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Abstract

Asymptotic expansion for the Laguerre polynomials and for their associated functions is extended to the
case of a weight function which is the product of the Laguerre weight function by a polynomial, nonnegative
on the interval [0, ool.
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1. Introduction

Let P be a nonnegative polynomial on [0, oo[, let 4,(Pw;,x) be the orthonormal polynomial with
respect to the weight function Pw; where w; is the Laguerre weight function and let ¢,(Pwy,x) be
its associated function

o0
u(Pwy,x) = / WP(;)WL@)@, x € C\[0, +o0f.
0 _
The aim of this paper is to establish a uniform asymptotic expansion for 4,(Pwg,x) and ¢,(Pwg,x) for
x in any compact subset K of C\[0,oc[. The results given in this paper are based on the asymptotic
expansion of the Laguerre polynomial given by Szegd in [8] and on the asymptotic expansion of
its associated function given by Elliott in [3]. Similar ideas and methods, used for the asymptotic
expansion of the error in Gauss—Laguerre quadrature formulae, can be found in [4].
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The question of asymptotics of orthogonal polynomials is very large. The present paper has found
inspiration in [9], where the weight function was the Jacobi weight multiplied first by a polynomial,
and second by an analytic function. As pointed out by the referees, there exists other kind of studies,
namely [1], based on the studies of the recurrence relations (see more references therein) for the
weight exp(—P(x)), or tending to more precise results but for the special case of the Jacobi (in fact
Gegenbauer) polynomials [2].

The paper is organized as follows: in Section 2, we will recall the asymptotic expansion for the
Laguerre orthonormal polynomial, and we will give some notations and general results concerning
orthogonal polynomials. In Sections 3 and 4, we will give an asymptotic expansion, respectively,
for A,(Pwg,x) and for g,(Pwg,x).

2. Notations and preliminaries results

In this section, we give first some notations and definitions. Then, we give an asymptotic expansion
of the leading coefficient of the orthonormal polynomial 4,(Pwg,x).

Everywhere in the sequel, the argument of complex numbers is defined in the interval [0,27] and
the function \/z coincide with the real square root for z real, positive. Everywhere also, K will be
the standard notation for a compact subset of C\ [0, oo[.

First, let us present the two following definitions.

Definition 1. We denote by Z the set of holomorphic functions on C\[0,00[, and Zx the set of
holomorphic functions on K.

Definition 2. Let X be a Banach space and let S(X) be the class of all sequences (x,),,x,€X
admitting an asymptotic expansion of the form

2, B
X ~ d _— —_ —_— e
N A I N
where ay,ay,... € X and ay not identically null. This means that for each £, the sequence (7, 1,72,--.),
defined by the relation
_ 4 % 4 Y Tkl
Ty i R iy R S A (SR

is bounded.
S(X,ap) is similarly defined with a preassigned ay.

Let A,(wz,x) be the orthonormal Laguerre polynomial with respect to the weight function w;(x)=
x*e™, o real, x €]0,00[ and let k,(w;) be its leading coefficient

1
VI(n+DI(n+o+1)

The leading coefficient &,(w;) can also be written in the following form:
—o/2

kn(WL) =

n

AY,(w)), €S(C,1) such that k,(w;)= Tt 1)

¥u(wr). (1)
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Adapting the Szegd’s theorem given in ([8], p. 199) for the orthogonal Laguerre polynomials to
the orthonormal’s ones, we get the following result (the same result for Jacobi polynomials can be
found in [5]).

Theorem 1. Let x € C\[0,00[ and let o be any real. We have for all compact K C C\[0,00[ and
1 1
— ex/z _ _(“/2)_4
Jor 4() = 5= (=x) |
3 @u(wi, X)) €S(Zk, 1) such that Jy(wi,x) = (=1)"e> "0~ 4g(x)®,(w,x).

The remainder is uniform with respect to x in any compact set K.
Now, we will give the following theorem which is a modification of Theorem 2 given by Verlinden
in [9].

