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Abstract

We give a necessary and sufficient condition for the integrality of the Taylor coefficients at the
origin of formal power series g;(z) = z;exp(G;(z)/F(z)), with z = (z1,...,z9) and where
F(z) and G;(z) + log(z;)F(z), i = 1,...,d are particular solutions of certain A-systems of
differential equations. This criterion is based on the analytical properties of Landau’s function (which
is classically associated with sequences of factorial ratios) and it generalizes the criterion in the case
of one variable presented in [E. Delaygue, Critere pour I’intégralité des coefficients de Taylor des
applications miroir, J. Reine Angew. Math. 662 (2012) 205-252]. One of the techniques used to
prove this criterion is a generalization of a version of a theorem of Dwork on formal congruences
between formal series, proved by Krattenthaler and Rivoal in [C. Krattenthaler, T. Rivoal, Multivariate
p-adic formal congruences and integrality of Taylor coefficients of mirror maps, in: L. Di Vizio, T. Rivoal
(Eds.), Théories Galoisiennes et Arithmétiques des Equations Différentielles, in: Séminaire et Congrés,
vol. 27, Soc. Math. France, Paris, 2011, pp. 279-307].
© 2012 Elsevier Inc. All rights reserved.
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1. Introduction
The mirror maps considered in this article are formal series of dvariables z; (x),i =1, ...,d,

with x = (x1,...,xg). The map x — (z1(X), ..., z4(x)) is the compositional inverse of the
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map X — (q1(X), ..., ga(x)), with g;(x) = x; exp(G;(x)/F(x)) and where F(x) and G;(x) +
log(x;) F (x) are particular solutions of a certain A-system of linear differential equations. These
objects are geometric in nature because the series F (x) are A-hypergeometric functions (') which
can be viewed as the period of certain multi-parameter families of algebraic varieties in a product
of weighted projective spaces (see [6] for details).

A classical example of multivariate mirror maps, studied in [2,13,9] is related to the series

3m + 3n)!
Fao= Y S (L0

3.3
maso min!
which is a solution of the system of differential equations

D}y — 21 3D1 4+ 3Dy 4+ 1) 3Dy + 3Dy +2) 3D1 +3D2 +3)y =0,
D3y —22(3D1 4+ 3Dy 4+ 1) 3Dy + 3Dy +2) 3D1 +3D2 +3)y =0,

where D = z3 ddTl and Dy = szde‘ We find two other solutions of this system G1(z1, z2) +
log(z1) F(z1, z2) and G2(z1, z2) + log(z2) F (21, z2) where

(Bm + 3n)!
Giz,22) = ) 33— (Hani3, — 3Hn)Z]'2

131
mnso mbn!

and G2(z1, z2) = G1(z2, z1). This set of solutions enables us to define two canonical coordinates
q1(z1, 22) = 21exp(G1(z1, 22)/ F (21, 22)) and g2(z1, 22) = 22exp(G (21, 22)/ F (21, 22))-

The associated mirror maps are defined by the formal series z1(q1, g2) and z2(q1, g2) such
that the map (q1,92) — (z21(q1,92), 22(q1, q2)) is the compositional inverse of the map
(z1,22) = (q1(z21, 22), 92(21, 22)).

According to Corollary 1 of [9], the series q1(z1, 22), q2(21, 22), 21(q1, q2) and z2(q1, q2)
have integral Taylor coefficients.

Mirror maps are of interest in Mathematical Physics and Algebraic Geometry. In particular,
within Mirror Symmetry Theory, it has been observed that the Taylor coefficients of mirror maps
are integers. This surprising observation has led to the study of these objects within Number
Theory, which has led to its proof in many cases (see further down in the introduction). The
aim of this article is to establish a necessary and sufficient condition for the integrality of all the
Taylor coefficients of mirror maps defined by ratios of factorials of linear forms.

1.1. Definition of mirror maps

In order to define the mirror maps considered in this article, we introduce some standard multi-
index notation, which we use throughout the article. Namely, given a positive integer d, k €
{1,...,d} and vectors m := (mj, ..., mg) andn := (ny, ..., ng) in R?, we write m - n for the
scalar product mny +- - -+mgng and m® for my. We write m > n if and only if m; > n; for all
i €{l,...,d}. Inaddition, ifz := (zy, ..., z4) is a vector of variables and if n := (n, ..., ny) €
Z4, then we write 2" for the product z|" - - - z*. Finally, we write 0 for the vector (0, .. ., 0) € Z.

Given two sequences of vectors in N9, e := (er,...,e4)and f = (f1,...,f;,), we write ||

=37 eand|f|:=Y " f € N?sothat, forall k € {I,...,d}, we have [e|® = 37" el(k)

= =

I The A-hypergeometric series are also called GKZ hypergeometric series. See [13] for an introduction to these series,
which generalize the classical hypergeometric series to the multivariate case.
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and | f|®) = Y% £ For all n € N9, we write
- i=1% - ’

(er -m)!---(eg -m)!
f-m!--- (£, -n)!’

We define the formal series

_ (er-m)!---(eg -m! |
Fg,f(z) _r;) (fl n)l(fq2 ~n)!z

Qe,f(n) =

and
, (e -m)!- @mm ® k) n
Gepi(@ =Y RIS Z He;n Zf(, Hy,m | 2", (12)
n>0 j=1
where k € {1,...,d} and, forall m € N, H,, = sz | = is the m-th harmonic number. The

series F, r(z) is an A-hypergeometric series and is therefore a solution of an A-system of linear
differential equations. In some cases, we find d additional solutions of this system together with at

most logarithmic singularities at the origin, the series G, s (z)+log(zx) F(z) fork € {1, ..., d}.
In the context of mirror symmetry, when |e| = | f|, the d functions
Ge, £k (2) = 2 exp(Ge £k (D) [ Fe £ (2)), kell,...,d},
are canonical coordinates. The compositional inverse of the map z > (qe, 1,1(2), . . ., qe, f,a(Z))
defines the vector (z¢, £,1(qQ), . . ., Ze, 1,a(qQ)) of mirror maps.

The aim of this article is to establish a necessary and sufficient condition for the integrality of
the coefficients of the d mirror maps z., . (q), that is, to determine under which conditions, for
all k € {1, ...,d}, we have z. sx(q) € