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K. F. Roth (Acta Arith. 9 (1964), 257-260) considered the distribution of
a sequence A4 of distinct positive integers not exceeding N among the residue
classes for each modulus not exceeding 0. He showed that a certain variance
was >p(1 — p) O?N, where p was the density of the sequence, implying that 4"
is not too evenly distributed among the residue classes in all subintervals of
[1, N] unless p is almost 0 or 1. In this paper we consider a sifted sequence,
one which is forbidden to enter certain residue classes, and enquire how evenly
the sequence falls into the remaining residue classes for each modulus. Our
main result shows that another variance lies between bounded multiples of
p(1 — p) Q*N/A, where N/A is the Selberg upper bound for the number of
members of A in [1, N]and pN/4 is the actual number. The lower bound implies
Roth’s result in the unsifted case.

1. INTRODUCTION

In 1964 K. F. Roth [3] considered the distribution of an arbitrary
sequence of integers among the residue classes to each modulus ¢ not
exceeding some bound Q, and showed that no sequence can be very well
distributed unless either it or its complement is sparse. More precisely,
he showed that a certain variance involving the integers of the sequence A4~
not exceeding N was

> p(1 — p) NQ?,

where p is the density of A4 in [1, N]. In this paper we consider a sifted
sequence A", that is, one which for each prime p never meets any of a
set H(p) of f(p) residue classes. The upper bound sieve tells us that
(to within an error) term 4" can have at most NA-! members in any
interval of length N, where A4 will be defined below as a function of Q
and the numbers f(p) for p < Q. The number of integers of A" in [1, N]
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is now pNA-', where p is bounded, and in Theorem 2 we show that a
variance generalizing Roth’s is

> p(l — p) NQ2A, (1)

provided that the numbers f(p) do not increase too rapidly with p
(a sufficient condition for this is f(p) < p¢ for each ¢ > 0), and if
Q = o(N'*(log N)™1). In these inequalities the double inequality sign
indicates an inequality with a suppressed absolute constant. The condition
on O was unnecessary in Roth’s case. Theorem 2 is deduced from
Theorem 1 in which we determine the asymptotic order of magnitude of a
different variance. A simplified form of this variance occurs in Theorem 3,
which takes only the distribution of A" among residue classes into account,
not that among subintervals of [1, N]. The variance of Theorem 1 has
as asymptotic size the expression in (1), and that of Theorem 3 is
bounded above by the same quantity diminished by Q2.

To state the theorems we require the following notation. Lower case
Roman letters denote integers; of these p will always denote a prime.
Let

k(n) =1 if 1<n<N and ne.J,
k(n) =0 otherwise,
so that x(n) is the characteristic function of 4", Let g be a positive integer.

By the Chinese Remainder Theorem there is a set H(g) of f(q) residue
classes mod ¢, where

o) = q 1 Ap)p,

par

with the property (h — n,q) = 1 whenever ne 4" and he H(qg), and a
set K(q) of g(q) residue classes, where

gq) =q 11U — f(p)p),

Ple

which cover the sequence 4. We set

_ v F@f@
4= q§0 g @
and put
b S e PB— 480, 9)
E(4, B; b, q) = m=ZA+1 (m) 5@ , 3)

m=b(mod q)
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where 8(b, q) = 1 if b € K(g), 0 otherwise. We let
Afu) = max(0, u — gX — 1), “
B(u) = min(N, u — 1), )

where X = [3Q0]. For real « we use the exponential sum notation
e(a) = exp 2mia, ea) = exp 2min/q. We can now state the results.

THEOREM 1. Let

Z(4, B) = i iE(A, B; b, 4) eqab)| - (6)
(a?:)l=1 =
Then
T 4 2 ZiAd, BW) )

lies between bounded multiples of

ol — p + o(l)) N@*A, @®
provided that
Q = o(N'/*(log N)™) )

and the f(p) grow slowly enough for

e fla g _
qgo <@ = o(QA). (10)
THEOREM 2. Let
Veld, B) = 3. | E(A, B)i by I (1)

Then if (9) and (10) hold we have

N+qe
T LS v, Bw) > (1 — p + o)) NQ2AL,  (12)
90 u=2

and the same lower bound holds for

QY VO,N)+43% ¥ VA0,n)q (13)

<o n=1 ¢<Q

From H. L. Montgomery’s form [2] of the upper bound sieve we deduce
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THEOREM 3. We have unconditionally

Y ZJ0, N) < p(1 — p + O(QEN-Y)) NA-,

<@

and

q;o flg) min =7 f( )

) #0

V0, N) < p(1 — p + O(Q*NH) NA.

