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1. INTRODUCTION

The limiting equations of the nonautonomous ordinary differentiable equation
& = f(, s) are limit points, as | £ | — o0, of the translated equations £ = f¥(x, s),
where f* is defined by f¥(x,s) = f(», £ 4 s), Le., a translation in the time
variable. The limit is taken in a prespecified space, and has to obey certain
properties which will be discussed later.

The general motivation for introducing the limiting equations is that there
is a tight connection between the asymptotic behavior of the solutions of the
original equation and the solutions of the limiting equations. This was
demonstrated already by Markus [13] who considered an autonomous equation
& = f(x) as the unique limiting equation of a nonautonomous perturbation
% = f(x) + g%, s), where g° vanishes (in a certain sense) as £ — co. Miller
[14] used the dynamics generated by the translations f? and the limiting equations
to investigate almost periodic systems. Sell [17] established the fundamental
theory of the limiting equations within the framework of topological dynamics.
For a more complete description of the evolution of the concept and the various
applications see Sell [18], Miller and Sell [15], and LaSalle [10].

The usual approach was to embed the translates f¢ of the function f in a
certain function space, and then to identify a suitable convergence. For instance,
uniform convergence on compact sets was used by Miller [14] and Sell [17];
a certain weak convergence was used by Wakeman [21]. In all these cases the
limiting equations were always ordinary differential equations. It was observed
in [3] that the consequences and applications of the theory hold even if we
allow the limiting equations to be “unordinary,” i.e., not ordinary, equations.
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The idea is to embed the translates & = f¥(w, 5} in a space of equations, not
necessarily ode’s, and then under the appropriate convergence to show that
the asymptotic behavior of solutions of the equation & = f(x, s) is governed
by the limiting equations. This was done in [3] where under certain conditions
a space of Kurzweil equations served the embedding.

The purpose of the present paper is to find a general form of limiting equations
of nonautonomous ordinary differential equations. The assumptions on the
equation will be weak enough to include many examples of ordinary and un~
ordinary equations, but strong enough so that the dynamics of the translates
and the solutions can be developed.

The assumptions placed on the nonautonomous ordinary differential equation
are given in Section 2. The general form of the limiting equations will be an
ordinary integral-like operator equation, an object which will be defined and
discussed in Section 3. T'wo special cases of such equations will be mentioned
in the examples of Section 10. The basic property that the limiting equation
has to satisfy is the continuous dependence of the solutions when this limit
1s taken. Sections 4 and 5 are devoted to the continuous dependence. In Section 6
we formally give the definitions of the translated equations, lirmniting equations,
and the hull of the equation, together with some explanatory, remarks.

Section 7 presents one relation between the solutions of the original ordinary
differential equation and those of the limiting equations. It is the invariance
property. We give one application of it to stability theory. In Section 8 we
give sufficient conditions for the precompactness of the set of translates, i.e.,
for the property that each sequence of translates has a subsequence which
converges to a limiting equation.

The limiting equations are not in general ode’s. But we shall find that if
the equation is asymptotically autonomous, the unique limiting equation
is necessarily an autonomous ordinary differential equation, and the original
equation has the form & = A{x) + g(, 5), where g* converges to zero. This
is the main result of Section 9. (Asymptotically autonomous equations were
discussed in [13, 20].) This conclusion is already untrue if the equation is
asymptotically periodic, as the example in Section 10 shows.

In the. last section we turn to the formal construction of a local flow, as was
done by Sell {17, 19}, show how to build it under our conditions and point
out some differences.

2. THE ASSUMPTIONS

Let f(x, s) be the right-hand side of % = f(x, s). We assume that f is con-
tinuous in x € R” and measurable in s € R, and satisfies locally the Carathéodory
condition (i.e., for x in bounded sets | f(x, 5)| <C m(s) with m locally integrable).
We shall make an assumption on the equicontinuity of the primitive of f.
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For this let p: [0, 00) — [0, o0] be nondecreasing, continuous at 0 with u(0) = 0.
We say that the function y: (@, b)) — R* admits u as a modulus of continuity
if | p(s) —v(0)] < p(ls —t]) for every s, ¢ in [a, 8] (see [4, p. 72]).

AssumpTiON (A). For every compact K CR” there is a nondecreasing
function pg: [0, o) — [0, o], continuous at 0 with p,K(O) = (), so that whenever
u: [a, ] — K is continuous the primitive F(z) = fa F(uls), s) ds is defined and
admits px as a modulus of continuity.

The assumption is not as restrictive as its length might suggest. If f(x, s)
is bounded for x in compact sets then f certainly satisfies Assumption (A).
A sufficient condition then is that | f(x, 5)| <C my(s) for x € K compact, where
my is locally integrable and has a uniformly continuous primitive. If f(x, s)
oscillates in s fast enough then the assumption might be satisfied while
| f(x, s)) > oo when s — oo, as the following example (borrowed from [20])
shows: f(x, 7) = (rsin 7%, 7 cos 7). The reason for this type of hypothesis
is basically to obtain the last conclusion in the following result.

ProrosiTiON 2.1. Under Assumption (A), for each (t,, %) € R X R" there
is a solution ¢(s) of the initial-value problem % = f(x,s), x(¢)) = x,, which
is defined on a maximal interval (o, w). Also | §(s)] — o0 as s — ot (resp. s — w™)
if a > —oo (resp. if w < o). Moreover, every solution ¢ of % = f(x, 5) admits
px as a modulus of continuity on any interval [a, b] where ¢: [a, b] — K.

