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1. Introduction

The dynamical system for a free rigid body on SO(3), which is nothing but the dynamical system of the geodesic flow on
S0O(3) with respect to a left-invariant Riemannian metric from the viewpoint of differential geometry, is a typical example of
completely integrable systems. The motion of a free rigid body can be described by the Euler equation posed on the angular
momentum, after using the symplectic reduction procedure. By means of the two first integrals, the kinetic energy and the
norm of the angular momentum, the integral curve of the Euler equation coincides with one of the connected components
of the intersection of the quadric level surfaces of the first integrals, which is generally a (real) smooth elliptic curve. From
the viewpoint of the theory of integrable systems, often considered is the Manakov equation,

%(M—FAJZ) =[M+1% 2 +1d],
which is a Lax equation with a complex parameter A, equivalent to the Euler equation. By the preservation of the eigenvalues
of the matrix M + AJ?> appearing in the left-hand side of the Lax equation, it is natural to consider the spectral curve
associated with the Manakov equation, which is an affine cubic curve in C? and whose completion is, in general, a smooth
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elliptic curve. It is known that the above two elliptic curves are isogenous. (This was shown by L. Haine in [7]. See also [4]
or [12].) On the other hand, the eigenvectors of the matrix M + AJ? give rise to holomorphic line bundles over the spectral
curve parameterized by the integral curve. In other words, these eigenvectors describe a family of holomorphic mappings
of the spectral curve to the complex projective plane P,(C) with the parameters in the intersection of the quadric level
surfaces.

As to the eigenvector mapping associated with a general Lax equation, P. Griffiths makes a cohomological interpretation
of the linearization of the flows on the Jacobian variety of the spectral curve for a large number of integrable systems
including the free rigid bodies. See, e.g., [6,2,4] for more detail. For the three-dimensional free rigid body, this eigenvector
mapping can be utilized to give the isogeny between the quadrics intersection and the spectral curve. See [7] or [4] for
these.

In comparison with these works, the present paper gives further study on the eigenvector mapping for the three-
dimensional free rigid bodies from the viewpoint of the theory of complex algebraic surfaces. In fact, it is quite natural
to regard the eigenvector mapping associated with the Manakov equation as a rational mapping to the complex projective
plane from the product of two elliptic curves, one of which is the intersection of two quadric level surfaces and the other
of which is the spectral curve. However, the structure of this rational mapping itself does not seem to be clear. The aim of
the present paper is to study this rational mapping from the view point of the theory of complex algebraic surfaces. As the
main result, the eigenvector mapping can be understood as the double covering of the Kummer surface associated with an
Abelian surface of product type, which is the double covering of P,(C) branched over the sextic curve canonically defined
by the dynamical system.

It is very interesting that the eigenvector mapping for the SO(3) free rigid body is related to the geometry of the Cremona
transformation of P,(C) and a certain (generalized) del Pezzo surface of degree two, which is obtained from P,(C) through
blowing-ups with special seven points as its centres. Furthermore, it is shown that there are some elliptic fibrations of the
Kummer surface onto P1(C), which are related to the free rigid body dynamics.

The structure of the present paper is as follows: In Section 2 of the present paper, a brief review is given on the free
rigid body dynamics. The formulation of the problem is given in Section 3. The main theorem is stated at the end of this
section. The proof of the main theorem is given in Section 4, and included are the detailed description of the structure of
the eigenvector mapping as a rational mapping, several important elliptic fibrations of the Kummer surface in relation to
the dynamical system, the intrinsic characterization of the Cremona transformation of P,(C), and the associated del Pezzo
surface of degree two.

2. Free rigid body dynamics

In this section, presented is a brief review on the free rigid body dynamics. See, e.g., [1,3,4,11] for more detail. It is well
known that the motion of a free rigid body can be described by the Euler equation

d _
d_15=p><(A 1p). (2.1)

Here, p € R3 is the angular momentum, x is the exterior product of R> with respect to the ordinary Euclidean metric,
and A stands for the inertia tensor of the rigid body, which is in fact a positive-definite 3 x 3 symmetric matrix. The most
important property of the system (2.1) is that there are two first integrals: the energy H(p) = % pTA=1p and the half of

the squared norm of the angular momentum L(p) = %pr, p € R3. Here, the superscript T denotes the transposition of
matrices. The intersection of (2.1) coincide with a connected component of the intersection of the quadric level surfaces of
these first integrals, which can be described by

1 2 1 2 1 2
—pi1+ —p3+ —p3=2h,
Pt pPat P (2.2)
pi+pi+pi=2L

with a suitable coordinates which diagonalize the matrix A into diag(l, I, I3). Here, h and [ are the values of H and L, re-
spectively, determined by the initial conditions. With the further transformation p; = «/—2!1‘(—2, p2= \/—21%, p3= —21%,

1= ;—0 I = % I3 = % and % = a3, the equation of the quadrics intersection can be written as

2 2 2 2
aoXxs + a1xy + axx; +azx; =0,
[ 0 14 2 3 (2.3)

X2 +x34+x5+x=0.
As will be seen in the next section, this equation defines an elliptic curve.
Through the Lie algebra isomorphism R : s0(3, R) S (R3, %), given by

P1 0 -p3 p2
p2 )= | p3 0 -p1),
p3 —p2 D1 0
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the Euler equations transformed into

M _ [M, 2] (2.4)

dat T ’
where M = R~ 1(p), 2 =R1(A~'p) e s0(3) are related by M = J§2 + £2J, where J is the symmetric matrix determined
by A. If we assume that A = diag(lq, I2, I3), we can set J =diag(J, J2, J3), such that I{ = J, + J3, I = J3 + J1, and
I3 = J1 + J2. It is easily checked that the Euler equation (2.4) is equivalent to the following Lax equation

