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On Some Nonparametric Tests for
Profile Analysis of Several Multivariate Samples*
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For profile analysis of independent samples from several multivariate popula-
tions, a nonparametric analog of the hypothesis of parallelism of population
profiles is formulated. A class of asymptotically distribution-free statistics is
offered to test this hypothesis. These are based on generalized U statistics and
are in some sense modifications of statistics offered previously by one of the
authors for testing the homogeneity hypothesis. Consistency of these statistics
is established for suitable alternatives and also asymptotic power is investigated.

1. INTRODUCTION

When independent random samples are obtained from each of k p-variate
populations, the parametric statistical inference assumes the model that the
population distributions are p-variate normal with common unknown non-
singular covariance matrices with possible differences only in locations. If
g = (..., pi®) denotes the mean of the ith population, then the hypothesis

of homogeneity of populations is equivalent to
Hy: gy == =py. (L.D)

There are several well-known (see, e.g., [1, 4, 6, 9]) MANOVA tests available
for this purpose. Although these are optimal in some sense (see, e.g., [5, p. 298])
no single test is uniquely optimal.
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266 BHAPKAR AND PATTERSON

Furthermore, the hypothesis of parallelism of population profiles is stated as
Hyop —p == =, i=2.k (1.2)

H, may also be interpreted as the hypothesis of no interaction between p variables
and & populations. If H, is acceptable in the sense that the population profiles
could be assumed to be parallel, then one might be interested in testing that the
profiles are identical, given that they are parallel. In other words, one then wants
to test H, which is Hy/H, (to be read as H, given H,). Classical parametric
tests for H, and H, in profile analysis are discussed in statistical literature (see,
e.g., [4, 6]).

Now the need for discarding the stringent assumption of normality and for
developing suitable nonparametric procedures has been recognized for quite
some time. Accordingly, such nonparametric tests have been offered for the
hypothesis of homogeneity by several workers (see, (2, 8, 10, 11]). The main
objective of this paper is to extend some of these techniques to profile analysis
of several samples.

In Section 2 we begin with notation and preliminary results; in Section 3 we
develop appropriate nonparametric analogs of various hypotheses that are
relevant in profile analysis and suitable statistics are presented as test criteria.
The consistency of these is discussed in Section 4 and the asymptotic powers are
then obtained in Section 5. The paper concludes with some remarks in Section 6.

2. NOTATION AND PRELIMINARY RESULTS

Let Xj; = (X7,..., X{"), j = 1,..., n; be independent random vectors from
the sth population with nonsingular continuous c.d.f. F;, ¢ = 1,.., k. The
hypothesis of homogeneity of these % populations is then

Hy:Fy = - =F, = F (say). 2.1

Nonparametric tests for H, have been presented independently by Bhapkar [2]
and Suguira [10] based on the technique of generalized U statistics.
As in [2], let

k -1 n Nk
W=mﬂZmZme%@ (2.2)
el ty=1 =1

a=l,..,pand i = 1,..., k, and
U/ = (U2,.., U, U =@Uy,.., U)

We assume here
$%y s ) = (), (2.3)
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where 7{* is the rank of x{* among {x!*,j = 1,..., k}. In view of continuity
assumption, with probability one there are not ties. Note that the functions
considered by Bhapkar [2] and Suguira [10] are special cases of functions
satisfying (2.3).

Let F' = (F, ..., F;) and define n{*(F) = E(U®) = E¢(X, ..., X;), where
X,’s represent independent random vectors with c.d.f. F;s, respectively. Then we
have

() = 1, 4) PIRY =) = X, 4) vy (F); 24)

i1
here R{™ is the rank of X}* among {X!™,j = 1,..., k} and
vi (F) = PIRY =], 25)

with the probabilities computed under F.
Now if 7; - o0 in such a way that n; /N-—»p“whereN Zm , 0 < p;, < 1,
i = 1,..., &, then, as in [2],

NY(U, — n(F)) -Z> #/(0, T(F)), (2.6)

for any F. Here the subscript n denotes the vector of sample sizes on which U is
based, .# denotes convergence in distribution, and 4" denotes the normal
vector of appropriate dimensions. Let

$ = ¢m 2.7)

||Mw

It was shown in [2] that under H, (2.1),
WF) = n(F) =¢j, T(F) = T(F) = = Q HF), (2.8)

where A ® B = [4,;;B], and 2 = [o;,] is given by
. ___i_ IA 3o bin!
= k— 12 {g + A — kqj’ — kiq'}, (2.9)

with J = [l]kxk, A = diagonal (p7!, i =1,..,k), ¢ = Z;p;", and q' =
(7l 25Y). Also 2 is a matrix of correlation coefficients p,; between

