¢(x) = 0. If f € C"(BY), then

~ 9\
(Dl 11 D yarn) = <—¢<x>§> [r60] 1=isza

1

Proof. The proof uses induction. For » = 1, we have

Dias1 [, Ya+1) = (idas1 — Ya18) f () = =ya19: f (7).
Hence, using the fact that Bix,-[ f(sx)] = s(0; f)(sx) we have

~ d
(Di.a+1/)(sx, sxa41) = —5xa41(3; f)(sx) = —s9(x)(9; [)(sx) = —w(X)E[f(SX)]-
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Let Fr(x, x44+1) = Dl.’, dt1 f(x, X4+1). Assume that the result has been established for r. Then
Fr(sx,s¢(x)) = (—¢d;)"[ f (sx)]. By definition,

Fry1(sx,5x441) = (Dia+1F)(sx, sx4+1)
= sxi (Oq+1Fr)(sx, sx44+1) — 5Xa+1(0; Fy)(sx, $xXg+1). (4.20)

On the other hand, taking the derivative by the chain rule shows that

9 r+1 9
<—90(X)8—> [f(sx)] = <—¢(X)—> [Fr(sx, s@(x))]
Xi ax,-
= —s5¢(x)(3; Fr)(sx, s¢(x)) + sxi (3g+1F) (sx, s¢(x)),
which is the same as the right hand side of (4.20) with x4+ = p(x). U

Lemma 4.6. The function D£d+lf(x, Xd+1) is even in xq41 if r is even, and odd in xg41 if r is
odd.

Proof. Forr =1, Di’d+1‘]?(.x, Xd+1) = —Xq+10; f (x) is clearly odd in x441. And
D,-z,d+1f(x, Xap1) = —x;0; f(X) + x7,107 f (x)
is even in x441. The general case follows from induction upon using (4.20). U

Recall that our K-functional K, (f, 1), , with u = m74 in (4.16) is defined. when m = 1,
with || D} ;. gl »(se) in place of ||D{d_,'_lg”[‘p(BdJrl’W‘L_I/z). Hence, as a consequence of the
above lemmas, we conclude the following:

Proposition 4.7. For g € C" (B?) and the Chebyshev weight Wy on B?, we have
1D} 4 @ posty = 103 &l Lo wy)- @21)

Proof. Let Sf{_ = {x € S : x441 = 0}. By Lemma 4.6 we only need to consider S‘i when
dealing with Dy , 18- By Lemma 4.5 with s = 1, we then obtain

/Sd |Di g 18 xa0)| " do(x, xa41) = 2 /S @) s)|" do . xarn)
+

d
= / @8 8] ————,
B =Tl

which is what we want to prove. [

In general, using polar coordinates, Lemmas 4.5 and 4.6, we can deduce
Proposition 4.8. If g € C"(BY), u = % and m > 1, thenfor 1 < p < oo,

r 1P
”Di,d+1g”L1’(]Bd+l,W,h1/2)

dx

——ds
V1= x|

1
- /0 s4(1 = s /1;; e g1 422)

whereas for p = 0o, we have

8 r
<<P(x)a—> [g(SX)]‘ .
Xi

max |D] . ,2(y)|= max
yeBd+! hd+1 xeB9,0<s<1
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5. Sobolev spaces and simultaneous approximation on B¢
We start with the definition of a Sobolev space on BY.

Definition 5.1. For | < p < oo, f € C"(BY), and r € N, we define

d
1f @t wy = 1 lpw+ D IDE; fllp + D 1078 fllpous (5.1)
i=1

I<i<j<d

and define W; (B, W) to be the completion of C” (B?) with respect to the norm || - ||W;; (B4, W,)-

Remark 5.1. Since convergence in the norm || - ||W; B4, W,) implies convergence in the weighted
LP-norm || - ||p,u,» Wwe may assume that W;(Bd, W) C LP (B, W,) when p < oo, and
er, (]Bd Wy cfc (Bd) when p = oco. As a consequence, we can also extend the definitions
of the operators D; j f and ¢" 9} f to the whole space W}, B, Wo).