To interpret these results, we note that Z(4,(u), B(u)) and V (A4,(u), B(w))
are sums over all arithmetic progresssions of X terms ending near u.
Thus Theorem 2 assures us that there is a 4 for which the average square
of the difference E(A,(u), B(u); b, ) between the expected number pXA-1
and the actual number of members of A" in the progression, taken over
all these progressions, is of the same order as the expected number
pXA7 itself, unless p is close to 1.

The failure of our method at p = 1 is intrinsic: if the Selberg upper
bound could be attained, a number of arguments show that the sequence A"
must be extremely regular. In our notation below, S(«) would be very
close to A-1U(x), an exponential sum whose coefficients we shall show
to be distributed evenly among residue classes. Our method is too closely
tied to Selberg’s to cast much light on the question as to whether the
Selberg upper bound can be attained. It has been shown that it cannot be
attained in certain cases when the interval is [I, N] and the set H(p) is
defined in a way essentially independent of the prime p. Thus if H(p)
contains only the zero class for each prime p, 4" must be a subsequence
of the primes, and by the prime number theorem p << § + o(1).

The restriction (9) arises from a clumsy estimate of V(«) in Lemma 2.
If f(g) = 0 when ¢ > 1, which is Roth’s unsifted case, then V(o) = 0,
and the condition (9) is unnecessary. On the other hand, we would be
content with the condition Q <€ N2, Condition (10) is fascinating;
it arises both in Roth’s original argument (as adapted to our problem)
and in our variation of it. (10) may be there to protect the existence of
the perfect squares, for which f(p) = 3(p — 1) and p is positive if we
allow Q > N'/2, but for which V0, N) is at most g(g).

2. THE SELBERG COEFFICIENTS

N

S() = Y. k(n) e(na). 0))

n=1
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We write

. e(ak) _ 1@
Ka,9) = ke;(q, glq)  s(g) heg(q, edah). @

It is easily verified that

| K(a, 9)| < 1*(q) f(9)/g(q) 3
and
¢ s _ P9 flg)
(a’%dl K(a, 9 = e@ “@

If the integers of A" divide equally between the residue classes of the
set K(g) we should expect that for small real 8

S(a/q + B) ~ MN_lK(a: q) F(N’ B): (5)
where
M=S80)= Y «(n) (6)

and for any real B and positive integer U we write

F(U,B) = 2_:1 e(np). M
Since
__ | sin 7UB 1
RO = | e | <pEy ®)

where || 8] denotes the distance of the real number 8 from the nearest
integer, the sum

U= Y Y K@ q)FN,« — alq) ©)

<@ a=1
(a,9)=1

will have the approximation property (5) near rational points a/q with
g < Q. We shall use a/g to mean a rational point with ¢ < 0,1 <a <g¢
and (a,q) = 1, that is, a member of the Farey sequence of order Q.
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In order to work out the coefficient of e(na) in (9) we consider for square
free g the sum

q

Y ¥ atk-—an= Y %}
a=1 keK(q) keK(q) dlq
(a,¢)=1 _k=n(moda)

@
) ne(%(ld) dy‘ (%) %

w@e) gl@) Tl (1 _E{W)’

[l
nek(v)

i

which it 1s convenient to invert as

b ud)d
fo 11 (or =) =/@ T Sy

neH(p) neH(d)

The coefficient of e(nx) in (9) is now

_ p(d) d ©*q) f(q)
M) = %& @ q%g) @ (10)

the familiar Selberg upper sifting function. This method of constructing
upper sifting functions will generalize to the situation where the «(r) are
weights not necessarily 0 or 1, but we do not need this generality here.
We recover Selberg’s upper bound sieve from Cauchy’s inequality:

MA = f " (o) U(—0) da
01 1/2 , .1 1/2 (1D
< (jo | S(e)]2 doc) (fo | U(cx)|2da) .

The first integral on the right is M, and we shall show in the next section
that for small Q the second is

NA(1 + o(1)),
so that

M < NA7(1 + o(1)), (12)
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and when we write
M = pNA-

then p is bounded.
After our construction of the coefficient A(m) we expect that for any
subinterval [4, B] of [1, N] when we write

> X - Lﬁi“%f@ L LA, B b, (13)
m=A-+!

m=b(modr)

where (b, r) = 0 unless b€ K(r), when it is 1, then L(4, B; b, r) is of
smaller order. In fact, we have

