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1. INTRODUCTION

We explain the terminology and the problem studied in this paper by
using an integration example. Suppose one wants to approximate S(f) =
f(') f(t)dr knowing n values of f at points ¢, N(f) = [f(#), . . . , f(t.)],
and knowing that f belongs to a given class F. If the number of observa-
tions, n, and the points ¢; are fixed a priori than N = N"™" is called
nonadaptive (or parallel) information. If n or the points ¢; vary based on
previously observed values f(#), . . . , f(t;-;) then N = N# is called
adaptive (sequential) information.

One might expect that adaptive information would be much more pow-
erful than nonadaptive information. That is, an approximation to S(f)
based on adaptive points would be much more accurate than an approxi-
mation to S(f) based on a comparable number of observations at non-
adaptive points. But this is not necessarily the case. It was shown in a
number of papers that for any adaptive information N* one can find non-
adaptive information N™" which is as powerful as N4. This result holds
for the worst case, i.e., when the error of an algorithm is defined by its
worst performance assuming that F is a balanced and convex set. This
was established in Bakhvalov (1971) for arbitrary linear functionals § and
generalized to linear operators S in Gal and Micchelli (1980) and Traub
and WozZniakowski (1980). In both cases, N may consist of arbitrary linear
functionals, N(f) = [Li(f), . . . , L.{H)].

Adaption also does not help on the average. By ‘‘on the average’ we
mean that the error of an algorithm is measured by its average perfor-
mance according to some probability measure w. Furthermore N" is
constrained to have a number of evaluations, n, roughly the same as the
expected number of evaluations in N2. The result holds for linear opera-
tors S, S:F, — F,, where F| is a separable Banach space and u is a
Gaussian measure defined on the Borel o-field over F;. This is proven in
Wasilkowski (1986a), where results for more general probability mea-
sures, but with restricted notion of adaption, are also cited.

The results that adaption does not help has important implications con-
cerning, for instance, parallel or distributed computations and the design
of optimal information.

In the papers cited above exact information is assumed. In practice,
however, one often has only noisy information. For our example, instead
of f(t;) one has f(¢;) + x;, where the noise x; is a random variable. There-
fore in this paper we study the following question: Does adaption help on
the average for noisy information?

The answer to this question depends very much on the noise x, whose
distribution may (or may not) depend on the observation L and the exact
value, y = L(f), one tries to observe. The first result of the paper states
that
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(i) if x has a normal distribution independent of L and y then adaption
does not help essentially. (For the precise statement, see Theorem 1,
Section 4).

For noise dependent on L and/or y, the situation might be quite different.
In Examples 1 and 2 of Section 4 we show that adaption can even be much
more effective than nonadaption. In the first example we construct adap-
tive information with a varying number of evaluations. This number is
unbounded, but its expected value is equal to 3. Furthermore, the ex-
pected error of an algorithm that uses this information is zero, whereas
any algorithm that uses arbitrary nonadaptive information has positive
expected error. In the second example we construct information with a
fixed number of observations, but the number of repetitions of certain
observations varies adaptively. This information admits an algorithm
whose expected error is exponentially smaller than the error of any algo-
rithm that uses nonadaptive information with the same number of obser-
vations as in the constructed adaptive information. Thus, in both exam-
ples the number of observations or the number of repetitions vary but the
observed functionals are fixed. In general, in adaptive information one is
allowed not only to vary the number of observations or the numbers of
repetitions, but also to choose adaptively the form of observation in an
arbitrary way.

We believe that the power of adaption occurs only through adaptive
choice of sample size or adaptive selection of the number of repetitions,
but not through adaptive selection of observations (see Section 5). To
support this belief we analyze the power of adaption for a restricted class
of adaptive information. That is, we assume the number of evaluations in
various orthogonal directions to be fixed, but the directions are adaptively
determined. We prove that

(i1) if the distribution of the noise x satisfies the mild assumptions to be
stated in (3) and (4) then adaption does not help.

