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Abstract 

Terasawa, J., A construction of topological spaces rigid for continuous onto maps - an 

application of Shelah’s Lemma, Topology and its Applications 54 (1993) 13-18. 

Shelah’s Lemma in the title refers to a generalization of a weaker form of the Lawrentieff 

Theorem. 
A space X is called rigid for a class 9 of maps X + X if the identity 1, is the only 

nonconstant map belonging to 9. It has been widely known that there are metric continua which 

are rigid for all maps into itself. Here, applying Shelah’s Lemma, we show the following: 

Theorem. If a T,-space X has weight G A and each of its nonempty open set has cardinality > 2 ‘, 
then X contains a dense subspace A which is rigid for all maps onto itself. 
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AMS CMOS) Subj. Class.: Primary 54615; secondary 54CO5. 

Separation axioms are not assumed unless otherwise specified. 

A space X is called rigid for a class 9 of continuous maps X+X into itself if 

the identity 1, is the only nonconstant map belonging to E Following [4], let us 

call a space strongly rigid if it is rigid for the class of all maps into itself. Cook [l] 

showed that there is a metric continuum which is strongly rigid. Using different 

methods, Kannan and Rajagopalan [41 devised a construction scheme of connected 

strongly rigid nonregular T,-spaces. 
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It should be noted that nonconnected spaces could never be strongly rigid. The 
purpose of the present paper is to show the existence of wider classes of (not 
necessarily connected) spaces which satisfy a somewhat weaker form of rigidity, 
that is, rigidity for the class of all maps onto itself. In fact, our argument achieves 
more, that is: 

Theorem 1. If a TO-space X has weight G A and each of its nonempty open set has 
cardinality > 2 ‘, then X contains a dense subspace A which is rigid for the class of all 
maps onto itself. 

Similarly, we can show 

Theorem 2. If a TO-space X has weight G A, has an autohomeomorphism h of finite 
period, and each of its nonempty open sets has cardinality > 2”, then X has a dense 
subspace A such that h(A) = A and any onto map f : A + A is a homeomorphism of 
finite period satisfying f< x) E (orbit of x with respect to h) for every x E A, 

Note that, generally speaking, the existence of an autohomeomorphism h 
implies the existence of vastly many maps besides h’ with i E Z. The situation 
could be illustrated in the following way. Suppose, for example, X is T2, O-dimen- 
sional and has no isolated points, and h has period 4. Then clearly there are three 
clopen sets Ui, i = 1, 2, 3, so that h’(Uj) n U, = fl for all i, j, k = 0, 1, 2, 3. Define 
f:X+X by 

1 

h(x), if x E U, U h”(U,) U U :=Ohi(U3), 

f(x) = h*(x), if x~h(U,) uU2uh2(U2), 

X, otherwise. 

Then f is an autohomeomorphism of X, has points of period 1, 2, 3, 4, and is not 
of the form h’. 

1. Shelah’s Lemma 

Shelah [6, Lemma 21 essentially showed the following lemma. This had been 
shown only for complete metric spaces using Lawrentieff s Theorem [3, 4.3.201 and 
widely used in [2,7,8,9, etc.]. 

Lemma 3. Suppose that topological spaces X, Y are given so that 
(1) w(Y)<h and Y is TO, and 
(2) X has < u many open sets. 
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Then there is a collection {g, I (Y < p”) of continuous maps from subsets of X to 
subsets of Y such that any map from a dense subspace of X onto a dense subspace of 
Y can be extended to some g,. 

Proof. Let {V, I a < A) be an open base of Y and Z! be the collection of all 

nonempty open sets of X. There are at most p” many functions from A to Z. 

Consider such a function {U, I a < A} which satisfies that, for all (Y, p, ZJ, n UP # (d 

iff V, n VP # @. For such a function, let G be the subset of the product set XX Y 

consisting of points (x, y) such that for all (Y, x E U, iff y E V,. 

There are at most F” many such sets G. We claim that G is in fact a function 

from a subset of X to a subset of Y, is continuous, and that every continuous map 

from a dense subspace of X onto a dense subspace of Y is extended to one of 

these G. 

