View metadata, citation and similar papers at core.ac.uk

Alexandria Engineering Journal (2014) 53, 553-561

Alexandria University

Alexandria Engineering Journal

www.elsevier.com/locate/aej
www.sciencedirect.com

FACULTY OF ENGINEERING
ALEXANDRIA UNIVERSITY

ORIGINAL ARTICLE

Delayed system control in presence
of actuator saturation

@ CrossMark

A. Mahjoub **, F. Giri , N. Derbel *

& CEM Laboratory, National School of Engineers of Sfax, 3038 Sfax, Tunisia
® GREYC Lab, UMR CNRS, University of Caen, Caen 14000, France

Received 31 May 2013; revised 26 May 2014; accepted 11 June 2014
Available online 8 July 2014

KEYWORDS Abstract The paper is introducing a new design method for systems’ controllers with input delay

and actuator saturations and focuses on how to force the system output to track a reference input
not necessarily saturation-compatible. We propose a new norm based on the way we quantify track-
ing performance as a function of saturation errors found using the same norm. The newly defined
norm is related to signal average power making possible to account for most common reference sig-
nals e.g. step, periodic. It is formally shown that, whatever the reference shape and amplitude, the
achievable tracking quality is determined by a well defined reference tracking mismatch error. This
latter depends on the reference rate and its compatibility with the actuator saturation constraint. In
fact, asymptotic output-reference tracking is achieved in the presence of constraint-compatible

step-like references.
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University.
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that ensures satisfactory control performances in the absence
of actuator saturation case. Then, a static or dynamic compen-

1. Introduction

Controlling linear systems with input saturation has been much
studied especially over the last two decades, see e.g. [1] and ref-
erences list therein. The solutions proposed so far have been
developed following two main paths, called, respectively, anti-
windup compensator (AWC) synthesis and direct control design
(DCD). The first approach consists of designing a controller
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sator is designed to minimize the effect of actuator saturation on
the closed-loop performances. In the DCD method, the input
constraint is taken into account at the controller design phase.
In addition to actuator saturation, physical systems are also
subject to (less or more significant) dead-times [2].

The conjunction of these two ubiquitous factors, if it is not
appropriately accounted for in the control design stage, may
cause drastic deterioration of control performances. The point
is that relatively few works have dealt with the problem of con-
trolling delayed systems with saturating actuators. In this
respect, a number of global bounded stabilization [3-7] and
asymptotic local stabilization results [8-10] have been reached
using direct control designs. Stabilization results have also
been achieved using anti-windup based designs [11,12]. For
instance, in [12] the AWC is designed to ensure L,-stability
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of the operator relating the control saturation error
i =u—sat(u) (difference between the control input signal
generated with and without input saturation) to Z=z—72
(error between the control system performance outputs with
and without input saturation).

This L,-stability result is certainly interesting due to its gen-
erality. But, the class of admissible inputs (references, distur-
bances) for which the condition # € L, holds is not explicitly
defined. Furthermore, it is not clear how the constrained
closed-loop system behaves when the inputs are not
constraint-compatible so that it ¢ L,.

In this note, the focus is made on global asymptotic track-
ing of arbitrary-shape reference signals for systems with con-
strained input with delay. We will show that asymptotic
reference tracking is achievable for constraint-compatible
step-like reference signals. To this end, a saturating controller
is developed within the ring of pseudo-polynomial using the
(finite-spectrum) pole-placement technique [13,14].

The point is that, in practical situations, reference compat-
ibility may be difficult to check or even lost due to model
uncertainties. Then, it is of practical interest to analyze the
tracking capability of the proposed controller facing con-
straint-incompatible reference signals of arbitrary shape. This
issue has never been investigated in the context of input-con-
strained dead-time systems. It is presently dealt with, for the
considered class of saturated controllers, making use of avail-
able input-output L,-stability tools [15]. The novelty is that the
obtained tracking performance is assessed using a new, more
suitable, norm representing signal average power (rather than
energy). The new norm induces a normed space, denoted L,,,
that contains all bounded signals (while the energy-related
L»-space does not). Then, L,, turns out to be a quite suitable
framework to address the tracking issue in the presence of
arbitrary-shape (possibly not constraint-compatible) refer-
ences. Making use of the L,,-norm, it is formally shown that
the proposed saturated controller features quite interesting
output-reference matching properties. Accordingly, the track-
ing accuracy is related to a reference tracking mismatch error,
depending on reference rate and its constraint-compatibility
error. The smaller the tracking mismatch error, the better the
average tracking quality. This holds independently of the input
shape and amplitude.

The present paper is an improved and more complete ver-
sion of the conference paper [17]. It is organized as follows:
Section 2 is devoted to formulating the control problem; the
controller is designed in Section 3 and analyzed in Section 4;
the corresponding tracking performances are illustrated by
simulation in Section 5.