We now comment on relations between the statistical literature and the
results of this paper. A general discussion comparing and contrasting the
average case setting and Bayesian statistics may be found in Kadane and
Wasilkowski (1985). Here, we mention that adaptive information corre-
sponds to sequential experiments in statistics.

The first result in the statistical literature on when the privilege of
sequential experimentation is worthless is in Blackwell and Girschick
(1954, Thm. 9.3.3, p. 254). They assume that the observations are inde-
pendent and identically distributed, and that the experiments are charged
a constant amount for each observation. They prove that if the Bayes risk
is uniformly bounded and depends only on the sample size, the optimal
sequential procedure is a fixed-sample-size procedure. The same theorem
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is presented in easier notation in DeGroot (1970, Thm. 1, p. 285). While
those results are stated for the class of independent and identically distrib-
uted observations, it is immediate that they hold as well if the observa-
tions are not necessarily identically distributed, but rather are indepen-
dent given certain design variables.

We stress that in the statistical literature, the observation cost (sample
size) and the error are additively combined into one risk function, i.e.,
Risk = Error + ¢ X Cost for some constant ¢. In our approach, we do not
combine the error and the observation cost into a risk function, but we
relate N2 to N by comparing their expected errors and expected costs
separately. Formally, this corresponds to the following risk function:
given an error demand &, Risk = Cost if the expected value of Error < &,
and Risk = +« otherwise.

Other papers dealing with conditions under which optimal designs are
not sequential are Darling (1972) and Whittle and Lane (1967). A more
technical comparison of our results to this literature is given in Section 6.

2. Noisy OBSERVATIONS

Let F, be a real separable Banach space. Let F, be a real separable
Hilbert space whose norm and inner product are denoted by ||e|| and (e,
®). Consider a continuous linear operator § which maps F; into F,. We
wish to approximate S for all f from F,. We assume that we do not know
the element f. Instead we can compute (or observe) approximations to
L(f) for various continuous linear functionals L € Ff. More precisely, we
assume that instead of the exact value y = L(f) we know

z=y+x=L{f)+x (1)
where the noise x is a random variable with a known probability measure
n(®; y, L). That is, for any Borel set A of i,

Prob(x € 4) = [ m(dr: y, L). @
Throughout this paper we assume that the probability measure 7 satisfies
two conditions

n(A; e, 8) = n(—A; e, ), VA € B(}R), 3
n(®; y, ® = n(®; —y, 8, Vy€ER. 4)
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Assumption (3) implies that the mean value of the noise is zero. Assump-
tion (4) means that the probability of the noise depends only on the abso-
lute value of y.

We illustrate n by three examples. In each example 7 is absolutely
continuous with respect to Lebesgue measure. The density of n(®;y, L) is
denoted by p(e; y, L)

(i) p(t;y, L) = w(r) for some nonnegative w. For instance, w(t) =
(/V2mro) exp(—t¥(20)) corresponds to n(®; v, L) being Gaussian (normal
N(0, o). Since w is independent of y and L, the noise x has the same
probability whether y and/or ||L|| are large or small. We think that this is a
realistic assumption for some applications, but is unrealistic for others.

(i) p(t; y, LY = A1/V2mo(y)) exp(—t*/(20(y))), where, for instance,
a(y) = y? This corresponds to a Gaussian probability whose variance
depends on the exact value y.

(iii)

1
p(t; y, L) = 4 2elILl[(y] + &)’

0, otherwise.

. f
_—E - k) b
T+ < e e

Here « and & are positive (small) numbers. This means that the noise x is
uniformly distributed in the interval [—ea||L||(|y| + &), a||Lli(|y]| + 8)]. If
ly| is large relative to & then the relative error |z — y|/|y| has, roughly, the
uniform distribution on [—«al|L]||, «||L||]. If |y| is small relative to & then
the absolute error |z — y| has, roughly, the uniform distribution on
[—a||L||3, a||L||8]. Note that the noise x depends on the norm of L. This
means that computing L.(f) instead of L{f) with L. = ¢L for ¢ € R,
corresponds to noise x,. which behaves as cx. Such noise may be viewed
as an abstraction of rounding errors in floating point arithmetic.

