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Abstract-—In this paper, some approximate methods for solving linear convection-diffusion problems
are presented. The methods consist in discretizing with respect to time and solving the resulting
convection dominated elliptic problem for fixed time by least squares finite element methods. An
analysis of least squares approximations is given, including optimal order estimates for piecewise
polynomial approximation spaces. The model problem considered is the time-dependent convection
dominated linear convection-diffusion equation. Numerical results for the Burgers’ equation will also
be presented.

1. INTRODUCTION

As a model for time-dependent convection-dominated linear convection-diffusion problem, con-
sider the following problem: find the scalar function u(z,t) such that

U+ ug —elAu=f, in Qx1I,
u(z,0) = uo(z), z€Q, (1.1)
u(z,t) =0, zel', tel,

where (2 is a bounded domain in R? with boundary I, u; = %‘fv tug = - Vu with V the gradient
with respect to z = (z1,z2) € R%, § = (1, :) is a given smooth vector field, and ¢ > 0 is a
small constant. Further, f and uo are given data, and I = (0,T) is a given time interval. Note
that for simplicity zero boundary data is considered here.

By replacing the time derivative in (1.1) by a backward-difference quotient, we define an
approximate solution u*(z,t) for t = nk = nAt, n=0,1,2,..., by

uf(z,t + k) — u¥(z,1)

k +u;(3,t+k)—€Auk($,t+k):f, ianI’
u*(2,0) = uo(z), z€Q, (12)
ur(z,t) =0, zel, tel.

With u*(z,t) = v, u¥(z,t + k) = w, we then have the following equation to solve for w, when

v is known:
w+kwg— keAw=v+kf(z,t + k), in Qx1I,

w=0, zel,tel.

If we consider, instead of (1.2), the Crank-Nicolson formula

(1.3)

~k _ak
TR T@Y L Lae 4 k) ~c 5 A (e, 4 B) + 5 Gh(e, 1) — 3 AT (e 1) = f,
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the problem (1.3) changes into
1

w+2

kWp—%k€Aw=v—%kvp-i-%kEAv-ka(t,t-}--;-k), inQxI,

14
zeTl, tel (14)

w=0,
Note that when € > 0 and k is bounded away from zero, the problems (1.3) and (1.4) admit a
unique solution u* and @*, respectively, and it can be shown that, for sufficiently smooth initial
values v,
sup ||u*(-,t) — u(-,1)]| = O(k) as k — 0, and
0<t<T

sup "ﬁk("t) —u(,t)|l = O(kz) ask—0,
0<t<T

(15)

1/2
where || - || denotes the norm in Ly(R), ||v|| = (f lv(z)|? dz) .
a

When the Galerkin method is applied to (1.3) or (1.4), it may produce an oscillatory solution
if € < h, where h is the spatial mesh size and the exact solution is not smooth. The difficulty is
that the method only works well for equations which are diffusion dominated, in the sense that
€ > h. In particular, the error made in using the Galerkin method (with linear test functions)
for this problem is O (h?/¢), which indicates that the method is ineffective for very small ¢.
One possible solution is to replace € with £, which will keep the equation diffusion-dominated.
This corresponds to the backward spatial differencing in the finite difference calculations. In
the context of finite element methods, test functions were selectively modified in the convective
term (‘upwinding’) to simulate the directional properties of the reduced hyperbolic problem.
Further generalization to this approach were developed and led to the Petrov-Galerkin methods
which uses different finite dimensional subspaces for the trial and test functions [1-5]. However,
there are several detractions to these methods. The most significant is the lack of a systematic
procedure to extend the methods to more general linear and nonlinear problems. The need to
optimize certain parameters to control oscillations and dissipation is also a limitation.

Semidiscrete least squares methods to the heat equation were considered by Bramble and
Thomée [6]. They approximated the solution of the heat equation by minimizing the L3 norm of
the residual functionals obtained from (1.3) and (1.4). Restrictions on the relation between the
spatial mesh size h and k(= At) were needed in their analysis. In addition, with the presence
of the diffusion term —e Aw, linear test functions can not be used in the approximations. In the
following, we describe the least squares method which allows the use of the linear test functions.
Throughout the paper, only the Crank-Nicolson scheme (1.4) will be considered. The analysis
of the purely implicit scheme (1.3) follows directly from that of (1.4). To approximate (1.4), for
simplicity, we assume that f is a constant vector and let

u=wpf —¢eVw.