2. Control problem statement

We are interested in controlling input-delayed linear systems of
the form:

A(s)P(s) = B(s)e ™ i(s) (1)
with:

A(S) ="+ a, 8"+ Fais+ap
B(S) = b,,,lsyhl +---+ b]S + b()

in the presence of the input constraint:

u(0)] < un (3)

where ii(s) and y(s) are the Laplace transforms of u(7) and y(z),
the system input and output (respectively); u,, denotes the max-
imal allowed amplitude of the control signal; the integer n and
the real numbers (a;, b;) are the system order and parameters,
respectively. It is supposed that A(s) is Hurwitz polynomial
and (sA(s), B(s)) are coprime. These assumptions guarantee sys-
tem controllability even in the presence of the input limitation
(3). The only assumption on B(s) is that by # 0 so that the system
static gain is nonzero. That is, B(s) may be Hurwitz or not,
allowing the system (1) to be nonminimum phase [16]. The
aim of the study was to develop a controller that makes the
tracking error,

e =y—y (4)

as small as possible, whatever the initial conditions, where y°
denotes an arbitrary-shape bounded reference signal. The
point is that the system nonminimum phase nature makes per-
fect tracking (e.g. e, € L,) unachievable (even in the uncon-
strained case) in the presence of arbitrary-shape reference
signals. In fact, perfect tracking is only achievable (in the
unconstrained case) for reference signals generated by a model
of the form D(s)y*(s) = 0 with D(s) is any polynomial with
simple zeros on the imaginary axis. Then, it is well known that
perfect tracking can be achieved by incorporating D(s) in the
control law, in accordance with the internal model principle
[16]. Presently, we make the common choice D(s) = s which
leads to control laws with integral action, allowing for perfect
tracking of constant references (as D(s)y*(s) = 0 is then equiv-
alent to y*(¢) = 0).

In turn, the input constraint (3) introduces a structural lim-
itation of the class of references that can be perfectly matched.
Specifically, perfect matching cannot be achieved if the refer-
ence ¥ is not constraint-compatible. In the case of constant
references, constraint-compatibility is simply characterized by
the condition | u(f) < uy, with:

() =) (49 =5 (4

where 4(0)/B(0) is nothing other than the inverse of the system
static gain. An equivalent formulation of reference constraint-
compatibility is that u” — sar(u")=0 where sat(") denotes the
function of saturation defined by:

sat(z) = min(uy, |z]) sgn(z), z€R (5)

Now, the controller we seek must be able to guarantee per-
fect asymptotic tracking in the presence of constant constraint-
compatible references. Otherwise, the tracking quality must
depend on how much the reference is deviating from the ideal
shape defined by the equations y*(¢) = 0 and " — sat(u") = 0.
The instantaneous deviation is conveniently represented by the
output-reference mismatch error |p*|+ |u* — sat(u*)|. The
smaller this error is the better must be the tracking quality.
This objective is presently formalized requiring that the perfor-
mance operator,

P+ = sar()] — e, | (6a)

is L, stable. Accordingly [e.g. 15], there exists a pair of positive
real constants («, ) such that one has, for all bounded input y”
and any real 7 > 0:
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(/ \eymizdf) "< “(./O'Tuy*(m - sat(u")‘)z‘”) 1/2
+8
< a(/OT y’*(t)\zdt) "
+ a('/O'T | — sat(u*)|2dt) " B
(6b)

where the second inequality is obtained using the Schwartz
inequality’ and x; designates the truncation of a signal x at
T.> Each of the two statements (6a) and (6b) represents the
L>-tracking performance. In the case of ideal shape references,
one has |y*| + |u* — sat(u*)| € L, and the L,-performance (6b)
yields (by letting T"— c0) e, € L. In the case of arbitrary-
shape and/or not constraint-compatible references,
[y*| + |u* — sat(u*)| ¢ L, and so (6b) cannot be expressed using
the L,-norm. In this situation one gets, dividing both sides of
(6b) by T2 and letting T — oco:

) 1 T 5 1/2 ) 1 T n
h‘?jﬂp <?/0 |ey (1] dt) <a lerrLsotlp <7/0 [ (0)] dt)
| T 1/2
+ o limsup (7 / |(u" — sat(u*)\zdt>
T—o0 T 0
(6¢)

1/2

12
Note that the quantity limsups_ ., (iT fOT|x(t)|2dl> is

nothing other than the average power of the signal x: R™ —
R and this power is finite if the signal is bounded. The above
observations motivate the introduction of a new and larger
normed space, denoted L,, described in Definition 1 and
Lemma 1.

Definition 1

(1) Ly, is the set of all bounded signals x: R* — R.
(2) |[lez denotes the mapping: L, — R, x —||x]|, with

def . 1/2
Illo,  tim sup, . (4 Ji (o))

Lemma 1. L,, is a space vector over the real space R and the
mapping ||.|.> is a norm in L,,. Accordingly, any element of

0, d:‘)/{x € Ly, : ||x]],, = 0} is a null vector in Ly,
Remark 1

(1) The proof of Lemma 1 is straightforward; it is omitted
mainly for space limitation.