3. STOCHASTIC ADPATIVE INFORMATION
Assume that F is equipped with a Gaussian measure u whose mean

element is zero and whose covariance operator S, is given. Recall that
S,L : F;k =l Fl

LiS.L) = [, LDL(Puf), VL L € FY

(see, e.g., Kuo (1975), Skorohod (1979), Vakhania (1981)). Without loss of
generality we assume that §, is positive definite, i.e., L(S,L) > 0 unless
L=0.
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We define (noisy) adaptive information N as follows. Let L, € Ff. We
compute (or observe) L,(f). Since the computation of L(f) involves
noise, we observe

1 =y + X, where y; = L(f). &)

As in Section 2, x; is a random variable with probability measure n(®; y,,
L,) dependent on y, and L;.

Knowing z; we decide whether another observation is desired. If not, z;
constitutes the information about the element f. Otherwise, we choose
another functional L,(®; z;) € F{, compute (observe)

2=y + x, where y, = Ly(f; 7)), 6)

and so on.
More formally, (noisy) adaptive information N is defined by

N(f9 x) =Z= [Z], 225+ o o Zn(f,x)] (7)
withz; =z (f,x) =y + x;= Li(f;2y,. . . ,zi-1) + x;. Herey; = yi(f, x) =
L;(f;zi,. . . ,zi—1) is the exact value, and the functional L;(®; z;,. . . ,
zi-1) is chosen based on the previously obtained values z;,. . . , z;—;. For
brevity, we shall often write L;, instead of L;(®; z;, . . . , z;-;). The

number of observations, n(f, x), called the cardinality of N at f, is defined
via stopping rules, i.e.,

n(f, x) = mintk: [2:(f, x), . . ., z(f, x)] € T}} ®)

for given Borel sets T; C R, (By convention, min §§ = +). For simplicity
we assume that n(f, x) is finite almost surely.

Note that N defined as above is adaptive (sequential), since the choice
of the ith observation depends on the previously observed values z;, 2,

., zi—1. Furthermore, the total number of observations, n(f, x), is

determined dynamically based on those values. On the other hand, if n(f,
x) and the functionals L; are fixed a priori, we shall say that N is non-
adaptive.

In this paper we shall relate adaptive to nonadaptive information by
comparing their average cardinalities and radii. By the average cardinal-
ity of N we mean

card™s(N) = [ ([, nf, om(ax; y, N)) wa). ©)

where w is the a priori measure on F; and n(A;y, N) = fA H,I-;; n(dx;; yi,
L;,) for any A € B(R5).
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To define the average radius, we proceed as follows. Knowing N(f, x)
we approximate Sf by ¢(N(f, x)). Here ¢, called an algorithm, is any
mapping ¢ : N(F, X %) — F,. The average error of ¢ is defined by

e, N) = [ ([ 1S5 = 6N, W)lPntax; y, N)) widf), (10)

and the average radius of N is defined by

ree(N) = inf e*8(¢, N). (1)
¢

We assume that ¢ and L; as a function of z;, . . . , z;—, are measurable.
This guarantees that (9)-(11) are well defined.

Ideally, one would like to have information N with both card®#(N) and
r2'8(N) as small as possible. This suggests the following way to compare
information N, with information N,. We shall say that N, is as powerful as
N, iff

card?*8(N,) < card®'8(N,) and rave(N,) < ra8(N,).

In this paper we study when nonadaptive noisy information is as powerful
as adaptive noisy information.

4. ADAPTION VERSUS NONADAPTION

It is known (see, e.g., Wasilkowski (1986a)) that nonadaption is as
powerful (or almost as powerful) as adaption for exact information, i.e.,
when x; = 0 with probability one. This is also true for Gaussian noise, as
stated in

THEOREM 1. Let x; have N(0, o;) distribution with o; independent of y;
and L;. Then for every adaptive N?:

(i) There exists N* such that
card®8(N*) < card*&(N?) and ra&(N*) = ravs(N?),

Furthermore, N* has the following form. There exists a number « such
that

Ni(f, x), ifzi=Li(f) + xy = q,

N*(f, x) = { ]
N>(f, x), otherwise,
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where N|, N, are nonadaptive and consist only of certain functionals
used by N2

(i) There exists nonadaptive N™" (consisting of linear functionals
not necessarily used by N?) such that

card®8(N™" =< [card®8(N?)] and  r®8(N"™") < r®8(N?),

Sketch of the Proof. Letting F; = F; x R*, S(f, x) = Sf and L,((f, x);
2ty o« 5 2i-)=L(fyz,. . . ,z-1) + x;, we get an equivalent problem
with exact information. Since the a priori measure w on Fy is Gaussian,
the joint probability on F; is also Gaussian. Hence the results of
Wasilkowski (1986a) for exact information imply the existence of N* and
Nron with the properties stated in the theorem. =

Theorem 1 holds for more general problems with an arbitrary linear
space F, and with ||Sf — &(N(f, x))||? replaced by any loss of the form
P(Sf — ¢(N(f, X)) with P:F, — R, such that P(S(®) — g) is Borel
measurable for any fixed g € F.

Although N* in Theorem 1 (i) need not be nonadaptive in a strict sense,
it is only “‘mildly’’ adaptive, since it is equal either to N, or to N,.
Furthermore, if 8 is the probability that N* = Ny, i.e., 8 is the probability
that L;(f) + x; =< a, then

card®&8(N,) = card®&(N*) and rave(N,) < 2r2e(N*) ifg =%,

and
card®8(N,) = 2 card*&(N*) and rav8(N,) = ra8(N*) ifg =4

As stated in Section 2 (i), white noise seems to us too restrictive for
some applications. Hence one would like to have similar results for more
general classes of noise distributions. However, in general, adaption can
be much more powerful than nonadaption as exhibited in the following
two examples. The distribution of noise in these examples is discrete. We
chose this for simplicity. The same could be achieved with a continuous
distribution of noise.

ExampLEl. LetFi=F,=R,S=Iandu=N(,I). Letx;= —1or
x; = +1, each with probability 4. Consider adaptive N2 which consists of
repetitive observations of L(f) = f,i.e., N(f,x) = [21, . - . , Zogw), & =
f + x;, with the folowing stopping rule: n(f, x) = min{i = 2:z;_; # z;}. As
always, min § = 4+, Note that for every f, n(f, x) = { with probability
2-@=D_ Then the algorithm ¢(N2(f, x)) = (z;—1 + z:)/2 is equal to f, and
therefore has the average error zero. Hence

rave(N2) = 0.
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The average cardinality of N2 is given by

8

card®'8(N?) = -2,1—_, = 3,
i=2

Consider now nonadaptive N} consisting of k repetitive noisy obser-
vations of L(f) = f. Then f can be recovered exactly only with probabil-
ity 1 — 2-%-D (when two observations are different). Hence

1.
PUNE) = pinf [, ((F = 8 + DR+ (F — 6 ~ DP)

1
= inf — 1 — y2p—(-1?2
+ (z + 1 — x)%e @)y,
The last infimum is attained for

(z — De @2 4 (z + 1)@

X = x(Z) = e_(z-l)l/z + e—(z+l)2/2 ’
i.e., the optimal algorithm ¢*(z, . . . , z) = x(z), and
4 +o =@t
avg( A7nony
rENET) 2\ 2 f‘w [+ ez %

Hence information N}°" of cardinality £ has positive average radius,

whereas information N2 solves the problem exactly with average cardi-
nality equal to 3.

