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This paper investigates the inverse problem of determining a heat source in the parabolic
heat equation using the usual conditions. The numerical solution is developed by using the
variational iteration method. This method is based on the use of Lagrange multipliers for
the identification of optimal values of parameters in a functional. Using this method a rapid
convergent sequence can be obtained which tends to the exact solution of the problem.
Furthermore, the variational iteration method does not require the discretization of the
problem. Thus the variational iteration method is suitable for finding the approximation of
the solution without discretization of the problem. Two numerical examples are presented
to illustrate the strength of the method.
© 2009 Elsevier Ltd. All rights reserved.

1. Introduction
In the process of transportation, diffusion and conduction of natural materials, the following heat equation is induced:
ut − a2 ∆u = f (x, t ; u),

(x, t ) ∈ Ω × (0, T ),

(1.1)

where u represents the state variable, a is the diffusion coefficient, Ω is a bounded domain in R and f denotes physical laws,
which means a source term here. There are many researches on such an inverse problem of determining the source term
from 1970s, since the characteristic of source in the practical problem is always unknown. However, the solution of this
problem is unstable, hence the inverse problem is ill-posed. The major difficulty in establishing any numerical algorithm for
approximating the solution is the ill-posedness of the problem and the ill-conditioning of the resultant discretized matrix.
The inverse problem of determining an unknown heat source function in the heat conduction equation has been considered
in many papers [1–8]. For f = f (u), the inverse source problem with additional data was studied by Cannon, Duchateau and
Fatullayev [1,2]. In [3,4], the source was sought as a function of both space and time but is additive or separable. However,
in all the other studies the source has been sought as a function of space or time only [5–8].
In this paper, the heat source is taken to be a function of both space and time but is separable, and the overdetermination
is the transient temperature measured at time T . This measurement ensures that the inverse problem has a unique solution,
but this solution is unstable, hence the problem is ill-posed. The inverse problem is formulated in Section 2. Several
numerical methods have been proposed for the inverse source problem [5–8]. In this work, we extent the use of variational
iteration method (VIM) to this inverse source problem. The VIM was proposed originally by He [9–16]. This method is based
on the use of Lagrange multipliers for the identification of optimal values of parameters in a functional. This method gives
rapidly convergent successive approximations of the exact solution if such a solution exists. Furthermore, VIM does not
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require discretization of the problem. Thus the variational iteration method is suitable for finding the approximation of the
solution without discretization of the problem. It was successfully applied to two-point boundary value problems, partial
differential equations, evolution equations and other fields [9–30].
The rest of the paper is organized as follows. In Section 2, we formulate the problem mathematically. The VIM is
introduced and applied to the inverse source problem in Section 3. The numerical examples are presented in Section 4.
Section 5 ends this paper with a brief conclusion.
2. Formulation of the inverse problem
Consider the one-dimensional problem in which the source f (x, t ; u) = ϕ(t )f (x):
ut − a2 uxx = ϕ(t )f (x),

(x, t ) ∈ (0, 1) × (0, T ),

(2.1)

subject to the initial and boundary conditions
u(x, 0) = v0 (x),

0 ≤ x ≤ 1,

u(0, t ) = g0 (t ),

u(1, t ) = g1 (t ),

(2.2)
0 ≤ t ≤ T,

(2.3)

and the overspecified condition
u(x, T ) = h(x),

0 ≤ x ≤ 1,

(2.4)

where v0 (x), g0 (t ), g1 (t ) are given functions satisfying the compatibility conditions

v0 (0) = g0 (0),

v0 (1) = g1 (0)

(2.5)

and the functions u(x, t ) and f (x) are unknown.
Although sufficient conditions for the solvability of the problem are provided [5], problem (2.1)–(2.5) is still ill-posed
since small errors, inherently present in any practical measurement, give rise to unbounded and highly oscillatory solutions.
We will change (2.1) to an equation which is easy to handle using VIM.
From (2.1) and (2.4), one obtains
1
uxx (x, T ) = h00 (x) = 2 (ut (x, T ) − ϕ(T )f (x)).
a

(2.6)

Hence,
f ( x) =

ut (x, T ) − a2 h00 (x)

ϕ(T )

.