Proof. For a proof of the first two statements compare [6, Theorems 5.1, 5.2].
The last statement follows 1mmed1ately from the observation that if ¢ is a

solution then ¢(2) == ¢(a) + _[ F(@(s),5) ds.

3. OrDINARY INTEGRAL-LIKE OPERATOR EQUATIONS

In [16] Neustadt developed the fundamental theory of integral-like operator
equations. We shall be interested in a special class of these equations, namely,
those which might arise as limiting equations of ordinary differential equations.
We shall give the formal definition of our ordinary integral-like operator
equations below, but the motivation is fairly simple and will be described
now. We recall that the ode & = A(x, 5) is equivalent to the integral equation
x(t) = x(a) + f h(x(s), s) ds. The integral part can be viewed as an operator H
which maps the function ¢ into the function H, ¢(¢) h,_]’ h(p(s), s) ds, and
the problem is to solve the functional equation # = #(a) + H,u. The ordinary
integral-like operator equations will have the same structure as these functional
equations but without assuming the representation as integrals with a kernel.

DerFiniTiON 3.1.  An ordinary integral-like operator H is a mapping which



LIMITING EQUATIONS 187

associates with each R”-valued continuous function ¢ and ¢ in the domain
of ¢, a continuous function H,¢ so that (1) H,: Cla, b] — Cla, b] is continuous
for each [a, b]; (2) H,$(2) = H,(s) + H(t) for all 4, s, t in the domain of .

We say that H is consistent with Assumption (A) if whenever ¢: [a, b] —
K C R», K compact, then H,¢ admits g as a modulus of continuity.

It 1s quite clear what equation and concept of a solution should be associated
with the ordinary integral-like operator H. We shall denote the equation by
u == Hu (notice that Hu is not defined, only H,u is defined). A solution 1s a
continuous function ¢ such that ¢ = ¢(b) + Hy¢ for any & in its domain.
A maximally defined solution is one which cannot be extended to a solution
on a strictly larger domain. The initial value problem # = Hu, u(b) = = can
be equivalently written as u = z + Hyu. The following result is analogous
to Proposition 2.1.

ProrostTioN 3.2, Let H be an ordinary integral-like operator which is con-
sistent with Assumption (A). Then for each (1, , %,) € R X R" there is @ mawimally
defined solution $, defined on («, w) of the initial value problem u = x, + H; u.
Also | $(s)] — o0 as s — ot (resp. s > ™) if o > —o0 (vesp. @ < 0). Morveover
any solution ¢ of u = Hu admits py as a modulus of contimuity on every interval
[a, b] where ¢: [a, b] — K.

Progf. We again refer the reader to [6, Chap. 5] where the resuit is proyed
for ordinary equations but by using only properties of the corresponding
integral equation. The last statement follows immediately from the equality
¢ = (a) -+ H,p and that H is consistent with Assumption (A).

Tt should be clear that the concept of ordinary integral-like operator equations
is an extension of an ordinary differential equation. Every ode can be viewed
as an operator equation but not every ordinary integral-like operator equation
can be represented as an ode. We shall encounter some examples in Section 10
below, but it is worth noting that any continuous function ¢ is a solution of a
certain ordinary integral-like operator equation. For instance the equation
determined by the constant valued operator defined by H,$(¢) = §{t) — ¥{a).

4. A PREPARATION FOR THE CONTINUOUS DDEPENDENCE

Our assumptions allow escape of the solution in a finite time, i.e., maximally
defined solutions with a bounded domain. Different solutions might have
different domains. We shall need to consider the convergence of a sequence
of solutions in order to establish the continuous dependence, and it will be
convenient to embed all the solutions in one metric space.

The family of functions which we define below will contain all the candidates
for solutions of u == x + Hyu where H is consistent with Assumption (A),



188 ZVI ARTSTEIN

including the solutions of the original ordinary differential equation. Compare
with Propositions 2.1 and 3.2. The modulus of continuity p used in the following
definition is the one provided by Assumption (A).

DermvitioN 4.1. Let I' be the collection of all continuous noncontinuable
functions y: (a(y), w(y)) — R”, so that 0 € («(y), w(y)) and such that y admits
ptx as a modulus of continuity on each interval [a, ] where y: [a, 8] — K.
In particular this implies that | y(s)] — o0 as s — ofy)T (resp. s — w(y)™) if
ofy) > ~—o0 (resp. wly) << o). A convergence is defined on I' as follows.
The sequence y, converges to vy, if v(f) —> yo(#) uniformly on each compact
subinterval of («(y,), w(y,)). In particular, «fy,) = lim sup a(y,) and w(y,) <
lim inf w(yy).

Remark. The type of convergence defined above is the one used in the
continuous dependence results needed in the applications of topological
dynamics. See [3, 10, 15, 18] and also Section 11 below.

ProprosITION 4.2. The space I' can be made into a complete meiric space
so that the convergence in the metric coincides with the convergence given in Defini-
tion 4.1. Also if K C R™ is compact then the set {y € I': y(0) € K} is compact in I'.