ExaMPLE 2. Let F; = F, = R? be equipped with the l; norm, i.e., f =
(1, f21and ||f]|? = 1 + f}. Consider Sf = [f1, fal. Let w = N(0, I) and let
the noise of observing G;(f) = f; be so that x; = —1 or x; = +1, each with
probability 3. Consider adaptive N2 with fixed cardinality, n(f, x) = n,
suchthat L, =L, =G, L; = Gyifz =. . . = z;-1 and L; = G, otherwise.
In a fashion similar to the method used in Example 1, one can show that

2-(n—2)

ravg(Na) =) (2—(n—2) + + (n - 2)2—(n~5))
= b27n (2 + % + 2%(n - 2)>,

where b = (4/V2x) [75 ((e=@D2)/(1 + e~2))dy.
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On the other hand, if N™" consists of n;, noisy observations of G, and
(n — ny) noisy observations of G, with n; fixed, then

ravg(Nnon) — b(z—nl + 2~(n—n1))’

which is minimized for n{ = n/2. This means that any nonadaptive infor-
mation of cardinality n has average radius satisfying

ravg(Nnon) = 2b2—n/2.

Hence adaption is exponentially more powerful than nonadaption.

In the above examples we exhibited adaptive information N2 which was
more powerful than nonadaptive information. In Example 1, we con-
structed N? by taking advantage of varying cardinality. In Example 2,
n(f, x) was fixed, but we adaptively changed the number of repetitions of
the functional G;. Thus, in both examples adaption was more powerful
than nonadaption because of using either varying cardinality or varying
the number of repetitions of certain nonadaptive functionals. In the next
section we show that, in a sense to be made precise, these are the only
causes for adaption to be more powerful than nonadaption.

S. ADAPTIVE CHOICE OF OBSERVATIONS DoEs NoT HELP

In this section we assume that the cardinality and the number of repeti-
tions are fixed. We permit the observations (or equivalently, the function-
als) to be chosen adaptively. We shall show that this adaptive choice of
observations does not help.

Stated precisely, we assume that for given k, ny, . . . , ny, Eka n; = n,
N, x)=z=[z),. ..,z (12)
where
z;=[zi1, . - o w2 =Lilfsz, . .., 2i0) T Xy,

l=siskl=j=n, (13)
and the functionals L;,, . . . , Ly, are u-orthonormal for every fixed z,
Li,z(SuLj,z)

= LI Lg;zy,. . . ,zi-)Lg; 2, . . . ,z;j)uldg) = &;;. (14)
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Remark 1. The notion of fixed repetition numbers n; requires us to
distinguish between the functionals L;,,i = 1, . . . , k. One could hope
that it would be enough to assume that L;, # L;, for i # j. This assump-
tion is, however, too weak. Indeed, consider once more adaptive informa-
tion N2 from Example 2, with L; replaced by L; = L; + &~'G, for suffi-
ciently small €. Let N2 consist of single observations of L,,....,L, For
small &, N2 and N2 are practically the same, though the first information
has fixed repetition numbers (n; = 1) whereas the second one has varying
repetition numbers. Hence the assumption L;, # L;, does not lead to a
meaningful notion of fixed repetition numbers.

Our definition (14) of fixed repetition numbers requires u-orthogonality
of L;,. Observe that this holds for Examples 1 and 2. We have chosen this
definition to simplify the analysis. We stress that this choice is not unique.
Furthermore, Theorem 2, which we present below, need not be true for
different notions of fixed repetition numbers.

Finally, we add that u-orthogonality is not restrictive for exact informa-
tion. Indeed, we can always fulfill (14) by taking a suitable linear combina-
tion of L, ,. This can be done, for instance, by applying the Gram-Schmidt
reorthogonalization process.

