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KEYWORDS Abstract In recent paper Dinesh Kumar et al. developed a generalized fractional kinetic equation
Fractional kinetic equations; involving generalized Bessel function of first kind. The object of this paper is to derive the solution
Fractional calculus; of the fractional kinetic equation involving generalized Struve function of the first kind. The results
Special functions; obtained in terms of generalized Struve function of first kind are rather general in nature and can
Laplace transforms; easily construct various known and new fractional kinetic equations.
Generalized Struve function © 2015 The Authors. Production and hosting by Elsevier B.V. on behalf of King Saud University. Thisis
of the first kind an open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
1. Introduction The purpose of this work is to investigate the generalized

form of the fractional kinetic equation involving generalized

The Struve function H,(z) and L,(z) are defined as the sum of Struve function of the first kind #,,.(z) defined for complex

the following infinite series zeCand b,c,p e C(R(p) > —1) by
2\ v+l > (_l)k z\ 2k 0 (—l)k(,'k Z\ 2k+p+1
1) =(3) () 1) Hppelz) = G) 3
D=6 Lrwprern L W Hosd) =2 TG T oG 373 2 ®)
and Details related to the function H,,.(z) and its particular
2\ & 1 2\ 2% cases can be seen in Baricz (2010, 2008), Mondal and Nisar
Ly(z) = <§) Zr(k—i-i)r(k T v+l) <§) 2 (2014), Mondal and Swaminathan (2012) and the references
k=0 2 2 therein. In this paper we consider the following transformation
p+1 b 3\ i
byo(2) =2 T (p+5+ 1T 5 )2 H 00 (V2)
A . 2 2
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and N(t) — Nof(t) = =y D;"N(t) (R(v) > 0), (11)

1 (k=0) where N(f) denotes the number density of a given species at

(@) = ala+1)...(a+k—-1) (keN:={1,2,3,...}) time 7, Ny = N(0) is the number density of that species at time
[(a+ k) t =0, cis a constant and f € L(0, c0).

= T‘l) (a € C\ Za)~ By applying the Laplace transform to (11) (see Kumar

5)

The importance of fractional differential equations in the
field of applied science has gained more attention not only in
mathematics but also in physics, dynamical systems, control
systems and engineering, to create the mathematical model
of many physical phenomena. Especially, the kinetic equations
describe the continuity of motion of substance and are the
basic equations of mathematical physics and natural science.
The extension and generalization of fractional kinetic equa-
tions involving many fractional operators were found
(Zaslavsky, 1994; Saichev and Zaslavsky, 1997; Haubold and
Mathai, 2000; Saxena et al., 2002, 2004, 2006, 2008;
Chaurasia and Pandey, 2008; Gupta and Sharma, 2011;
Chouhan and Sarswat, 2012; Chouhan et al., 2013; Gupta
and Parihar, 2014; Kumar et al., 2015; Choi and Kumar,
2015). In view of the effectiveness and a great importance of
the kinetic equation in certain astrophysical problems the
authors develop a further generalized form of the fractional
kinetic equation involving generalized Struve function of the
first kind.

The fractional differential equation between rate of change
of reaction was established by Haubold and Mathai (2000), the
destruction rate and the production rate are calculated as
follows:

dN
dr
where N = N(r) the rate of reaction, d = d(N) the rate of
destruction, p = p(N) the rate of production and N, denotes
the function defined by N,(r*) = N(t — r*), t* > 0.

The special case of (6), for spatial fluctuations or inhomo-
geneities in N(7) the quantity are neglected, that is the equation

dN

—_— = = ’,'N,' t 7
= —aNi(0) )
with the initial condition that N;(r = 0) = Ny is the number of
density of species i at time ¢ = 0 and ¢; > 0. If we remove the

index i and integrate the standard kinetic Eq. (7), we have

N(t) = No = —¢oD; ' N(1), (8)

= —d(N,) + p(N)), (6)

where (D, is the special case of the Riemann-Liouville inte-
gral operator (D," defined as

oD, A1) = % / (1= s, (1> 0,R() > 0).