LeMMA 1. If r < Q then (13) holds with

) _ #3(q) flg) o(q)
| L(4, B; b, 1)) < E, = q;;o =

where o(q) is the sum of the divisors of q.
Proof. We have

$ amoyrdd v p@M@ §

m=A+1 r'4 f(d) <0 g(q) m=A+1
m=b(mod r) a=0(d) meH(d)
m=b(mod r)

We take first the sum over m. Over each complete system of residues
mod{d, r] it is zero unless b € H((d, r)) when it is '

C(CA

We can now write the sum required as

wdd <« @@ f@) (B — A7) fd)
50,2, T O+ o0) 7y

[[£47]

_(B—4 w(d)d, r) r4q) flq)
( r )g,, f(d, r) ,,E%,,, g(q)

<@

0 d r49) /@)
to(x, q%g, @ )
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where the sum is taken over those d for which b € H((d, r)). If g has any
prime factor which does not divide r, the sum over d in the main term is 0.
The coefficient of (B — A)/r is then

B@fG) s pdd_ o pd)d fd)r
2T & @ % )

beH(d) beH(d)

which is O unless b € K(r), when it is r/g(r).

3. AN INTEGRAL INVOLVING U(«)
Our object is to prove

LEMMA 2. We have

Y. X(m) = NA( + o(1)) )]

i<m<N
provided that
Q = o(N'?[log N). @

Proof. We use the Hardy-Littlewood circle method. We divide the
unit interval [0, 1] into arcs I(a, , ¢,) corresponding to fractions a,/q, of
the Farey sequence of order Q by
1 ary

la 1a 1l a
Iar’ r) = |5 __'r,__ 2 _“_U-'l"’ 3
( q) [2 qdr 2 q 2 q 2 q1'+1:| ()

with appropriate modifications at the ends of the interval [0, 1]. If
a € I(a, ¢) and b/r is any fraction of the Farey sequence of order O we have

| —b/rll = %llalg — bjrl, @

the sign || B || denoting the distance of the real number 8 from the nearest
integer. The required sum in (1) is

[ 106y as. ©)

For « € I{a, q) we write

U(x) = K(a, q) F(N, « — alq) + V(a), (©)
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where
V() =Y, K(b, r) F(N, o — b]r), @)

b/r

the sum being over all Farey fractions b/r with r < Q other than a/g itself.
We shall treat ¥(«) as an error term.
Our main term is

S 1K@ |

a/q I(a,

Y | F(N, o« — afq)* do =} | K(a, )} (N + O(Q%)

ajq

= (N + 0(@*) 4, ®

where we have used (2.4).
As for the error term, we need only consider

[ 1y s, )

since if this is o(NA) then, by Cauchy’s inequality, so is the integral
arising from the cross product term when (6) is squared. By (7) and (4)
if a € I(a, q) we have

| Kb, r)i

14 < —_— 10
l (OL)I <b/r§a/q ” a/q _ b/r]] ( )
the sum being over points b/r of the Farey sequence of order Q. Thus,
1 do
V(o)? do £ K(b, r)2 =
Jverd <y kenr 3y o
+ Y [ Kb, 1) Y, | K, s)l
b/r c/s#b/r

do
8 a;ng;r J.I(a,q) lalg — bjrllllalg — /s~
aja#e/s

The integrals on the right come, respectively, to <€ Qr and to
<L log Q/|| b/r — c[s ), so that

f: | V()|? da

< Y Orl Kb, n)i* + ;, log O | K, ) ), (Ibfr —c/s)?*

b/r c/s#b/r

< Q%log? @ ), | Kb, r)* < @*4 log? Q, (1)

b/r
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where we have used (2.3). Hence the integral (5) is equal to the right-hand
side of (1) provided only that (2) holds.

We could also obtain (1) by using the series definition (2.5) of A(m);
this gives

Y X(m) = NA + O(ED); (12)

1<m<N
this would give in place of (2) the condition
E, = o((NA)'3), (13)

which is weaker than (2) only when f(p) is usually less than 4.

4, THE ANALOGUE OF ROTH’S ARGUMENT

Roth’s argument is based on the inequality

Y. | FX, ro)® > 4X%x*

<0

(where X == [3Q]) valid for all « (0, 1]. To simplify the estimations
in the next section we use instead

Gla) = ZO% Y | F@X, « — afg). )
< (a?q=)1=1

For each « in [0, 1] there is a point a/gq of the Farey sequence of order Q
with a == afq + B, where || B || < (Qg)~*. By (2.8) we have

sin 7gXB sin 7qXf 29X
]F(qX,B)[—‘ sin 7B )—qX\ mqXB HsmwB >
since | mgXB | < $w. Hence
G(o) = 4X3| 72, V)]

but unlike Roth’s function, which can be as large as 103, we have an
inequality in the opposite direction for G(«). Suppose o lies between
b/r and c¢/s in the Farey sequence of order Q. For the terms in (1) in
b/r and c/s we use the upper bound X2 Otherwise, if

ax<alg <o+ i (modulo 1),
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we have by (2.8)
| FlgX, « — a/q)|® < cosec? w(alq — c/s)

1 q3s?
< -,
4 (as — cq)?