%(M—l—AJZ) =[M+ 1% 2 +4J]

with a parameter A € C, which is called the Manakov equation [9]. Since the eigenvalues of the matrix M + AJ? is invariant
along the integral curve, one is led to consider the characteristic equation

det(M + AJ* — LE) =0, (2.5)

where E stands for the unit matrix. If we regard (2.5) as the equation posed on (i, i) € C?, it defines an affine cubic curve.
The curve, as well as its completion in P,(C), is called the spectral curve associated with the Manakov equation. It is to
be noted that the spectral curve is, in general, an elliptic curve which is defined independently of the variables p1, p2, p3,
since (2.5) is written as

(J3n— ) (J3n — ) (J32 — ) +2h'A — 21 =0,

where the coefficients J2, J2, J3, and ' = 1(J2p? + J3p3 + J%p?) are the invariants of the dynamical system. In fact, we
have

(Ih + 12+ 13)2 =41 I, + L2153 + 1311)l
2 )

Further, we can consider the eigenvector of the matrix M + AJ%. We choose the parameters I, I, I3, h, and | to be
generic. Then, for any point (p1, p2, p3)" in the integral curve (2.2) and for any point (A, ) € C? in the spectral curve (2.5),
the eigenvector (x, y, z)T € C> which satisfies

AMi-m —p3 p2 N
p3 AME—um —p (J’) =0, (2.6)
z
—p2 p1 e
is uniquely determined up to the scalar multiplication. Now, we have a correspondence of the point in the product of the

integral curve and the spectral curve to the eigenvector. The aim of the present paper is to study this correspondence from
the complex algebro-geometric point of view.

h= I1113h +

3. Eigenvector mapping as a rational mapping

Following the review of free rigid body dynamics given in the previous section, we will formulate the problem in order
to study the eigenvectors of the matrix M + AJ? from the viewpoint of the theory of complex algebraic surfaces. For this
purpose, all variables and parameters are assumed to be complex numbers.

Keeping the integral curve of the Euler equation (2.1) in mind, we consider the algebraic curve C in P3(C) defined by
(2.3), where we regard not only (Xg : X1 : X2 : x3) but also (ag : a; : az : asz) as the homogeneous coordinate systems of two
complex projective spaces. Recall that the parameter (ag : ap : ay : az) were originally coming from the constants Iy, I, I3,
h, and | of motion. As to the structure of the curve C, we have the following well-known proposition.

Proposition 3.1. If ag, a1, ay, and as are distinct, then the space curve C defined by (2.3) is a smooth elliptic curve, which is isomorphic
to the double covering of P1(C) = C U {00} branched at ay, a1, az, and as.

For the proof, see, e.g., [4] or [12].
On the other hand, the spectral curve associated with the Manakov equation defines an affine cubic curve C’:

(J3n—w)(J3n — ) (J32 — ) +2h'A — 2lp =0. 31)

The completion in P,(C) of this algebraic curve is denoted by the same symbol. We easily have the following proposition.

For brevity, we set
h/

b0=T, by = J3, by = J3, by = J3.
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Proposition 3.2. If by, by, by, and b3 are distinct, the completion C’ of the plane algebraic curve (3.1) is a smooth elliptic curve, which
has the structure of the double covering of P1(C) = C U {oo} branched at by, b1, by, and bs.

In fact, the two elliptic curves C and C’ are isomorphic. For the proof, see [4] or [12].

Now, let us assume the generic condition that bg, by, by, and b3 are distinct. If we choose a point (p1, p2, p3) in the
quadrics intersection C and another (i, ) in the spectral curve C’, we have the (non-zero) eigenvector (x,y,z)T € C3
satisfying

bix—n  —p3 P2 X
p3 boh—p  —p1 (y) =0. (3.2)
—p2 P1 b3 —p/

Since the eigenvector (x, y,z)T is unique up to scalar multiplication of non-zero complex numbers, it is thought to define
a point in P,(C). We regard (3.2) as a rational mapping from the product C x C’ of the elliptic curves to P,(C), which is
denoted by

f:CxC —...—> Py(C).

The following theorem is the main results of the present paper.

Theorem 3.3. There is a Kummer surface F between C x C’ and P, (C), such that the eigenvector mapping f factors as the composition
of two 2 : 1 rational mappings as follows:

f
Cx(C — Py(C)
N ~
F
The mapping C x C' — --- — F is the one given by the quotient by the canonical involution of the Abelian surface C' x C’ followed by

the blowing-ups and composed with an isomorphism between C x C' and C’ x C’.

This theorem will be shown in the next section. The structures of the two Abelian surfaces will be clarified in Section 4.6.
4. Algebraic geometry of the eigenvector mapping
4.1. Projective geometry associated with the eigenvector mapping

In order to characterize the rational mapping f :C x C' —--- — P5(C) from the viewpoint of the theory of complex

algebraic surfaces, we determine the variables (p1, p2, p3) and (A, u) for any given point (x:y :z) € P2(C) through (3.2).
Eq. (3.2) can be written as

biix = ux+ p3y — p2z, (41)
byry =y + p1z — p3x, (4.2)
b3iz =z + pax — p1y. (4.3)

From x x (4.1) + y x (4.2) + z x (4.3) and the formula (x, y, 2)T{(x, y, 2) x (p1, p2, p3)} =0, we have
wo b]X2 + b2y2 + b3Z2

N er iz (4.4)
Further, Egs. (4.1), (4.2), and (4.3) are rewritten as

yp3 — zp2 = (b1 — )x, (4.5)

zp1 —xp3 = (baA — )y, (4.6)

xpz — yp1 = (b3r — pyz. (47)

Adding up the squares of (4.5), (4.6), (4.7) and by using the formula |(x, y,2) x (p1, P2, P3)I> = |(%, ¥, 2)|*|(P1, P2, P3)|* —
|(x, ¥, 2)(p1, P2, p3)"I?, we deduce

52 (b1 — b2)?x2y? + (by — b3)?y?2? + (b3 — b1)?2°x?