Xy ,eer Xp) and 6P(Y, ..., Y,), where X’s and Y’s are independent with
common c.d.f. F except that X;=Y,;,and

p = E[PHX)] — [EGXE),
where (2.10)
Py = B Xy ooy Xp) | X, = %)
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Under the slightly weaker conditions assumed in [2], u could depend on F;
however, under the somewhat stronger condition (2.3) assumed in this paper, u
is distribution-free, as shown in the lemma below. Incidentally, we may note here
that the explicit statistics worked out in [2] for some specific functions indeed
satisfy (2.3).

Lemma 2.1. For functions $') satisfying (2.3), if H, holds,

o k—1yk — 1 .
p=3 T (), ) BOEm = 12— 1)~
where ¢ 1s given by (2.7).

Proof. From (2.10) we have
k
$(x) = Y #(j) Plx has rank j among X,..., X given X, = x,]

= 21 (f’(]) (? : }) [F(a)(xt(_a))]i—l [1 _ F(a)(xga))]k_j,

where F(* is the common c.d.f. under H of X, Thus
o e (B—1 . ]
BUX) =Y 600 (; _ ) BUE—i+ 1) =4;
=

also,

e = 3 3 e (ZHE )

1=1 m=1 m
% [F(a)(x(a))]l+m—2 [1— F(u)(x(a))]zk—l—m

and the lemma follows.

It has been shown in [2] that, if the common F is nonsingular, in the sense that
no set of p-dimensional Lebesgue measure zero contains the whole probability
mass, then #(F) is nonsingular.

Let 2 be a matrix of consistent estimators, as in [2], of 2 and partition U’ as
(UY, Uy'). If Z,, is the cofactor of oy, in Z, define

Ty = N(Uy ~— 4j')(Ei ® 1)U, — ¢i); (2.11)
then it was shown in [2] that

ﬁ(%;_l)i Y, (U, - O $(U, - T), (2.12)

i=1

Ty =
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where p; = n,/N and U = Z,p,U, and, moreover, it has a limiting x%(p(2 — 1))

distribution under Hj. Explicit statistics denoted by V, B, L, and W were

offered as possible nonparametric test criteria (for the hypothesis Hp) in [2].
Suguira [10] considered the class of functions

Dy oy 1) = gi :3 - ((,f:{;: , 2.13)

where j is the rank of x{* among {x{*, | = 1,..., k}, and (a), = al/(a — 7).
His statistic is essentially the same as (2.12) except that he uses somewhat
different estimates for 2. We may note here, however, that his estimates are
consistent only under H,,, while those in [2] are valid for any F and hence the
latter are to be preferred.

3. NONPARAMETRIC TEST_ FOR PARALLELISM OF PROFILES

First, we want to formulate an appropriate nonparametric analog of the
hypothesis H, of parallelism of profiles. In the parametric case the profiles are
defined in terms of population means and, hence, H, takes the form (1.2). In
the more general nonparametric case we give the following definition:

DeriniTioN 3.1. The populations F, , F, ..., F are said to have parallel
profiles if F’' = (F; ,..., F}) satisfies

Hy:vOF) = - = vPF),  ij=1,k (3.1

where v{J(F) is defined by (2.5).

One might wonder whether (1.2) and (3.1) are equivalent in some sense under
the normality assumption The answer is no, except possibly the special case
where the variances o,, of X' are the same for all @ = 1,..., p. We prove here
only the weaker statement:

Lemma 3.1. If X,,..., X, are independent A (w,, Z),..., N/ (i}, ) respec-
tively, and the diagonal elements of Z are equal, then (1.2) implies (3.1).

Proof. Note that

VOF) = PIRY =] = 2 P[Each of {X{*, I = 1,...,j — 1} < X

< Each of {X{, m = j +1,..., k)]
__ 2 P[Each of {Y(a) (a) ,Lf.u)} < Yt(a)

< Each of {Y® 4 pf — ui; (32)
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here X, denote the sum over (¥~1) combinations of subscripts 7, I = 1,...,j — 1
chosen out of £ — 1 distinct subscripts 7;, [ = 1,..., & (except j) (denoting
integers 1,..., k except 7).

Now Y for i = 1,..., k are independent and identical normal variables for
each o. If condition (1.2) is satisfied, we see from (3.2) that v{?(F) does not
depend on « and hence, (3.1) is satisfied.