Now for each integer m the number of ¢ between 1 and Q for which
as —cqg=m

is at most Q/s + 1, and arguing similarly if a/g << « we have
0 ) Ll&
S SR IR Cop )

<(3+T) o <20 3)

This is the property of G(«) that makes the estimations in the next section
very much easier.
Let

Gla) < 2X* + - 7 Z

m=1

T(x) = S(o) — pA1U(x)
N
= ). (k(n) — pA~"A(n)). 4)

n=1

Then in the notation of Theorem 1

T() F(gX, « — alq)

N+qX B(u)
= Yy ewx) Y  (k(m) — pAIX(m)) eam — au)
u=2 m=Aq(u)+1
N+eX q
= Y el—au)e(ux) Y, J(A(w), Bu); b, q) e,(ab),
u=3 b=1
where
B
JA4,B; b, )= Y  (x(m) — pA~N(m)). 6]
mE%Tglg;q)
Hence
1 q NigX q 2
[6@iT@ra=3 5 3 3 |3 I, B b, ) extab)].
(1<0 a=1 u=2 b=1

{@,2)=1 (6)
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The left-hand side of (6) can be estimated: apart from the scaling

factor pA-1, T(«) differs from U(c) in that p in M terms has been replaced
by p — 1 (since A(n) = A if m € #"). By Lemma 2 we have

[ 1T da = pa=t [ ) U@ do — M2 — 6 — 1)
— p(l — p + o(1)) NA™, Q)
provided that (3.2) holds. We have unconditionally
[ U@ da > an,
and so

f N T(@)2 da > p(1 — p) NA™Y,
0

but we shall need to assume (3.2) later in the argument. If (3.2) holds,
the expression in (6) lies between bounded multiples of

p(1l — p + o(1)) NQ2A1, @®)

To obtain Theorem 1 we must replace J(A4, B; b, r) in (6) by E(4, B; b, r).

5. PROOF OF THEOREM 1
We shall find an upper estimate for the integral
1
| 6@ | U@ do (1)
0
with an error term
o(NQ*A). 2
We divide [0, 1] into arcs I(a, ) given by (3.3) and use (3.6) to distinguish
between a main term and an error term V(«) in the expansion of U(x).
A major arc term in (1) is

[, 0% F@X. « — ajg)* | K@ )l | FN, o — ag)f* d

<t K@ o [ | FlgX, Bt | FON, B2 dB,
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and the integral from O to 1 is
<N + gX) X2

Using (2.4) to sum over arcs a/q we see that the major arcs contribute
<N+ 09 XA ©)

A minor arc term is

| K(a, @)I* r=® J.I( 0 | E(N, « — a|@)* | F(rX, o — b[r) da

with r s g or b/r + afq. By (3.4) we may take out the second factor in
the integrand at its maximum

—2

<” arq—rbq

so that the whole integral is

—2

N. )

o .ol ar — bq
<K@ g re| £

Now the number of pairs (b, r) with r < Q for which ar — bq takes a
given value is < Q/g, so that when we sum (4) over points b/r other
than a/g we have

< | K(a, 9)1* NgQ,
which sums over Farey points a/g to
<L NQE,,
where

_ ¥ q) f9) q
B = o &@ ©)

and the minor arcs term satisfies (2) provided that
E, = o(Q). (6)

As in the proof of Lemma 2 it suffices to show that the term in | V(a)|?
satisfies (2) for the cross-product term to do so also. But now from (3.11)
and (4.3) it is immediate that

[ 661 V@ dx < 041082 0, 0
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and so (2) is satisfied if (3.2) holds. Under the assumption of (3.2) and (6)
we have now

1
[ 6@ | Vo)l dx < NX2AQL + o(1)). ®)
0
The integral (1) can be evaluated by the method of Section 4 also; we have

U() FgX, o — afq)

N+gX B(u)
= Y eur) Y  Am)efam — au)
U=2 m=Ag(u)+1
=% et z ) ‘gf;’)‘» 2C- 9) 14y, BG; b, )] enlab),

where A, (), B(u) are as before and L(d, B; b, q) was defined in (2.13).
The term in F(gX, « — a/q) therefore contributes to the integral (1)

N+gX

g Y, (B) — A,w)* | K(a, q)I?