Thus,
u—wf+eVw=0,
1, .. 1. . (1.6)
w4 —2-k div u=v—§k div z, wherez=v8—-¢Vu.
QOur approximation is then obtained by minimizing
2
/{lu—wﬁ+ve|2+ w+—;-kdivu—<v—%kdivz) } .7
a

over all u and w with appropriate boundary conditions. This is referred as the least squares (LS)
method. We also consider minimizing a variation of (1.7) (referred as the weighted least squares
(WDLS) method)
2
} (1.8)

/{x|u-— wh+eVuwl +
o
where x is a positive weighting function.

1 . ) B
w+§kd1vu—(v—§d1vz)
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Variational principles of the least squares types have a number of valuable computational prop-
erties. For example, the algebraic system generated is always Hermitian semidefinite. In addition,
such schemes, if properly formulated, are insensitive to the type of the partial differential equa-
tion, i.e., the computational algorithm is the same in elliptic and hyperbolic regions. Successful
applications to the transonic flow problems based on the formulation were presented in [7] and [8].
In addition, an analysis of the least squares approximation to elliptic boundary value problems
were presented in [7]. Based on the theoretical framework, the stability and error estimates of
the method can be established for (1.7) and will be discussed.

Following this introduction, the remaining is divided into four sections. Section 2 introduces
the variational formulation based on (1.7) and the necessary assumptions which includes a special
grid decomposition property introduced in [9]. In Section 3, we will provide an error analysis
for the least squares (LS) method which gives the optimal error estimates for both u and w,
if a special regularity property is satisfied and £ = Ch. In the case when ¢ is close to zero,
u & w f and the estimate in u does not reflect how well Vw is approximated. Thus the weighted
least squares method (WDLS) with appropriate weighting function x will be introduced and
analyzed in Section 4. With the proper choice of the weighting function y, unlike the (LS)
method, this new formulation will give optimal order error in both w and u without using the
grid decomposition property. Finally, in Section 5, numerical results for the Burgers’ equation
will be presented and compared to the upwinded method in [1]. In order to handle the boundary
layer effect when ¢ is close to zero, a variation of (LS) and (WDLS) will also be introduced
in Section 5. It is demonstrated that this new approach acts naturally in a manner similar to
upwinding and requires no “free” parameters.

2. FORMULATION OF PROBLEM AND ASSUMPTIONS

For clarity, instead of (1.5), we consider least squares approximation to the following: given a
function g and step size k = At, we seek a suitably smooth function ¢ satisfying

¢+-;—k¢p-—%kev¢=g, in Q, (2.1)
¢$=0, onT, ‘ (2.2)
or what is the same
u—-¢B+eVep=0, in Q, (2.3)
o+ %k divu=g, in Q, (24)
¢=0, onT. (2.5)

Note that, for simplicity, we assume that § is a constant vector. When # = (61, 32) is not a
constant vector, we still have u—¢ f+¢ V¢ = 0 and (2.4) becomes ¢+% k div u—-lf k¢ divp=g.
To be precise, we assume g € L,(Q2) and we seek solution ¢, u to (2.3)—(2.5) in

Si={ylve H'(Q), ¥ =0onT} on Vo= {v|ve HY(Q)}.
Let || -||, | - | be norms on V,, S; with (-,-), (-,") being inner products. Here || - || and | - | are L,

norms.
To approximate, we introduce finite dimensional subspaces

ShQSl, V).QVQ.

We determine up € Vi, én € Sy by minimizing

1, 2
llon — ¥n B+ Venll” + [¥n + 5k divon — g (26)

CAMA 24:11-C
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over v, in V3 and ¢y in S,. Taking the first variation gives

) 1, ..
(un — @B +eVn, v"-—t/:"ﬂ+eV¢")+<¢;.+§k div ua, ¢"+§k div u">

] 2.7
= <g, vh +§k div v">,

a relation which holds for all v* € Vj and y* € Si. A useful fact is that (2.7) remains valid
when @ is replaced by ¢ and u is replaced by u, where {¢,u}, ¢ € Si, u € V} is the solution
of (LS), ie.,

(u—9B+eVe, vh—¢hﬂ+€V¢h)+<¢+;—k div u, 1/)"+%k div v">

) (2.8)
= <g ¢"+§k div vh>.

We shall assume throughout the standard approximation properties [10] for the finite dimen-
sional spaces V3, Sy in terms of the Sobolev norms || - || on H"(R2). In particular, we shall need
the following assumptions.

2.1. Approzimation Property
For any u and ¢ in H"(Q), there exist interpolants #* € V} and é* € S, such that
lu— @ < Cah"llull., and ||6 - #*l: < Ca h™|igll (29)
for I = 0 and { = 1 where C, is a constant independent of A, u and ¢.

Another assumption used in the theory is the Grid Decomposition Property introduced in [10].
A precise statement of this property is as follows.

2.2. Grid Decomposition Property (GDP)

For each v, € V) there exists wy, and z; in V}, for which
Vp = Wh + 2n

with div z; = 0 and

(zn, wn) = / zp -wp =0,  Jlwp]l = lwallo < Cell div va)l-s (2.10)
(4]

for some positive constant Cg independent of h and v;. Note that if triangular linear elements
are used, this property will not hold for the directional grids but it is valid for the criss-cross
grids in Figure 1 [9).

(a) Directional grid (b) Criss-cross grid

Figure 1.
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3. ERROR ANALYSIS FOR THE LEAST SQUARES (LS) METHOD

The error analysis of least-squares methods starts from the observation that the solution
{¢én,un} of the discrete problem is a best approximation to {¢,u} in a suitable norm. This
norm arises naturally from the bilinear form on S; x V,

4wnoxwv»=(u—¢ﬂ+ev¢v—¢ﬂ+ev¢y+(¢+§kqu,¢+§dev) 3.1)

and is given by
(@, w)ll| = a((¢, u), (&, u))llz_

Let n = ¢ — ¢n, € = u— u,. We have (2.7) and (2.8) that imply the error {, e} is orthogonal to
Sn x Vj in the form a(-,); i.e.,

a((n,e),(¥*,v") =0 Vv (¥*,v*) €S x Vi (3.2)
Observe that, with |3|, being an upper bound for the vector S,

1
10,1 < { ol + 3 Blll + 1+ 8Dl +elvlh . (33)
This follows immediately from (3.1) and the fact that a(-, -) is a bounded form on H(Q) x H}(R).
To simplify the notations, we introduce the following. Let

= inf |lv—o®
en(v) = inf |lo—o"|

denote the error in the best approximation. Note that from the approximation property (2.9)
en(v) < Ca ol

In our theory, we have two rather complicated error terms o and v:

on = sup{ 1(€) €l < 1}, "= sup{71(€, €8—eVE)|lills < 1}.
£ 3

where

o1(§) = {

+ IVE+ & B—¢ ve,.uo}

and

1) = @w wnllo+ = klly =l + (1+ IBDIIE — &nllo+<1lé - &m}

(EA.VA)ESAXV
If S, and V; consist of piecewise linear elements, then
on < Ch, 1 < Ch,

follows directly from approximation property (2.9).
The following is an immediate consequence of the orthogonality (3.2) and implies that {¢;, uj}
is a best approximation to {¢,u} in ||| - |||

LEMMA 3.1.
N el S (@ = ¢*,u—vP)[l|,  for all (¥*,v") € Sp x V. (3.4)

Lemma 3.1 implies that

menuscu{(~=+§kw~juwn+(u+4mwf+ew—juwp}. (35)

which is O(h™=1). Note that this error estimate is not very useful by itself since the reverse
of (3.3) is not valid, i.e., ||| - ||| is majorized by the norm || - ||; on H(£2) but is not equivalent to
it. However, we can use it and the solvability of the dual problem of (2.1)-(2.2) to establish the
optimal error estimate for |5|.
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THEOREM 3.2.
Inl < Cronlll(n, )|l (3.8)

ProoF. We solve for { € S; satisfying
1 1 1 .
C—ika—5k€AC=-2'k'I m, (=0 onl. 3.7

Note that from the approximation theory [10], there is a positive constant Cg such that

[iKll2 < Crllnllo-

We then solve for £ € Sy such that
%k div (€ﬂ—eV£)+£=—-%kA(+%CinQ, £=0onT.
Note that
(0,00 (€ +6, T +E8 - e V) = F (14 FE div e,C) +(c = nB+eV, VC)

Using the Green’s identity (Vn, V{) = —(n, V() and (e, V{) = —( div ¢, (), we have

(e=nB+eVn, V¢) = —% <n+ %k div e,C> + (n,m).

Thus,
a((n,€), (€ +&n, V(+EB-€VE)) = n?,

and then
In?> < N(n, )N HIE + €ny VE + €8 — e VEII.

Therefore, we obtain (3.6) since

1/2
€ +&n, VC+EB - VIl = {Ile». + %cn% +IIV¢+én B - eve;.u%} < Craaln|.