Theorem 2. Let p > 2 and let (x,), € S(C).

n X n X
Then( W) €S(C), and (E(HW)) € S(T).

k=1

Proof. Let

rk,n
=ay+ E h/2 L M = sgp 7]

As x, are bounded, the two parts of the conclusion (sum and product) are equivalent. For the same
reason, as p > 2, the series > ;° x;/j”/* converges, and so to obtain the conclusion, we will prove
that

(Z ]fj/z> € S(0).
j=n )

This last quantity will be obtained as the following limit (this will be justified in time)

o0 oo

. X
j—n_"J
Z]P/z _ll_n jz_;lz jpi2
Then
o0 X [e.9] ZI n
Jj—n T
Zz e _Z]p/Z +Z k=12 Ak~ 1+Zj(p+k)/2
Jj=n Jj=n

Z "

=®(z, p/2,n)ap + -+ P(z,(p+ k —1)/2,n)ap—1 + Z (p+k)/§

where, for |z| < 1,5 >0, x >0, @ is defined by
o0 / 00 ps—la—xt

z 1
Pzs,%)= 120: E I'es) /)y 1—ze! . 2)
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For any z in the disc of convergence, ®@(z,s,x) has an asymptotic expansion (using Watson lemma
[7] co(s,z)n™" 4 -+, and so Z 2"y, jPI? has an asymptotic expansion.

In Eq. (2), the power series on the rlght hand side converges for z =1 if s > 1, so this series
converges uniformly with respect to z in an angle with vertex 1, i.e. contained in (|Z] <1uU{l})
the disc of convergence plus the point 1 on the border of the disc. As all the involved powers
p/2,---(p+k)/2 are strictly greater than 1, this allows to take z=1 in the preceding formulae, and
finally

e¢] X
p>2= (Zﬂ%) e S(C),
Jj=n "

which ends the proof. [

Theorem 3. Let w be an admissible weight function on [0,00[, and let r be a real number. Let
Al (w,x) be the monic orthogonal polynomial associated to the weight function w on [0, 00[, h,(x)=

1
(=1)'n 4720 (n + 1) and Q,(w,x) = 20 (W, x) /().
If (2,(w,x)), € S(Zg) for some compact K C C\[0,00], then,

(I'(n + D ky(w)), € S(C).

Proof. As the weight function w is fixed throughout the proof, it will be omitted. Let @/, and b/, be
such that

X0 () = Ay (%) + @ 2 (x) + B2y (x). (3)
Substituting 4,(x) = k,/,(x) in the recurrence formula for the orthonormal polynomials

(X)) = Cpi1An1(X) + dpdn(X) + Cpln—1(x),

we obtain the recurrence formula for the A/ (x)

k,, kn
X3(0) = a2 () + () + e F () (4)
It follows that
ki, ki
Cn+lT:1 =1, ¢ knl = biz

Hence

kéH—. (5)

Jlf

1 ~
Let us now divide Eq. (3) by 4, = (=1)'n" 4720 (n 4+ 1)e*V=, and let Q, = ¢>V~"Q,. Thus we
get

/

Q- 1(x) (6)

. ~ ~ b
XQn(x) = SnQn+l(x) + a;‘Qn(x) + 3

n—1
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with s, =—(n+1)(1+1 /n)_%H/ 2. This relation is true for all x, so can be derived. The two relations
are then considered as a linear system with respect to the constants @/, b/. In this system the value
of x is of no importance as a/,b!, are known to be constant. For sake of simplicity, we will write
the computations for x = —1.

Thus, we get from (6) the following linear system with respect to a/, b, where o, = f),,(—l) and
Bu=Q(—1)

/
a, o, +

/

n
Olp—1 = —Spllpt1 — Uy,
n—1

a;ﬂn ﬂn 1= Snﬂn+1 - ﬂn + Op.

Sp—1

So, by elimination of a/,, we get for b/, and for n > 1

b:z (ﬁn—l _ OCn—1> _ %y s (ﬁn+1 _ Ofn+1>
Sn—1 ﬂn Oy ﬂn ! ﬁn O .
From the definitions of the a’s and f’s (f.?,,(x) =evVT"Q,(x)), we get

% Qu(~1)
ﬁn B _\/;lQn(_l)_‘_‘Q;l(_l),

Ont1 eVl Q. 1(—1)

a evn Q(—1)"
Bus1 e VT — 12 (=1) + 2, (—1)

B Yz _\[Qn(_l)"i_ Q,(=1)
The asymptotic expansion of 2, induces asymptotic expansions for o,/fS,, %.11/%, Pni1/Pn. Taking
in account s, = —(n 4 1)(1 + 1/n)~"4+"/2 the classical computations for formal series leads to an

expansion of 4. The term of largest degree is n*> (coming from s,_1s,), but a careful computation
shows that the second term (n*?) is zero, and the third is 7n, so finally we find that the sequence
bl possesses an asymptotic expansion of the form