The following proposition follows readily from (6.15) and (6.16) of [3] and Proposition 4.1:
Proposition 5.2. If f € C"(BY), u > 0and 1 < p < oo, then

> ||Dir,d+1f||L!’(]Bd+1,WM7

1
I<i<d 2

) = el g @, w,- (5.2)

Furthermore, if f € C* (B and 1 < p < oo then

IfIwer@aw,y ~ D IDFflpu: (5.3)

I<i<j=<d
Theorem 5.3. Let i = "5 withm € N. For f € W,B, W,,), 1 < p < o0,

Exn(F)pyu < en™| max E.(D] 3D pon A% (D} g Droaintw ] 64
== =7

<i<j<

Furthermore, V' f, defined by (4.4), provides the near best simultaneous approximation for all
Dl.”jf, 1 <i < j <d+ 1inthe sense that

1D} ;(f = VEP o < CEnDl; Py 1<i<j<d

1D} g1 (f — Vnﬂf)“LP(Bd“,W; D= CEn(Dl'r’d+1f)Lp(Bd+l’Wl ) 1=<i=<d.
-5 -

Proof. For f defined on B¢, we define F(x,x') := f(x), x € B4, (x,x’) € S¥"~1 By [3,
Lemma 5.2], (V,,F)(x, x') = V' f (x). Furthermore, by [3, Lemma 5.7], K, (f, n_l)Lp(Bd’W‘l) ~

Kr(F, nil)Lp(Sd+m—l). Hence, it follows that
E2n(f)Lp([Bad) < K, (f — anlf’ n_l)Lp(]Bd,WH)
< CKr(F — VnF, nil)Lp(§d+m—1)
cn™”  max ||D£j(F = Va )l Lpsatm1)

1<i<j<d+m

IA

—r r r
cn max ||D F — D: .V, F” p(Sd+m—1
l<i<j<d+1 = "/ A »
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where the last step follows from the fact that Vn(D; d +kF ) depends on x;, 1 < j < d, and x44¢,
which implies that we only need to consider 1 <i < j <d + 1.

Denote by Vn’f . the operator (4.4) associated with W, on B¢ and ]7 (x,x4+1) = f(x). By
Lemma 5.2 of [3],

VaF(x,x') = VI 2 Fxxasn) = VE (0. (5.5)
Since D£ j Vo=V, D; jon the sphere, it follows that, for 1 < i, j <d,
D;jvn‘fdf(x) =D} ;(VaF)(x,x") = V, D} ;F(x,x') = Vn‘de;jf(x).
Consequently, it follows from [3, (5.8)] that
ID};F = Df ;(VaF)llpp(am-1y = €lID}; f = D V' y F O Lo e, )
= cllD}; f = V(DL D Lo ggaw,
=< CEn(D,'r,jf)Lp(Bd,Wu)'
Whereas for D£ d +1F term, we have for 1 <i <d,
D! gy VI T, Xas1) = DYy (VaF)(x, X))
= Va(DL g Y. x) = VI DL F e, xag).

Consequently,
—1/2
ID} 41 F = D} g Va Fllogarm-ty = D} f = Vi 52D FO poggart w0
< cEn(D} ; )o@+ w,_y )-

This proves (5.4). The conclusion that V;/* f is the near best simultaneous approximation follows
from the above proof and (5.5). O

Corollary 5.4. Let n = "5 withm € N.If f € W,(B?, W,,), 1 < p < oo, then

En(f)p.u = en” I f @, w,)-

Proof. This follows immediately from (5.1), (5.2) and Theorem 5.3. [

In the next corollary, we replace Dl.’, dil fterrn in (5.4) by ordinary derivatives of f. First we
consider the Chebyshev weight Wy on B¢ (with u = 0).

Corollary 5.5. For f € Wi,(BY, Wo), r e Nand 1 < p < oo,

Ex(f)po <cn™" , Jnax En(D; ;i f)po+ecn™" gfixd Ey (93" f)p0-

<i<j<d

Proof. By (4.21), for all f € C’(IB%d),
(@) f(x) = D} gy f(x. Xag1),

where x € B? and Xd+1 = @(x). The desired conclusion then follows. [
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For i > 0, including the case © = 1/2 (the constant weight function), however, the best that
we can do is the following:

Corollary 5.6. Let u = "5 and m € N. For f € Wy(BY, W), 1 < p < oo,

E2n(f)p,u <cn™" max E, (Dl ]f)p w

I<i<j<d
+cn”" max [ max E (3/ ) + max E (3 ) ]
| Sicd 1<]<r+1 n—r f Pt <j<r n—r f put(j—

Proof. It was shown in Lemma 6.4 of [3] that

.
Dj g1 f(x, xa41) = ij,r(Xi,sz+1)3,~]f(X), x € B, (x, x441) € BT,
Jj=1

where p; , is a polynomial of degree < j. Since E, (f) is subadditive, it follows that

Ea(D} g1 P ot w, ,/2)_2 inf Hp,r(a’f ? (5.6)

LP B W,y p0)

However, using (6.11) and (6.12) of [3], we have, for (x, x441) € B4+,

r+1

c, ifl<j<—moy
[pjr(x, xa41)| <

i LT .
C|xd+1|2]7r, if <j<r.