2 2 2 2
=2l z
(xp1 + yp2 + 2p3) **+y +2%) 2ty

(4.8)
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From (3.1) and (4.4), we have

2 —2h 4+ 2I(u/2)
SR/ DUE = /MU= /v
B 21(x* + y* + 22)*{(b1 — bo)x* + (b2 — bo)y? + (b3 — bo)z?}
~ {(b1 — b2)y% + (b1 — b3)z2}{(ba — b3)Z2 + (by — b1)x2}{(b3 — b1)x% + (b3 — b2)y?}’

Through (4.4), (4.8), and (4.9), we now observe that it is necessary to take a bi-double covering of P,(C), in order to
determine the variables (p1, p2, p3) and (A, i) from (x: y : z). For this, we can utilize the following homogeneous variables:

R )
= - ,
_ Xp1+ Yp2 +2p3
==

In fact, we have, from (4.8) and (4.9),

o2 — b — b2)y? + (b1 — b3)z?H{(by — b3)z% + (by — b1)x*}{(b3 — b1)X? + (b3 — b) y? } (410)
(b1 — b)x? + (bz — bo)y? + (b3 — bo)z? '

2 (b1 — b2)?(bo — b3)x?y? + (by — b3)?(bo — b1)y?2* + (b3 — b1)?(bo — b2)22x2
(b1 — bo)x? + (bz — bo)y? + (b3 — bp)Z?

and Eqs. (4.5), (4.6), and (4.7), together with xp1 + yp2 + zp3 = v/=21Z (x* + y? + 2?), yield

Xt + (by — b3)yz
=y-2l——"
P1 p

_ \/—_Zlyf + (b3 — b1)ZX’
o

(4.9)

(411)

3= \/ijT + (b1 — bz)Xy '
log
Furthermore, we can deduce from the definition of o and from (4.4)
V=202 4+ y? 4+ 2%
p )
_ V=2l(b1x* + byy* 4 b3z?)
o

A=

Hence, we can determine the points (p1, p2, p3) € C and (A, ) € C’ for any given point (x: y : z) € P2(C) by means of o
and t. In other words, an isomorphism is given between the product C x C’ of the elliptic curves and the bi-double covering
A of P»(C) described as (4.10) and (4.11).
For the later convenience, we put x = +/by —b3X, y =+/bs —b1Y, z= b1 —byZ, 0 = (b1 — by)(by — b3)(bs — b1)S,
= +/—(b1 —b2)(b2 —b3)(bs —b1)T, and ¢y = (bg — b1)(b2 — b3), c2 = (bg — b2)(b3 — b1), c3 = (bo — b3)(by — by). Then,
(4.10) and (4.11) are written, respectively, as

(X2 _ YZ)(y2 _ ZZ)(zZ _ XZ)

s?=
c1X2+cY2 4322

, (412)

and

c1Y2Z2 + 372 X% 4+ c3X2Y?
72 _ ¢ T T (413)
c1X2+cY2 4322

Note that c¢q + ¢ + ¢3 =0 is satisfied. In order to prove Theorem 3.3, we describe the bi-double covering of P,(C) given by
(4.12) and (4.13) step by step. Denote the double covering (4.13) by d; and the one (4.12) by d;. The branch locus of the
bi-double covering is the sum of the following divisors:

Qo:C1Y2Z2 + 2 Z2X% +¢3X%Y? =0, Cop:c1X*+cY%+ 372 =0,
Ci:Y%2-Z7%2=0, Cy:Z°—X%=0, C3:X>—-Y?=0.

In fact, the branch locus of the double covering d; consists of Q¢ and Cg, while that of d, consists of Cg, Cy, Co, and Cs.
The conics Cq, C,, C3 are pairs of lines. Let us denote the irreducible components of Cq, Cz, and C3 by
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CFiY==%Z, (F:Z=%X, C(F:X==Y,

and the four points where three of C f C; and C;E meet together by
Po=CNCINCy:(X:Y:Z)=(1:1:1), P1=CINC NG :(X:Y:Z)=(-1:1:1),
P,=CiNCyNCy:(X:Y:Z)=(1:-1:1), P3=C;NC, NC:(X:Y:Z)=(1:1:-1).

It is to be noted that all the conics Co, Cq, C2, and C3 are included in the pencil £ of conics passing through the four points
Pg, P1, P2, P3. In particular, the conics Cq, Cy, and C3 are the singular conics in £. Any conic in £ is described as

X’ + @Y +a3z* =0, (414)

which we denote by C(q,:ay:a3), and where, for the parameter (o : o : a3) € P2(C), a1 + a2 + a3 = 0 is satisfied. The
smooth conic Cy trivially corresponds to the parameter (o1 : &y : 3) = (€1 : €3 : ¢3), while the singular conics Cq, Cy, and C3
correspond to the parameters (o¢q :op:w3) =(0:1:—1), (—=1:0:1), and (1:—1:0), respectively. Further, the quartic Qg is
tangent to the conic Cy at each point Py, Py, P2, and P3, and has double points at

Py:(X:Y:Z2)=(1:0:0), P5:(X:Y:Z2)=(0:1:0), Pe:(X:Y:Z2)=(0:0:1),

where the pairs ct, Czi, and C3i of the two lines intersect, respectively. For the later convenience, we denote the diagonal
lines PsPg: X =0, PgP4:Y =0, and P4P5:Z =0 by G4, Gs, and Gg, respectively. Note that each of these diagonal lines
are tangent to one of the branches of the quartic Qg at its singular points P4, Ps5, and Pg.