To obtain error estimates for ||¢||, we shall need to exploit the solvability of the boundary value
problem (2.1)-(2.2). More precisely, we shall need an @ priori inequality of the form

1 1
I¥ll241 < Ce||$ + 5 kg — 5 ke AP

l ,  1=0,1, (3.8)
1

to hold for all ¥ € H?+(Q) satisfying the boundary condition ¥ = 0 on I'. This will be the case
for a fixed positive number Cg provided Q and S are sufficiently smooth [11]. Note that Cg will
vary with k. This regularity property will enable us to establish optimal error estimates for

“n+%k dive

-1

In addition, it is essential to use the Grid Decomposition Property discussed in Section 2 to
establish optimal error in ||¢||.

LEMMA 3.3. Let Cp = ke Cg, where Cg is the constants in (3.8), then

q+%k div e

S Cp lli(m, e)lil- (3.9)
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ProoF. We recall that

Hn-i-%k div e

<17+ Sk div e,0>l 16l < 1}.

<o
-1 [

To prove (3.9), let # € S; be given with [|f]|: < 1 and solve for £ € S satisfying
€+-;—lc£p—%keA£=k60 in®, £=0 onT, (3.10)

or what is the same
y—-£§8+eVE=0, in Q,

£+%kdivy=k50, in Q,
£=0, onT.

Regularity gives
llélls < Cekel9]l: < Cpl6]]s.

Note that

a((n,e),(E —&n,y—wn)) = <77+ %k div 6,9>, all (éx,yn) € Sh x Vi.

Therefore,

(n+ 3k div e.0)| <l 166 = 68,9 =l

Taking the infimum over (€n,yn) € Sh x Vi and then taking the supremum over § € S; with
[18]l: < 1 gives (3.9).
Finally, we complete the error analysis, making the use of the Grid Decomposition Property.

LEMMA 3.4. Let the Grid Decomposition Property (GDP) hold and let i; be a best approxima-
tion in the sense that

llu — @all = en(w).
Then

s — nl) < 26 |5 & div (un = )

+en(u) + 18] Inl-

Proor. We use (GDP) to write

%k(uh ~ip) =wh+2z, with divzy =0and

1, . ~
(nown)= [2n-wn=0,  llunll = wallo < Co |k div (win)
1

Note that from the orthogonality (3.2), we have

-1

a((¢,u — iy), (¥",v*)) = a(($n, un — Gn), (¥*,v")), all (¥*,v*) € Sy x V.
Choosing ¢"* € Sj such that,
vt + %k div (¥"B—eVyP) = divz;, andlet v* = z;, + ¢y*f - e V¢P,

we have

(u—ip = (6~ dn)8,2) = (up — @ip, zn).
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Then
llzall < en(w) + 18] |nf + llwall.

THEOREM 3.5. Let the (GDP) hold. Then
ljw — uall < 2+ Ca)en(w) + Clli(n, )l (3.11)

where

C =2Cp Ce i+ (2CG + |B]) Cron.
PROOF. Note that

%k div (up — @a)

< “-l-lc div (u — ua)
-1 112

+ "-l-k div (u — @5)
-1 12

-1
But from the definition of || - [[-1,

%k div (u — iin)

| <gklu-all
Also, using Lemma 2, we have

"%k div (u — up)

S"17+-;-k div e

+ lInll-1 < Cp 7 li(n, NI + Inl.
-1 -1

Combining these results with Lemma 3.4, we obtain (3.11).

Note that the estimate in €[|V¢|| is optimal which follows from the optimal estimate in u and ¢.
However, this does not reflect the accuracy of the approximation in ||V¢|] when ¢ is close to zero.
Even in the case when ¢ > h, the estimate (3.6) in 7 lies heavily on the solvability of the dual
problem (3.7). In addition, the nonvanishing term eV¢ plays an essential part of the analysis. As
for the estimate (3.11) in u, it depends on the extra regularity property (3.8) and the validation of
the Grid Decomposition Property (2.10). Based on these considerations, in the following section
we introduce a weighted least squares formulation which gives the optimal estimate in ¢ without
using the solvability of the dual problem (3.7). Moreover, a better estimate of ||V¢|| will be
obtained with this new formulation when ¢ is close to zero.