N—1
_ 2 r J 1
b =n 1+n+z..+o<nm> . (7)

Let us now consider the sequence (c,), defined by: ¢, =n((n+ 1)/n)’? and let us write k> given in
(5) in the following form:

n_ n ZHb/ _F( +1)2 +1)—”Hb/, (8)

J 1 ¢
Since the sequence (c2), possesses an asymptotic expansion (c2=n*(1+r/n+---)) we deduce from
(7) that the sequence (c2/b.), possesses an asymptotic expansion

2
n

G X eo(in)
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Using Theorem 2 and formula 8, we obtain that ([]}_, cf/b})n € S(C), and finally that
(I'(n + Dn'?ky,), € S(C). O

3. Asymptotic expansion of the orthonormal polynomial

In this section, we will give an uniform asymptotic expansion on compact sets K C C\[0, oo[
of A,(w,,x) which is the orthonormal polynomial with respect to w,(x) = R, (x)wr(x) defined for
x €[0,00[ and where (R,),, is a sequence of polynomials of degree m, nonnegative on [0, co[ and
satisfying the following recurrence formula:

Rm+l(x) = (x - xm+l)Rm(x)5 Xm+1 E] — 00, 0],
or
Rm-‘rZ(x) = (x - ym+l)(x - W)Rm(x)s Ym+1 € <[:\] — 00, 0[.

Using P; for a polynomial of degree 1 and P, for a polynomial of degree 2, let us first remark that
the sequence (w,,) satisfies the recurrence formula

Wm-H(x) = Pl(xnz—klax)wm(x)’
or
Win2(X) = Po( Y1, X)W (x), )

with wo(x) = wi(x), P1(Xmi1,X) = (X — Xms1), Pa(Ymi1,X) = (X — Yyt )X — V1), P1 and P, being
positive on the real positive semi-axis.
Our starting point is the Christoffel formula given by Szego in ([8], p. 29)

AW, x)  Auriwx) oo AW, x)
AiW,z1)  Auriwzy) oot AW, zy)

O(xX)L,(Ow,x) = ' . ) (10)
AW, z)  AuriWmzy) oo AW, zm)

where w is an admissible weight function, O(x)=][]}'(x —z;) is a nonnegative polynomial on [0, col,
L,(Qw,x) is an orthogonal polynomial with respect to the weight function Ow on [0, oo[ and 4,(w,x)
is the orthonormal polynomial with respect to the weight function w on [0,00[. In case of multiple
zero zj, the corresponding rows of the determinant are replaced by derivatives of consecutive orders
of the polynomials A,(w,x),..., A, rm(w,x).
Applying the Christofell’s formula with O = Py(x,.1,.) and w = w,,, we get
Ay (Wi, X A1 (Wi, X
Pyt Moy = | ) ) (1)
;Vn(Wmamerl) )bn+1(Wm,xm+1)

where L,(Wy+1,x) is a (not normalized) orthogonal polynomial with respect to w,,; on [0, co[.
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Let A (Wu,x) be the monic orthogonal polynomial with respect to w,, on [0,00[ and k) (w11) the
leading coefficient of L,(wy,y1,X).
Identifying both sides of (11), we get

0 kn+1(wm)

by (Wn1) =
ln(wmaxm+l) /Ln+1(Wm,-xm+1)

= —kn1(Wn, )/ln(wm: Ximi1)-

Hence, for the unitary polynomial A/ (w,1,x), (11) becomes

in(wm;x) }~n+l(wmax)

/ln(wma Xm+1 ) }Ln+1 (Wm: Xm+1 )
kn+1 (Wm )}vn(wma Xm+1 )

For the second case QO = P(yuy+1,.) and w = w,,, we have to share the cases where y, is
complex so the roots y,.; and y, are distinct, and the case where y,,. is positive real. If v,
is real, then there is a double root for O = P>(y,,+1,-) and the Szego formula has to be written with
derivatives in the last row. We concentrate on the first case of two complex conjugate roots, the
second one being very similar

(12)

Pr(Xms15X) 2y (Wi 1,%) = —

Zn( Wy X) A1 (Wiy X) Znt2(Win, X)
Po(Ymi 15X Ln(Wins2,X) = | 2aWins Y1) ZnitWons Yms 1) Zoni2(Wmns Y1) | - (13)
InWins V1) Znt 1 Wons V1) At 2(Wins V1)
The leading coefficient is

