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ABSTRACT

The paper settles the asymptotic behaviour of the solutions of the difference-
differential equation (1.1) in a case that was left open in N. G. pE Bruwn~ [1].
Theorem 3.1 states that in this case all solutions have limits for 2 — co. A result
about the speed of convergence is given by theorem 4.1.

1. INTRODUCTION

In this paper we shall study the asymptotic behaviour of the solutions
of equations of the following kind:

(L) w@)f'@)=(1+g®)fz—1)—(1+p)) {(z)+r(z),

where w is a positive continuous function on [1, o0) and p, ¢, r are con-
tinuous real functions on [1, co) satisfying the inequalities p(x)> —1,
g(x)> —1, |p@)| <e@®), lg(x)| <p(), |r(x)|<px), where ¢ is a decreasing
positive function on [1, oo) with convergent integral {° @(x)dx.

A function f is called a solution of (1.1) if f is defined, real-valued and
continuous on [0, co), differentiable on (1, c0) and satisfying (1.1) on
(1, oo). Every continuous function f on [0, 1] can be extended to a solution
by means of solving the differential equation w(x)y'(x)+ (14 p(x))y(x)=
=(1+gq(x))f(x—1)+r(x) for 1 <x <2 (with the initial condition y(1)=f(1)),
and so on.

N. G. o Bruwn ([1], [2]) solved the question of the asymptotic be-
haviour of the solutions with relatively mild restrictions on the coefficients
of the equation. In order to give an idea, we explain the situation in the
case w(z)=z"% o constant. For «<0 all solutions have limits if x » co
([2]); for «>1 all solutions are asymptotically periodic ([1]); for 1 <a<1
they are asymptotically periodic in a modified sense (argument x — (7 t*d¢
instead of z) ([1]). For 0 <« <3} the question was left open ([1]). In this
paper we shall prove that the behaviour in the case 0 <x <% is the same
as in the case o <0 i.e. that every solution has a limit. Moreover, in the
special case w(x) =212 we shall prove a result about the speed of con-
vergence.
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2. PRELIMINARIES
We use the following notation:

M(z)= max f(t),m(x)= min f(t), §(z)=M(z)—m(z),
e<i<e+1 ei<et1

where f is a solution of (1.1).

Furthermore we use formulas like g(z) < O(h(z)); this one denotes that
there exist numbers 1, Cs such that g(z)<Cih(z) for all 2> C;.

Lemma 2.1. Every solution f of (1.1) is bounded. Moreover, the limits
of M(x), m(x) and d(x) for x — oo exist.

Proor. Let >0. Let z; be a number such that M(x+1)=f(z),
z+l<ag<ze+2. If zop=2+1 then trivially Mx+1)<M(z). If z+1<
<xo<z+2 then f'(x9)>0 and then we have, by (1.1),

(14 p(x0)) M(z+1) < (1+g(20)) M (2) +1(20),
hence
(2.1) M@+ 1)< M(z)+ (14 A(z))O(p(x+ 1)),

where A(x)= max {{M(z)|, |m(z)|}. In a similar manner we obtain
(2.2) m(x+1) >m(z)+ (1 + A(x))O(p(x +1)).
It follows that

Az +1)<(1+0(p(z+ 1))A(x) + O(p(x + 1)),

from which we infer that 4 is a bounded function. Using this in (2.1)
and (2.2) we conclude that M(x) and m(z) have limits for z — oo.

CororLLARY 2.1. If lim §(z)=0 then lim f(x) exists.
>0 @—> 00
Leuma 2.2. If p, ¢, r are identically zero then M and 4 are monoto-
nically non-increasing and m is monotonically non-decreasing.

Proor. Arguing in a similar manner as in the proof of lemma 2.1 we
find that M(z+ 1)< M(x). Suppose that M(z) is not monotonically non-
increasing. Then there are numbers 2; and ¢, 21>0, 0<e<1, such that
M(z)) < M (1 +¢).