(2.7)

Substituting (2.7) into (2.1) yields
uxx (x, t ) −

ut (x, t )
a2

ϕ(t )ut (x, T ) ϕ(t )h00 (x)
−
= 0.
a2 ϕ(T )
ϕ(T )

+

(2.8)

3. Analysis and application of He’s variational iteration method
Consider the differential equation
Lu + Nu = g (x),

(3.1)

where L and N are linear and nonlinear operators, respectively, and g (x) is the source inhomogeneous term. In [9–15], the
VIM was introduced by He where a correct functional for (3.1) can be written as
un+1 (x) = un (x) +

x

Z

λ[Lun (t ) + N ũn (t ) − g (t )]dt ,

(3.2)

0

where λ is a general Lagrangian multiplier [10], which can be identified optimally via variational theory, and ũn is a restricted
variation which means δ ũn = 0. By this method, it is firstly required to determine the Lagrangian multiplier λ that will be
identified optimally. The successive approximations un+1 (x), n ≥ 0, of the solution u(x) will be readily obtained upon using
the determined Lagrangian multiplier and any selective function u0 (x). Consequently, the solution is given by
u(x) = lim un (x).
n→∞

For variational iteration method, the key element is the identification of the Lagrangian multiplier. For linear problems,
their exact solutions can be obtained by only one iteration step due to the fact that the Lagrangian multiplier can be identified
exactly. For nonlinear problems, the Lagrangian multiplier is difficult to be identified exactly. To overcome the difficulty,
we apply restricted variations to nonlinear terms. Due to the approximate identification of the Lagrangian multiplier, the
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approximate solutions converge to their exact solutions relatively slowly. It should be specially pointed out that the more
accurate the identification of the multiplier, the faster the approximations converge to their exact solutions.
For (2.8), according to the VIM, we consider its correct functional in x-direction in the following form:
un+1 (x, t ) = un (x, t ) +

x

Z
0



1
ϕ(t )ũnt (ξ , T ) ϕ(t )h00 (ξ )
λ unξ ξ (ξ , t ) − 2 ũnt (ξ , t ) +
−
dξ ,
a
a2 ϕ(T )
ϕ(T )

(3.3)

where λ is the general Lagrangian multiplier, which can be identified optimally via variational theory, and ũn is a restricted
variation which means δ ũn = 0.
To find the optimal value of λ, we have

δ un+1 (x, t ) = δ un (x, t ) + δ

x

Z
0


ϕ(t )ũnt (ξ , T ) ϕ(t )h00 (ξ )
λ unξ ξ (ξ , t ) − 2 ũnt (ξ , t ) +
−
dξ = 0,
a
a2 ϕ(T )
ϕ(T )


1

(3.4)

that results

δ un+1 (x, t ) = δ un (x, t )(1 − λ0 (x)) + δ u0n (x, t )λ(x) −

x

Z

δ un (ξ , t )λ00 (ξ )dξ = 0.

(3.5)

0

We, therefore, have the following stationary conditions:

λ00 (ξ ) = 0,
1 − λ0 (x) = 0,

λ(x) = 0.

The Lagrangian multiplier can be identified in the form

λ(ξ ) = ξ − x,
Therefore, we have the following iteration formula:
un+1 (x, t ) = un (x, t ) +

x

Z
0



ϕ(t )unt (ξ , T ) ϕ(t )h00 (ξ )
1
−
dξ .
(ξ − x) unξ ξ (ξ , t ) − 2 unt (ξ , t ) +
a
a2 ϕ(T )
ϕ(T )

(3.6)

Now taking u0 (x, t ) = u(0, t )+α u(1, t ) = g0 (t )+α g1 (t ) as an initial value, where α is the unknown parameter to be further
determined, according to (3.6), we can obtain the n-order approximate solution un (x, t ) of (2.1). Incorporating the initial
condition u0 (x, 0) = v0 (x) into un (x, t ), the unknown parameter α can be obtained. Therefore, the n-order approximation
un (x, t ) is obtained.
Hence, from (2.7), the n-order approximation to f (x) is
f n ( x) =

unt (x, T ) − a2 h00 (x)

ϕ(T )

.