The fractional generalization of the standard kinetic Eq. (8)
is given by Haubold and Mathai (2000) as follows:

N(1) = No = —c;D; ' N(1) ©)

and obtained the solution of (9) as follows:

N(t) = Nog;%(cz)”", (10)

Further, Saxena and Kalla (2008) considered the following
fractional kinetic equation:

et al., 2015),

LING):p} = m—m(iuw"p"”)F@) (12)

1+cpiv_ n=0

1<)
P

where the Laplace transform (Spiegel, 1965) is defined by

F(p) = L{/(0);p} = /OOo e"flyde (R(p) > 0). (13)

(l’l € Ny,

The object of this paper is to derive the solution of the frac-
tional kinetic equation involving generalized Struve function
of the first kind. The results obtained in terms of generalized
Struve function of the first kind are rather general in nature
and can easily construct various known and new fractional
kinetic equations.

2. Solution of generalized fractional kinetic equations

In this section, we will investigate the solution of the general-
ized fractional kinetic equations by considering the generalized
Struve function of first kind. The results are as follows.

Theorem 1. Ifd > 0,v > 0,¢,b,/,t € Cand R(I) > —1, then the
solution of the equation
N(t) — NoHyp (1) = —d’oD;"N(1) (14)

is given by the following formula

NOZ

L2k +1+2)
l+k+ + 1) (k+3

1\ 2k
1G) Baa-d)

(15)

where the generalized Mittag-Leffler function E, g(x) is given by
Mittag-Leffler (1905)

ZF (on+p)°

n=|

Proof. The Laplace transform of the Riemann—Liouville frac-
tional integral operator is given by Erdelyi et al. (1954),
Srivastava and Saxena (2001)

L{oD;"f(t);p} = p~"F(p) (16)

where F(p) is defined in (13). Now, applying the Laplace trans-
form to the both sides of (14), gives

L{N(1); p} = NoL{H1p.(t);p} — d'L{oD;"N(2); p}

- » o )k 1 2k+1+1
N(p) = No(/o e ;Fl+1+ +k) (k+%) (E) dl)
—d'p™"N(p)
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(- C)k(z) (2k+1+1)
[+k+5+1)T(k+3)
% /OQ e—p112k+l+]dt

0

0 (7C)A'(2)—(2A'+l+l)
= N,
°,§1‘(1+k+’5’+ DT (k +3)

N(p) +d'p"N(p) = NOZ i

T2k + [ +2)
p2k+l+2

Zm: (=) (2) T2k + 14 2)
= T(I+k+2+1)T(k+3)

cfrems -7 o

of (17),

Taking Ldplace inverse and by using

L Yp™it} = l’l(”]), (v) > 0 we have
o 2)° (zk+1+1)r(2k+1+2)
NG — eSS (0
L iNw)} Okz T(l+k+5+1)0(k+3)
{ dm — 2k+l+2+x>r)}
N =Noi(_c) )" N2k 4 1+ 2)

k=0 r<[+k+§+ ) (k+§)

[(2k+/+l+vr)

x {Z(l)rdw C(vr + 2k + [ + 2)}

N i (=) (2 T2k + 1+ 2) e
" Tl k5 DT (k+3)

= rpr "
X{Z(_l)d F(z>r+2k+l+2)}

_ - ( )kT(Zk +142) £ 2Kk
- Nozr(l+k+§+ ) (k +3) (‘)

- ropr t”r
X{Z(_l) d T(vr + 2k + 1 + 2)}

& (O Tk 142) R ,
N(’)_NOE T(/+k+E+1)T(k+3) (§> Evariia(=d't).

O

Theorem 2. If'd > 0,0 > 0,¢,b,l,t € C and R([)
solution of the equation

> —1, then the

N(t) — NoHyp o (d'1") = —dyD;"N(t) (18)
is given by the following Sformula

Z T2k + vl +2) (ﬁ) ot
No 1+ k +E)C(k+3) \ 2
X Ev‘2k(>+ul+2(_dl t”)v (19)

where E,pii12(.) is the generalized Mittag-Leffler function
(Mittag-Leffler, 1905).