Let the maximum M (x; + &) be attained at =2, i.e. M (x1+ &)= f(x2). Then
nt+l<zp<ait+e+1, since z+e<re<z;+1 would imply M(z+e)=
= f(x3) < M (x;). Hence f(xz) < M(x1+ 1). But then we have a contradiction:
M(z1) < M(z; + &) =f(x2) < M (21 + 1) < M (21). We can treat m(z) in a similar
manner.
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3. THE ASYMPTOTIC BEHAVIOUR

For convenience we introduce the abbreviations V and W: if w is of
bounded variation on every interval [1, z], > 1, then V(z) will denote
the total variation on this interval

Vie)= [ ldw);

1

further we introduce a sequence W(n), n=2, 3, ..., defined by

a—-1 k+1
Wn)y= Y [ j' w(x))~2 dx] 1.
k=1

Taeorem 3.1. If w satisfies the following additional conditions
i} w is of bounded variation on every interval [1, z], x>1,

ii) W(n)— oo if n— oo,

iii) liminf  V(#)/W(n)<l1,

then every solution f(z) of (1.1) has a limit for z — oo.

Proor. Squaring w(z)f'(x)+ f(x), using (1.1) and integrating from 1
to n, n=2, 3, ..., we obtain

f o) a)Fde+2 § uie)f @) o=
(3.1) !

n

1

=f (f@)Pde— | ()2 dz+R(n),
0 n-1

where R(n) is a bounded function of n (since f is bounded).

For our purpose we need an upper bound for the right-hand side of
(3.1) and lower bounds for the integrals on the left-hand side of (3.1).
The right-hand side of (3.1) is bounded above since f is bounded.

We treat the second integral on the left-hand side of (3.1) as follows:
the function g defined by g(x)=j'f w(t) f'(£) dt is bounded, for, by (1.1),
we have g(z) = [ f(t) dt — f5_, f(£) dt + f (9(¢) f(E—1) + p(t) f(£) +(t)) dt is
bounded. Integratlng by parts we obtain

2 § wle)f'(@) f(z) de= 21 P @) () — () de + 2f(m) gln) =

=2f(n)g(n)— (f(1) — f(n))? w(1) - f —f(n))? dw(z).

Hence

(3.2) 2  wiz)f (@) () dw>O(1) - f(f(x) fm)2 dV (@),

If V is bounded then the right-hand side of (3.2) is bounded below.
If V is unbounded we proceed as follows: Let M;, m;, 61 be the limits
of M, m and 4, respectively. We assume d;>0. For every ¢, 0<e<di,
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there is a natural number N(¢) such that | M (x) - M| <¢/2, Im(z) —mi| <e/2,
|8(x) — 81| <¢&/2 if x>N(e). Then (f(x)—f(n))2<(d1+¢)? if > N(e). Hence,
for n> N{e),

i’? —fm))2dV(x <A}a) n)2dV(x)+ (01+¢€)2 V(n).
It follows that in all cases we have
(33) 2 § wle) (@) i) de> O(1) ~ (1-+£ Vo),
if ¢ is fixed.

Next we deal with the first integral on the left-hand side of (3.1).
We have

k+1 k+1 , dx
k)< f If' (= |dx—£ w(z)f (x)m-

Application of Schwarz’s inequality gives

k+1 k+1
(8(k))2 < »f [w(z) f'(2)]? de kf (w(z))2 de.

Dividing by the second integral on the right-hand side, summing over
k from 1 to n—1, we obtain

» a-1 k+1
(3.4) § [w@)f (@) dx>k2 [ I x))? dz] (8(k)).
Furthermore,
n—1 k+1 n-1
(35 I f 2))2da] 1 (8(k)2> 3 >(d1—¢/2)2W(n)+O(1)
r=1 k=Nie)+1

if ¢ is fixed. Combining (3.1), (3.3) and (3.5) we obtain
(61 +¢/2W(n) — (01+2)*V(n) <O(1),

if ¢ is fixed. Dividing both sides by W(n) and letting » — oo through
values of » such that V(n)/W(n) > a= lim inf V(n)/W(n), we obtain
(61—¢&/2)2 < (61 +£)2 x. Making ¢ — 0 we get a contradiction. Hence 6;=0.
Application of corollary 2.1 completes the proof.

Remark 1. Theorem 3.1 applies if w is a monotonically non-increasing

function with divergent integral f;° (w())?dz, in particular if w(zx)=27°,
0<a<3. The theorem also applies if w(x) 7% x<O.

Remark 2. If wx)=2"" O<a<}, p(x)=q(x)=r(r)=0, then it is
easily proved that every solution f has n continuous derivatives for »>n,
n=1, 2, .... Moreover, f®)(x+k), k>1, is a solution of an equation of
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type (1.1). (See [1]). Hence, by theorem 3.1, all derivatives have limits
for z — oco. Of course, lim f®(x)=0 if k>0, since f is bounded.

