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Let (W(t), t=0), be a standard Wiener process and define
M*(t)=max{W(u): u<t},
M~(1) =max{—-W(u): ust},
Z(t)=max{ust: W(u)=0}.

We investigate the asymptotic behaviour of Z(t) and M () under the condition that M™*(¢) (or,
equivalently, W(t)) gets very large, i.e. as large as indicated by the law of iterated logarithm.
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1. Introduction
Let (W(t), t=0) be a standard Wiener process defined on some probability space
(9, F,P). For t=0, define
M*(t) =max{W(u): u<t},
M7 (t)=max{-W(u): us<t},
M(t) =max{{W(u)|: u<t}=max(M*(t), M (1)),
Z(t)=max{u=<t: W(u)=0}.

In order to present the results of our paper in a pleasant form, it is worthwhile to
recall some definitions; see, e.g. Révész [6, 7].
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Let X (t) be a stochastic process. Then we formulate:

Definition 1. The function fi(t) belongs to the upper-upper class of X(t) (f,€
UUC(X(1))) if X(t)<f(2) as. for all ¢ large enough.

Definition 2. The function f,(z) belongs to the upper-lower class of X (t) (f,¢€
ULC(X(1))) if X(t)> f5(1) a.s. i.0.

Definition 3. The function f;(t) belongs to the lower-upper class of X(t) (f;¢€
LUC(X (1)) if X (1) <f3(1) a.s. i.o.

Definition 4. The function f,(¢) belongs to the lower-lower class of X(t) (f,€
LLC(X (1)) if X (t)=f4(¢t) a.s. for all ¢ large enough.

For each of the variables we consider, a precise description of the four classes is
known. Let us cite two theorems of that kind which will be important in the sequel.

Theorem A (Kolmogorov-Erdos-Feller-Petrowski). Let f(t)=y(t)t** with
Y(t) 1 co. Furthermore, let

[o o]

I(¢) = J' t~ (1) exp(—¢7>(1)/2) dt.

1

Then f(t) e UUC(W(t), t=0) iff I,(¢) <o.

This remains true if we replace W by M*, M~ or M.

Theorem B (Chung-Erdoés). Let g(x) 1 «© and

I(g)= r x7'g™V*(x) dx.

1

Then tg™'(t) e LLC(Z(t), t=0) iff I(g) <co.

We shall investigate how the asymptotics of some of these quantities change if
we know that, simultaneously, another one gets extremely large or small.

Some similar work has been done by Csaki [3] who asks how small M*(¢) and
M~ (t) can simultaneously get, and by Csaki, Foldes and Révész [4] who investigate
M(t) and its location v(t) which is the largest u <t such that M(t) =|W(u)|.
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2. Formulation of the theorems

In the sequel, f(t) will be a fixed function satisfying the conditions of Theorem
A for ULC(W(1), t=0), i.e.

f()=1"y(1)
with

g(1) 1
and

I(y) = co.

Define T, ={t=0: W(t)=f(1)}.
Furthermore, let a(1), B(t), ¥(1), 8(t) be real functions satisfying the following
conditions:

a(t), y(t) monotone, (1)
0<a(t)<1, (2)
B(1),8(1)10 | (3)
2y(1) 1 oo, 128(1) 1 o0, (4)
tae(t) T o0, 1B(1) 1, (5

Then we have:

Theorem 1
ta(1)e UUC(Z(1),te Ty) iff I(a, ¢) <o,

where

[+ o]

_ 1 __¥ )d_t
I’(a"p)_L JE(t)(l—a(t))exP( 21—a(t))/ t’

Theorem 2

t8(1)e LLC(Z(1),te Th) iff L(B,¢) <,

where

o0

wz(t)) dt

I(e, ¢)=J o7 v (1)BY3(1) exp(— )T

1

Theorem 3

g()=t"*y(1)eUUC(M (1), te T) iff f(1)+2g(t)
e UUC(W(1), t=0).
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Theorem 4
128()e LLC(M (1), te T, iff I8, ¢) <,

where

13(6,¢)=j 3090 exp( ~12) .

Remarks. (1) In these theorems, T, can be replaced by T,={t=0: M*(t)=f(1)},
but in Theorems 1 and 3 we have to assure that () is not too small. In fact, if
2f(t) e ULC(W(t), t=0), then one easily verifies that the Wiener process can go
up as far as f(t) and still return to zero up to time ¢, so Theorem 1 breaks down
altogether. As for Theorem 3, there is a similar situation, but it can be restated as
follows:

Theorem 3*
g(t) e UUC(M™)(t),te T,)
iff min(f(t)+2g(t), g(t)+2f(1))e UUC(W(t),t=0).