4. ERROR ANALYSIS FOR THE WEIGHTED
LEAST SQUARE (WDLS) METHOD

In this section, we consider the following weighted least squares (WDLS) method. Slightly
different from the (LS) in Section 3, we determine up € Vi, ¢5 € Sy by minimizing

2

kh 1. ..
m|l0h~¢hﬁ+€v¢h||2+ ¢h+-2'kdlv vh— ¢

(4.1)

over vy, in Vj and ¢y, in Si, where 6 is a constant such that § < h. The first variation of (4.1)
gives
kh

1, . 1, ..
g (un = 60,0+ € Ve, oF — g eTN) 4 (4nk Sh divun, ¥4 3k div ot

1 (4.2)
= <g,¢h+§k div v">,

a relation which holds for all v* € V; and ¢* € S;. Note that (4.2) remains valid when ¢, is
replaced by ¢ and uy is replaced by u, where {¢,u}, ¢ € S), u € V} is the solution of (WDLS),
ie.,

%(u—¢ﬂ+ev¢, uh—¢"ﬁ+ev¢")+<¢+%k div u, 11»"+-;-k div v">

= <g, t/)"-{--;-k div vh>.
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For simplicity, we define a bilinear form on S; x W

kh

b((¢, ), ($,)) = 5—

(u—¢ﬂ+eV¢,v—¢ﬁ+eV¢)+<¢+-;-lc div u,¢+%k div v>.

Further we iet
NI, »)llle = b((¥, v), (¥, v)) /2.

Observe that, with 8 being an upper bound for the vector S,

kh \'/? 1 kh \'/? khe\'/?
ool < { (325)  Iollo+5 £+ (14161 (555 ) )iollor (355) It} (49)

Let 7 = ¢ — ¢, € = u — up. We then have the “orthogonality” which is similar to (3.2)
o((ne), (¥ v*) =0 all (¥*,0*) € S x V. (44)
We proceed with the error estimates by showing that {¢x, us} of the discrete problem is a best
approximation to {#,u} in J||(-,-)|||s norm.
LEMMA 4.1.

1, il < 116 = %", u=v™)llls  for all (¥*,v*) € Sy x Vi (4.3)

ProoF. This follows immediately from (4.4).
Lemma 4.1 implies that if £ = O(h) and linear elements are used in both S; and Vj,

ll(n,e)llls < Ch2. (4.6)

Note that (4.6) if of optimal order. Thus, different than the similar orthogonality result in
Section 2, the estimate (4.5) helps us to establish the following results. We now use (4.5) to
establish error estimates for ||, [[|[V7]|| and | div e].

THEOREM 4.2. If0 < C; < k < Co h and § = C3/Cy, then

Inl < [[1(n, e)llle, (4.7)
5 1/2
199l < V2 (g ) 1l and «9)
| div el < 22, )l (49)
2

ProoF. For any (¢,v) € S; x Vg, since ¥ =0 on T, it follows that

2
(%, )IIF = b((,v), (¥,v)) > 255 v —¥8+eV|®> + ‘q{: + % kdivv

k . . (4.10)
= ool = ¥ B> + 5 ke|VHI" + [9° + 7 £ div of’.

Note that (n,e) € Sy x Vo, thus (4.10) is valid for (5, e). Therefore the theorem follows directly
from (4.10).

THEOREM 4.3. If 0 < C, <k < Cqh and § = Co/C}, then

1/2
lell < {(%Ef) 4 lﬂl} N )l (411)



38 T.-F. CHEN

¢(z)

1 A ). |

° 0.2 0.4 0.6 0.8

z

Figure 2. At ¢ = 1, the accurate solution (dots) vs. LS solutionof h = 1 /18, k=1/18
(line).

0.9 T T 1 LI

@ | /e

Figure 3. At t = 1, with h = 1/18, LS solution of k = 1/18 (dots) vs. k = 0.01 (line).
ProoF. Since (4.10) is valid for (n,e) € S1 x Vp, it follows that

1/2 1/2
fe=nsi< (%) Mot < (32) " Mol

Therefore, using triangle inequality and (4.8), we have

1/2
lell < lle = n 81l + [l ol < { (%6) + |ﬂl} e, el
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0.8 ; T T T

¢(z) 0.4 f 4

0 1 I [ A
[] 0.3 0.4 0.6 0.8 1

T
Figure 4. At t =1, with h = 1/18, WDLS solution of k = 1/18 (dots) vs. k = 0.001

¢(z) 0.4 |- ' ]

Figure 5. At ¢ =1, with h = 1/18, LS (5.2) solution of k = 1/18 (dots) vs. k = 0.001
(line).