In fact, normality as such is not used at all except for the fact that p, are
location parameters. By using essentially the same argument we have thus
proved the

TueGrem 3.1.  Suppose X, ,..., X, are independent with c.d.f.
Fx) =F(x —w;), i=1.,k (3.3)

Jor some continuous F, and assume that the marginal ¢.d.f’s F@, o = 1,..., p, of F
are identical, then condition (1.2) implies condition (3.1).

In order to test H; we now propose the statistic

— 12 &k e 17 aP O
_ i\’%z_l)_ Y p{U; — Oy [# — 382U, — )

i=1

T,
=Ty~ Ty, (3.4)
where T is the statistic (2.12) for H,,

Jj(k_#%l)i i 24U, — Oy #-y#-yU, — 0), (3.5)

i=1

T, —

and § = 1/j#-Y. T, is to be regarded as a large-sample y*((p — )k — 1))
criterion for Hy, while T}, is regarded as a x3(k — 1) criterion for testing H, ,
assuming H, , i.e., for testing the “pure” differences among the populations
after eliminating from T, the interaction contribution, if any.

It may be noted here that if P is any (p — 1)} X p matrix of rank p — 1
satisfying Pj = 0, then

Pl — yPYP- = P'(PPP')'P,
where & is a positive definite matrix and y = 1/j’#-j. Since # is a nonsingular

correlation matrix, it is positive definite, and so is # with probability tending
to one as #; — c0. Thus, we may also express T as

NEZD S p(U,— Oy PRFPYIRU-T). (6

It is straightforward to show that, ¢f H, holds, Ty —< x*(p — 1)(k — 1))
and T, —< y*(k — 1); this will also follow from Theorem 5.1 established in

T, =
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Section 5. However, what we would like to have if possible is the stated limiting
distribution of T under H, alone. This does not seem to be possible by the present
approach (and perhaps by any other approach) without discarding the relative
simple form of the statistic. Note in (2.6) that, in general, the limiting covariance
matrix T is a pk X pk matrix of functionals depending on F. It is only under H,
that T had the structure £ ) #, where Z is known, and now #isap X p matrix
of functional depending on common F. Discarding the Kronecker product
structure would make it necessary to estimate all terms of T, thus making the
computation much more involved. However, as we shall show in Section 5, the
use of concept of ““local alternatives™ to H|, still makes it possible to justify the use
of statistic T for testing H, .

4. Consistency oF Ty, T, anp T,

Now in order to study consistency of these criteria for testing the respective
hypotheses we need the lemma:

Lemma 4.1.  Suppose N1V2(Y, — €)% A0, ¥) and A is positive definite.
Then the quadratic form Q, = N(Y, — 8) A(Y, — 8) —? o, in the sense that

PO, > c]—1 as n; — oo, for all

for every fixed c, if and only if § + 8.

The proof is straightforward and hence is deleted. We insert now the subscript
n while studying asymptotic properties.

TueoreMm 4.1. Let Ty, Tyn, and Ty, be defined as (2.12), (3.4), and (3.5)
for functions ¢\ satisfying (2.3). If n;— o in such a way that n,/N— p;,
0 <p; <1, then

@) Ty —F 0 iff F¢{F|ZgUWEF) is independent of i and o,
i= Tk =1, phy

(i) Tyn—Ff oo iff Fe{F|Zp(jwS(F) is independent of o = 1,..,p
for each i = 1,..., k}

and, if P = [p°F), then
(i) Ty —" 00 iff F ¢ {F | Zp()Zusp v (F) is independent of i}

Proof. Letting U’ = (U, Uy'), as in (2.11), it follows from (2.6) and
Lemma 4.1 that

N(Uy,a — ¢§) [B0d @ 27Uy, — ¢§) - o (4.1)
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only if n,(F) = ¢j fori = 2,..., k. Since ZZC:I n(F) = kdj, (4.1) holds iff {*/(F) =4
forall7 = 1,..., k, and o« = 1,..., p. If we replace £ by consistent estimators, we
see that T, , and the quadratic form in (4.1) have the same limiting distribution in
view of (2.11) and (2.12). This establishes (i).

Now using the argument in [2] for reducing (2.11) to (2.12), from (3.6) we
have

Ty = N[Uqa — 6i) [Erf @ P'(PPP')1 PYU,.. — i)
— N[y @ PXUq o — 6§)]' [B7* ® (PPPY [(T_y ® PYUso — 4i)].