Proof. The Laplace transform of the Riemann—Liouville
fractional integral operator is given by Erdélyi et al. (1954)

L{oD;"f(1);p} = p™"F(p) (20)

where F(p) is defined in (13). Now, applying the Laplace trans-
form to the both sides of (18), gives

L{N(t);p} = NoL{H.(d'1");p} — d' L{oD;"N(t);p} (21

N(p) = No </OOC e*f”gr(l_i_ 1 +(§—:)/;F(k+%) <¥> 2k+1+1dl>

—dp N p)

N(p) +d'p™"N(p)
2k+11 s
OZ (_C)k (%) o / e—ptt2kn+l»l+ndl
C(I+k+24+1)T(k+3)
0 (—c)k (d)2k+l+l

= Z 2

~T(I+k+2+ 1) (k+3)

I'2ko+vl4+v+1)
p2ku+vl+v+l

N ) = N < (=) ()" T ko + vl + v+ 1)
- O; C(l+k+2+1)T(k+3)

{p(kaval)f: {_ (?{) 7')] r}. (22)

r=0

Taking Laplace inverse of (22), and by using

L™Yp; 1} =L~ R(v) > 0 we have

F(z)) ’

k dn) 2k+1+1 (

. (-0 (& I'(2kv +vl+v+1)
L {N(‘”)}*N(’; D(I+k+52+1)T(k+3)

d)r —(2kv+vl+v+or+1)
r:()

o (e (VT (o / |
N(t)=NoZ( )" (%) (2kv+vl+v+1)

et F(l4+k+%2+1)C(k+3)

S tu(2k+/+r+ 1)
_1 ropr
% Z( yd I'(2kv+vl+or+v+1)

(=) (D)™ T (2ko + vl + v+ 1)
= T(I+k+5+1)T(k+3)
oo lvr'
v(2k+1+1) t a"
! {Z 2kz)+nl+vr—|—o+l)}

r=0

(—c¢ (2kv+ul+u+1) (dv)2k+/+1
F(l+k+ 4 )l"(k-o—%) 5

> o [
v(2k+1+1) —1Yd"
! {Z( )dr(2k0+ul+vr+v+l)}

Z 2kU+Ul+U+ )({)zkﬂﬂ
Mo l+k+ by NC(k+3) \2

X tl)(2k+l+l)El (2k+1+1) x>+l( ddt”)

Mg

=Ny

TTMS

This completes the proof of Theorem 2. [

Theorem 3. If d > 0,0 > 0,¢,b,1,t € C,a#d and R(l) > —1,
then the solution of the equation
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N(t) — NoHp(d't") = —a"oD,;"N(t) (23)
is given by the following Sformula:
NOZ T(2ko + vl 40+ 1) (i)zmm
/+k+ + 1) (k+3) \2
X t”(zk”“)Ev?(ZHM),)+1(—a”t”). (24)

Proof. Applying Laplace transform to the both side of (23) we
get

Lo{N(1); p} = NoL{Hp.(d'1"); p}

([ o dey
N(p)—N"(/o ‘ ;r(1+1+%+k)F(k+%><T> dt)

—d'p~"N(p)

—a'"L{oD;"N(t);p}

SIREAL
Tl +k+524+1)0(k+3)
% / P! ool g

: (o ()"
Z l+k+ + 1) (k+3)

(2kv+ul+v+1)

p2kv+ul+u+ 1

N(p) +d'p™"N(p) = Ny

NZ (ﬂf’)z"”+1 (2kv + vl + v+ 1)
0 C(i+k+2+ 1T (k+3)

X%WWMEP@W} 23

Taking Laplace of (25),
L'{pit} = r(u)v R(v) > 0 we have

inverse and by using

—c)" (“")zw+l T (2kv +vl+v+1)
C(l+k+2+1)T(k+3)

IW@}MZ

{3

V a’ 72ku+vl+u+vr+1)
r=0

i (fc)k(§)2k+l+ll"(2kv +ol4+v+1)
C(l+k+24+1)0(k+3)

k=0
0 , tv(2k+l+r+1)
% Z(—l)a I'(2kv + vl +vr+1)

0
oo (_C)k(£)2k+l+l (2kl)+l)l+2)
z F(lerk+2+ I (k+3) ’

(2k-+I+1)

k=0
00 tU"
—1 r_or
X{Z( Ve F(2k0+vl+vr+v+l)}

0
_ Noi( o) (2kv+vl+v+l)(dJ)Zk”“tv(ZHM)
<T(l+k+5+1)I(k+3) \2

=
» i( l)r o 1V
¢ I'(2kv+vl+or+v+1)

Z T(2kv 4 vl + v + 1 )(g)z’”’“
I+k+ + D (k+3)\2

x lv(2k+l+l>Ev7(2k+l+l)u+l (_av tu) .

3. Conclusion

In this work we give a new fractional generalization of the
standard kinetic equation and derived solutions for the same.
From the close relationship of the generalized Struve function
of the first kind H,(z) with many special functions, we can
easily construct various known and new fractional kinetic
equations.
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