Here, we mention two families of curves in P,(C), which play important roles in the study on the elliptic fibrations of the
Kummer surface F below. These families are also closely related to the Cremona transformation as mentioned in Section 4.3.
First, we take the net of cubic curves which pass through the seven points P; (i=0,1,...,6). A general member of the net
is given in the form

BrX(Y2 = Z2) + B2Y (2% — X?) + BsZ(X* — Y?) =0, (4.15)

which is denoted by Dg,.g,:8,), SO that the net is as a space identified with the projective plane P2(C): (B1: 82 : f3). We
consider the conic M in the net defined by cq /312 + czﬂg + C3,332 =0, and we see that M consists of the members tangent
to both Co and Qg. The singular member of M are D1.+1.+1), each of which are a triple of three lines as follows:

Daany=Cl+C5 +C5:(X=Y)(Y —2)(Z-X)=0,
D11y =C +C, +C5 : (X+Y)(Y —Z)(Z+X) =0,
D1y =Cy +CF +C5 (X +Y)(Y +2Z)(Z - X) =0,
Doy =C; +C5 +CF : (X = Y)(Y + Z)(Z+ X) =0.

The tangent point of D g,.s,:s,) for (81:82:83) #(1:£1:%1) and Co is (X:Y : Z) = (B1 : B2 : B3), while the tangent point

of Dg,:g,:5) and Qo is (X :Y : Z) = (B283 : B3p1: f1B2).
We can also consider the pencil A/ of quartic curves having double points at Pg, Py, P2, P3. Any member of the pencil
N of quartic curves is given as

Y222+, 72X? + 3 X2Y?2 =0, (4.16)

where (y1: 2 : y3) € P2(C) satisfies y1 + y2 + y3 = 0. We write this quartic curve (4.16) as Q(y;:,:y5). The singular member
of the pencil A/ are

Quoi1i—1) =Cf +C; +2G4: X2(Y — 2)(Y + 2) =0,
Q101 =C +C; +2Gs: Y2(Z - X)(Z+X) =0,
Qei:-1:0) = C3 +C5 +2Ge: Z*(X - Y)(X+Y) =0.

From the viewpoint of the original setting for the eigenvector mapping, it should be mentioned that the pencil £ of
conics corresponds to the images of the members in the family of the holomorphic mappings of the integral curves into the
projective plane parameterized by the point in the spectral curve,

fo9:C—>P2A0), (A, weC,

which is given by fixing the point (A, i) € C’ for the eigenvector mapping f : C x C’ — P3(C). In fact, the images f(/)\-,ll)(c) C
P»(C) are described by (4.4), or by C(q;:ay:a3) With (01 1zt 3) = ((w —b1A) (b2 —b3) : (w —b2)(b3 —b1) : (v —b3) (b1 —b2)).
Regarding the eigenvector mapping as such a family of the holomorphic mappings of the spectral curve, L. Haine proved
that the integral curve and the spectral curve are isogenous. Note that this kind of viewpoint is standard in the theory



S176 . Naruki, D. Tarama / Differential Geometry and its Applications 29 (2011) S170-S182
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Fig. 1. Blowing-up with the centre at Py and the double covering d;.

of integrable systems. See [4,6,7] for these. On the other hand, the family M of cubics is the images of the members in
the family of the holomorphic mappings of the spectral curve into the projective plane parameterized by the point in the
integral curve,

fy:C" = P2(C), MeC,

which is given by fixing the point M € C for the eigenvector mapping f. Using (4.4), (4.5), and (4.6), the images f};(C’) are
shown to be given by

p1x{(b1 — b2)y* + (b1 — b3)z*} + pay{(bz — b3)z* + (b2 — b1)x*} + p3z{(b3 — b1)x* + (b3 — b2)y*} =0,

or by D (y:8,:85) with (B1:82:83) = ( bzl—b3 : bsz—bl : b?s—bz)'

4.2. Three rational surfaces and Kummer surface F

We describe the double covering by (4.13). Since the three points P4, P5, and Pg, are the double points of the quartic
curve Qg, which is an irreducible component of the branch locus of the double covering di, we blow up the original
projective plane P,(C) with these three points as the centres, separately. The resulting surface is denoted by R3. Further,
since the points Pg, P1, Py, and P3 are the tangent points of the irreducible components Qg and Cq of the branch locus, we
blow up P3(C): (X :Y : Z) with these four points as the centre, and subsequently with the four intersection points of the
proper transforms of Qg and Cy through the first blowing-ups. The exceptional divisors over P; (i =0, 1, 2, 3) are denoted
by Ei1 and Ej 3, according to the order of the blowing up. The exceptional divisors over the three points P4, Ps, and Pg
are denoted by F4, Fs5, and Fg, respectively. The proper transforms of Qg and Cg are written as Qg and Cg, respectively.
We denote the intermediate surface obtained through the seven-point blowing-up in P; (i=0,1,2,3,4,5,6) by R7. Note
that Ry is a so-called generalized del Pezzo surface of degree two. (See [10] for more details about del Pezzo surfaces.) The
finally obtained surface from Ry through the four-point blowing-up is denoted by Rii. Note that Qo and Co are disjoint
from each other on Rq;. At this stage, the branch locus Qg + Cp is non-singular and the double covering by (4.13) provides
two copies Cl’f and C,;’i of the line Cki, k =1, 2, 3. Further, this double covering d; also supplies two copies EQ.] and E;f]
of the exceptional divisor E; 1, i=0, 1,2, 3. The procedure of the blowing-ups followed by the double covering is described
around Pg and around P4 in Figs. 1 and 2, respectively. All the irreducible components in the last of these figures has
self-intersection number —2.