Proof. Notice that the convergence is actually the compact open con-
vergence and the only modification that has to be made is taking into account
the different domains. Let m be a positive integer. For each y € I' let t,(y) =
supfs < 0: [ ()] > m} and To(y) = infls > 0: | y(s)| > m}, (sup = —oo
and inf ¢ = o0). Let y,, be defined on all R by y,,(s) = (s} if s € [L,(y), T0(¥)],

'ym(s) = 'J’(tm('}’)) if 5 < tm(')’) and '}’m(s) = ')’(Tm(y» if s > Tm(’)’)' Let dm be
the semimetric

dy(y; ) = sup{] yu(s) — Sm(s)]: —o0 <5 < 0}.
Notice that being close in d,, means that y and & are close at least until one
gets out of the ball with radius m. Define now a metric by
d(y, 8) = Y. (1/m2m) dy(y, 9).
m=1

Then d is the desired metric. The completeness and compactness are immediate
consequences of the equicontinuity hypothesis.
5. CONVERGENCE OF EQUATIONS AND CONTINUOUS DEPENDENCE

All the ordinary integral-like operators are assumed to be consistent with
Assumption (A); ie., if ¢: [a, 8] - K C R® then H ¢ admits ugz as a modulus



LIMITING EQUATIONS 189

of continuity where py is provided by Assumption {A). We denote the collection
of all these operators by 7.

DerivrtioN 5.1, The sequence HW, H®,.. of ordinary integral-like
operators converges to I if whenever ¢;: [a, b] — R" is a sequence of con-
tinuous functions which converge uniformly to ¢ then H{'$; converge uniformly
to Hy$. (The equicontinuity assumption implies that pointwise convergence
HP$(t) — H,(t) implies uniform convergence.)

Remark 5.2. The converging sequences in the space coincide with the
converging sequences of the compact-open topology on J#. The convergence
of Definition 5.1 can be easily generalized to convergence of nets (generalized
sequences) but then the convergence would not be the convergence in the
compact-open topology, and as a matter of fact will not be generated by a
topology at all. See [1, Appendix B]. However, with the convergence given
in Definition 5.1 5# becomes a convergence space (% * space in the terminology
of [7]) and the convergence is the continuous convergence, see {7, p. 197].

THEOREM 5.3. Suppose that H® H® ..., converge to H, and let z,— z
in R, Let vy, be a maximally defined solution of u = z, - H{"u. Then a sub-
sequence of vy, exists which converges in I' to a solution of v = z + Hyu.

Proof. The sequence y,(0) = 2, is bounded. By the compactness property
of I' (see Proposition 4.2) a converging subsequence, say vy,, — y, exists. The
convergence vy,, — y is uniform on compact subintervals [0, #] or [£, 0] of the
domain of y. On these intervals H{™y,, converge to Hyy. But the equality
Ym — B = H{™y,, shows that the latter converge also to y — 2. So Hyy =
y — g and vy is the desired solution.

Remarks. The continuous dependence could be stated more elegantly
in terms of the set s(z, H) of solutions of u = z - Hgu. The results simply
say that this set-valued function is upper semicontinuous (see [2]). It is also
easy to extend Theorem 5.2 and to prove also continuous dependence with
respect to a4 in the equation # = 2 + H,u (in the theorem 4 = 0 was fized).
The type of continuous dependence presented in Theorem 5.3 is analogous
to the Kamke lemma for ode’s (see [17]).

The convergence given in Definition 5.1 is quite relaxed, but still not a
necessary, condition for the continuous dependence. For instance, let A, be
defined on R X R by Iy(x,s) =0 if | — s — 1| > 1}k bylw,x — 1) = %,
and let O <C Ay(x, s) << £ be a continuous extension on the rest of R X R.
Then any sequence of solutions of & = (%, 5), #(0) = =, , where 2, > 2.
converges to the constant function z(s) = 2. However, the sequence #; does
not integrally converge to 2 = 0. The convergence is relaxed enough to be a
necessary condition for the continuous dependence of solutions of u(f) =
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2(2) + Hyu(t), where we demand the dependence also on the continuous
forcing term z(#). Indeed, if ¢, — ¢ as in Definition 5.1 we define 2z, ==
¢, — H{P¢, . Since the collection H{¥'$, is precompact there is a converging
subsequence H{™¢,, and then z,(f) converges, say to z(t). Now clearly ¢,
is a solution of u = z,(f) + H{™u and if ¢ is a solution of » = 2(f) -+ Hyu
it follows that H{" ¢, — H{'$, and H® therefore converges to H. Compare
[1, 2].

6. TransLATES, LiMITING EqQuaTions, AND THE HULL

Let & = f(x, 5) be the ordinary differential equation which satisfies Assump-
tion (A). For ¢ € R we define the franslate f* of f by

fHx, §) = f(x, t +5).

We denote by tran(f) the collection of all translates f?, € R.

DeriNiTION 6.1. The ordinary integral-like operator equation u = Hu
is a Emiting equation of % == f(x, s) if there is a sequence of times %, f,,...,
[#; | — oo so that f!/ integrally converges to H (see Definition 5.1); ie.,
whenever ¢;: [a, ] — R™ converges uniformly to ¢ then IZ Fbis), & -+ 5) ds
converges to H,$(b). The positive (negative) limiting equations are those where
the sequence #; — oo (resp. t; — —0).