In case 3f(t) e UUC(W(t), t=0), this reverts back to our original Theorem 3.

(2) One can turn Theorems 1 to 4 around in order to get theorems about how
big W(t) can get if Z(t) or M () is small or large, and, again, W(¢) can be replaced
by M*(t) in these theorems. There is, however, again the problem that for small
¥(t) this replacement is not possible. Also, the results obtained may not be very
surprising (consider, e.g., the case Z(t)=1), so we shall not go into this.

In order to give some impression of the meaning of our theorems, let us put
(1) =+v(2—¢) loglog t. Then Theorems 1 to 4 imply that if ¢ varies over the set of
those points where W(¢)=+/(2—¢)t loglog ¢, then the following conclusions hold
with probability one:

1. lim sup,.1,(Z(t)/t)=&/2, which could also be obtained from Strassen’s law

of the iterated logarithm.

2. Z(t)<tlog " t infinitely often iff n<e.

3. lim sup,.,(M~(#)/v2tloglog t) = (1 -v1—¢/2)/2, which again follows from

Strassen’s law,

4. M (t)<t"?log™"?t infinitely often iff n=<e.

Note that 2 and 4 are somewhat surprising since we know that large values of M(t)
go with small values of Z(t) (and M (¢)). Hence intuition might suggest that if
Y2y (1) e ULC(W(t), t=0) and tB(t) e LUC(Z(t), t=0) then the events { W(t)=
t'2y(1)} and {Z(t)=<1B(1)} can occur infinitely often with probability 1 simul-
taneously as t - co. Our results, however, show that this is not the case.
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A particular instance of Theorem 3 that is of particular interest is the following

Consequence 1. Let V(t)=min(M™(t), M (t)). Then f(t)ce UUC(V(t), t=0) iff
3f(t) e UUC(W(1), t=0).

Finally, let us state one more consequence of our theorems. To this end, let
X1, X5, ...be a sequence of i.i.d.r.v.’s with EX,=0, EX2=1, and EX?"®*<. In
this case, it follows from Skorohod’s strong embedding scheme that we can define
a version of the sequence X,, X, ...together with a Wiener process such that

|W(n)=5S,|=0(n"/*"+¢)

and

|Z(n) - T|=0(n”*" +5¢),
where

S, =X+ X+ -+ X,,, S,=0,
and

T, =max{k<n: S$;S;+1<0}.

This implies that we have the following

Consequence 2. Theorems 1 to 4 remain valid if in their statements W(t) and Z(t)
are replaced by S, and T,, respectively.

3. The proofs

Only Theorem 1 will be proved in detail; as to the others, we shall only give the
basic estimates, since the further calculations are largely the same as those we make
in proving Theorem 1, in fact somewhat simpler. So we think we can forgo boring
the reader by going through them.

In order to simplify notation, in the sequel C (with or without index) will always
denote an absolute constant whose value may vary from one occurrence to the other,
such that, e.g., notations like C = C+1 are possible. We shall use the notation
f(x)= g(x) with the meaning that a relation C,g(x)=<f(x)=< C,g(x) with positive
constants C;, C, holds.

Lemma 1. Let 0<1t, <tand x be real numbers, and A< [t,, t] and b be Borel sets. Then

P(W(t)eB,Z(t)eA|W(t1)=x)=J f(u,vlty, x)dudo (6)

with
_ o] (_l( X | )) 7
f(u,UItI,X) 211-\/(u—t1)(t—u)3exp 2 u—tl+t—u . ( )
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Remark. Clearly, the unconditional distribution of W(¢) and Z(t) is obtained by
setting t, = x =0 in equations (6) and (7).

Proof. We shall make use of the technique used by Billingsley [1, pages 80-83] to
obtain the distribution of Z(t). Namely, we calculate the distribution of related
quantities for the sum of Bernoulli (—1, 1) random variables, and by normalizing
these and passing to the limit, the distribution we seek is obtained.

So let (X, n€N) be a sequence of i.i.d.r.v.’s with

and let
Sn= z Xk,
k=1

where we interpret the empty sum as zero. Furthermore, let
Y, =max{k<n: S, =0}.