Note that the proofs of (WDLS) are much simpler than those of (LS). This is because that
we use the condition k = O(h) in the proofs all the time. This assumption is natural since we are
approximating the semidiscrete problem (1.4) and the solution of (1.4) is only O(k?) as indicated
in (1.5). Note that from the proofs, these analysis can also be carried out for the purely implicit
problem (1.3).
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#(z) o

Figure 6. At t = 1, with h = 1/18, WDLS (5.3) solution of k = 1/18 (dots) vs.
k = 0.001 (line).

The least squares (LS) method and weighted least squares (WDLS) method differ in many
aspects. First, the approximation in |||(n,e)|||s is optimal while in |||(%, €)]|| is only suboptimal.
Moreover, when the (WDLS) method is used, using (4.10) and argument similar to that of
Theorem 4.3, the approximations in

n+lkdive

le=nB+eval, |n+

are both optimal. Note that even (4.8) depends on ¢, it is better than that of the (LS) method.
One crucial difference is that (4.9) shows that the error in | div | is optimal and independent
of €. In the case that ¢ is close to zero, this estimate is essential since it gives the approximation
for ng. From the proofs, these are obtained without using the solvability of the dual problem (3.7),
the extra regularity (3.8), or the Grid Decomposition Property (2.10). Therefore the (WDLS)
method is far superior than the (L'S) method and should be used in the approximation, especially
when € < h. In fact, in the case of € < h, we can choose § = ¢ and then the estimate (4.9)
and (4.11) will be independent of .

5. NUMERICAL RESULTS

In this section we report the results of computations which illustrate the (LS) and (WDLS)
methods. Although the analysis in Section 3 and 4 deal only with linear equations, the computa-
tions will be performed on the solution of a nonlinear equation. In the following, the numerical
experiments deal with the Burgers’ equation with ¢ = 0.0001:

bt + bz — E¢s =0, in  x I=(0,1) x (0,00),
#(z,0) =sin(7rz), 0<z<]1, (6.1)
#(0,t) = ¢(1,t) =0, tel.

Note that there is no analytical solution for this problem. Therefore it is not possible to estimate
the Lj errors occurred in the approximations. However, we will compare the results with the
accurate solutions obtained by Christie and Mitchell [1].
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In all the computations, linear elements are used for both S) and V; and the solution at ¢t =1
is calculated. Based on the (LS) and (WDLS) with h = 1/18 and k = 1/18, the numerical
results obtained at ¢ = 1.0 are shown in Table 1. The quoted accurate solution was computed by
a Petrov-Galerkin method with fully upwinded cubic functions and a very small value of A [1].
Observe that, except the point next to the boundary, there is a great match between the result
of (LS) and the accurate solution. Indeed, this result can be improved by reducing h and &
simultaneously. Figure 2 shows the comparison between the accurate solution and the (LS)
solution for h = 1/36 and k = 1/36. We further investigate the convergence of the (LS) method
by fixing h = 1/18 and letting k go to zero. Computations were performed for k¥ = 0.01 and
k = 0.001. The comparative results of £ = 1/18 and k = 0.01 are presented in Figure 3. Observe
that large oscillation occurs when k& = 0.01. In fact, as k continues to decrease with h fixed, the
oscillation becomes more severe as it is also observed in the case when k = 0.001. This is similar
to those obtained from the Galerkin method. As for the (WDLS) formulation, the results in
Table 1 is inferior to that of the (LS). However, when h is fixed and k decreases, the oscillation
is only restricted to few points next to the right hand boundary =z = 1. This is demonstrated in
Figure 4 where results of £ = 1/18 and k = 0.001, with A = 1/18, are compared and the results
are almost identical. These show that, in the case when ¢ is small, the method (WDLS) is stable
while (LS) is not stable.

Table 1. At ¢ = 1, accurate solution vs. LS and WDLS solutions obtained using
h =1/18, and k = 1/18.

z Accurate solution LS solution = WDLS solution
.00000E+-00 .00000E+00 .00000E+00 .00000E+00
.55556E—-01 .42200E—01 .42125E-01 .42128E-01
.11111E+00 .84300E-01 .84235E-01 .84241E-01
.16667E+400 .12630E+00 .12631E400 .12632E4-00
.22222E4-00 .16840E+00 .16835E+00 .16836E+00
.27778E400 .21030E+00 .21032E+00 .21033E+00
.33333E+00 .25220E4-00 .25220E+00 .25222E+400
.38889E+400 .29390E+00 .29398E+00 .29398E+4-00
.44444E4-00 .33550E+00 .33566E+00 .33563E+00
.50000E 400 .37690E+-00 .37728E+00 .37728E+00
.55556E+4+00 .41820E+4-00 .41879E+00 .41905E400
.61111E400 .45920E+400 .45960E+00 .46051E+00
.66667E4-00 .50000E+-00 .49925E+00 .49984E+00
.72222E400 .54040E+-00 .54086E+00 .53587E+00
77778E400 - .58060E4-00 .58836E+00 .57730E+00
.83333E+00 .62030E+00 .62087E+00 .64938E+00
.88889E+00 .65960E+00 .63898E+00 .74272E+400
94444E400 .69830E+00 .83053E+00 .65594E+400