We are ready to state

THEOREM 2. For any adaptive N? of the above form, there exists a
vector z* € N* such that

ravg(Ng*On) < ravg(Na)‘

Here NX" stands for nonadaptive information obtained from N2 by re-
placing z = z(f, x) by z* in the functionals used by N?2.

We prove Theorem 2 assuming that for every y € R and every L € F}
the probability of the noise, n(®; y, L), is absolutely continuous with
respect to Lebesgue measure, and its density is denoted by p(e; y, L).
This assumption is without loss of generality, and is made to simplify the
notation. In the sequel, u, = N(0, I) on R*, i.e., for any Borel set A C R,

1
mh(A) = G [, €2 diy. (1s)

Let N be adaptive information of the form (12). We need a few lemmas.

LEMMA 1. For every algorithm ¢

ema(, N) = [, [ISf|Pu(d) - R, N) (16)
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with
k
R N) = [, [ (22 0(SSuLia, 6@) - 6@IP)
X p(x; y, N) d,x pi(dy), (17)
wherez =1[z),. . . ,zlandz;, = [y; + x;5, . . . , ¥+ Xipn).

Proof. Observe that

e8¢, N) = J’F, j IS — ¢@|Pp(x; y, N) dux u(df)
= fﬂ w ISTI? = 2SS, 6@) + l6@|D

X p(x;y, N) d.x p(df).

Since [y p(x; y, N) d,x = 1, we have

ems(d, N) = | [ISFlucdf) - R, N,

where

R, N) = [ [, 055, @) = 9@Ip(x; y, N) dox u(df).

Thus, it is enough to show that R(¢, N) satisfies (17). Changing the order
of integration we have

R, N) = [, [ @57, 6@) — 6@[Dptx; y, N) u(df) dux.

For fixed x, let Nx(f) = [L12(f), . . . , Lez(f)]. Recall that L;,(f) = L(®;
Z;, . . . , zi—1). Then Ny is exact (noise-free) adaptive information.

Let (A, Ny = u(Nx'(A)) for all Borel sets A of R*. 1t is known (see,
e.g., Lee and Wasilkowski (1986), Wasilkowski (1986b), Wasilkowski and
WoZniakowski (1984)) that (@, N,) does not depend on N, and is equal
to the Gaussian measure u; of (15).

For any Borel set B of F; we have

w®) = [, maBly, Nope(dy), (18)
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where u,(®]y, Ny) is the probability measure concentrated on Ny '(y) (see

Parthasarathy (1967, Thm.8.1, p. 147)). From the papers cited above, it
follows that

k
my = Z} ¥iSu(Liz) (19)
is the mean element of the measure u,(®|y, Ny). Hence

k
[, 55, b@)matdfly, N9 = 3 3(SSuLiss $@).
From (18) and (19) we have

R, N) = [ |, [ (55, 6@) - l16@IPwaafly, Ny
X p(x;y, N)pi(y) dnx
k
= [ Ju (2 2 0is8uLia, 662 - l6a7)

X p(x; ¥, N)ply) dnx.

Hence R(d, N) satisfies (17) as claimed. =

We now exhibit an optimal algorithm, i.e., an algorithm ¢* such that
e*8(¢p*, N) = r*¢(N). Keeping in mind that p(x; y, N) is the density of
n(x; y, N) and that u; is given by (15), we change variables in (17) by
setting Zij= Vi + Xij- Then

k
RG,N) = @y [ [ (23 5488, Lis, 662 - 6@

k

x 1 (e"y"z’z Hl p(zij = ¥is yi, Li,z)) dyy dyt. (20)
-

i=1
Define
V.'(Zi|zl,- v, Zicy)

1
= 5=y e oy = v i L@z, - o) e @D

J=1
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Then

oo vl - ) dm = 1. @2)

This means that v;(z;]z;,. . . ,z;_;) is the density function of a probability
measure on R*. Define