(2) In summary, the normed space L,, is the set of all
bounded signals with finite average power, in which no
distinction is made between two signals x; and x, such
that x; — x, is of null average power.

TTus. i (5 Ol —sarw) e < (f7 0 Par)
1/2
X (ﬁ)T (u* — sat(u*))zdt) ! .

2 The truncation of x at 7, designated by x7, is defined as follows:
xp(t) = x(t) for 0 <t < Tand x{t) = 0 fort > T.

(3) The space L, is much broader than the energy-related
L, space. For instance, the former contains step-like
and periodic signals while the latter does not. On the
other hand, it is well known that any finite energy signal
is necessarily zero average power. It turns out that
L, c O,,. The inverse is not true.For instance, the signal
x(t) =1/v/t+1 (¢t € R") belongs to Oy, but not to L,.
More generally, an asymptotically vanishing signal
(whatever its convergence rate) is necessarily zero aver-
age power but not finite energy.

(4) Compared to the normed space L., the space L,, con-
tains the same elements (i.e. all bounded signals). How-
ever, the two spaces are deeply different by the
corresponding norms. Indeed, the null element in L
reduces to the sole zero signal (i.e. x(t) = 0, V¢) whereas
the null element in L,, refers to any signal x € Oy, (i.e.
with null mean power). For instance, the signals
x(t) =1/vt+1 and x(r) = sin(®)/t (t € RT) are ele-
ments of O,, but are not zeros in L.

(5) Using the L,, norm, the performance, (6c) writes simply:
leyll, < allu’ — sar(u)ly, + 13 ,)-

The control problem at hand consists in designing, for the
system (1) operating under the constraint (3), a controller that
guarantees the L,-stability of the performance operator (6a) so
that the L, tracking performance (6b) is ensured, with some
real «. This performance entails the two following L,/L,,
features:

leylly o[l —sat(u”)|[,+[157|,) when ||+ |u" —sat(u")| € L,

(7a)

lellog < o(lle” = sat(u)ly, + [15°[l4)
when || + [u" — sat(u”)| € Ly, (7b)

3. Controller design

The control design represents an extension to the input-con-
strained case of the finite-spectrum assignment (FSA) method
[13,14]. The FSA approach is itself an extension to time-delay
systems case of the standard pole placement design technique
[16]. Presently, this design technique is used because it enjoys
at least three appealing features. First, it applies to nonmini-
mum phase systems class while other methods (e.g. model ref-
erence) do not. Second, despite the system dead-time, the FSA
design leads to a closed-loop system with a finite number of
poles whose positions are arbitrarily chosen by the designer;
this is not necessarily the case with standard methods (Remark
2, Part 3). Finally, the FSA design will prove (see analysis of
Section 4) to be useful in perfectly facing the input limitation
caused by actuator saturation. The FSA design approach relies
on specific notions from the algebra of pseudo-polynomials. A
summary of these notions is given in Appendix A, but the
reader might consult [13,14] for an exhaustive presentation.
Just as in the standard pole assignment method, the first point
is an arbitrary choice, by the designer, of a pair of Hurwitz
polynomials of the form:

Cs) =s"+ CostS" N e+ ¢

8
A(S) = 8"+ dys" o s+ g ®



556

A. Mahjoub et al.

As sA(s) and B(s) are coprime on R[s] (ring of polynomials
with real coefficients), they are also coprime on E, the ring of
pseudo-polynomials (Appendix A, Definition A3). Then, there
exists a pair of pseudo-polynomials R'(s) and P'(s) satisfying
the Bezout equation (Appendix A, Remark Al):

R (s)sA(s) + P'(s)B(s)e™*" = C(s)A(s) 9)

Here, one might notice two points: (i) the operators R'(s) and
P'(s) are pseudo-polynomials (not standard real polynomials)
with unknown degrees and are not unique; (ii) considering in
(9) the product sA(s) (rather than justA(s)) entails an integral
action in the final regulator. Following [13,14], one divides
P'(s) by the polynomial sA(s), which is monic, and gets
P'(s) = Q(s)sA(s) + P(s) with deg P(s) < n. Then, letting R(s)
= R'(s) + Q(s)B(s)e ", (9) rewrites:

R($)sA(s) + P(s)B(s)e™ = C(s)A(s) (10)

As  deg(P(s)B(s)e ™) <2n—1, it follows that deg
(R(s)sA(s)) = deg(C(s)A(s)) = 2n which implies that deg
(R(s)) = n — 1, because deg(sA(s)) = n + 1. Furthermore, as
sA(s) and C(s)A(s) are monic, R(s) must in turn be monic. In
light of the above observations, it is readily seen that R(s)
and P(s) are uniquely expressed as follows:

R(s)=s""+ iR,-(e’“)s" + R_(s)
=0 (11)