Since the singular points of the sextic Qg + Cp are simple, the covering surface F by d; over the 11-point blowing-up of
P, (C) is shown to have the trivial canonical bundle from IIl. Theorem 7.2 or V. Section 22 in [5], so that we can conclude
that F is a K3 surface. (The four singular points Pg, P, P2, and P3 are of type A3 and the three P4, Ps5, and Pg are of
type A;p. See, e.g., II. Section 8 of [5] for these.) In fact, F is a Kummer surface. This can be shown as follows: Pulling back the
rational function (4.12) through d; : F — P(C), it is naturally seen that the double covering d induces a double covering of
F, which we denote by d,. The branch locus of d; is the sum of the 16 disjoint (—2)-curves lei, C;/i, i=1,2,3,and Ej >,
j=0,1,2,3. Note that the pulling back of the quadric curve Co through the double covering d; is out of the branch locus
of dy. Since every K3 surface which has a double covering branched along disjoint 16 (—2)-curves is a Kummer surface (cf.
VIIL. Proposition 6.1 in [5]), F is a Kummer surface. However, in order to show that F is the Kummer surface obtained from
the Abelian surface C’ x C’ by means of its canonical involution, we have to look into the details of the eigenvector mapping
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Fig. 2. Blowing-up with the centre at P4 and the double covering d.

Fig. 3. Hexagonal dual graph G.

and the surface F. As before, the double covering of the Kummer surface F through d, is denoted by A. Note that there is
an isomorphism between A and C x C’, as was mentioned in Section 4.1.

4.3. Cremona transformation

Through the argument in the previous subsections, we observe that the roles of the two curves Cyp and Qg are sym-
metric. This can be clarified by the action of the Cremona transformation ¢ : X %, Y — %, Z %, which gives rise to a
holomorphic involution of the surface Rs. It is easily seen that ¢ maps Cp onto Qg and vice versa. This involution of Rj,
which we denote by the same symbol ¢, is naturally lifted to the generalized del Pezzo surface R7, for the fixed points of
¢ are Po, P1, P2, and P3, which are the centre of the blowing-up R7 — Rs3. The exceptional curves Eq 1, E1,1, E2,1, E31
exactly form the fixed-point set of ¢. The proper transforms of the six lines CZ, C;E, C;E are (—2)-curves and each of them
is mapped onto itself by ¢, so that their quotient are six (—1)-curves of the quotient surface R3/(t), which are disjoint from
each other. By blowing them down separately, we obtain again a projective plane on which we have the six special points
as the images of Cji (j=1,2,3) and the four special lines as the images of the quotient of E;; (i =0,1,2,3). The six
points are exactly the intersection of the four lines. This suggests us another construction of R7, to which we return later in
Section 4.5. Instead, we will explain the process from R3 to R7, emphasizing the role of the involution ¢. In fact, the centre
of the further blowing up R7 — R3 was the fixed point set of ¢.

Now, forgetting the explicit construction of R3 and R7, we denote by V3 the blowing up of P,(C) with arbitrary three
non-collinear points as its centre. As is well known, there are exactly six (—1)-curves on V3 whose intersection behavior is
described as the hexagonal dual graph G (see Fig. 3).

In order to obtain P,(C), it suffices to blow down three disjoint (—1)-curves. We have essentially two possibilities for
the choice of the three. There is a canonical homomorphism of the holomorphic automorphism group Aut(V3) onto the
automorphism group Aut(G) of the graph G, which is isomorphic to the dihedral group of order 12. The only non-trivial
central element of Aut(G) is the antipodal mapping, which is induced by the original involution ¢. On the other hand, we
can prove that any element of Aut(V3) which induces the antipodal mapping is an involution. We call such a holomorphic
automorphism of V3 a Cremona involution of V3. We can even prove that all Cremona involution are conjugate to each
other, i.e. they are essentially unique. Now, if we pick up a Cremona involution Y, then it has exactly four fixed points and
we obtain the four-point blowing-up V7 of V3 with these four points as the centre. The involution x is naturally lifted to
an involution of V5.

We mention the relation between the Cremona transformation ¢ and the families of curves £, M, and N. By (4.14)
and (4.16), a member C(g;:¢:ay Of £ is mapped through the Cremona transformation ¢ onto the quartic curve Q (o;:ay:a3)
in WV, and visa versa. On the other hand, each member Dg,.5,.5,) of the family M of cubics is invariant through ¢, which
is obvious from (4.15).
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4.4. Elliptic fibrations of the Kummer surface F

It is widely known that the structure of elliptic fibrations play a crucial role in the study of K3 surfaces. See, e.g., [13]
for the detail. Here, we quote a general theorem on elliptic fibrations of K3 surfaces.

Theorem 4.1. (Cf. [13, Theorem 1].) Let V be a K3 surface. If there is an effective divisor D consisting of (—2)-curves and if D has
self-intersection number 0, then there is an elliptic fibration 7 : V — P1(C) which has D as one of its singular fibres.

Using this theorem, we can find several elliptic fibrations of the Kummer surface F.

e One can easily observe that the following disjoint four divisors consisting of (—1)-curves have self-intersection num-
ber 0:

2C0+Eo2+E12+E22+Esa,  2Fa+CT+Cm+CiT 4+,
2Fs+ChF+C+ Oyt +C) T, 2Fe+ T4+ O+ G+ (417)

By Theorem 4.1, we have an elliptic fibration 7t : F — P1(C) whose singular fibres are of type Ij; in Kodaira’s notation
[8] given as (4.17). Note that the divisors E(M, E} 1, E5 g, E%,]v qul, E/{q], E/2/,1' Eg/’] give rise to sections of the fibration
7o. It is obvious that these four divisors are the pulling-backs of the singular conics C1, C3, C3 and Cgy through the

covering di : F — P,(C). Thus, the elliptic fibration g is coming from the pencil £ of conics.