Remarx 3. If we examine the proof of theorem 3.1 then several
generalizations come into mind. For instance, we can replace f(x—1) in
the right-hand side of (1.1) by a linear convex sum in which f appears
with different retardations of the argument. We can also drop the linearity
of the right-hand side of (1.1). These considerations suggest & generalization
to cases where a Stieltjes integral appears in the right-hand side of (1.1).
We give theorem 3.2 as an example, although further generalizations
are still possible.

THEOREM 3.2. Let g be a non-decreasing function on [0, 1] with the
properties: g(1) —g(0)=1, g(1)—g(3)=p>0. Let k be an increasing locally
Lipschitzian function on (—o0, 00) (i.e. |h(z)—A(y)|/|x—y| is bounded if
x and y are bounded) with the properties A(0)=0, |k(z)| - oo if |z| - oco.
Let w, p, ¢ and r be as in theorem 3.1 except for condition iii), which
is replaced by the stronger condition lim inf V(n)/W(n)=0. Then every
solution f(x) of

(3.6)  w(@)f'(®)=(1+q()) | h(H(x—1)) dg(t) — (1+p(x)) h(f(z)) +r(2)
o

tends to a constant if z — co. (Our Stieltjes integrals |} are taken over
the closed interval [0, 1]; in other words they are what is often denoted

by f31).

ReEMARK. It can be proved that there exists precisely one solution f
which equals a prescribed continuous function on [0, 1] (For example
see [4]).

Proor or THEOREM 3.2. First we prove the analog of lemma 2.1 for
solutions of (3.6). Let 2> 0. There is a number x, z+1<zp <+ 2, such
that M(x+1)=f(xo). If z+ 1 <xo<x+ 3 then trivially M(z+ 1)< M(z+13),
MMx+1)<h(M(x+3)). If x4+3<zo<z+2 then f(xo)>0. In this case
we have, by (3.3),

1
(1 +p@o)) (M (z+ 1)) < (1+q(@0)) | hlf(o—2)) dg(t)+r(20) <

<oa(1+q(xo)) (M (2 + 1)) + fr(1 +g(20)) B(M (x + })) + r(zo0),
where

pr= J} dg(t)>f, s1=1—pu.

zrg—2=8/2
It follows that
(M (z+1)) <h(M(z+3)+ (1 + Bz +1))O0(p(x +1)),

6 Indagationes
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where B(z)= max {{(M(z))], |h(m(z))|}. In a similar manner we obtain
h(m(x+1))>k(m(z+ 3))+ (1+ B(x+ 1))O(p(z + 1)).
It results that
B(z+1)<(1+O0(p(x+1)))B(z+ 1)+ O(p(x + 1)),

from which it follows that B is a bounded function. Using this result in
the inequalities for M and m we conclude that M (x) and m(x) have limits
for  — oo,

Proceeding in the same way as in the proof of theorem 3.1 (squaring
integrating) we obtain

§ [w(e) @) dar--2 I w(z) (@) b)) do=
1

(3.7)

1

f {0 hf@—1) dg(t) 1 [(f (@)} de+ B(n).

0

Put H(x)= [gh(s)ds. Obviously H(x)>0. Integrating by parts we
obtain

2 133 w() f'(x) b(f(2)) de = 2w(n) H(f(n)) — 2w(1) H(f(1)) ~
(3.8)

—2 | H(f(x)) dw(x)>O(1+ V(n)).

1

In order to prove that the right-hand side of (3.7) is bounded above
we proceed as follows:

1} L § M) dgty — b)) de=

= f dxg" of {hlf(z —1)) h(f(x — 8)) — [A(f(x)) ] }dg(t) dg(s) =

[

C
© oy

dg(t) dg(s) J ((f(z—1) (f(z— ) — [B(F @)} dr=

-

= § { datodgt I {— (@~ )~ Wf(z—8)P +
T 3R @ — )P+ H(fa— )P — [h( @) P} do <
< § dglt) § {h(Hw—0)P— DR} do=

= OI dge){ § [h(f (@)} dx— _f’: [A(f@)Pdz}< § [A(f())] d.

1-¢



79

The proof of theorem 3.2 is completed as follows. Let lim §(x)=4:.
Then the right-hand side of (3.4) (obviously (3.4) is valid) is >382W(n)
for n sufficiently large, since W(n) — oo if n — oco. Using this result and
combining (3.7), (3.4) and (3.8) we obtain

165 W (n) <O(1+ V(n)).

Dividing by W(n) and letting » — co through values of » such that
V(n){W(n) - 0 we obtain d;=0.