P(s) = S PN + PLi(s)
i=0

where R_;(s) and P_;(s) belong to G, the set of transfer func-
tions of distributed and punctual delay operators (Appendix
A). For i = 0, R(e™*) and P{e™’") belong to R[e™*], the set
of polynomials in e*". Unlike the case of non-delayed systems,
the (finite-degree) operators R(s) and P(s) are presently
pseudo-polynomials and, consequently, are analytical func-
tions of s (Appendix A, Remark Al). Now, let us temporarily
suppose that the system (1) and (2) is not subject to the con-
straint (3). Then, the FSA control method suggests the control
— %é}.(s). Clearly, this corresponds to a regulator
featuring an unitary-feedback and integral action. With the
above notations, the saturated pole-placement regulator is
given the alternative expression:

i(s) = %ﬁf“)ﬁ(s) - %é}.(s); where the involved transfer
functions are asymptotically stable (because A(s) is Hurwitz)
and causal (Remark 2, Part 1). As the system input is subject
to the constraint (3), the above regulator is modified so that
it generates a control action not exceeding the constraint lim-
its. Specifically, the following saturated controller is considered

and illustrated by the block diagram below (see Fig. 1):

law a(s) =

=>

Be™*" y

Figure 1  Block diagram of the closed-loop system.

it9) = LS i) - fe (120)
u(t) = sat(v(z)) = sgn(v(e)) min(|v(z)|, usr) (12b)

Remark 2

(1) Note that the controller (12a) and (12b) is causal (i.e.
v(7) and u(7) depend only on measurements available at
time ) because (A(s) — sR(s))/A(s) is a strictly proper
transfer function and also P(s)/A(s)P(s)/A(s) is proper.
Indeed, it is readily seen from (11) and (8) that:

A(s) — sR(s) IS e s+ Ay 22 Loy ST
R A0) 2 R4
s

— R*l (?) m

The first fraction on the right side of this equality is clearly
strictly proper (because the degree of A(s) equals n). Further-
more, all fractions s'*!/A(s) are also strictly proper because
i+ 1 <mnfori=0...n—2). This implies that the transfer
functions Ri{e)s'"'/A(s) are causal because Rie™*") are
polynomials in e *". The last transfer function R_;(s)s/A(s) is
also causal because s/A(s) is strictly proper and R_(s) belongs
to G i.e. R_i(s)is the transfer function of a distributed delay
operator (Appendix A, property Al). A similar argument
can be reproduced to prove that P(s)/A(s) is in turn causal.
(2) If the control signal stops saturating for a long time then
the controller (12a) and (12a) reduces to the standard lin-
ear pole placement regulator u(s) = —(P(s)/sR(s))eé,(s).
Then, it is easily checked that the tracking error under-
goes the equation:

e,(s) = =(R(s)A(s)/ A(s)C(s5))s3" (s)

and so vanishes exponentially fast, in the case of constant
references, because C(s)A(s) is Hurwitz.

(3) The above remark also shows that the closed-loop sys-
tem turns out to be linear with finite-spectrum in the absence
of saturation (i.e. its transfer function has a finite number of
poles coinciding with the zeros of the polynomials A(s)C(s)).
This is an important characteristic of the used control design
method. This characteristic is not necessarily ensured with
more standard design techniques.To illustrate this, consider a
simple proportional regulator u(f) = —Ke,(t) with K represents
a real constant. Putting this regulator in closed-loop with the
system (1) leads to closed-loop system:

é,(s) = —(A(s)/(A(s) + KB(s)e ™))" (s)

Clearly, the closed-loop transfer function is infinite spectrum
as its denominator A(s) + KB(s)e ™ has an infinite number
of zeros. This is a well known fact in delayed systems theory,
e.g. [22,23] and references therein.

(4) The controller (12a) and (12b) contains a distributed
delay that can only approximately be implemented using digi-
tal means. This issue has been investigated in [19-21].

4. Controller tracking capability analysis

The closed-loop control system composed of the constrained
system (1)—(4) and the saturated regulator (12a) and (12b)
will now be analyzed. The aim was to show how the design
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parameters should be selected in order to achieve the control
objective of Section 2. The analysis is progressively conducted
in three major steps. First, it is shown in Section 4.1 that all
signal rates (i.e. u,v,p) are related to the reference rate y*
through L, stable operators. Then, it is established in Section
4.2 that the input saturation error v — u is related to the track-
ing mismatch error [p*| + |u* — sat(u*)| through a L, stable
operator. This will prove to be a crucial ingredient to prove,
in Section 4.3, the achievement of L,/L,, tracking performance
(7a) and (7b). These results are reached by making use of abso-
lute stability tools [15] which are particularly useful when fac-
ing static nonlinearities like the saturation function. The
present approach, which is not very usual in constrained
dead-time systems [7-12], finds some roots in recent works
on non-delayed constrained systems e.g. [17].