(zw)l/ze-y,?/z

)\i(yi,zls R ,Z,‘) =

Vi(zi,zl,- C L Ziny)
<11 pij = yis yis Li® i, mm)). (23)
=
Since fm )\i(y,-|z|, e . ,zi—l)dyiz 1,)\,’("21,. .. ,Z;_l) is the density of

a probability measure. We rewrite (20) using (21) and (23):

k
RGN = [, (22 ($8uLia, 6@ [ 30Ol - - - 5)
k
- 16@IE) [T wtalzs, - . . 5e) doz 24)
Let
Hi(z) = Hi(z;, . . . ,%Z) = jm yihi(yilz, - . ., 7) dy;. (25)

Define the algorithm

k
¢*(z) = ; H;(z)SS,Li,. (26)

We comment on the implementation of (26). The functionals L;, are
given by the noisy adaptive information N. The elements SS,.L,, are
determined by the problem being solved. Observe that for nonadaptive
information these elements do not depend on z. In any case, in order to
compute ¢*(z) we have to compute H;(z) given by (25). The difficulty of
computing H;(z) depends on the density function p of the noise. For some
p it is relatively easy to compute H;(z). Then ¢*(z) can also be relatively
easy to compute.

LEMMA 2. The algorithm ¢* defined by (26) is optimal, i.e.,
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ems(@*, N) = res(N) = [ [SflPu(d) - RG% N), @)
where

R@* N) = [ |6* @] dz

k

v@) = [ v@lz, . . . 2™,

i=1
Proof. From (24) to (26) we get

R, N) = [, C(6*@, 6@) - |6@|Dv@) dyz

= |, (I*@I* = l6*@) — ¢@|Pv(2) d,z

< | l¢*@|v@ duz = R, N).

This and (16) yields e28(¢p*, N) < e28(¢p*, N) as claimed. ®

We now establish some properties of »; and H;.

LEMMA 3. Fori=1,. .., kandallvectorsz,,. . .,z
Vi(lilll, Ce L L) = Vi(—li|11, C e Ziny) (28)
Hi@z,...,z_,2)=—H(, ...,z —z). (29)

Proof. Changing y; to —y; in (21), we get

1
R RV, [y e 1] ps + i =y L .

j=1
Due to (3) and (4) we know that
p(zi; + ¥is =i, Lig) = p(=z; — yi; —¥i» Lia),
which yields (28). In a similar fashion one can prove that
Nz, . . m) = N(=yilm, .., T).

This and (22) yield (29). =



272 KADANE, WASILKOWSKI, AND WOZNIAKOWSKI
Define
G@ =Gz, . ..,z

= | H. ... wv@k;. .. a0 da. G0

LEMMA 4.
k
R@*N) = [, (2 155,20/°6:2)

X (ﬁ vi(zi|zy, . . . ,zi_l)) d.z

i=1

k
=> |, IS8, Ll PGP @) d 2. 31)

Proof. From (26) we have

k
o*@)||? = ; IS8, Li||*H(2)

+ > (SS,L;,,SS,L;,)Hi(2)H;(2).

%
For j > i we have
;= [, (SSuLinSS,Lind Hi)H;@v(@) dyz

o U R O )

gm

SS.Li(® 21, . .., z-)Hizi, . . ., %)

X (I - Iij(zl, ce ey Zj)Vj(Zle], Ve ey zj_l) dnjzj>
-
X l_ll Vp(zplz]’ o ey ZP—]) anZI PR dflj—lzj—l'
=
Due to Lemma 3, the integral over " is zero. Thus, A; ; = 0. This yields

k
N Z, fmn IS8, Lial|?Hi (2)v(2) dyz

R@*N) = [
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k
B 1§=:l J’ER’” ce J'm'li ”SS/‘L'-(ZI’ ot zi—l)”zle(zls LI zi)
X 1—11 v (@pl21, . . . Zp-) dpzy . . . dni,
oo
due to (22). Thus,
k
* = - 12G
ROV N =2 [ [ I18.LulG@)
X H vo(ZplZ1, . . ., Zp) duZi . . . dn 2

k
=3 |, ISSuLilPGH @@ d.