(3.7)

4. Numerical examples
In this section, we present and discuss the numerical results by employing VIM for two test examples. For these examples,
we have taken a = 1 and T = 1. The results demonstrate that the present method is remarkably effective.
Example 4.1. With the input data
u(x, 0) = v0 (x) = e2x ,
u(0, t ) = g0 (t ) = et ,
u(x, 1) = h(x) = e

1+2x

u(1, t ) = g1 (t ) = e2+t ,

,

ϕ(t ) = et ,

the inverse problem (2.1)–(2.5) has the unique solution given by
u(x, t ) = e2x+t ,
f (x) = 3e2x .
Beginning with
u0 (x, t ) = g0 (t ) + α g1 (t ) = et + α e2+t ,
where α is the unknown parameter to be further determined, according to (3.6), one can obtain the first-order approximation
u1 (x, t ).
Incorporating the initial condition u0 (x, 0) = v0 (x) = e2x of Example 4.1 into u1 (x, t ), the unknown parameter α can be
obtained. Therefore, the first-order approximation u1 (x, t ) is obtained and u1 (x, t ) = et +2x , which is the exact solution of
Example 4.1. From (3.7), we have f1 (x) = 3e2x , which is equal to the exact f (x) of Example 4.1.
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Example 4.2. With the input data
u(x, 0) = v0 (x) = sin(x),
u(0, t ) = g0 (t ) = 0,

u(1, t ) = g1 (t ) = sin(1)et ,

u(x, 1) = h(x) = e sin(x),

ϕ(t ) = et ,

the inverse problem (2.1)–(2.5) has the unique solution given by
u(x, t ) = sin(x)et ,
f (x) = −2 sin(x).
Beginning with
u0 (x, t ) = g0 (t ) + α g1 (t ) = α sin(1)et ,
where α is the unknown parameter to be further determined, according to (3.6), one can obtain the first-order approximation
u1 ( x , t ) .
Incorporating the initial condition u0 (x, 0) = v0 (x) = sin(x) of Example 4.2 into u1 (x, t ), the unknown parameter α can
be obtained. Therefore, the first-order approximation u1 (x, t ) is obtained and u1 (x, t ) = sin(x)et , which is the exact solution
of Example 4.2. From (3.7), we have f1 (x) = − sin(x), which is equal to the exact f (x) of Example 4.2.
Remark. From the above two numerical examples, it can be seen that the exact solutions are obtained by using one iteration
step only.
5. Conclusion
In this paper, He’s variational iteration method was employed successfully for solving the inverse heat source problem.
This method solves the problem without any discretization of the variables. Therefore, it is not affected by rounding the
errors in the computational process. The numerical results show that the VIM is an accurate and reliable numerical technique
for the solution of the inverse time-dependent heat source problem.
Acknowledgments
The authors would like to express their thanks to Prof. He and unknown referees for the careful reading and helpful
comments.
The authors were supported by National Natural Science Foundation of China (60572125).
References
[1] J.R. Cannon, P. Duchateau, Structural identification of an unknown source term in a heat equation, Inverse Problems 14 (1998) 535–551.
[2] A.G. Fatullayev, Numerical solution of the inverse problem of determining an unknown source term in a two-dimensional heat equation, Applied
Mathematics and Computation 152 (2004) 659–666.
[3] E.G. Savateev, On problems of determining the source function in a parabolic equation, Journal of Inverse and Ill-Posed Problems 3 (1995) 83–102.
[4] D.D. Trong, N.T. Long, P.N. Alain, Nonhomogeneous heat equation: Identification and regularization for the inhomogeneous term, Journal of
Mathematical Analysis and Applications 312 (2005) 93–104.
[5] A. Farcas, D. Lesnic, The boundary-element method for the determination of a heat source dependent on one variable, Journal of Engineering
Mathematics 54 (2006) 375–388.
[6] L. Ling, M. Yamamoto, Y.C. Hon, T. Takeuchi, Identification of source locations in two-dimensional heat equation, Inverse Problems 22 (2006)
1289–1305.
[7] Z. Yi, D.A. Murio, Source term identification in 1-d IHCP, Computers and Mathematics with Applications 47 (2004) 1921–1933.
[8] L. Yan, C.L. Fu, F.L. Yang, The method of fundamental solutions for the inverse heat source problem, Engineering Analysis with Boundary Elements 32
(3) (2008) 216–222.
[9] J.H. He, Variational iteration method-a kind of non-linear analytical technique: Some examples, International Journal of Non-Linear Mechanics 34
(1999) 699–708.
[10] J.H. He, Variational iteration method for autonomous ordinary differential system, Applied Mathematics and Computation 114 (2000) 115–123.
[11] J.H. He, Some asymptotic methods for strongly nonlinear equations, International Journal of Modern Physics B 20 (2006) 1141–1199.
[12] J.H. He, X.H. Wu, Construction of solitary solution and compaction-like solution by variational iteration method, Chaos, Solitons and Fractals 29 (2006)
108–113.
[13] J.H. He, A new approach to nonlinear partial differential equations, Communications in Nonlinear Science and Numerical Simulation 2 (4) (1997)
230–235.
[14] J.H. He, Variational approach for nonlinear oscillators, Chaos, Solitons and Fractals 34 (5) (2007) 1430–1439.
[15] J.H. He, Variational iteration method—Some recent results and new interpretations, Journal of Computational and Applied Mathematics 207 (1) (2007)
3–17.
[16] S.Q. Wang, J.H. He, Variational iteration method for solving integro-differential equations, Physics Letters A 367 (3) (2007) 188–191.
[17] J.F. Lu, Variational iteration method for solving two-point boundary value problems, Journal of Computational and Applied Mathematics 207 (2007)
92–95.
[18] L. Xu, The variational iteration method for fourth order boundary value problems, Chaos, Solitons and Fractals (2007) doi:10.1016/j.chaos.2007.06.
013.
[19] J.H. He, Variational principle for some nonlinear partial differential equations with variable coefficients, Chaos, Soliton and Fractals 19 (2004) 847–851.