4.1. Signal rate analysis

In this subsection, the focus is made on the first time-deriva-
tives of all signals. It is shown that signal derivatives are
related to the reference signal rate through L, stable operators.
Combining (1) and (12a) so that e, is eliminated, one gets the
following relation between signals rate:
C(s) — A(. P(:
sits) = = L i)+ 2 55709 (13
This equation fits the feedback representation of Fig. 2
where:
5 P(s), .
0 =—=(s3" 14
()= 0 (07 9) (14)
This feedback schema allows application of absolute stabil-
ity theorems [15]. The aim was to establish a sufficient condi-
tion (on the polynomial C(s)) that ensures the L,-stability of
the feedback in order to get bounding properties on the deriv-
atives of u and v. To this end, we begin firstly by showing that
the nonlinear operator ¥ (which represents the mapping:
v — u) lies in some conic sector® ([01]). It is subject of propo-
sition 1 whose proof is placed in Appendix B.

Proposition 1. Let the polynomial C(s) in (10) be chosen such
that:

. C(jw)
Oé(l/)riﬂoo Re (A(jw) >0 (15
Then, the feedback of Fig. 2 is L,-stable. Consequently, the fol-
lowing mappings: y* —u*, y* — v, y* —u, y* —p, ' = ¢
are all L>-stable.

4.2. Control saturation error analysis

In this subsection, a key result concerning the control satura-
tion error v — u will be established. It consists in showing that
the mapping |y*| + |u* — sat(u*)] — |v — u| is L,-stable.

Proposition 2. Consider the control system composed of the
system (1) and (2), subject to the saturation constraint (3), in

3 Recall that y in Fig. 2 belongs to a sector [a, b] if:
a(v)? < i < b(0)%.

closed-loop with the controller (12a) and (12b) where the
polynomial C(s) in (10) satisfies (15). Then, the mapping
|5*| + |u* — sat(u*)| — |v — u| is L-stable.

The proof of this proposition is placed in Appendix C.

4.3. L, tracking performance achievement

Theorem 1. Consider the closed-loop control system of Propo-
sition 2. Then, the performance  operator  (6a),
[7* + |u* — sat(u*)| — ley|, is actually L, — stable. Conse-
quently, the controller (12a) and (12b) features the L,/L,,
tracking performance described by (7a) and (7b)

Proof. Using (1a) and operating sRA on both sides of (4) give:

RAsé,(s) = RAsp(s) — RAsy" (s)

= RBe sii(s) — RAsy*(s) (16)
Similarly, operating ABe™*" on both sides of (12a) yields:
ABe™*"(s) = ABe™"ii(s) — RBe *'sii(s) — BPe™""é,(s) (17)
Adding (16) and (17) yields, using (10):
ACé,(s) = ABe™ (u(s) — v(s)) — RA(sy*(s)) (18)

Recall that the mapping [y*| + |u* — sat(u*)] —u—v is
L,-stable (by Proposition 2). Also, both Be **/C and RA/AC
are L,-stable. Then, one immediately gets from (18) that the
mapping |y*| + |u* — sat(u’)] — |ey| is Ly stable. O

Remark 3. Interestingly, the result of Theorem 1 holds what-
ever the reference shape and even if this reference is not con-
straint-compatible. This is an original result, compared to
existing literature, especially that on direct control design for
delayed input-constrained systems [8—10] which generally dealt
with stabilization problems (in the presence of null reference).
The result of Theorem 1 is also in progress with respect to the
conference paper [18] as, there, the reference signal was
supposed to be constraint-compatible (in which case
u" — sat(u”) = 0). The notions of tracking mismatch error
(i.e. the quantity |y*| + |u* — sat(u*)|), the L,,-norm and corre-
sponding normed space are also new features with respect to
[18].

5. Simulation

The system (1) and (2) is simulated in Matlab/Simulink using
the following numerical values:

A(s) = s +1.2554+0.25,  B(s) =5+ 0.7,

T=2s (19)

First, let us make some comparison with the simulation
example in [11] (although the system considered there is a
two-input). Clearly, our example is more interesting as it is a
second order and the delay is important (nearly 45% of the
system equivalent time constant). In [11], the system is a first
order and the delay is merely 10% of the system time-constant.

Applying the control design of Section 3 to the example
(19), a controller like (12a) and (12b) is obtained by solving
the Bezout Eq. (10)using the following Hurwitz polynomials:
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0 4+ C(s)—A(s)
_ A(s)
su sv o 6,
v '+

Figure 2 Nonlinear feedback relating sv and su.