To avoid parity problems in the sequel, let us assume that n, m, n,, k, I are all even,;
for all other combinations that yield positive probabilities, similar calculations can
be carried out. So, let us now calculate

P(S,=m, Y,=1|S, =k)
=P(S, =m, 5,=0,Vj>1: §>0|S, =k)
=P(S,=0|S,, = k)P(S, = m|S, = 0)P(Vj>I: §;>0|S,=0, S, = m)

»

_ I-n, n,—I n—1I |m|
l-n,+k n—Il+m n-1.

2 2

I—n

Now putting
m=vVN,
k=xvVN, I=uN, n=1tN, n,=HN,

for N -0, the latter probability is asymptotically equal to 4N ~>?f(u, v), so an
application of Donsker’s Theorem [1, page 68] finally proves Lemma 1.

Corollary 1. If x=+/t, and Ac[t,, t], then
P(W(t)e B, Z(f) € A|W(1,) = x) < P(W(t) € B, Z(t) € A).

Proof. It follows from the Remark to Lemma 1 that it suffices to prove that

f(ua vltl’ x)Sf(u, UIO, 0)°
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This is equivalent to

1 ( x? )< 1
expl — s—,
Ju—t, p 2(u—t,) u

which in turn is equivalent to

u__ ( x? )
=¢€X .
u_tl p u—t1

For x =+/1,, the last inequality is a consequence of the elementary e* =1+ x.

Lemma 2. Let x>0 and 0<y <1 be chosen in such a way that x*y/1~y is bounded
away from zero. Then

_N\3/2 2
P(Z(t)=ty, W(t)=xVt) E% exp( —2(lx—y))' (8)

Proof. It follows by elementary calculations from Lemma 1 that

exp(—x%/2) [® do x’v?
P(Z(t)=ty, W(t)=xVt)=—"""— exp| - .
¢ w e 1407 P\ 2

The integral on the right-hand side can be estimated above by multiplying both
numerator and denominator of the integrand by v, then replacing v in the
denominator by vy/(1—y). The lower estimate is obtained by replacing the upper
limit of integration by J y/(1—y)+1/x% For v in this range the integrator is still
=C(1-y) exp(—x*y/(2(1-y)), so Lemma 2 is proved by multiplying this expression
by the length of the interval of integration, which is of order (1/x*)v(1—y)/y.

Lemma 3. If x is bounded away from zero and x*y is bounded above then

P(Z(t)=t, W(t)= zxﬁ)sﬁexp( —%)

For M ™, simple reflection arguments yield the following two lemmas:
Lemma 4. If x and y are both bounded away from zero, then

P(M~(t)=xVt, W(t)=yV1)=1 _¢(2x+y)_=.2x1+y exp( _(2x‘2*'Y) )

Lemma 5. If xy is bounded away from infinity, then

P(M~(t)<xvt, W(t)=yJt)=P2x+y)- P (y)=x exp(——};).
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Remark. Lemmas 3 to 5 are given only for reference. They are needed in the proofs
of Theorems 2 to 4, respectively.

For the remainder of this section, let us define

(1)
t)y= .
=T (©)
For the time being, we shall demand the additional regularity condition
p(n)r™* ] 0. (10)

We shall show later that this condition does not entail any significant loss of
generality. Yet, it will help to make some of our arguments easier.
Now, let us define a sequence (f;) in the following way: Fix #,> 0 and let, for

all k,

The following lemma will be used on various occasions.

Lemma 6. There are positive constants a and b such that for every nonincreasing
nonnegative function f we have

aj e cydr< ¥ p f(tk)<bj

tn

O]

thty

—f(1)de.

The proof is elementary and will be omitted. In order to prove Theorem 1, let
us now assume that I,(a, ) <o0. Define the events

A= {tn1a(t) < Z(6) <oy, max  W()= (b Vi)

k-1 ST<I
and

B ={ti.1 =< Z(1,), _ max W(t)= (b )V}

By Lemma 2 and the reflection principle it follows that

(1-a(tk_1))3/2 ex <_ lpz(tk—l) )
W2 (o) @ (1) 21 - a(t-1))/
Also, by the reflection principle,

("’(j—T_;)__tE)) < C(1= B (te)p(te))

P(A)=<C

P(B,) < C(l -

= o(P(Ax)).