Remark 6.2. Itis clear that if f% integrally converges to H then for a fixed =
the sequence f+7 also integrally converges, and to the translate H™ of H,
where H7 is defined in a natural way. A formal way of defining H” is as follows.
For a function ¢ define ¢7 by ¢7(s) = ¢(7 + 5). Then H" is given by

(H7)a$(b) = H..o$"(6 -+ 7)-

Remark 6.3. Notice that the limiting equations are defined with respect
to the particular convergence given in Definition 5.1. A different notion of
convergence will produce a different class of limiting equations. Also, being
an * space, or a convergence space, the closure of a set in S is naturally
defined to be the collection of all limits of sequences in the set, and a set is
closed if it contains all these limits. Notice that the closure of a set is not
necessarily closed.

DeriNtTION 6.4. 'The hull of £, denoted by hull(f), is the closure of tran(f).

Remark. Obviously ¢, — t implies f% — f*. Therefore, hull(f) is the
union of tran(f) and the limiting operators of f.
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COROLLARY 6.5. The hull of f is translation invariant, ie., H e hull(f)
implies H™ € hull(f) for all v (see Remark 6.2).

The following result is the analog of the completeness of the space.

ProposiTION 6.6. Letty 1y ,..., |ty | — 0 bea sequence of times. Suppose that
whenever &,: [a, b} — R™ converge uniformly then fa flduls), & +8)ds is a
Cauchy sequence in R*. Then the operator H defined by H,$(b) = lim fa f(g(s),
t, + ) ds is an ordinary integral-like operator, consistent with Assumption (A),
and consequently w = Hu is a limiting equation of % = f(x, s).

Proof. We have to check the conditions in Definition 3.1. Assumption (A)
implies that the limit H,¢ of the integrals admits also px as a modulus of con-
tinuity if ¢: [a, b] — K, so H is consistent. This also implies that H,: C{a, b] —
Cla, 5] will be continuous if H,$(f) is pointwise continuous. Let us show
the pointwise continuity. Let ¢; — ¢. F01 each j there is a time #; with | |
large enough so that H,¢,(b) is close to f F@s), 5 +9) ds. The latter converges
as j— oo to H,(b), so H,;(b) — H,H(b). Th1s proves that condition (1) in
Definition 3.1 is satisfied. Condition (2) is obvious.

We shall need the concept of a compact and a precompact set, and naturally,
a set is precompact if any sequence in it has a converging subsequence; the set
is compact if it is precompact and closed. But notice that the closure of a pre-
compact set is not necessarily compact.

Dermvrrion 6.7. The set tran(f) (of all translates f* of f) is positively
(negatively) precompact if {f*: ¢ = 0} {resp. {f*: t < 0}} is precompact.

7. INVARIANCE

The w-limit set of a function ¢(¢), denoted by £(¢), is the set of a]l limit
points of ¢(z) as £ — 0. If ¢ is a solution of the autonomous ordinary differential
equation # = f(x) and if the solution through any initial value is unique,
then ((¢) is invariant in the sense that the solution through a point of Q(¢)
stays in £2(¢) on its entire domain, This well-known observation was found
to be very fruitful in many areas. In connection with stability theory it is the
basis of the LaSalle invariance principle which combines the invariance and
Lyapunov functions to form a powerful tool in detecting stability properties
of the system. See [10, 15] and the references therein.

If & = f(x,5) is nonautonomous a problem arises, namely, with respect
to what equation will the w-limit set be invariant? Since f varies in time we
cannot expect that solutions of f itself will not leave £(#). The answer was
given by constructing the limiting equations. Indeed, under dppropriate con-
ditions the w-limit set is invariant under the right limiting equation. This
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was established by Markus [13] when the only limiting equation is autonomous
(see also [20]), and was generalized by Dafermos, LaSalle, Miller, Sell, Wakeman,
and others. See [10, 15] for historical notes and references.

We shall establish invariance under the weak concept of convergence given
in Definition 5.1. Here the limiting equations can be unordinary differential
equations. The formulation and definition of the invariance follow the treatment
given by Strauss and Yorke [20] for asymptotically autonomous systerns.

DermviTiON 7.1. The set B C R™ is semiinvariant with respect to the equation
u = u(0) + Hgu if for each z < B there is a maximally defined solution ¢
of u = z + Hyu so that ¢(2) € B for all # in the domain of ¢. The set BC R” is
semiinvariant with respect to a class of equations {u = u(0) + Hgu: H e H#}
if for each ze B there is an H € #" and a maximally defined solution ¢ of
u = & + Hgu so that ¢(f) € B for all # in its domain.

If the uniqueness of the solution of # = z + Hgu holds then semiinvariance
is reduced to the usual invariance, as described at the beginning of the section.
However, the quantifier in the second part of Definition 7.1 justifies the use
of the “*semi” before the invariance.

DermNiTION 7.2 (Compare [20, Definition 2.2]). Let @ be a family of func-
tions. The generalized w-limit set (P) of @ consists of those points z € R*
for which there exist sequences f; — oo and ¢; in D so that ¢,(#;) —> zasj — co.
If @ consists of one element ¢ we write £2(¢) for Q({¢}).

The generalized w-limit set is obviously closed. The following theorem
is the generalization of Strauss and Yorke [20, Theorem 2.4] to the non-
autonomous case. Strauss and Yorke [20, Sect. 2] have shown how this type
of invariance applies to a variety of situations. For the definition of tran(f),
and the precompactness see the previous section.