C(s) =s*+1.85+0.71 and A(s) = s> +2.25s + 1.125

It is readily checked (e.g. plotting the Nyquist plot of
C(s)/A(s)) that condition (15) is satisfied. No condition is
imposed on A(s). Solving Eq. (10), one gets P(s) = 3.13s° +
4.26s + 1.12 and

1 — e*(é‘#»l)‘f
R(s) = s +2.85 — 3.16¢ " +0.233 <4)
s+ 1

1— e—(HO.ZS)f 1 —e
—1.03( — 3.20
( s+0.25 ) + ( s )

0.5 T T T T T T T T T

0.4} v y(

0.2} 1
0.1} ]

0.1}
0.2}
0.3}

04}t

-0.5 . L
0 10 20 30 40 50 60 70 80 90 100

Time (s)

I |

300 20 30 40 50 60 70 8 90 100

Time (s)

Figure 3 Controller tracking performance in presence of a
constraint-compatible reference when condition (15) is satisfied.
Top: the system output (solid), reference signal (dashed). Bottom:
the computed control (dashed) and applied control (solid).

y'(t) and y(t)

20 30
Time (s)

uit) and v(t)

2D.
Time (s)

Figure 4 Controller tracking performance in presence of a
constraint-compatible reference when condition (15) is not satis-
fied. Top: the system output (solid) and reference signal (dashed).
Bottom: the computed control (dashed) and applied control
(solid).

As pointed out in the general case (Remark 2, Part 1), the
controller transfer functions (A(s) — sR(s))/A(s) and P(s)/A(s)
are strictly proper. The resulting tracking quality is illustrated
by Fig. 3 considering a constraint-compatible square reference.
It is seen that the tracking performance is quite satisfactory
where the system output tracks well its reference trajectory.
Furthermore, note that the output-reference tracking rapidity
performance is structurally limited by the presence of the input
dead-time. This observed dead-time in the output-reference
matching is structural as no linear state or output feedback
can compensate a system dead-time. To better appreciate the
tracking performance of (12a) and (12b), and to check the
importance of condition (15), let us now take C(s) = s* +
25 + 100 and keep all remaining controller parameters
unchanged. It is easily checked that condition (15) is no longer
satisfied. The new closed-loop system responses are plotted in
Fig. 4 which shows a clear deterioration of output-reference
tracking performance.
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6. Conclusion

Control problem of input-delayed nonminimum-phase linear
systems (1) and (2) is considered in the presence of actuator sat-
uration (3). The control design is performed within the ring of
pseudo-polynomials, using the (finite-spectrum) pole-place-
ment design technique. Using input-output stability tools, it is
formally shown that the controller (12a) and (12b) enjoys the
appealing L,/L,, tracking features described by (7a) and (7b).
Accordingly, the tracking quality depends on the L,/L,, norm
of the tracking mismatch error |y*| + |u* — sat(u*)|. The smaller
this error, the better the output-reference tracking quality.

This result is quite powerful as it holds, whatever the
bounded reference signal.. To the author’s knowledge, no
equivalent result is currently available in the context of actua-
tor saturation control of input-delayed systems. The present
work can be extended in many directions including generaliza-
tion to multivariable systems, distributed delay systems, and
uncertain delay.

Appendix A. Pseudo-polynomials algebra

This appendix gives a brief presentation of relevant concepts and
results of pseudo-polynomial algebra. For a more exhaustive
presentation, the author might consult the references [13,14].

Definition Al. 2D-polynomials are bi-variable polynomials of
the form f(s,x) = >1_ofi(x)s’ where f; € R[x], the ring of real
polynomials in x. The set of 2D-polynomials with variables s
and x is denoted R[s, x], the degree of a 2D-polynomial f{s, x)
in the variable s is the largest integer i such that f;#0 and is
denoted deg(f).

The 2D-polynomials considered in this paper involve the
Laplace variable s and the delay operator ¢~ as a second var-
iable. Though the two variables s and e ™ are analytically
related, they are algebraically independent i.e. f(s, e ) = 0
(for all s € C) = all coefficients of f{s, e ™) are null.

Definition A2. The set G is the ring of all rational complex
functions of the form g(s) = n(s, e~ ™)/d(s), with n € R[s, e ™),
d(s) € R[s]and degy(n) < deg(d), such that g(s) is analytical on C.

Property Al. The elements of G are transfer functions of dis-
tributed delay operators G: x — G[x] with G[x|(t) = ;’: g(0)
x(t — 0)dO, where g is a real function and p, q are positive
integers.

Property A2. Let F = R[e ] + G. Then, F is the ring of all
rational complex functions of the form g(s) ="(‘1}g)ﬂ), with
neR[s, e ], deR[s], degsn)<degsd) and such that
g(s) is analytical on C. Consequently, the elements of F are
transfer functions of operators H: x— H[x] such that:
HIx)(1) = Yl hax(t — it) + [7h(0)x(t — 0)d0, for some real

numbers hy, . .., h,, integers m, p, q and real function h.

That is, F is the set of transfer functions of all punctual and
distributed delay operators.

Definition A3. Let E be the ring of polynomials in s with
coefficients in F i.e. E = F[s]. Then, E is the ring of all

analytical functions of the form g(s) = n(s, e *)/d(s), with
n € R[s, e ™), d(s) € R[s] (without condition on the relative
degrees of n and d).