;Ln(wma ym+1) ln+l(wma ym+1)

kr/z(WerZ) = kn+2(Wm)

2nWons V1) At (Win, V1)
Hence, for the unitary polynomial A/ (w,,2,x), (13) becomes
(Wi, X) A1 (Wi, X) Zn2(Wiy X)
2n(Wons Yms1) Zi Wy Y1) Znt2(Wins Vims1)
AnWins Vus1) 2t (Wons V1) 2n2(Wns V1)
2nWins Y1) Znt1(Wims Y1)

}vn(wma ym+1) j~n+1("Vm: ym+1)

Po(Ymi1:%) 2 (Win2,%) = (14)

kn+2(Wm

Theorem 4. Let x €K, a compact subset of C\[0,00[. Let m€ N, and let (wy,), be the sequence
of weight functions defined by (9). Then, the orthonormal polynomials with respect to the weight
function w,, on [0,00[, A,(Wu,x) and their leading coefficient k,(w,,) satisfy

1
In(Wi, X) = (=1)'n" 4V 7 g () Dy (Wi, ),
—(a+m)/2

k(W) = Tt 1)

q’n(wm )9
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1
with g(x) = ﬁex/z(—x)_“/z_i, o real, (@,(Wy,x)), € S(Zx) for all compact K and (¥,(Wn))n
€ S(C). The residuals are uniform with respect to x €K for all compact K.

The uniform convergence follows from the definition of S(Zx). To avoid some repetitions, we
prove the following lemma.

Lemma 1. Let us suppose that, with the preceding notations ((®,(Wp,x)), and (¥,(Wini1))n are,
respectively, elements of S(Zx) for all compact K C C\[0,00[ and S(C))
1
Dn(Wi,X) = (=1)'n" 4V 7 g () Dy (Wi, ),
n—r/2
I'(n+1)

If W1 (x) = (X — X1 )Wi(x), then, there exists (Dy(Wpi1,X))n and (¥y(Wimi1))a (respectively,
elements of S(Zx) and S(C)), such that

kn(wm) = an(wm)'

1
D Wi 1,%) = (=1)'n” 4V g(x) Dy (Wi 41, %),
D)2
I'(n+1)

and if Wis2(x) = (X = Y1 (X = V1 )Wn(X), then, there exists (Pu(Wpi2,%))n and (¥y(Wp+2))n
(respectively, elements of S(Zx) and S(C)), such that

kn(wm+1 ) = g’n(wmel )5

1 —
/ln(Wm+2,X) = (_1)”71_1@2 _"xg(x)@n(wn1+2’x),
n—(r+2)/2

m V(Wiy2)-

kn(wm+2 ) =

Proof. The considered points x, y,z are supposed to be in some compact K. Throughout the proof,
we will consider the functions F,G and 4, ; defined on C\[0, o[ by

F(x,y) ==y —V=x,
G(x, y,2) = \/2yF (2, y) + VxzF (x,2) 4+ /3xF (y, ),
A o2V —(ntj)x
nj(X) = W-
Since A,(W,,x) = (—1)”n*iez*/i’”‘g(x)<15n(wm,x), we have from (12),

(—1y (n+ 1) Te2Vg(x)
kns1(Wi ) Dy (Wins Xm1)

Pi(Xms1,%) 2 (Wi 1,X) = (Wi Xmy15X)

where
¢n(wmax) hn,l(x)(anrl(Wm:x)

Qn(wmamerl;x) = .
(pn(wmrxm+1) hn,l(xm+1)(pn+l(wmaxm+l)
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The conclusion concerning the leading coefficient k,(w,,;1) will follow from Theorem 3, so we have

to prove that (1) /h,), € S(Zx) for some h,,.
Using the recurrence assumption, &,.1(w,,) is written, with (¥,(w,)), € S(C) as

(n+1)7"72

F(n + 2) q’n+l(wm)'

kny1(Wn) =

From here, the computations are algebraic sums and products of series, so with no difficulties. The

interesting steps are the followings.
Since (@,(Wp,x)), € S(Zx), there exists (T,(Wp, Xmi1;X))n € S(Zx) such that

F(x,xp
Qn(wm:xm+l;x) = (x\xfn-‘rl) T)1(Wm,xm+1;x)'