TuEOREM 7.3. Suppose that tran(f) is positively precompact. Let @ be a
collection of maximally defined solutions of % = f(x, t). Then SX(D) is semiinvariant
with respect to {u = uw(0) + Hgu: H c 5£,} where A, is the family of the positive
limiting equations.

Proof. Let ze(®P). Then z = limz, with 2, = ¢,(t;), #, — o and
¢ €®D. The function y(s) = ¢i(t, + 5) is 2 maximally defined solution of
& = f(x, s), 2(0) = z;,. By the positive precompactness of tran(f) a sub-
sequence, say f%, integrally converges to a positive limiting integral-like operator
H. By Theorem 5.3 a subsequence y, of y, exists which converges in I" to a
solution y of u = z 4 Hgu. We shall show that y(t) € (®P) for all # in the
domain of y. The convergence in I" (see Definition 4.1) implies that y(f) is
the limit of y,(¢) = ¢,(f; + t). But also, #, -+ ¢ —> 00, so y(¢) € (D). This
completes the proof.
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The theorem does not guarantee a solution which is defined for all te R.
In fact, escape in a finite time might occur even if the original equation is
autonomous and @ contains only one solution. However, the following holds.

ProrositioN 7.4. If (D) in Theorem 7.4 is bounded then for each x € X(P)
there is a solution ¢ of a positive limiting equation u = = ++ Hgu so that ¢(t)
is defined and belongs to D), for all t € R.

Proof. Immediate from Theorem 7.3 and Proposition 3.2.

We shall demonstrate now how the invariance can be used in establishing
stability. The basic idea is due to LaSalle, and was used later by several authors
(see [10]). In order to isolate the role of the invariance we shall make some
assumptions that usually are deduced as properties from the structure of the
system. See the remark following the example.

ExampLe 7.5. Consider the xy system (x and y are vectors)

% :g('xay’ t)?
y= h(x’ Vs t)y “‘P(“% _’Y)-

Assume that: (1) p(x, ¥) % 0if x 5= 0; (2) every solution (x(z), ¥(2)) is positively
bounded and satisfies y(¢) — O as £ — co; (3) Assumption (A) is satisfied and
tran(f), where f represents the right-hand side of the system, is positively
precompact. Then each solution (x(¢), y(¢)) converges to (0, 0) as ¢ - co.

Proof. By (2) the w-limit of the solution (x(z), y(£)) is not empty and con-
tained in {(x,¥):y = 0}. It is also semiinvariant as Theorem 7.3 assures.
‘We shall show that the only semiinvariant subset of {(x, y): y = 0} with respect
to hull(f) is the origin. Indeed, if ¢ = (£(¢), 0) is a function and H is any
limiting equation, then the y coordinates of H,¢ equal to _[a P(£(s), 0) ds, and
by (1) it is not identically zero if £(s) is not identically zero. So a function (&(s), 0)
cannot be a solution of any limiting equation unless £(s) = 0, and {{0, 0)}
is the only candidate for a semiinvariant set. This completes the proof.

Remarks. 'The point in Example 7.5 is that we do nof have to actually
compute the limiting equations, which might be fairly complicated. The struc-
ture of the equation yvields the necessary information on the limiting equations.

Property (2) in the example is quite strong and usually is deduced from
the structure of the equation with the aid of Liyapunov functions. The particular
scalar example.

& + hix, %, )% + p(x) = 0 (7.6)

which is equivalent to & =y, ¥ = —h(x,y, {}y — p(x) arises in reactor
dynamics and was first studied by Levin and Nohel [12] where (under
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appropriate assumptions) a Lyapunov function is used to establish property
(2). Wakeman [21] gave a proof of the global asymptotic stability of the origin
of (7.6) under assumptions similar to {12], and by using the same invariance
argument which we use in the present paper, but his limiting equations are
always ode’s. A relaxation of the conditions was obtained in [3] by allowing
more general limiting equations. Property (3) above together with the pre-
compactness criterion in Theorem 8.1 below give a further relaxation of the
conditions.

A more general system, where ¥ and y might be vectors, was treated by
Levin [11]. The form of the equations in [11] is more general than our example,
but for the particular form of Example 7.5 our conditions are weaker than
those of [11].

8. THE PRECOMPACTNESS OF tran(f)

The precompactness of tran(f) plays a significant role in establishing the
semiinvariance (Theorem 7.3) and its applications (Example 7.5). It is important
in other applications too. We shall give here a sufficient condition for the
precompactness.

The idea is simple. If f(x, s) satisfies Assumption (A) then for a fixed con-
tinuous ¢: [, b] — R any sequence fz J(P(s), t; + s) ds where | t; | — oo has a
convergent subsequence. A diagonal process will give a subsequence of i;
for which the integral converges for every ¢ in a dense sequence of C[a, b].
An equicontinuity property of f(x, ) in x will guarantee the joint convergence
required in Definition 5.1. Our purpose is to find an appropriate equicon-
tinuity assumption.

Recall that we assumed that f(x, s) is continuous in x, and therefore uniformly
continuous on compact subsets of R”. See Section 2 for a definition of 2 modulus
of continuity.