The elements of E are called pseudo-polynomials.

n(s,e

Remark Al. In the above definitions, g(s) = (1(7;)” is said to

be analytical means that this function is well defined on the
whole complex plane. It turns out that, all zeros of d(s) are also
zeros of n(s, e~ ™) with at least the same multiplicity.

Definition A4. The
deg (”(i}if)) = deg,(n(s,e™™)) — deg,(d(s)).

Note that for g(s) € E, if deg(g) < 0 then, g(s) € F and if
deg(g) < 0 then g(s) also belongs to G.

degree in E is defined Dby:

Property A3. Any f€ E can be uniquely decomposed as

fs) = 38D p(e™)s' + g(s) with g(s)€G and fie ™) e
R[ef‘[.\‘].

Definition A5. Let f€ E be of degree n. Then f is monic if
fn(e”™) is constant equal to 1, where the notations are as in
Property A3.

Property Ad. Let f, g € E be any pair of pseudo-polynomials

1. The pairf, g has a unique greater common divisor (GCD) (up
to a multiplicative real factor). The two elements are coprime
if their GCD is invertible in E i.e. the GCD is a real number.

2. Eis a Bezout ring. That is, any ideal generated by a finite set
of elements of E is principal i.e. it is generated by the GCD'’s
of these elements.

3. For any f, g € E, there exist a pair of elements, x (s) and y
(s), of E such that:

x(s)f(s) + y(s)g(s) = GCD(fs), g(s))

4. For any f, g € E, with g(s) monic, there exists a unique pair
of elements q, r € E such that

S(s) = q(s)g(s) + r(s), with deg,(r(s)) < deg,(g(s)).

(A1)

Property A5. A fraction N (s)/D(s) of elements of E is proper
if D (s) is monic and deg,(D) > deg,(N). A proper fraction is
realizable by a set of delay differential equations (with punctual
and distributed delay operators).

Appendix B. Proof of proposition 1

The first step is to show that the nonlinear mapping v, in the
feedback of Fig. 2, belongs to the sector [01] in the sense that:
0 < vxu< (v). By definition, one has sat(x) = sgn(x)min
(A, up), for all x € (—oo, +o0). This implies that:

dsat dsat
= x| < -
I (x)=1 for|x|<land Ix

(x)=0, for|x|>1 (B1)
On the other hand, one gets from (12b):

_ dsat

u(r) = — = (v(1)) x ¥(7) (B2)
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Multiplying both sides of (B2) by v(¢) gives v x it = at ()2,

dv

This, together with (B1), implies that 0 < v X u < (\'))2 which
proves that s actually belongs to the sector [01]. Then, it fol-
lows applying the circle criterion (see e.g. [15]) that the feed-
back of Fig. 2 is L,-stable provided that:

infocp < +oRe(Ciw) — A(jw))/A(jw)) > —1. But this con-
dition is nothing other than (15). Then, it follows from Fig. 2
that the two mappings 6, — v and 6, — u are Ly-stable. As the
transfer function S(s)/A(s) is asymptotically stable, one has
from (14) that, the mapping y* — J; is also L,-stable. Combin-
ing the above results, one gets that y* — v and y* — i are both
L,-stable.

On the other hand, it readily follows from (1) that:

B —15

53(9) = 24755 i) (B3)
As A(s) is Hurwitz and B(s)e™ ™/ A(s) is proper, it follows that
the mapping @ — y is L,-stable. We have already shown that
y* — u is Ly-stable. Then, one gets that y* — y is L,-stable.

Then, Eq. (4) implies that the mapping y* — é, =y — y* is
in turn Ly-stable. Finally, by definition, one has u'(f) =
(ao/bo)y" (¢t + 7) which clearly shows that the mapping
y* — i is Ly-stable.

Appendix C. Proof of proposition 2

From (12a) one gets, using (4) and Definition 1 (Part 1):

v(s) —u(s) = —gsﬁ(s) Pé\ (s)
R .. P(B™ = by ...
= —Zsu(s) —Z< Y i(s) —a—oe i (A))

This implies successively that:

0s) — is) = — i) ~ T2 (i) — i ()

by B\ Pe™

with 8a(s) = (% = 2) 257 (s)

i(s) — i(s) = ~ B (afs) — i () + Ba(s) + 3u(s),

with d5(s) = — Rsii(s) — % (sa(s) — si*(s))

b . . .
i(s) — as) = % (i7" (5) — () + S2(s) + 35(s) + 4 (s)
040
with 8 = (25 — 2% ) (i7*(s) — i(s))
Going back to timé context, one gets:

8(0) = () =220 () = san(u () + 502 st (1) — )

+ (32([) + 53(l) + 54([)

v(1) —u() :%(Saf(u*(f)) —u(t)) +02(1) +03(1) + 04 (1) +05(1)

v(1) — u(t) = < (sat(u (£)) — u(?)) + 3(1) (C1)

with 56:52+53+54+55

where po = P(0) and this result is obtained using the fact that
Pobo = Agco by letting s = 01in (10). Let us demonstrate that all
mappings u — 9; (i = 2...5) are L,-stable where:

def | ., % %
w5+t — sar(u”)| (C2)