2102

F. Geng, Y. Lin / Computers and Mathematics with Applications 58 (2009) 2098–2102

[20] E. Yusufoglu, Variational iteration method for construction of some compact and noncompact structures of Klein–Gordon equations, International
Journal of Nonlinear Sciences and Numerical Simulation 8 (2) (2007) 153–158.
[21] H. Tari, D.D. Ganji, M. Rostamian, Approximate solutions of K (2, 2) KdV and modified KdV equations by variational iteration method, homotopy
perturbation method and homotopy analysis method, International Journal of Nonlinear Sciences and Numerical Simulation 8 (2) (2007) 203–210.
[22] M.A. Abdou, A.A. Soliman, Variational iteration method for solving Burger’s and coupled Burger’s equations, Journal of Computational and Applied
Mathematics 181 (2005) 245–251.
[23] D.D. Ganji, A. Sadighi, Application of He’s homotopy-perturbation method to nonlinear coupled systems of reaction–diffusion equations, International
Journal of Nonlinear Sciences and Numerical Simulation 7 (4) (2006) 411–418.
[24] S. Momani, S. Abuasad, Application of He’s variational iteration method to Helmholtz equation, Chaos, Soliton and Fractal 27 (2006) 1119–1123.
[25] Z.M. Odibat, S. Momani, Application of variational iteration method to nonlinear differential equations of fractional order, International Journal of
Nonlinear Sciences and Numerical Simulation 7 (2006) 27–34.
[26] D.H. Shou, J.H. He, Application of parameter-expanding method to strongly nonlinear oscillators, International Journal of Nonlinear Sciences and
Numerical Simulation 8 (1) (2007) 121–124.
[27] N. Bildik, A. Konuralp, The use of variational iteration method differential transform method and adomian decomposition method for solving different
types of nonlinear partial differential equations, International Journal of Nonlinear Sciences and Numerical Simulation 7 (1) (2006) 65–70.
[28] A.A. Soliman, M.A. Abdou, Numerical solution of nonlinear evolution equations using variational iteration method, Journal of Computational and
Applied Mathematics 207 (2007) 111–120.
[29] N.H. Sweilam, Fourth order integro-differential equations using variational iteration method, Computers and Mathematics with Applications 54 (7)
(2007) 1086–1091.
[30] J. Biazar, H. Ghazvini, He’s variational iteration method for solving linear and non-linear systems of ordinary differential equations, Applied
Mathematics and Computation 191 (2007) 287–297.