Remark 1. Each member C(q,.«,:a5) Of the pencil £ has the intersection with Co+ Qg at (X:Y : Z) = ( /;—1] = ;—22 = ;—33)

except Pg, P1, P2, and P3. In fact, these four points are intersection points of C(q,:a,:w5) and Qo. If we take the biholo-
morphic mapping Cy:ay:a5) 2 (XY 1 Z) > (oY + /—a3Z : /a1 X) € P1(C), it is easy to check the cross ratio of the

four points (X:Y:2)=(/gt: /& Va) CVad Ve v Ve Ve ve) Y&V —Ja) is —&, which
is equal to the one for the integral curve or the spectral curve, independently of (a1 : o2 : v3). Thus, the members of the
pencil £ give rise to elliptic curves whose j-invariants are constant with respect to the parameter (o7 : o3 : @3).

e Similar to the case of the previous elliptic fibration g, we can see that the following disjoint four divisors consisting
of (—1)-curves have self-intersection number 0:

2Q0+Eo2+E12+Ea2+E32, 2G4+ CF ¢+ ¢+,
2G5+ Cyt + 0 + Oy 407, 2Ge+ 3T+ 0T+ 0T+ 0 (418)

By Theorem 4.1, there is an elliptic fibration 71 : F — P1(C) whose singular fibres are of type I given as in (4.18). The
divisors EEM, E/l,l' E/Z,l‘ E/3’1, qul, E’{‘l, E/Z’J, E/3/,1 also gives rise to sections of 7r1. These four divisors in (4.18) are
pulling-backs of the singular elements in the pencil N of quartics through the covering d; : F — P5(C). The elliptic

fibration 771 comes from the pencil A/ of quartics. In view of the Cremona transformation in the previous subsection, it
is easy to show that each member Q ,.y,:y,) has intersection points with Co+ Qg at (X:Y : Z) = ( Z—: =S Z—Zz = }5/_33)
other than Py, P1, P2, and P3. Further, the Cremona transformation ¢ obviously induces an involution of the Kummer
surface F which maps the elliptic fibrations 7y and 771 biholomorphically to each other. Note that this involution, which
is denoted also by ¢, is different from the covering automorphism associated with the double covering d.

e Further, one can observe that there is a network of (—2)-curves on F as the dual diagram in Fig. 4.
Using this diagram, we can see that the following four divisors are disjoint and have self-intersection number 0:

2E  +Eoa+ P+ G+, 2B+ B+ C) T+ 0 4+ 0
2Ey  + Epp+C{ T+ 405, 2E5 + E3p+C + 0+t (419)

Again by Theorem 4.1, we have an elliptic fibration m : F — P1(C) whose singular fibres are of type Ij; as in (4.19).
Since the singular members of the family M of cubics coincide with the images of the four divisors in (4.19) through
the double covering d; : F — P1(C), this elliptic fibration 7, comes from the family M of cubics. In fact, the proper
transform of each member D g,.p,.5,) Of the family M of cubics through the canonical mapping R11 — P2(C), which
is a smooth rational curve, is tangent to Cy and to Qg respectively at one point, and has no other intersection point
with 50 and (50. Since Eo + ao is the branch locus of dy, the pulling-back of D g, .s,:,) has two irreducible curves each
of which is an elliptic curve. Let Diﬂl o) and D/(//sl i) denote these two irreducible components. Then, D;ﬂl o)
D;/ﬁ] py:p5) = 2» Where - denotes the intersection form. It is obvious that, if (B1: B2 : B3) # (B : B : B3), the proper
transforms of Dg,.p,.s,) and D(ﬁ; 8,45 ON R7, as well as those on Rq1, have intersection number 2 for they are cubics.

: / 7 / " _ :
We can easily have (D(ﬂ1:ﬂ2:ﬂ3) + D(ﬁlzﬁz:ﬁs)) . (Dw{:ﬁ;:ﬁg) + D(ﬂ1:ﬂ2:ﬂ3)) =4 on the Kummer surface F. Choosing the
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Fig. 4. Network of some (—2)-curves on F.

. . . . 7 7 _ Vi .n” _
labeling of the irreducible components suitably, we can show that D(ﬁ1 Baifa) D(ﬁi B8 = 0 and D(ﬁ1 B2:B3) D(ﬁ{:ﬁé:ﬁ;) =
0, if (B1: B2 : B3) # (B : B : B3). Thus, these two kinds of irreducible components give rise to two elliptic fibrations
of F. One of these two fibrations is 75 and the other 3 below.

e The above diagram (Fig. 4) also tells us that there are disjoint four divisors with self-intersection number 0 as follows:

2EG 4+ Eop+C{T+ 0T+ 5T, 2E) +Ea+CT+ T+ 0y,
2Ey  + Eap+Cm+CF+Cy7, 2E5,+Esn+C{ T+ G+ G5 (4.20)

By Theorem 4.1, there is an elliptic fibration 73 : F — P1(C) whose singular fibres are of type Ij as in (4.20). These
four divisors are mapped onto the singular members of the family M of cubics. Thus, the elliptic fibration 73 comes
from the family M of cubics. The elliptic fibrations 7, and w3 are biholomorphically mapped to each other through
the covering automorphism of the double covering d;.

4.5. Quotient plane and its double coverings

We consider the quotient of the del Pezzo surface R; with respect to the Cremona involution ¢. First, we take the
holomorphic mapping to C* x C* x C*

Y Z X

X:Y:D=> |55 5 ) (4.21)
Z'X'Y

which is defined on the open set P2(C) \ ({X =0} U{Y =0} U {Z = 0}). Attaching the six punctured lines C* x {oo} x {0},

C* x {0} x {00}, {0} x C* x {00}, {00} x C* x {0}, {o0} x {0} x C*, and {0} x {oo} x C* to the image of the mapping (4.21), we

obtain the embedding of R3 into P1(C) x P1(C) x P1(C), which is the completion of C* x C* x C*. Since ¢ acts on P,(C)

as (X:Y:Z)— (5 : 3 : 5), the meromorphic mapping between projective planes

Y Z Z X X Y
) (4.22)