So, ¢, being the expansion of (1 + 1/n)"2, we get for the unitary polynomial A (w,,1,x)
P] (-xm+ls-x)/l;/1(wm+1’x) = g(x)hn(x)Hn(x)’

1
hn(X) — (_1)nn—z+(r+l)/21—v(n + 1)62\/—}1)6’

F(x,xm+1 )Tn(wm,xm+1;x)

R (T X (T I

and finally, we can use Theorem 3

j’;1(‘/‘}}714»17)6)
ha(x)

and one of the required result is obtained

(Hu(x), € 5(Zg), 50 ( ) € S(Ze)

(l’l +1 )(r+1)/2

3(Fa(tm+1))n € S(C) such that k(1) = ~—po

an(Werl )
Then for the orthonormal polynomial Z,(Wpi1,X) = ky(Wni1)A,(Wnmi1,x), we have
i —(r+1)/2
Pl(xm+la-x))~n(wm+lax) = (_1)’1’1_462 7nxg(x) <1 + I’l) 'Pn(Werl)Hn(x)-

Since  the  sequence  ((1+1)~C D2, (w1 )Hy(x)/P1(Xms1,X))n € S(Zk),  there
(Pn(Wimt1,%))n € S(Zk ), such that

1 —
In(Wing1,%) = (_l)nnize2 Mg P (Wint 1, X).

exists

Let us give a sketch of the proof for w, 2(x) = Po(Vms1,X)Wn(x), (¥m+1 € C), which goes on

similarly

1
(=1 (n+1)"4e’V"g(x)
kni2(Wi)  0(Wims ¥ s 15 Y1)

PZ(merl:x)/l:z(WerZ:x) = Q;(Wm, ym+1;x)
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where Q,(w,,, y;x) is the same as previously, and
(Wi, Yor415X)
Dy (Wi, X) D 1 (X) D1 (Wi X)) P 2(X) Py 2( Wi, X)
=1 LW, Ym+1) 1 (Vs 1) Pt 1 Win, Y1) B 2(Vint 1) P2 (Wins Yt 1)
Dy(Win, Vims1) 1 (V1) Lot Wins V1) A2 (V1) P2 Wi V1)

Since (@, (W, x))n € S(Zk), there exists (To(Wms Yim+1,X))n € S(Zx) such that
G(X, Ym+1, J_}m+1 )

Q;(Wma ym+];x) - n\/ﬁ T;;(Wma ym+l;x)-
Using the recurrence assumption to express k,.2(w,,), there exists (¥, (w,,)), € S(C) such that
(n+2)7""?
kn2(Wnm) = m yr2(Wi)

s0, ¢! being the expansion of (141/n)%4(14-2/n)>*")2, we get for the unitary polynomial A/ (w,,2,x)
(Y1) (Win42:) = GV (0)H (x)

~ 1
hn(x) _ (_1)11n—1+(r+2)/21—v(n + 1)62\/711)(

ﬁn(x) _ (bi, G(an_)erl;yrri+l)T;;(Wn1ayn1+l:x)_ ‘
¥t 2(Wi)E (Y15 V1) TeWins Yt 15 Vs 1)
Then, we use again Theorem 3
(n+ 1)+
I'n+1)

Then for the orthonormal polynomial Z,(Wy12,%) = ky(Wps2) A, (Wii2,X), we have

(Y (Wn12))n € S(C)  such that ky(Wpi2) = ¥Y(Wini2)-

1 —(r+2)/2 N
P2(ym+1,x)/1n(wm+2>x) = (_l)nn_4ezmg(x) (1 + n) an(Wm-Q—Z)Hn(x)'

Since the sequence ((I + L)"C2W, (w0 0)H , (x)/Po(Yms1,X))n €S(Zx), there exists
(Pu(Win+2,%))n € S(Zk ), such that

[pp—
(W42, X) = (_l)nn_zez T g(x) Pr(Win12,%).
The result would be similar for the case of a real positive double root y,.;. This ends the proof of

the lemma which is used now for the O

Proof of the theorem. Taking m =0 in the lemma, we get the initialisation of the theorem, i.e.