. .10000E+01 .00000E+-00 .00000E+00 .00000E+00

In the above computations, both (LS) and (WDLS) give bad approximations to the point next
to z = 1. This is due to the boundary layer effect. In fact, when ¢ is zero, the problem (5.1) is
reduced to a hyperbolic problem and the right hand boundary (the outflow boundary) condition
is no longer valid. However, when ¢ is small, the boundary condition at z = 1 is still necessary
to ensure the uniqueness of the solution of (5.1). This leads us to consider the following least
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Table 2. At t = 1, with A = 1/18, LS (5.2) solution vs. WDLS (5.3) solutions
obtained using various k.

LS(5.2) WDLS(5.3) WDLS(5.3) WDLS(5.3)
z k=1/18 k=1/18 k=1/9 k=1/36

.00000E+ 00 .00000E+00 .00000E+00 .00000E+00 .00000E+00
.55556E—01 .42125E-01 42128E-01 41775E-01 .42212E-01
11111E+400 .84235E-01 .84241E-01 .83543E~01 .84406E-01
.16667E+00 .12631E+00 .12632E+00 .12529E400 .12657E400
.22222E+400 .16835E+00 .16836E+-00 .16702E+-00 .16868E4-00
27778E+00 .21032E+4-00 .21033E+400 .20871E+00 .21072E+400
.33333E+00 .25220E+4-00 .25222E400 .25035E+4-00 .25267E+00
.38889E+00 .29399E400 .29402E+4-00 .29195E+00 .29451E4-00
.44444E+00 .33566E+00 .33569E400 .33347E+00 .33622E+00
.50000E+00 .37724E+400 .37722E400 .37493E+00 37776E+4-00
.55556E+-00 .41871E+00 .41860E+00 .41630E+00 -41909E+4-00
.61111E+00 .45980E+00 45983E+00 .45756E+-00 .46024E+00
.86667E+-00 .50008E+00 .50090E+00 .49869E+-00 .50125E+00
.72222E400 .54027E+00 .54175E400 .53963E+400 .54214E4-00
T7778E+00 .58287E+00 .58222E400 .58033E+00 .58280E+00
.83333E+-00 .62620E+-00 .62210E4+00 .62073E+00 .62285E4-00
.88889E+400 .66206E+00 .66125E+400 .66090E+00 .66189E.+-00
.94444E+00 .69852E+00 .69993E400 .70109E+4-00 .70002E+-00

.10000E+01 .73722E+00 .73880E+00 .74167E+00 .73819E4-00

squares formulations. To be precise, we let the boundary I' = T_U T}, where I'_ is the inflow
boundary and T is the outflow boundary. Therefore, instead of minimizing (2.6) or (4.1) over
the spaces S and V), we minimize

1, . ?
||u—¢,3+6V¢||2+1¢+ -2-k divu-—g +h/|¢’>|2, (5.2)
T+
or .
kh sl .
sogllu—@B+eVeI* + |6+ 5 divu—yg) +h [ |4, (5.3)
r'+

over (¢,u) € S; x Vo, where
ST ={¢lve HY(Q), y=0onT_}.

Note that (5.2) and (5.3) are the (LS) and (WDLS) with weakly imposed boundary condition
at ¢ = 1, respectively. Using (5.2) and (5.3), with h = 1/18 and k = 1/18, the results are
presented in Table 2. Observe that excellent agreement of the results with that of the accurate
solution except at £ = 1. The inaccuracy at z = 1 is not serious since the boundary condition
at £ = 1 is known. Table 2 also includes the results based on (5.3) with h = 1/18, ¥ = 1/9 and
h = 1/18, k = 1/36. These illustrate that the method based on (5.3) is stable independent of
the ratio between h and k. Even though the result based on (5.2) seems to give great result in
Table 2, it will again produce oscillatory solutions when h is fixed and k decreases to zero. The
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Table 3. At t =1, WDLS(5.3) solutions using h =k =1/36 and h =k =1/72.