THEOREM 8.1.  Suppose that for every fixed s and a fixed compact set K C R?
the function f(-,s) admits vy(-, s) as a modulus of continuity, where vy(8,s) is
integrable in s for a fixed 8 and fzﬂ vg(8, 7) dr << Ny(8) for every s with N¢(6) — 0
as 8 — 0. Then tran(f) is precompact. If the conditions are satisfied only for s
in a set [sy , 00} then tran(f) 7s positively precompact.

Proof. From the equicontinuity assumption in the theorem we easily get
the following estimation. If ¢, ¢: [a, ] — K are continuous and sup | ¢(s) —
#(s)] << 8 then for every e R

[ G601 +9 =106, 1+ 9 ds| < (b —al + )N (382)
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Let #;, be a sequence of times. For a ﬁxed interval [a, b] let ¢; be a dense sequence
in Cla, b]. For j = 1 the sequence f F(hi(s), £, -+ s) ds has a convergent sub-
sequence, and denote the corresponding sequence of times by #;, ;. For j =2
the sequence _[ f(¢als), £, 1 -+ s} ds has a convergent subsequence and denote
the corresponding sequence of t1mes by # 5, and so on. The diagonal sequence
7y == I; ; has the property that f F(@i{s), 7, + 5) ds converges for any fixed j.

‘We now use the estimation (8.2) to show that whenever ¢, — ¢ in Ca, 8]
the sequence f f(Wy(s), 7, -+ s) ds is 2 Cauchy sequence in R". Indeed,

' Lb (F@S), 71 4 8) — F@um(S)s 7w + 8)) ds {
< [ L” (F@ils), 71 + 8) — F(@(s), 71 4 5)) ds l
| [ G607+ — 160 7+ ) |

+ l L*’ (F(), T + 8) — F(WonalS)s T + $) ds l
= Il + 12 +13 ’

where ¢ is fixed and belongs to the dense sequence ¢; above. Since §; converges
it follows that for every 8 > 0 a ¢ can be found so that if / is large enough
sup | (s} — ¢y(s)] < 8. By using (8.2) we deduce that 7; and [, are less than
(18 —a| + 1) Ng(8) where K is a compact set containing all #y(s). Since
Ng(8) is small when 8 is small it follows that I, and I, are small for [, m large
enough. The quantity I, is small for /, m large since ¢ belongs to the dense
set chosen before.

So far, for a fixed interval [a, b] we found a subsequence 7, such that if
i, — ¢ in C[a, b] the sequence f F@ls), 7, 4 5) ds converges. We can find
a subsequence of it, 7, ; , so that the integrals on another interval, say [a, , b}
will converge, and a subsubsequence 7, , for {,, b,] and so on for a dense
collection of subintervals. The diagonal sequence #, = 7,; has the property
that f% integrally converges. Indeed the conditions of Proposition 6.6 are
fulfilled for a dense collection of intervals [a;, b,], but the equicontimuity
in Assumption (A) implies that they hold for every [a, 5]. This completes
the proof of the main statement. In view of this the last statement is obvious.

Remark. The sufficient condition in Theorem 8.1 is given in terms of the
function f(x, s). It is clear that the validity of an estimation of the type of (8.2)
is what is really needed for the proof. It would be interesting to establish
precompactness without equicontinuity. In general tran(f) is not precompact
even if f(x, 5) is bounded, (see for instance the example in Remark 9,2 below).
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9. ASYMPTOTICALLY AuToNOMOUS EQUATIONS

Intuitively an equation & == f(x, s) is asymptotically autonomous if as time
progresses, §—> 00, the solutions behave like solutions of an autonomous
system. An example is a perturbation & = A(x) -+ g(x, s) of the autonomous
system & = h(x), where g converges to zero as s — co. Here, for s large the
solutions are close to solutions of the autonomous system & = A(x) which
is the unique limiting equation. It is reasonable to define ‘‘asymptotically
autonomous” by requiring that tran(f) will be positively precompact and
that a unique positive limiting equation exists. In this case, this limiting equation
is invariant under translates (Remark 6.2) and is thus autonomous. Compare
Dafermos [5, Definition 4.4 and the observation which follows it]. The main
result of this section is to show that.if the equation % = f(x, s) is asymptotically
autonomous in this sense then the unique limiting equation is necessarily an
autonomous ordinary differential equation, i.e., f(x, s) = k(x) + g(x, ) where
g* integrally converges to zero.

Perturbed autonomous equations # = h(x) + g(», 5s), where the perturbation
2(x, s) becomes small in some sense when s — co, were studied by Markus
[13], and the conditions were eased by Strauss and Yorke [20]. (The conditions
used in [13] or [20] imply that Assumption (A) is satisfied.) The convergence
given in Definition 5.1 provides a “sense” for the convergence of g to zero
s0 that the autonomous unperturbed equation & = h(x) will govern the behavior
of the solutions for large s. Notably this convergence is weaker than the “mostly
converges to zero” introduced by Strauss and Yorke [20]. While we demand
that fz g(duls), t + 5) ds — O if ¢y(s) = #(s) uniformly and £, — co, in [20]
it is required that the integral will converge to zero for every bounded sequence
¢z . The sequence g, ,, in the example constructed in [1, Appendix B] integrally
converges to 0 but not mostly converges to zero.

TueOREM 9.1. Suppose that tran(f) is positively precompact and that there
is only one Hmiting equation when t — co. Then this limiting equation is an
autonomous ordinary differential equation.