due to (22). Hence (31) is proven. ®

We are ready to prove Theorem 2. From Lemma 4 we have
R(¢*, N) = Jm G(2)v(z) d,z, (32)

where G(z) = 2i.,||SS,L;,|[2G}z). Observe that there exists z* =
[zf, . . ., zf] € B such that

R(¢*, N) = G(z*). (33)
Indeed, if R(¢*, N) > G(z), Vz € R”", then
R@*, N) = [ R@*, Nw@) dz> [, G@v@) duz = R(@*, N),

which is a contradiction. Here we used the fact that [¢-»(z)d,z = 1 and
that R(¢*, N) is finite,

R@*, N) = [ |Isfluc@ = IS [, IfIPucd) < .

Thus, (33) holds.
Define LY =L, L} = L;(®;z,. . ., 2. Let
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NP(f, x) = [LY() + x10, . . ., LT + x10,
L) L;(k(f) + xk,lv R ch(f) + xk.nk] (34)

be the nonadaptive noisy information. The x; ; are random variables with
density function equal to p(®; y;, L). We prove that

PN = [ ISfIPuas) - G, (35)

Indeed, let v, H¥, and G} be defined by (21), (25), and (30) for the

non

nonadaptive information N}¥". Then

V?‘(zi’zla ] zi*]) = Vl?k(zilzik) L z?‘_])’
* _
Hi@,....,zi,2)= Hi(lik, ) Z;k—l, zZ;),
G;k(zl, L Ei) = Gi*(lik,- - Z;k—l)-

From (32) we conclude that for an optimal algorithm ¢* using N2 we

have R(¢*, N¥") = G(z*). Then (27) of Lemma 2 yields (35).
We return to (33). Due to (33) and (35) we have

reN) = | ISSIPR(@S) — R@*, N)

= [ ISfIPudf) - Ga) = P,

Thus,
rave(N) = ravs(N"),

which completes the proof of Theorem 2. =

6. A StATISTICAL EXAMPLE

In this section, we give further details on the classical statistical prob-
lem of optimal sequential design for a class of normal linear models. To do
so, we switch to statistical language and notation. The sample size # is
fixed in advance, but the placement of the observations is permitted to
depend on past observations. Nontheless, it is the case that for this exam-
ple, the optimal sequential design ignores past observations.
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Suppose we can observe a vector y = [y, y2, . . . , ¥»}? such that
y=X79 + e,

where X = (X, X2, . . . , X»)is the k X n design matrix and each X;is a k-
dimensional column vector, 8 = [8,, 62, . . . , 617 is a vector of k un-
known parameters, and e|t ~ N(0, ¢/) is the n-dimensional random vector
of observations having a normal distribution with mean vector zero and
precision matrix tI. Suppose that the prior on 6 and ¢ is such that the
conditional distribution of 6 given ¢ is normal N (6, tR), where R is a
specified k X k matrix. The posterior conditional distribtion of 8]y, f is a
normal with mean 8, = (R + XXT)"(Xy + R#,) and precision matrix (R
+ XXT). If a particular linear combination c79 of 8;’s is of interest and
squared error loss is appropriate, the optimal estimate is ¢76;, and the
posterior risk is the expected variance of ¢76,, that is cT(R + XXT)™!
cE,,(t7"), where E,,(t"") is the posterior mean of ¢~!. Suppose first that
the prior on ¢ is such that ¢ is known. Then the sequentially optimal choice
of X would be a choice that minimizes ¢T(R + XX7T) 'c. Note that such X
does not depend on y, so a fixed sample-size procedure is optimal in this
case. This is an application of the (extended) Blackwell-Girshick Theo-
rem (see Section 1). See Chaloner (1984) for methods of finding such an
optimal design. Furthermore, since the optimal design does not depend on
t either, it is sequentially optimal whatever prior is taken on ¢.
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