WDLS(53) WDLS(5.3)
T h=k=1/36 h=k=1/72

.00000E+00 .00000E+00 .00000E+00
.55556E—-01 .42133E-01 42135E-01
.11111E+400 .84248E+-01 .84252E-01
.16667E+00 .12633E+00 .12633E400
.22222E400 .16836E+00 .16836E+00
27778E+00 .21031E+00 .21031E400
.33333E+00 .25217E+00 .25217E+00
.38889E+00 .29393E+00 .29391E+00
44444E+400 .33554E+00 .33552E400
.50000E+00 .37700E+00 .37696E+00
.55556E+00 .41828E+00 41821E+00
.61111E4-00 .45934E+00 .45923E+00
.66667E+00 .50015E+00 .50001E400
72222E+00 .54068E+-00 .54049E+-00
77778E+00 .58088E+00 .58063E+00
.83333E+00 .62071E+00 .62038E+00
.88889E+00 .66010E+00 65968E+00
.94444E+00 .69894E+00 .69846E+00

.10000E+4-01 .73744E+00 .73677E+00

results based on (5.2) are reported in Figure 5. Note that the oscillation is not as severe as that
of Figure 3. In Figure 6, these results are obtained based on (5.3) with A = 1/18, k = 0.01 and
k = 0.001. No oscillation is observed in this case. We remark here that the formulation (5.3)
based on the purely implicit scheme (1.3) also gives convergence results. Finally we include
Table 3 to illustrates the fast convergence of the method based on (5.3).

Concluding from the above, in the case when € is small, the method based on (5.3) is far
superior than those obtained from the (LS), (WDLS) and (5.2). Moreover, both the meth-
ods (WDLS) and (5.3) give convergence results independent of the ratio of h and k. Note
that from the theory, the condition that £ = O(h) is necessary to ensure the optimal conver-
gence. However, the numerical results based on (5.3) and (WDLS) indicate that even in the case
h =1/18, k = 0.001, here k is worse than O(h?), we still have convergence as shown in Figure 4
and 6. Thus, the condition k = O(h) is not a limitation. Moreover, as illustrated in the above,
the results obtained using these least squares formulations show great efficiency as opposed to
the Petrov-Galerkin method used in [1]. Above all, the upwinding is build in all these formulations
in a natural way and requires no “free” parameter as often needed in existing upwinding
methods [1-5).

REFERENCES

1. I Christie and A.R. Mitchell, Upwinding of high order Galerkin Methods in conduction-convection problems,
Int. J. Num. Meth. Eng. 12, 1764-1771 (1978).

2. D.F. Griffiths and A.R. Mitchell, On generating upwind finite element methods, In Finite Element Methods
for Convection-Dominated Flows, (Edited by T.J.R. Hughes), pp. 91-104, ASME Monograph AMD-34,
(1979).

3. C. Johnson, Streamline diffusion methods for problems in fluid mechanics, In Finite Elements in Fluids,
(Edited by R.H. Gallagher et al.), Vol. 6, Wiley, New York, (1985).



44

9.

10.

11

T.-F. CHEN

. C. Johnson and U. Nivert, An analysis of some finite element methods for convection-diffusion problems, In
Analytical and Numerical Approaches to Asymptotic Problems, (Edited by O. Axelsson et al.), pp. 99-1186,
North-Holland, Amsterdam, (1981).

. C. Johnson, U. Navert and J. Pitkaranta, Finite element methods for linear hyperbolic problems, Comp.

Methods Appl. Mech. Eng. 45, 285-312 (1984).

J.H. Bramble and V. Thomée, Semidiscrete-least aquares methods for a parabolic boundary value problem,

Math. Comp. 26, 633-648 (1972).

T.F. Chen, On least squares approximations to compressible flow problems, Numerical Methods for Partial

Differential Equations 2, 207-228 (1986).

T.F. Chen and G.J. Fix, Least squares finite element simulation of transonic flows, Applied Numerical

Mathematics 2, 399408 (1986).

G.J. Fix, M.D. Gunzburger and R.A. Nicolaides, On mixed finite elernent methods for first order elliptic

systems, Numer. Math. 37, 29-48 (1981).

G. Strang and G.J. Fix, An Analysis of the Finite Element Method, Prentice-Hall, Inc., Englewood Cliffs,

NJ, (1973).

. J.L. Lions and E. Magenes, Nonhomogeneous Boundary Value Problems, Springer-Verlag, New York, (1973).