%u=2

N+oX

+2Re Y gBw) — 4,0) K@ ¢) Y L(Ayu), B@); b, q) ex(—ab)
u=2 b=1

N+eX

+q2 )

u=2

q

L(A (), B); b, ) ex(ab)| ©

b=1

We estimate the middle term by Lemma 1 and partial summation over u.
It is
flg) QF,

. ) v p¥q)
< q7%| K(a, q)| El qQE, <L 20

3

where we have used (2.3). Using (1.2) to sum over all Farey points a/q
we have

[ 60 1 U@ ds = ¥ + 0(@) x4

a N+eX

+ 3L Y Y| Y LA, B b, 9) eab)| + OQEE.
<0 q a=1 u=2 b=1

(a.0)=1 (10)

q
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Comparing (10) with (8), we see that

a N+gX

TRy Y,

< Q q a=1 u=2
(a,q)=1

i LAyu), B); b, 4) eaab)| = oNQ2A) (1)

provided (3.2) and (6) hold.
When we substitute

J(4, B; b, q) = E(4, B; b, q) — pA~1L(A, B; b, g)
into (4.6) the term in | L(4, B; b, q)}* will be
o(p’NQ*A™)
provided (3.2) holds, and so the cross-product term will be
o(pNQ2A™).

Hence we have proved Theorem 1.

6. A QuADRATIC FORM

For fixed square free g we consider the positive semidefinite quadratic
form &, in g(q) variables indexed by the classes k of K(gq)

q
Fx) = Z Y, efak) x;
a=1 ' keKk(g)
a.q)=1
= Z Z XrX1 Z dl‘(%)- )]
keK(g) leK(q) d{(ﬂ;clgl)

By factorizing the appropriate determinant we see that the eigenvalues
of this form are the numbers gd-'f(d) for d dividing g, each occurring

[T ey — 1)

vla/d

times. The eigenvector corresponding to the eigenvalue f(g) is therefore
unique and can be found by inspection: under a suitable normalization
it has x; = 1 for each k. The other eigenvectors therefore lic in the
subspace

Y xp = 0. ?)

641/4/5-4
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‘We have now
@Y x@ < F(x) < q) xd 3)

and if (2) is satisfied then we can replace f(g) in this inequality by the
second smallest eigenvalue.

Now
Z[A, B) = F(x) C)
with
Xy = E(Aa B; ka q)a (5)
so that we have
ZJA,B) <q ) xi2=qV4,B), (6)
kekK(q)

and so Theorem 1 implies Theorem 2.

7. AN UPPER BOUND

So far we have used Selberg’s form of the upper bound sieve.
H. L. Montgomery’s form [1] is easily adapted to give an upper bound
for a variance. We sketch Montgomery’s result. Let g be square free.
Since if n € A" then (h — n, g) = 1 for each h in H(q), we have

i S (g) ef(—ah) = Y «(n) i elan — ah),

n=1 a=1
(a,q)=1 (¢,9)=1

= wg) M.
Hence

W@ M= % S(5) T efa)
(a,9)=1

and Cauchy’s inequality gives

war@mw<( 3 |SEN L | 3 ecanf)
(a,q)=1 (a,q)=1
By (2.2) and (2.3) we have
3 | T et = ) i) 5@,

a=1

(a,0)=1
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so that
¥@JS@) ,, c a\[?
S |- s
O azl (q)
(a.g)=1
and if we sum over ¢, we have
2
wa<y ¥ |s@)|
a0 a=1 q
(a,q)=1

453

1)

The best upper bounds for this sum known to the author are (from [1],

except (2) which is folklore)
N+E:3V3Q*P+3)M if N> 0%
(@ +2TN*Q M if Q*> N,
2 max(N, Q% M in any case,

so that
M < (N + 0(QY) A,

@
€)
@

&)

which we may compare with (2.11), valid provided (3.2) holds. What
interests us here is that the difference of the two sides of (1) is a positive

semidefinite form in the g(g) variables
X = L0, N; k, )

corresponding to the classes k& of K(g).

(6)

In fact, it is the form Z,(x) of the last section, and we have the further

condition
Z xk = 0,
keK(q)
so that
fl@ym me)‘ Z X2 < Fx) <gq Z Xi
) ek keK(@)

Hence we have

q;of(q) min —-— f( ) V0, N) < Z,0, N)

< pNA-Y(1 + O(QN-1)) — p2NA-,

which gives Theorem 3.
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