1
AW, x) = (—1)”1’!716% " g(x)D(wp,x),

—o/2

n
kn(wr) = m Ya(wr)
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and so inductively, we get the result for all m

1 —
j~11(Wym’x) = (_l)nn_ZGZ 7nxg(x)¢n(wm9x)’

n—(a+m)/2

k(W) = Tn+1)

¥ (wp). O

4. Asymptotic expansion of the associated function

In this section, we will give the uniform asymptotic expansion on compact subsets of C\[0, co[
of the associated function ¢,(w,,,x) given by

dn(wo) = / Bl xe €10, 00l
0

where the sequence of weight functions (w,,),, is given by (9).

Let us first give the expression of the uniform asymptotic expansion for the associated function
gn(wr,x) on compact sets of C\[0, oo[.

To do this, following the notations given by Elliott in [3] we will set

1
z,,:4<n+a+ >, E=—x

2
We have for o > 0 and x € C\[0, oo,

w1 27 [T+t 1) oy
i) = I [y T ), (15)

with
&= 4,(8) = Bi(¢) AN ()]
Van () =K, (vV=2%) > o~ Ko (V=22) Y " +0( o ) (16)
j=0 =0 z, 2 n

where the O-term holds uniformly on any compact sets of C\[0,o0[ and K, are the Bessel functions
of the second kind. The functions 4; and B; are defined on C\[0, co[ by

Ao(E) =1,
2B,(E) = () + / C {tzAs(z) - MAé(t)} da,
0 t
24,1(8) = (2‘";“3&‘(5) B+ / B dr g,
0

where the constants r,.; are chosen so that

As1(0)=0, for s=0,1,2,... .
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Theorem 5. Let x € C\[0,00[ and let o >

compact K, subset of C\[0, oo[

, there exists (X,(we, X)) € S(Zk, 1), such that

1
(Wi, x) = (= 1) eV "0 3 h(x) Z,(w, x).

The residuals are uniform with respect to x € K.

M. Kzaz et al. | Journal of Computational and Applied Mathematics 159 (2003) 325-339

0. Let, also, h(x) = /me ¥2(—x)*>~ 4 Then, for all

Proof. Let K and o >

I4a
nJrl2

VNENa Qn(WL,x):(*l)

0. With ¥, v given by (16), we have from [3], uniformly on K

2
zY

IFnt+oa+1) o _ip
\/ Tt 1) (—=x)" eV n(x).

1
Let us set 2,(wg,x) :q,,(wL,x)/(—l)”“e_zV_”xn_4h(x). Then, we get

214 I'n+a+1) LY, v(x)
NeN, X — 4—= . 1
v S 5 (WL:x) f Z F( + 1) x) e—2\/—7nx ( 7)
From ([6], p. 215) we have since 7 < argy/—x < 37“,
T — 1 1 1
Koc —Zn ~ TV F s 5 n
(V=) 3 s <2+“2 ’ 2¢ﬁm> fn] = o0
with ,Fy(a, b;z) given by
oo
a)i(b);, .
2Fo(a,byz) = Z (@);(b); );(' )i Z.
j=0
Then, we have, uniformly on K,
1 N
2(—x)4eXV V2 e VT a;(x) 1
YVNeN, ———K,(vV—zx)=— / (0]
NG o ( Z x) Z% 2 m jZO: 7 + SN2

with a;(x) = (—1)j[(% + O‘)j(% -

o)/ ()2 (—x ).

On the other hand, we have, uniformly on K,

e_/i

VN €N,

Zx/fnx

1
—x)4 —2+/—nx
VN € N, L

with co(x) = ap(x) = 1.
We also have

VN €N,

1 N
20t [Tntat1) 1 ¢

./ — i |1 G
22N\ Tty " +;;w2

b, (\ﬁ) 1
+Z (n(N+l)/2>

where the b; are polynomials of degree j.

Hence, we get uniformly on the compact K,

N

1 ci(x) 1
K%(V_an):* Z }j,lj/2 +O(n(zv+1)/z) >

1
+0 (n(N+l)/2>
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Therefore, using the Taylor expansion of the functions 4;(&), we get
1
27l pd [Fn+a+1) K, («/—4znx) Z L 4 (9
\/E 23/2 F(i’l—'— 1) ( X) 4e—2\/—nxj 0 21/1
d; (x) 1
=1+ Z nk/2 <n(/v+1)/2> > (18)

where the dj are holomorphic functions on C\[0,00[ and the O-term holds uniformly on K.
By the same way, we prove that