Proof. (The positive precompactness is not needed in the proof. See the
remark below.) We know that the limiting equation is an ordinary integral-
like operator equation u = Hu (Definitions 3.1, 6.1). We have to show the
existence of a continuous function k(x) so that H,(b) = jz h((s)) ds for
every ¢: [a, b] — R™ continuous.

Consider the constant function 2(t) == 2, and define e,(b) = Hyz(b). Since
any translate II7 of H is equal to H it follows that the continuous function
e,(b) has the property e,(2b) = 2¢,(b). It is then an easy exercise to show that
e,(b) = be,(1) or if we denote ¢,(1) = A(z) then Hyz(2) = h(z)t. The continuity
of Hy on C[0, 1] implies that A(z) is continuous.
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Let ¢: [a, b} — R™ be continuous. We construct a piecewise constant function
(s) on [a, b] as follows. Let a =# <t < *-* << #; = b be a uniform
partition, i.e., #;,; — #; = 4; is constant. Define </rk(s) =) i 1; <5 <y
this for j == 1,..., k. For 7, 1arge enough the integral f F{by(s), ) ds is close to
Z;-;l h(cf)(t,-))d If we change the values of s, on a small portion of [a, b] and
the change is not big, it will cause only a small change in the value of the integral.
So let us change i, on the intervals [#; — ¢, ;] for ¢ small, and make it a con-
tinuous function ¢ (say, by changing the constant to a linear function). Now
¢ — b in Cla, b] as k — o0, and therefore [, f(¢u(s), 7, + 5) ds — H,(8). On

the other hand the integral converges as 2 — o to the Riemann integral

[ ot ds = fim - o) 4,

(here t; = t;(k) and 4; = 4y(k)). This completes the proof.

Remark 9.2. As was mentioned above, it is enough to assume that there
is a unique positive limiting equation in order to conclude that it is an autono-
mous ordinary differential equation. (And actually the proof can be modified
in order to show that an autonomous ordinary integral-like operator equation
which is consistent with Assumption (A) is already an ordinary differential
equation.) The positive precompactness of tran(f) was added because uniqueness
of the limiting equation alone does not provide the asymptotic results in which
we are interested, and the equation is not asymptotically autonomous.

Consider the following example (based on [21, (20)]). The function f(x, s)
is defined on R X R. We set f(x,5) =1 if s —x = 2" for a certain n =
1,2,... Also f(x,8) =0 1if |s —a —27| = 27" for every n = 1,2,.... We
now extend f continuously to all (x,5) but so that 0 < f(x, s) << 1. There
is only one limiting equation, namely, % = 0. But for ¢, = 2" the sequence
fin does not have a converging subsequence, and moreover, the continuous
dependénce does not hold, namely, the unique solution of & = f{x, 2" <3,
%(0) == 0 is x(s) = s and it does not converge to the zero solution.

Remark. Theorem 9.1 does not rule out the possibility that all the limiting
equations will be autonomous equations, but there will be more than one
limiting equation. For instance if f{x,s) = sinlIn(|s| -+ 1), then tran{f) is
precompact and the limiting equations (positive or negative) are exactly the
autonomous equations & = a for —1 < a <L 1.

10. Some ExampLErs

‘We start with an example where the limiting equations consist of one periodic
orbit under translations, but yet no limiting equation is an ordinary differential

505/25/2-4
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equation. This shows that the uniqueness in Theorem 9.1 cannot be replaced
by periodicity.

ExampLE 10.1. Let %(t) be a continuous nondecreasing function on [0, 2x]
with 9(0) == 0, 5(27) == 2= and such that % is not absolutely continuous with
respect to the Lebesgue measure (for instance the Cantor function). Extend %
to the whole line by letting 9(t) = 2wk L 9(t — 2ak) if 2ok < ¢t << 2m(k + 1).
Let F(z) be a C! function, nondecreasing so that | F(z) — 5(¢)] — 0 as t — oo,
ie., for large |t |, F(z) is a smooth approximation of 5(f). Let f(z) = F'(2)
be the derivative of F. Consider now the two-dimensional equation

% = f(t)y,
¥ = ~f(O)x.

The general solution of (10.2) is easily computed and has the form (x(z), ¥(£)) =
(4 sin(F(t) — a), A cos(F(t) — «)). Such a solution clearly converges to the
periodic solution (4 sin(y(t) — o), 4 cos(y(f) — «)). But the latter is not
absolutely continuous so it is not a solution of any ordinary differential equation.
We shall find now the limiting equations that govern the limiting behavior
of our system. The ode (10.2) is equivalent to

(10.2)

((2), () = (x(a), ¥(a) + f: (#(s), —x(s)) dF(s), (10.3)

keeping in mind that f(s) ds = dF(s), and when the integral is the Lebesgue-
Stieltjes integral. The translation of the equation by = has the form

(0, 50) = (@) 5@) + [ (50, =D dFs— ). (104)

If | 7, | = o0 and 7, (mod 27) — o then the sequence of translates converges to

(*(2), ¥()) = (%(a), ¥(@)) + f: (¥(s), —(s)) dn(s — o). (10.5)

The construction of dn as a periodic measure which is not absolutely continuous
with respect to the Lebesgue measure d¢ completes the argument.
The example above is a particular case of the class of equations

1) = x(@) + | W), 9) (s, (10.6)

where x & R™ and % is a function with bounded variation. These equations
might arise as limiting equations of nonautonomous ordinary differential
equations, but are not ordinary differential equations, unless % is absolutely



LIMITING EQUATIONS 199

continuous. If (10.6) is consistent with Assumption (A) then » has to be con-
tinuous, so a jump might not occur in the context of this paper.