(X:Y:Z)r—)()_(:ﬂ_(:Z)::(———:———:———
Z Y X ZY X
gives rise to the quotient mapping ds : R; — B = P,(C), where B is obtained from the quotient surface R7/(t) through the
blowing down of the (—1)-curves which are the images of the six lines Cf Y=22Z, Cf 1 Z ==X, and C3i : X ==Y. The
mapping (4.22) can be understood as that of R3, embedded in P{(C) x P1(C) x P1(C) by (4.21), onto another projective
plane. Note that the images of the six lines Y =+Z, Z=+X, and X ==Y are the points (X:Y:Z)=(0:1:F1), (¥1:0:
1), (1:F1:0), respectively. Since the four exceptional divisors Eg 1, E1,1, E2,1, and E3 1 are stabilized by the action of the
Cremona involution ¢, the quotient mapping ds is the double covering of P,(C) branched along the four lines, X+Y +2Z =0,
—X+Y+Z=0,X-Y4+Z=0,and X + Y — Z =0 which are the images of Eq 1, E1.1, E2.1, and E3 1. The double covering
ds is described by the equation

W2=(X+Y+2)(—X+Y+2D)X-Y+2)X+Y —2). (4.23)
Using (4.22), we can put

X=X(Y?-2%, Y=Y(Z2-X%), Z=z(X*-Y?). (4.24)
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Then, setting W := +/—1(X% — Y2)(Y2 — Z2)(Z2 — X?), (4.23) is shown to be satisfied. It is easy to see that the image of the
quadric curve Cy and the quartic curve Qg is the quadric curve

C2C3)_(2 + C3C1 Y2 + C]sz2 =0

on B, which we write as Cg. The image on B of a conic C(ay:a2:03) 0 the pencil £ is the quadric curve

Olel3)_(2 + 0301 Y? + Ol]OlzZz =0,
which will be denoted by C(O{1 «az:a3), as well as that of the quartic Q (q,:ay:a3) in the pencil NV. It should be pointed out that
the family of quadric curves C(D,1 ‘ag:a3), fOT (@1 1ot a3) € P2(C) with a1 + o + a3 =0, is the pencil C of conics which are
ines X £+Y+7 = i Y ) =( /g [y
tangent to the fixed four lines X &Y 4+ Z = 0. The tangent points are (X:Y : Z) =( TR ey -
On the other hand, the member D g,.g,:s,) of the family M of cubics is mapped onto the line

a] a —=3_), respectively.

,31)_(-{-52\_/-{-/33220

which we denote by D, :py:p5)- It is also to be pointed out that the line Dg,.4,:s,) is, if (B1:f2: B3) # (1:£1:£1), tangent
to the fixed conic Co at the point (X : = (c1B1 : c282 : c3B3). These lines give rise to a family of lines in B = P,(C),
which we denote by M.

The double covering d; of the original projective plane gives rise to the one of the quotient projective plane, which we
denote by d;. Since the image of the branch locus Co 4+ Qo is the conic Co, the induced double covering d; has the branch
locus along the conic Cg. The resulting surface from d; is P1(C) x P1(C). We explain this explicitly below, although it is
immediate from the general results on the double coverings of P, (C) (cf. V. 22 of [5]).

We set

U:={((B1:B2:B3). (B]: By : B5)) € P2(C) x P2(C) |c1B7 + 283 + ¢33 =0, c18% + 2By + c3p5? =0},

which is biholomorphic to P1(C) x P{(C). The double covering di:U— B is given by putting (_11((ﬁ1 “B2:B3), (B By
BY) = (B2B% — B3P : B3Py — BBy : B1By — B2B;), which is nothing but the intersection Dg,:g,:5,) N D(ﬂ{:ﬂé:ﬁé) of the two
lines on B. We can take the coordinate system

,33 +B1 6 B1+ B2

,31 Bo~ B pr

Bs+ B _ /31 + 2

BB /33 B

defined on the open neighbourhood B; — B2 # 0, B} — B, # 0 in U. Using this coordinate system, the double covering is
realized as

di((B1:B2:B3), (B : B BY))
= (c1(st +c203) s ca((s +€3)(t +03) +€301) 1 €3((5 — ) (t — €2) +€1C2)). (425)

t:=—C3

The four branch lines X+ Y +Z=0, - X+Y+Z=0,X—Y+Z=0, X+ Y —Z =0 of the double covering d3 are pulled
back to the pairs of the two rational curves 1/st =0, st =0, (s +¢3)(t +¢3) =0, (s — c2)(t — c2) =0, respectively.
The pulling-back of the generic member C(q,:q¢,:«3) Of the pencil £ through d; is the (2, 2)-curve

{(CzOl3 — C302)st — 31 (s +t) — (cp3 — C3012)C2C3}2 - 4C%C2C3(X2(X3St =0, (4.26)

which is tangent to the eight rational curves s = oo, t =00, s=0,t=0, (s—¢c2) =0, (t —c2) =0, (s+c3) =0,
H CyC30 CoC3U Co03—C3(. Co03—C3(. 3¢
(t + c3) = 0. The tangent points are (s,t) = (00, 52205) (i 2aa, 00, (0, =272, (—=2272 2~,O). (c2, 22,
(%,cz), (—Q,—%), (—%,—63), respectively. We denote the (2,2)-curve described as (4.26) by Cy;:ap:a5)- This
curve is, in fact, an elliptic curve, since it is the double covering of the quadric curve Cy,.¢y:aq) branched at the four
points (X:Y :Z) = (J/cra1(coas3 —C30[2) £z (c3a1 — c1a3) : £4/c3a3(ciaz — caap)). These four points are the inter-
section points of C(g:ayes) aNd Cicyicyics) and their cross ratio is calculated to be g—; as before, so that C(g,.qyas), fOr
(a1 : a3 :a3) € P2(C) with a1 + a2 + a3 =0, gives rise to a pencil of elliptic curves, whose j-invariants are constant, on
U = P1(C) x P1(C). We denote this pencil by L.
The member D(,g1 -Ba:ps) OF M, where c1/31 + czﬂz + C3,33 =0, is pulled back through d; to the pairs of the two lines