To this end, we will make intensive use of Proposition 1.
Mapping p — 0,. By definition one has:

a(s) = (@ - §> Pe iy

_ (boA(s) —apB(s)\ Pe™™ .,

= () e
3u(5) = oy Lo () (©3)
where

D(s) =bo(s" "+ ay 1"+ +ar) —ay(bp1s 4+ by)
The passage from the second to the third equality in (C3) is
performed using the fact that:

bo(s" + 18" - Fars+ay) — ag(by_1" -+ bys
+by) = D(s) X s

In view of (2), it is checked that the transfer function D(s)/aq
A(s) is strictly proper and asymptotically stable (because A(s)
is Hurwitz). Owing to Pe *‘/A, recall that (see Section 3)
P(s) is a pseudo-polynomial and so it is an analytical function
i.e. it has no poles on the complex plane. Therefore, the only
poles of Pe **/A are the zeros of A(s) which is a Hurwitz poly-
nomial in s. Hence, the linear transfer function Pe *"/A is
asymptotically stable. Using these observations, it follows
from (C2) that the mapping u* — 0, is L,-stable. We know
by Proposition 1 that the mapping y* — u* is L,-stable. Then,
one immediately gets that u — J, is L,-stable.

Mapping 1 — 63. R/A is Ly-stable because is A Hurwitz and
the mapping y* — u* is L,-stable by Proposition 1. Then, one
gets that the mapping:

R
w— Zu is L,-stable (C4)

Similarly, as (P — pg)/s is a pseudo-polynomial with degree
n — 1(=deg(P) — 1), the transfer function (P — pg)/(sA) turns
out to be Ly-stable because A is Hurwitz. By Proposition 1,
the mappings y* — u and y* — 4" are L,-stable. Then one gets,
letting 7(s) & P08 (g(5) — sit*(s)), that:
u— y is Ly-stable (CS)

From (C4) and (C5) one gets: u — 03 is L,-stable.
Mapping u— 4. First, let us perform the following
decomposition:
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1 (poBe‘” _1707170> 1 (poB/loaOe*“ —poboAA)

s\ 44 Ao s JodoAA
=T1(s) + T2(s) (C6)
Joaopge S ! 51— 2 syt
where 7 (s) = == Z[:]iu{,m%baz’:’ )
—5T min(i,n)
__DPobo (e =1 . B
T,(s) = 4 (T) with o; = Z A (C7)

Jj=max(0,i—n)
In view of (C6), d4is rewritten as follows:
d4(s) = (T1(s) + Tols))(sit — sit") (C8)

Let us demonstrate that both transfer functions 7'y and T,
are Ly-stable. This is clearly the case for 7' because it is strictly
proper and its denominator AA4 is Hurwitz. Owing to 75,
notice that the pseudo-polynomial (e ** — 1)/s is the transfer
function of the linear operator H: x — Hx with:

(Hx)(1) = /0 (- 0)d0 = /0 h(0)x(t — 0)d0

. df [1 1IfO<O<T
with 4(0) = { 0 otherwise

Clearly the impulse response / belongs toL;. Then, the lin-
ear operator H is asymptotically and L,-stable [15]. Further-
more, pobo/AA is clearly L,-stable (because AA is Hurwitz).
Then, it follows from (C7) that T is L,-stable. Again, by Prop-
osition 1 the mappings y* — & and y* — u* are L,-stable. Then
one gets from (C8) that u — d4 is L,-stable.

Mapping i — ds. By definition §5 = f,—‘l’)(sat(u*) — u*). Then,
one gets from (C2) that u — J5 is L,-stable.

Mapping 1 — 6. As dg = 9, + 03 + 04 + 05, it follows
from the previous steps that the mapping i — J¢ is in turn
L,-stable.

The rest of the proof consists in showing that:

[v(t) — u(t)] < |06(2)|, for all ¢ (C9)

It is clear that (C9) holds when | v(t)| < uys because one has
w(t) — u(f) = 0, due to (12b). So let us establish (C9) in the case
where | v()l > u,;. As 4 and C are Hurwitz, their coefficients
ap and cq are positive (by e.g. Routh criterion). Furthermore,
as | w0l > uyy, one has from (12b) that | u(s) = upsgn(v(z))
which implies that | u(f) > | sat(u"(£))| . Then, multiplying both
sides of (Cl) by sgn(»(f)) and using the fact that
sgn(v(t)) = sgn(u(r)), one gets for all #:

v(1) — u(0)] = Z—Z(sat(u*(t))sgn(V(t)) = lu(®)])

+ 85(1)sgn(v(6)) < S(1)sgn(v(1))

This implies, on the one hand, that J¢(z)sgn(v(¢)) is nonnega-
tive; and, on the other hand, that | v(r) — u(d)l < |34() .
Hence, inequality (C10) does hold which proves Proposition 2.

(C10)
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