So, it follows from Lemma 6 that

<]

¥ P(AkuBk)sél (P(A) +P(By)) <.

k=1
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The Borel-Cantelli lemma now implies that only finitely many of the events A, and
B, can occur with probability one, which is clearly equivalent to ta(t)e
UUC(Z(t), te T;). Thus one part of Theorem 1 is proved.

For the second part, now let I,(a, ¥) = . We define the events

Dk_{tk<a(tk)+ Ty )) Z(t) < ti(a(t)+ ) W (1)

p*(t)
2l/f(tk)\/a}-

We shall prove that with probability one infinitely many of the events D, occur.
To this end, we shall make use of the Borel-Cantelli lemma in the following form:

Lemma 7. Let (A, keN) be a sequence of events satisfying the following conditions

[ o]

(i) Y P(Ax)=00,

k=1

TR P(AA)
W) s pay

Then
P(Ak i.O.) =1.

Concerning the condition (i) of Lemma 7, Lemma 1 implies that

A—a(®)*”* (_ ¢ (1) )
(1) a3 () 21-a(t))/)’

Applying Lemma 6, again we obtain

P(D,)=C

OZO, P(D,)=rco.

Turning to the second condition, let k <r and consider
P(D,D,)=P(D,D{Z(t,)> t,}) +P(D.DAZ(t,)< t,}).
The Corollary to Lemma 1 implies that
P(D.D{Z(t,)> t,}) <P(D,)P(D,). (11)
It remains to estimate
P(D.DAZ(t,)<t.}).

By assumption (10) this probability is zero if k is large enough and ¢, > 4t,, because
the definition of D, demands that, on one hand,

Z(t,)=Z(tk)>t(a(t)+ 2(t)>
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and, on the other hand,

Z(tk)<tk<a(tk)+ 2(tk)).

Now
ta () < ta(t,)
by monotonicity of ta(t), and by assumption (10),
t, 21,
> 2
p*(1,) " p*(k)
so we even have

DDAZ(t,)< t,}=0.

For t, < 4t,, we distinguish the two cases that « is nondecreasing or nonincreasing,
respectively. In the first case, there is an a,>0 such that a(t)=a, for all &
Furthermore,

t,>zk(1+—r—2———’-c—) and p(t,)<V2p(t).
p (L)

So, finally,

1+(r—k)a,
("“” G ))/"‘(“(”‘)Jr 207(1) )

If r> k+4/ a,, then this implies that again D, D,{Z(#,) < t,} = 0, so we finally obtain

5 P(DkD,{Z(t,)stk}><aiOP(Dk). (12)

r>k
Now, assume that « is nonincreasing. In this case, we have
P(DkDr{Z(tr) = tk})
<P(DJ{W(1,) = ¢(L)Vi,H}) <P(DLW(2,) = (6 V1))

SJ‘ exp(—£&2/2) P(tka(tk)SZ(tk)IW(tk)=¢f\/?k.)

o/ ()
xP(W(1,) = ¢(5 V| W(t) = £V5) d¢.

From Lemma 1, it follows that

)
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SO
s {-o{ 5

* —£2/2 _ d’(tk)\/t_r’—f‘/z))
xL(lk)e d§(l cb( =N . (13)

The last integral can be estimated in the following way:

© Vi, - &Vt
§/2d (l—@(‘/j(tk) r k )
L(u)e ¢ Vi, — &
2L [T a1 o (HRZEE))
P(t) L,(xk)e fa\! Vt,— 1,

=¢(1tk)exp( w;tk)(u\[tr )( (.p()%t_))) (14)

Now, (13) and (14) together imply that

P(DDAZ(t) < t}) < CP(Dk)<1 - (ll'(tk) \/—t—,%——a_\i?))

Summing over 7, we obtain:

L P(DDAZ(1)<1}<CR(D) T <1_¢(¢(tk)~/t_;—_~/tzl))

We estimate this sum by an application of Lemma 6:

R I e=1)

o[ (el

U

As a is nonincreasing, it is in particular bounded away from one, and together with
(10) this means that for 1, <t <4, we have

p(t) =< Cp(t)=< Cy(t).
Inserting this in the last integral and making the substitution

V-V,
u=1(4) \/—k,
t - tk
we finally obtain that this integral is bounded, which implies that
Y P(DDAZ(t,)<t})< CP(Dy) (15)

r>k

in this case too.
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For nonincreasing a, (11) and (15) together imply that

N N N N N

Y L PDD)< Y Y P(D)P(D,)+C Y P(Dy).

k=1 r=1 k=1r=1 k=1
For nondecreasing a the same follows from (11) and (12). Thus in both case the
hypothesis of Lemma 7 is fulfilled, and we can conclude that with probability one
infinitely many events D, occur, which clearly implies that infinitely often Z(t)=
ta(t) and W(t)=4(t)v/t hold simultaneously, which means nothing but a ¢
ULC(Z(t), te Ty).