Thus, by (5.6), we deduce

E, (Dl d+lf)Ll7(Bd+1 Wyu-1,2) =c¢ max inf ||8]f g”p nw
1<j<3l gell?

+c¢ max inf ||8]f gl pput(i— Dp-

+1
l<j<rgelly,

The desired conclusion then follows from Theorem 5.3. [

It remains to be seen if D; d _Hfterm in (5.4) can be bounded by a term that involves only
(9d)" f in the case of u > 0.
Similar to the case of SY~!, we can also define a Lipschitz space on the ball.

Definition 5.7. Forr € N, € [0, 1), and 1 < p < o0, we define W, * (B, W,.) to be the space
of all functions f : BY — R with finite norm

I f e @a w,y = I fllp,n+ max — sup 017N AL o (DE I,
Wi n P I<i<j=dg<|9|<1 ”9 nJ PH

4
+ max sup 0|74, (D g1 Dl B, W,
1=i=d o-j6|<1 ,d+1,0 i d+1 ( u—1/2)

with the usual change when p = oo, where £ is a fixed positive integer, say £ = 1.

We can also give an equivalent characterization of the space W;’“ B, W,) in terms of our
modulus of smoothness. For the same set of parameters as in the definition of er;a (Bd, W), we
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define a space

wrye(f, Dp.u <

H;+a(ﬂgd7 W) = !f S LP(Bd’ W) : sup prorw

0<r<1

Theorem 5.8. Let p = "1 If r e N, 1 < p < 00, and a € (0, 1), then
Wi B, W,) = HI B4, W)
and

1 @, ~ 1 ooy ~ 1 1 + S0 En(
n=

Proof. This follows from (4.14), (4.15), and Theorem 3.6 since for F(x, x’) := f(x), (x,x') €
S4*+m=1 and x € B?, we have w(F, 1) pp(gd+m-ty ~ @ (f, 1)p,, by Lemma 5.4 of [3].  [J

We could also define a Lipschitz space that uses central differences of 9] f in place of D ,_ f
in W,*(B9, W,,), so that it is equivalent to an analogue of Hy B9, W,,) with @,1¢(f, 1), in

place of @y ¢ (f, 1) ppu-
As a consequence of the last theorem and the Jackson estimate, we have:

Corollary 5.9. Let 1 = ’”T_l andm € N If r e N o € [0,1), f € W;;“(IB%“', W), and
1 < p < oo, then

Ex(f)pp < cn_r_a||f||wga(]Bd’WM)o (5.7

Let us point out that for f € C”(B?) the traditional definition of the Lipschitz continuity takes
the form, for0 < o < 1,

108 fF(x) =P Fl <cllx —yll*, BeN, |l =r (5.8)

for all x, y € B?. Let us denote by Lip, , the space of all C” (B?) functions that satisfy (5.8).
From the definition of D;_ ; it follows readily that

Lip,, c W

Hence, the estimate (5.7) holds for the functions in Lip, ,. On the other hand, our definition of
W, * is more general than Lip, , as the following example shows.

Example. Let f,(x) = (1 — x| + [lx — x0[>)* on B? with a fixed xo € S?~!. Assume
1/2 < a < 1. Then by [3, Example 10.1], @, (fx,)oo ~ 1%, so that by Theorem 5.8,
fu € WE2*“(B9). On the other hand, setting xo = (1,0,0,...,0) shows that f,(x) =
1 - x12 + (1 = x)HY = 2%(1 — x1)%, whose first partial derivative is unbounded on B9 so
that it is not an Lip, ,, function. We note that Di,jfa e CB*YHforalll <i < j<d+1.

Remark 5.2. According to Theorem 5.8, for ¢ € (0, 1),r € N,and 1 < p < o0, our Lipschitz
space WI’, B7, W,,) is rotationally invariant. Similar to Remark 3.1, it remains to be seen whether

our Sobolev spaces W;, B7, W,,) are rotationally invariant in the general case.
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