21 i [Fntat 1) Ko (V=2X) = B;(E) fi) 1 0
NG L2 I'(n+1) ( x)_4ez\/720: i1 Z (/+1)/2 nN+D2 )72 (19)
n — nxj: n
where the f are holomorphic functions on C\[0,occ[ and the O-term holds uniformly on K.
Hence, we get the result from (17)—(19). O

Now, to give asymptotic expansion for ¢,(w,,,x), we must as in the previous section, discuss two
cases.
First case: wy, 1 1(x) = P1(Xpa1,X)wn(x). Then, multiplying (12) by k,(w,,11), we get

ln(wm:t) ;“nJrl(Wm’t)
kn(Wm ) )“n(wmsxm 1) in+l(wmaxm+1)
Pl(xm+1ax))~n(wm+lat):_k+1(‘;1) AJF(W X +1)

Now, multiplying the previous equality by w,(¢)/(x — ¢) and integrating from zero to infinity, we
get

Gn(Wi, X) Gn1(Wm,X)
knWii1) | 2nWins Xm1) Aot (Wons Xmg1)
nWm+1,X) = — 20
q( + ) kn+1(Wm) in(Wm,me) ( )

Second case: Wy, 12(x) = Pa(Vimi1,X)Wn(x). Then, multiplying (14) by k,(w,.2), we get similarly

qn(Wm’x) ‘IVH»I(Wm,x) Qn+2(Wm,x)
in("Vma ym+]) )VrH»l(Wma ym+l) j~rt+2("‘/rrls ym+l)

knWins2) | 20> Pk 1) 2t Wiy V1) Znt2(Wons V1)

kn+2(Wm) /ln(wm, Ym+1 ) }vn-H(Wma Ym+1 )

21

Gn(Wig2,x) =

/ln(wma ym+1) }vn+l(wma ym+l)

The analogous result is obtained for y,.; real. We are now ready to give the last result, the
asymptotic expansion of the associated function
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Theorem 6. Let o > 0 and let (wy,),, be the sequence of weight functions defined by (9).
i
Then, with h(x) = \/ﬁ(—x)“/zfie_m, for all compact K, subset of C\[0,00[, there exists
(Z0(Wi, X)) € S(Zx ) such that the associated function q,(w,,x) satisfies

1
Gr(Wo, x) = (=1 0™ 2e ™2V (x) 2/ (W, X).

The residuals are uniform with respect to x €K.

Proof. To avoid repetition, we prove the result only for the case wy, . 1(x) = Pi(Xps1,X)Wy(x). The
case Wpi2(x)=P2(¥ms1,X)wn(x) can be proved with the same arguments. Throughout the proof, we
will use F(x,y)=+/—y — /—x and we will consider a compact set K, subset of C\[0, oo[.

For m = 0, the result comes from Theorem 5.

The initial step to go from wy = w; to w; is the same as the general one. So let us suppose that

1 .
%(Wm,x) = (_1)n+1n—4e—2 _nxh(x)zn(wm>x)a with (Zn(wmax))n € S(ZK)
1
Since A,(Wp,x) = (—=1)'n~"4e*>V """ g(x)D, (W, x), we get

1 .
1) = (= 1y K)oy ) G O 3),
kn+1(Wm) ¢n(wm’xm+1)
with
Zn(Wm,x) C;:@ Z,,H,](Wm,x)

Q) (Wi X135 %) = — S
(Dn(wma merl) ﬁ (pn+] (Wm’ Xm+1 )
On one hand, we have from Theorem 4, k,(Wyi1)/kns1(Wn) = V1O, (Wpi1) with (@,(Wpi1))n
eS(C).
On the other hand,

F(X, Xm+1 )
i

where (Q/(Wy+1,%))s € S(Zx).
Hence, there exists (X,(Wyi1,x))s € S(Zk), such that

‘Q:;/(Wmaxm+1;x) = Q;’(Wm+19x)’

1 —
qn(wm+1>x) = (_1 )n+ln—1672 7nxh(x)2n(wm+1>x)- U

5. Conclusion

In this paper, it was shown that an asymptotic expansion for the orthonormal polynomials with
respect to the Laguerre weight function w; and for its associated function, valid outside the interval
[0, oo[, can be extended to the weight functions Pw; where P is a nonnegative polynomial on [0, col.
The natural question arising now is: what about asymptotics when the polynomial P is replaced by
an holomorphic function. The answer to this question will be given in a future paper.
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