4. THE SPEED OF CONVERGENCE
We shall restrict ourselves to the equation

(4.1) & f (@) =f(x—1) - f(x),

with o=}, although the method can be used if 0<a<}.
If f is a solution of (4.1), we already know that

fx)=C+0(1) (xr— o0).

The question arises what more can be said. We shall make the agreement
that in this section f will denote a solution of (4.1) with the property
that f(x) — 0 if  —> oco. This is possible since (4.1) is linear and constants
are solutions.

Lemma 4.1. There exists a sequence {ri},., with the properties:
f(xk)=0, O<zpr—ap <1 for = 1, 2 veay T —> OO if &k — oo.

Proor. Application of lemma 2.2 yields M(z)>0, m(z)<0 for z>0.
Hence there is at least one zero of f in every closed interval of length one.
For n>1 let u, be the largest zero with u,<n, and v, the smallest with
vp>n. Hence n—1<u, <vp<n+1, vp—un<<l, vp<Un+1, Unr1—Va<l.
Omitting duplications from the sequence wi, v1, us, v, ..., We obtain a
sequence with the required properties.

For later reference we quote the following well-known inequality of
Poincaré ([3], theorem 257):

Levmma 4.2. If g € Oi([a, b]), b>a and if gla)=g(b)=0 then
b b
J (') de>M2b—a)? § (g(x))?dz.
TreoreM 4.1. If f(x) is a solution of (4.1) which tends to zero for

x — oo, then
f(@)=0(-*2) (z — oo).
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Proor. Squaring z-1/2f'(x) + f(z), using (4.1), integrating from = to m,
l1<n<m natural numbers and letting m — oo we obtain

42) [ (F@Patde= | (@Pde+(mPair—} ] (@)Peds.

Put

x

wx)=§ (ft))?de, v(z)=u(x)+ (f(x))? =112
We have v'(x)=— (f(xr)—f(x—1))2—4(f(x))2 32, whence » is non-
increasing. We note that

(4.3) }o (f'(®))2 21 dx < v(m).

Using lemmas 4.1 and 4.2 we obtain the following chain of inequalities:

Zk+1

f(FoRreids 3 =l [ (Fe)rds
n =0 o

Te+1
> 3 ma ) (wen—ze)2 [ (fO)2di>
x>0 Tk
ZE+1
>z Y [ OPE+ 1) 1dt> [ (FORE+1)2dt>
Tr=n T n+l

>n? z (k+2)1 k§+ 1(f(t))2 dt =n? z (k+3) L u(k+2).

k=n+1 k=n

(4.4)

Further we have the inequality
(4.5) Jerer dt>k2 (k+4)71 (8(R))2,

which can be derived in a similar way as (3.4). From lemma 2.2 and the
fact that f(z) > 0 if > oo it follows that m(k)<O0<M(k), whence
(f(k+2))2 < (6(k+ 2))2< (8(k))2. Using this in (4.5) we derive

(4.8) 7P(n+2)712 .f (f@)Pe1de>n? Z (k+3)7 (f(k +2))2 (b +2)12.

k=n

Adding (4.4) and (4.6), using (4.3), we infer

a2 Y (k+3)1o(k+2)<(1+n2(n+2)~1/2) v(n),
k=n
or, since v is non-increasing

4.7) a2 § (k+2) 2t v(k+ 1) < (14 n2(n+ 2)12 + 72(n + 2)L) v(n).

k=n
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Putting

00

Su= 3 (k+2)1o(k+1)

k=n

we obtain from (4.7)

7\ 8,<8
<1+n—+1') n<On-1,

from which it follows that
Sp=0(n-"%).
So we have

§ (k+2)1v(k+1)=0(n-").

k=n

Since v is monotonically non-increasing we have

om) 3 (b+21=0(n-"),
k>nl2
whence

v(n)=0(n-").

From (4.3) and (4.5) it follows that

-]

3 (k+3) (8(k))2=0(n="),

k=n

bence, by the same device (since (6(k))? is also monotonically non-in-
creasing),
(8(n))2=0(n~"),

which completes the proof.

ReMark. There are reagons to believe that the result of theorem 4.1
is not the best possible one.

Departmeni of Mathematics
Technological University
of Eindhoven
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