We have now completely proved Theorem 1 under the additional regularity
assumption (10). It remains to show that the general case can be reduced to this
special case.

First assume that

.. A()a(r)
lntr_l)!onf——-—l_a(t) <1.

This can, of course, only happen if a - 0. In this case we can find arbitrarily large
t such that

[AULIUI
1-a(t) o

If we have such a ¢, then for all u between ¢/2 and ¢, we have

rwa) 1

1—a(u) 1-ap

(16)

where a,=max,=, a(t). We define a sequence 6, in the following way: 6, is chosen
so that

!/’2(00)0‘(90) <

=1
1“(1(00) ’

and, for k>0, 6, is the least t>26,_, for that
2
vWal)_
1-a(l)

Now, let T, be the union of all intervals [6,/2, 6,]. If, in addition, the integral

J $) exp( —m) dt
T, t 2

diverges, then a modification of Theorem A yields that for infinitely many 7€ T, we
have W(t) = ¢(1)V't. For these t, however, (16) implies that the conditional probabil-
ity of Z(t)= ta(t), given that W(t)> (1)1, is greater than some positive constant.
A simple argument based on the law of large numbers then yields that infinitely
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often both W(t)= ¢(t)V't and Z(t) = ta(t) simultaneously. On the other hand, one
readily checks that I,(¢, @) = 00, so the statement of Theorem 1 holds in this case too.
If the integral

[ Hen( -2

is finite, then one easily finds that removing T, from the range of integration in the
definition of I (a, ) does not change its convergence behaviour, nor does the
removal of those k for which ¢, € T, change the convergence behaviour of the sums
that figure in the proof of Theorem 1. Also, from Theorem A we obtain that for
te T, we have W(t) < (1)t eventually with probability one. This means that in
the sequel we can restrict our attention to t £ Ty, or, in other words, we may assume
that

2
lim jnt 22020

=1.
t-+>c0 l—a(t)

Define now the set

Ko={k: p(tis1)>2p(t)}=1{k(n), neN},

where the k(n) are in increasing order.
Clearly,

p(teny) > 2"p(tico))s

and

P(Ak(n)) =

1 V1—a(tym) exp( _ ll’(tk(n))P(tk(n)))
P (tien) Y(temWa(tim 2

=

< ¢ =C2™",
p(temy)

SO

Y P(A,)<oo0.
ke Ky
Similar calculations can be carried out for the events B, and D,. This, however,
implies that there is no loss of generality if in the proof of Theorem 1 we carry out
all summations only over k¢ K,. This implies in particular that in the following
calculations the use of Lemma 6 is justified.

Now, define
K] = {kE Ko: Ir<k:rg Ko, t;l/4p(tk) = t:1/4p(tr)}
={k’'(n), neN}.
1 v1-— a(tk’(n)) < !/J(tk'(m))P(tk'(n)))
P(Avim) = oo exp| —
K p(teny) Pt ™)y a(ti(ny) P 2

< exp(—Cp(tirm)) < CXP(‘CHIM),
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and again

Y P(Ay) <.
ke K,
Here, too, the same holds for B, and D,. As before, this means that we can restrict
all summations in the proof of Theorem 1 to k¢ K. One also readily verifies that
this restriction does not affect the convergence of the integrals figuring in our proof.
Thus Theorem 1 is completely proved.

Finally, let us say a few words about the proofs of the other theorems. The outline
of these is the same as that of the one given here for Theorem 1. Of course, the
basic probability estimates will be taken from Lemma 3, 4, or 5, respectively. One
more point that may present some difficulty is the definition of the sequence #,. In
this definition, p is to be replaced by ¢+2vy in the case of Theorem 3, and by ¢
for Theorems 2 and 4. In the condition (10) we have to replace p by these quantities,
too. By the same method that we used for Theorem 1 in the preceding paragraphs,
these regularity conditions can be shown to entail no loss of generality.
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