Again from (2.6) and Lemma 4.1 it follows that T, , ¥ co only if

(s ®P) (%) = 40t OP) =0,

ie.,, Pny(F) = 0,7 = 2,..., k. Since Zn,(F) = k¢j, the condition for T; , »F co
is that PnyF) = 0 for { = 1,..., k, which is equivalent to the condition that
n,(F) c j; this establishes (ii). The proof of (iii) is easy to obtain along similar
lines.

Remark. We thus note here that the tests T, 7T designed for H,, H,,
respectively, are consistent only against alternatives to the hypotheses
‘“‘effectively” being tested, viz.

k
Hyy: Y $(j) v (F) is independent of i and «

j=1

and

k
Hy: Y $(j) v (F) is independent of o, for every i,

j=1

depending on the function ¢ used for T”s. Of course, this undesirable feature of
nonparametric tests is usually unavoidable, e.g., the Mann—Whitney test, Sign
test, and Kruskal-Wallis tests all suffer from a similar disadvantage.

Note also that if H, is accepted, i.e., »{7 is independent of a, then T, , —F c©
unless Zyd(jlvy(F) is independent of 7, which is precisely the condition for

T, . % o assuming H, .

5. Asymproric DISTRIBUTIONS

In the previous section we found the class of fixed alternatives F' = (F ,..., F},)
for which the tests are consistent, i.e., for which the power of the respective test
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tends to 1 as n; — o0. We shall now find the limiting distributions of T, T, and
T, under the sequence of Pitman location alternatives

Hy:Fin(x) = F(x — N-128),  i=1,.,k (5.1)

where the 8;’s are not all equal, and 25, = 0.

THEOREM 5.1.  Consider the sequence {Hy} of distributions {Fy} given by (5.1)
and assume that F'® is differentiable and has a bounded derivative f'* abnost
everywhere, o« = 1,..., p. Suppose further that there exist functions g'* such that
Sor sufficiently small h

< g(a)(x)

l F(a)(x + h) _F(a)(x)
h

Jor almost all x, and _[fw 29(x) dF®(x) < co. Then as n; — oo, so that n,/N — p,,
0<p <1,

NY(U, — ¢j) 5 A (AF), T(F)), (52)
where T(F) is given by (2.8) and

YOF) = BP¢S, F), v/ = 0P ¥, ¥ = (11 e ),

¢, F) =Y $(j)

j=1

(23 a0~ 2k —iF) —

X a“‘)(j-—l,k—j—l,F)]

k—2)

i1 (5.3)

ab, ¢, F) = [~ PP 11 — FO()° £ ) dF ).

Proof. The details of the proof consist mainly in showing that for large NV

Ey (Uy) = Ep(U,) + N2y - o(N-172)

NVy (U,) = NV (U,) + O(N-/2); (5.4)

the result then follows from (2.8). We shall only sketch the proof of the first part
of (5.4); the proof of the second part follows by straightforward though lengthy
verification of all possible terms and hence will be deleted.

We note that

k
Ep, U = Egd®X; o Xi) = 3 () P [R® = f1,

i=1
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and, using the notation of (3.2),

PHN R(a) ' Zf H [F(a)(v + N -1/2 f )]
—® =1
k—J
% H [l _F(a)(y + N—1/2 (a))] dF(a)(y)
m=1

where €7 = 8 — 83’. Then, in view of our assumptions,
(o) _

= Py [RY =]

+ N—1/2 Z 3(72—:1 Gg‘)) r: [F(u)(y)]i-—2 [l __F(a)(y)]k—if(a)(y) dF(a)(y)

4 i=1

_ ( -1 Gg:z) f [F(a)(y)]l —1 [1 F(a)(y)]k—a lf(a)(y) dF(u)(y)
+ o(N-12)

L ny: W .
:PH“[RE“’:]]—i—NW(Z 5/)(}_ 3) a¥i =2k~ F)

I=1

k
~ N (S )BT O — 1k 1By o

m=1
_ W _ ans@ [(R—2) @: 54 -
= Py R =j] -+ kN2 § [(j__z)a (j—2k—jF)
k—

+(;

i 2) a1,k =~ 1,F)] + o),

which establishes the first assertion of (5.4).

THEOREM 5.2. Assume the conditions of Theorem 5.1. Let

N(k

T, = Z #(Ui— U0,) Q(Q#Q) ' QU4 —Ta), (59

i=1

where Q is any q X p matrix of rank q. Then under {Hy} as n, — oo

Ta % x¥(q(k — 1), Ag(#, 8, F)),
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and the noncentrality parameter is

Yoo 8.F) = LS v — 9 QQPQ) QY — 9 (56)

w i=1
when
¥ =Zp;.