First, suppose that (x, y) and (x, z> E G. If y fz, then there is an (Y such that 

y E V, i4 z or y e V, 3 z, because Y is a TO-space. Suppose the former occurs. 

Then by the definition of G, we have x E U, and hence z E V,. This is a 

contradiction. Thus (x, y> and (x, z> E G imply that y =z, and that G is a 

function. We can now write G(x) = y in place of (x, y) E G. 

Now the definition of G easily implies that G-‘(V, f? (Range G)) = U, n 
(Domain G). This means that G is a continuous function. 

Let f : A -B be any map from a dense subset A of X onto a dense subset B 
of Y. Since V, n B f 0 is an open set of the subspace B, fP’(V, n B) is a 

nonempty open set of A, and hence, we can take an open set U, E % such that 

I!/, nA =f-‘(V, n B). It is easy to check that for all (Y, p, U, n UP f fl iff 

V, n VP # 6, because A and B are dense subspaces of X and Y. Consider the 

above function of G for this {U, I a < A}. Then, for x EA, we have x E U, iff 

f(x) E V, n B iff f(x) E V,, and G(x) = f(x). Thus G extends f. 0 

Quite similarly, the following can be shown. In fact, Shelah gave his lemma in 

this form for A = w. 

Lemma 4. If TO-spaces X and Y haue weight G A, then there is a collection 
{g, 1 a < 2”} of homeomorphisms from subspaces of X to subspaces of Y such that 
every homeomorphism from a dense subspace of X onto a dense subspace of Y can be 
extended to some g,. 

2. Proof of Theorem 1 

Let X be the space satisfying the condition of Theorem 1. Let {UC 15 < Al be an 

open base of X, and fix a collection .57 = {g, I a < 2”) of continuous maps between 

subspaces of X so that every continuous map between dense subspaces of X can 

be extended to some g,. The existence of this collection is assured by Lemma 3. 
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Let K:2’ = 2” x A + A be the natural projection. Then, for each 5 < A, we have 

) K- ‘(5) 1 = 2”. 

By transfinite induction on cr < 2”, we shall construct subsets A, and B, of X 

suchthat{A,)r,{B,)7, AUnB,=@ and IA,UB,\ ~1al.o. 

First of all, let A, = B, = I$. 

For a limit ordinal (Y, let A, = U p ._AP and B, = U B<olBp. 

Suppose that A, and B, have been defined. Then let .!?‘(a> = {g E 55’ lif y PA, 

and y E Range g, then g-‘(y) c B, U {yj}. If g, E 577(a), then there should exist a 

point y @A, such that y E Range g, and g;‘(y)pB, u (y}. Take any point 

x ~g;‘(y)\B, U {y} and define Ab, =A, U ix) and BA = B, U {y}. If g, ~%‘(a), 

then let A& =Aol and BA = Ba. 

Moreover, let ~(a) = [. Since 117~ 1 a Ii!“, we can take a point z E U*\A& U BL. 

Now define A,+,=A&u{z} and B,+,=BA. It isobvious that A,+,nB,+,=$ 

and \A,+,UBa+lI G l(~1.0. 
Finally define A = lJ a<2hAC( and B = U n <2~Bu. Clearly we have that A n B 

= #. 
For any 5 <A and (Y < 2”, we can take p > (Y so that K(P) = 5. It follows that 

ZJ,nA,+,\A,#@,andthat U,nA\A,+fl.Thatis, A\A, isadensesubsetof 

X for any (Y < 2A. Then A is also a dense subset of X. 

Now let f : A -A be any onto continuous map. Then f can be extended to 

some g,. If g, P 57((w), then there should exist a point x EAT+, such that 

g,(x) EB,+I - cB. This is a contradiction, because x EA, g,(x) =f(x) EA and 

A n B = fd by construction. 

So we have g, E ??(a>. Hence, if y @Aa and y E Range g,, then g,‘(y) G B, 

U {Yl. 
Let y EA\A,. Since y E Range fG Range g,, we have g;‘(y) CB, U (yj. 

Noting that g, is the extension of f, f-‘(y) cA and A n B, = @, we have 

f-‘(y) = 1~1, that is, f(y) =Y. 
The density of A \A, implies that f = 1,. Therefore our A is the required rigid 

space. 