Another observation is that (10.6) cannot be autonomous unless dr(s) is a
constant multiplication of dt. Indeed, the only translation invariant measure
of the line is (up to a multiplication) the Lebesgue measure. This of course
agrees with Remark 9.2.

Another typical example of unordinary equations which might appear as
limiting equations of nonautonomous ordinary differential equations are the
Kurzweil equations. Kurzweil [8, 9] developed a theory of generalized ordinary
differential equations. In [3] a special class of Kurzweil equations was investigated
in connection with the subject of the present paper. Conditions were given
under which every limiting equation is a Kurzweil equation. Let us mention
that Kurzweil equations which do not satisfy the conditions in [3] might also
appear as limiting equations.

11. Nonavronomous Equations as Local Frows

The basic construction of Sell [17] enables us to view the dynamical process
generated by a nonautonomous equation as an autonomous system, a flow,
on an appropriate phase space. Thus we can apply the abstract theory of flows
to deduce properties of the nonautonomous system. This fruitful technique
was demonstrated in many occasions, see the recent survey by Miller and
Sell [15]. The invariance result treated in Section 7 above is one consequence
of the theory, compare LaSalle [10], but there are more.

We want to show that the basic flow can be built under the assumptions
adopted in this paper. We shall follow the construction in [15, 17, 18], with
only some changes which we list now. The first change is that the phase space
contains unordinary equations, namely, ordinary integral-like operator equations.
We also follow Sell [19] and construct the local flow without the uniqueness
assumption. For this purpose we add the space I" defined in Section 4 to the
phase space. Finally, we construct the flow on a convergence space (£* space)
and not on a topological space. This was already done by LaSalle [10].

We first define the phase space, then construct the candidate for local flow,
and only later mention the definition of a local flow and make some comments.

Let & == f(x,s) be an ordinary differential equatmn satisfying Assump-
tion (A). Let ## be the collection of all ordinary integral-like operator equations
which are consistent with Assumption (A) (se¢ Definition 3.1). For each H e o#°
let I'(H) be the collection of the maximally defined solutions yeI” of u =
u(0) + Hyu (sec Definition 4.1 and Proposition 4.2). In Remark 6.2 we defined
the translation H7 of H. For y e I we let y7(s) = y(7 s) If y is a solution
of # = Hu then clearly y™ is a solution of u = Hwu. Let

X ={(y, HYeI' x #: y e (H)}.
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Then X is translation invariant. For ¢ in the domain of v e I'({{) define
a(t, y, H) = (¢, HY).

The space I' is a complete metric space (Proposition 4.2). The space #
is a convergence space (Definition 5.1, Remark 5.2). Therefore, the natural
product convergence is defined on I" X 2 which makes it a convergence
space. Theorem 5.3 implies that X is a closed subset of I" X 5. (The space X
is even complete when the completeness in the # coordinate is along the lines
of Proposition 6.6 but with respect to a sequence of operators.)

The mapping = has the following properties. Here p stands for a typical
element of X, and [, is the domain of n(, p), (i.e., the domain of y if p = (y, H)).

(1) =(0,p) =p.

(2) tel,and sel, ) implies ¢ + sel, and «(s, n(t, )) = (¢t + s, p).

(3) Each I, = (v, , w,) is maximal in the sense that either w, = o
(o, = —0) or {n(z, p): t = O} (resp. {=(t, p): ¢ < 0}) is not precompact.

(4) 7 R x X— X is continuous when defined, i.e., continuous on

{(t7 P)‘ te ID}‘
(5) p—> p implies I, Clim inf [, .

Conditions (1) and (2) are easily checked. Condition (3) is a consequence
of Proposition 3.2. Condition (4) is implied by Definitions 4.1, 5.1, and Theorem
5.3. Condition (5) follows from Definition 4.1.

Properties (1)~(5) are the requirements from a local flow (compare [10, 15, 17]).

For most purposes it is enough to consider the restriction of 7 to the smallest
closed set #' which contains the hull of f. (Although hull(f) is the closure
of tran(f), it might not be closed since we work in a convergence space.) If
the solution y = y(t, 2, H) of u = z 4+ Hgu for He #' is always unique,
then the local flow could be constructed on R* X #* (rather than on I X J#%)
by

7T(t, 2, H) = (y(t, 2, H), Ht).

Then Theorem 5.3 guarantees that conditions (4) and (5) hold, while Proposi-
tion 3.2 implies condition (3).

We constructed the local flow on a convergence space. Sometimes one needs
a topological space, even with a uniformity structure (see [18]). It is clear
that if we topologize X, and the topology is determined by convergence of
sequences, then = will still be a local flow provided the convergence in the
topology implies the convergence in X as above. If condition (4) is reformulated
and the requirement is sequential ‘continuity then the compact-open topology
on J# is an appropriate one (see Remark 5.2). Notice, however, that some
ingredients of the structure are not preserved by changing the convergence
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structure or the topology. For instance, the hull of f as the closure of tran(f)
might be different. We also might loose the precompactness of tran(f) by
taking a topology which is too strong.
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