Proof. It can be seen, by argument as in [2] taking U’ = (U, Uy),
To = N1 ® QUss — $)]' (B ® 27Tz ® QXUo,n — ¢i)]-
In view of (5.2),

N1,y ® QUy.a — $i) 2> A (1 ® Q) ¥(F), 24 @ QP(F) Q),

and hence, the theorem follows in view of the fact that the noncentrality
parameter is

Yo ()T @ Q) (B’ ® (QP(F) Q) )Ty ® Q) Yol F) X))

with ¥ = (vy', ¥o'), and thus reduces to (5.6).

Now we replace £ by the consistent estimators # and in (5.5) take Q respec-
tively equal to I, , P as in (3.6) and j’#-1. Then we have the following corollary
the Theorem 5.2:

CorOLLARY 5.1. Assume the conditions of Theorem 5.1, and let To ,, Ty o, T
be defined by (2.12), (3.4), and (3.5), respectively. Then

Ton -2 3ok — 1), A($, 8, F)),

Tl,n £ Xz((P - 1)(k - 1)’ Al(‘l” 8, F)) - (58)
Ty -5 x3((k — 1), Ml4, 8, F)),

where
w8, F) = Lo 5 =9 #00 - 9
- (5.9)
(k — 1)2 x =\ 1 1" 1 -
Mg, 8, F) = T Z, Py — ) [Pt — yP P 1y — ¥),

and

Ayf$, 8, F) = (4, 8, F) — (4, 8, F).

Now we are in a position to identify the sequences {H,} of distributions
Fy} for which the criteria have limiting null distributions.
NS g
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THEOREM 5.3. Assume conditions of Theorem 5.1 and suppose that
g, F) £ 0. Then

() Tom 5> x2(plk — 1) iff Hy holds;
furthermore, if F®) = F'® for all o« + B, then
() Toa5 (e — Dk — A = - =87, i =1,k
and (5.10)
(i) Tyn 2> ¥k — 1) iff H, holds, assuming 8 = 82 for all « = B.

Proof. (i) From (5.9) we see that A, vanishes only if y; = ¥ for all 7, and
hence only if §,’s are all equal in view of (5.3).

(i1) Expressing A; in (5.9) as the noncentrality parameter in (5.7) with
Q = P (as before, of rank p — 1 & Pj = 0) we see that A, = 0 only if

(Le-s @ P) vo(F) =0
ie., if Py,(F) = 0,i = 1,..., k. However, from (5.3) we see that
2": S — g 5’: 5 — o,
i=1 =1

and hence Ay = Oonly if Py,(F) = 0,7 = 1,..., ~.
If now we assume F® = F® for all « % B, then in (5.3), ¢*=) = ¢'® for all
o, B, and then Py; = 0 implies §{*) = 8!’ for all o, B and each 7. Thus (ii) is
established. (iii) can be proved along similar lines.
Finally, in this section, we present the form of ¢’s for some specific ¢ functions
corresponding to the statistics referred to in Section 2:
q(a)(¢y ,F) — _a(a)(o’ k—2, F)
¢“(¢s,F) = a“(k — 2,0, F)

q(a)(¢L ,F) — a(a)(o’ b — 2’ F) + a(a)(k _ 2’ 0, F)

0w F) = [ 75) dF3).

(5.11)

6. CONCLUDING REMARKS

We have thus esyablished, first of all, consistency of the three tests T, T,
and T, for a specific ¢ function against alternatives to H,, H, , and H, , respec-
tively, in the direction of the specific ¢ function used. Next we have obtained their
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asymptotic powers for local alternatives to H,, and have established that if all
marginals of F are identical and the location parameters N-1/28{*) are the same
for all o, then T is asymptotically x3((p — 1)(k — 1)). Note from Theorem 3.1
that H, in terms of condition (3.1) is satisfied in such a case.

Computer programs for T and T have been written for specific functions
¢y, ¢p, ¢y and the multivariate version (see [10, 11]) of the Kruskal-Wallis
H statistic. (It has been noted (see, e.g., [10]) that W statistics (i.e., T°s using ¢ )
have the same limiting properties as H.) Also, simulation studies have been
carried out to investigate y* approximations under H, and powers under some
alternatives to H, (some satisfying H,) for three different distributions and
several covariance structures. These studies [7] are being presented in another
paper [3] and these seem to indicate that, apart from the partial justification
provided for the test T, for the hypothesis H| , there is also reasonable empirical
justification to believe that the concept of local alternatives to H, in the direction
of H; might indeed provide the way out of the theoretical hurdle encountered
earlier.
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