3. Proof of Theorem 2 

Let p be the period of h and O(x) = {h’(x) 10 G i <p} denote the orbit of x 

with respect to h. 

The first part of the proof goes quite similarly as above, except that 5%~) is now 

the set {g E ZY lif y E A, and y E Range g, then g-‘(y) E B, U O(y)}, and that 

h(A,) =A,, h(B,) = B, and A, n B, = fl should be achieved at every stage. That 

is, if g, @YYa, then take y @A, and x Eg;‘(y)\B, Ufl(y), and define AL =A, 

U 0(x>, B,, , =B:,=B,u&?(y),and,forz~U~\A&UB~, A,+,=A&Ufl(z). 

So we have disjoint sets A = U u <2A A, and B = U a < 2~ B, in which h(A) = A, 

h(B)=B and A\A, is dense in X. 
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Now let f : A + A be any onto continuous map. Then f is extended to some g,. 

As above, we have g, E g(a) and hence, if y EA \A, then g;‘(y) cB, U 0(y). It 

easily follows that f- ‘( y ) c R(y), because g, extends f, f-‘(y) cA and A n B = 
@. That is, we have f-‘(n(y)> &fin(y). Since n(y) is a finite set, this means each 

f- ‘(h’(y)) should b e a singleton. In particular, each f-‘(y) is a singleton. So, we 

have f-‘(n(y)> =0(y). Therefore, for x E~-‘(A \A,), we have x =f-‘(f(x)) = 

h’( f(x)) for some i and hence that h “-‘(x> = hP-i(h’(f(x))) = hP(f(xN =f(x). 
That is to say, for x l f-‘(A \A,) we should have f(x) E a(x). 

We must show that f-‘(A \A,) =A \A,. To that end, first take x E~-‘(A\ 

A,). Then we have x PA,, because otherwise f(x> E 0(x) cfl(A,) =A,. Thus 

f-‘(A \A,) CA \A, is easily observed. 

Conversely, suppose that x @A, and f(x) EA,. We will deduce a contradic- 

tion. Let x =x0. Since f(A) =A, we can take a point x, EA in which f(x,) =x0. 

Since x, E~-‘(A \A,), we have x, @A, as seen above. x0 =S(x,> E 0(x,> implies 

that x, E 0(x,>. Proceeding similarly, we take xitl EA, for each i E N, so that 

f(xi+ ,) = xi. Since xi+, of-‘(A\_4,>, we have xi+, 4A, and xitl E~(x~> = 

0(x,>. Since 0(x,,> is a finite set, there should exist i, j such that x, =x,. Now 

take the smallest i so that xi =xj for some j > i. If i > 0, then by construction we 

have f(x,) =x,-t and f(Xj) =x,-,. which is a contradiction. Hence i = 0 should 

hold. Then take the smallest j > 0 so that x0 =xj. This is a contradiction too, 

because x, ~, =f<x,) =f(xo> =f<x> =A,. 
Thus we have f-‘(A\A,) =A \A,. Therefore we can say that f I A \A, is 

injective and f(x) E 0(x> for any x E A \A,. Now, because A \A, is decomposed 

into finitely many sets, on each of which f coincides with some hi, it is easy to 

observe that f(x) E 0(x> for all x EA. 

For x EA \A,, f’(x) =f(h’(x)) = h’(h’(x)) = h’+‘(x) etc. holds. So, we have 

(f”(x) I n > 0) c0(x>. Since 0(x> is a finite set, there are II > m such that 

f”(x) =f”(x>. Injectivity of f on A\A, implies that f”-“(x) =x, that is, 

x E {f”(x) I II > 01. For each x EA \A,, take the smallest positive integer n = n(x) 

such that f”(x) =x. Then we have {f”(x) I n a 0) = (f’(x) (0 G i G n(x)) cfXx>, 
and hence n(x) GP. 

Let s =p!. Then setting s = n(x). Y, we have f”(x) = (f”‘“‘)‘(x) =x for all 

x EA\A,. Since A \A, is dense in A, this implies that f”(x) =x for all x EA. 

Thus f is an autohomeomorphism on A of finite period. 
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