{(B2 — B3)s + (c1B1 — c2B2 — c3B3) }{ (B2 — Ba)t + (c1p1 — 22 — C33)} =

These palrs of lines give rise to the families of rational curves on U with the parameter (81 : B2 : f3) € P2(C) satisfying
c1B? + c2B2 + ¢33 =0, which we denote by M and M.
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4.6. Double covering of U

We consider the double covering ds of U induced by d3 : R — B. The branch locus of ds is the sum of the eight rational
curves s=00,t=00,5=0,t=0, (s—¢c3) =0, (t—c2) =0, (s+c¢c3) =0, (t +c3) =0. By (4.24) and (4.25), we can put
Y 7 of z X
A A
where we set

= pcC Y_ c (4.27)
= pcan, Y X = pC24¢, .
§ = (st +ca03), n=(s+c3)(t+c3)+c3cq, E=(s—c)(t—c2)tcica.

Note that c1& + c2n + ¢3¢ + c1c2c3 = 0 holds. For the later convenience, we mention the following formulae:

X+Y+Z X=Y)Y-2)(Z-X)

= 201C2C3p0,
XYZ XYZ 1263P
—-X+Y+7Z X+Y)Y -Z)(Z+X)
=— = —2c1 pSst,
XYZ XYZ
X-Y+z X+Y)Y+2)(Z-X)
=— =-2 t
XYZ XYZ C2p(s +C3)(t +c3),
X+Y-2 X-Y+2DZ+X
=— =-2 — t—c). 4.28
V7 Y7 c3p(s —c2)(t — 2) (4.28)
Putting w := (xx‘é/zﬂ /(’_(;g’z“z)z, we have from (4.23) the expression of the double covering d3 as
w? = 5t(s — €2)(t — €2) (s + €3) (¢ + €3), (4.29)
on the open set 81 — 8 #0, g; — 85 # 0 of U. We can determine p in (4.27) as follows: Using (4.24), we have
A _Y/Z+41

— — = . (4.30)
X+Y+2D)(—X+Y+2) Y/Z-1
The left-hand side of (4.30) is equal to =%, so that %: w””t and consequently we have p = 4—"‘2. Using this, we can

cist’ —cqst’ n
describe w in terms of X, Y, Z as

X+Y)Y +2)(Z+X)
X=-VY-2)(Z-X)

W =(C1C2C3 (4.31)

In fact, the above equation ¥ = ekt tells us that

Y N zZ_ 2(w? 4 c75%t%)  2{(s — ) (t — ) (s + €3)(t + €3) + Cist}
Z 'Y w2 — c2s2¢2 (s — c2)(t — c2) (s + €3)(t + €3) — c3st
: : : Y2-72 4w aw Y=7 Qi ow Z-X
which infers, together with “y7= ==, that —sr, rerey = vrz- Similarly, we have & imrg = 7% and
W = % Then, the desired equation (4.31) is obvious from (4.29).

Now, we consider the surface F’ obtained from U through the double covering d3. It will be shown that F’ is isomorphic
to F, after blowing down the (—1)-curves in order to get the minimal model of the Kummer surface. We have to show
that the meromorphic function field of F and that of F’ are isomorphic. For this, it suffices to prove that the meromorphic
functions T, X/Z, and Y/Z on the Kummer surface F are included in the meromorphic function field of F’ and that w, s,
and ¢ are included in the function field of F. By the above argument, it is obvious that X/Z and Y/Z are included in the
function field of F’. To show that the function T is included in the meromorphic function field over F’, we observe the
equation

@X*+ Y2 +03Z)T\ (@ X? + Y2 +0322)(1Y2 2% + 222 X2 + 3 X2Y?)
XYZ B X2y2z2

P 2+c N 2+c ofX-Y 2
=ae| - -5 i1y~ 7 12|y~ x
= —c2cic3p’(s — t)?, (4.32)

where we use (4.27). Since X/Z and Y/Z are in the function field of F’, (4.32) tells us that T is also included in this
function field. On the other hand, (4.28) gives rise to the expression of any symmetric functions in s and t in terms of X,
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Fig. 5. Diagram for the proof of Theorem 3.3.

Y, and Z and by (4.32) we can determine s — ¢ in terms of X, Y, Z, and W, so that the functions s and ¢ are shown to be
included in the function field of F. By (4.31), it is obvious that w is in the function field of F. This ends the proof.

As to the elliptic fibrations on the Kummer surface F, the elliptic fibrations 77rg_and 771 are corresponding to the families
M and M’ of rational curves, while 7 and 73 are corresponding to the pencil L of elliptic (2, 2)-curves on U.

It is obvious that the Kummer surface F’ is that obtained from the Abelian surface C’ x C’ by the quotient by its canonical
involution, since the double covering of F’ is given by

2 =5(s — c2)(s +c3),
2=t(t — )t +c3),

which are related to the covering d3 by w = w’'w”. The branch locus of the double covering is the sum of the 16
(—1)-curves which are the exceptional divisors through the desingularization of the 16 A;-singularities of the branch divisor
{s=0}+{t=0}+{(s —c2) =0} + {(t — c2) =0} + {(s +3) = 0} + {(t + c3) = 0} + {s = 00} + {t = oo} of the double covering
ds : F' — U. Thus, we have A=’ x C'.

Finally, we add the diagram (see Fig. 5) which describes the objects appearing in our study. The isomorphism C x C’ S
C’ x C’ is the composition of the above one A= C’ x C’ and the one C x C’ = A which was mentioned in Section 4.1. The
rational mapping C’ x C’ — --- — F denotes the quotient mapping by the canonical involution with the blowing down of
disjoint 16 (—1)-curves.
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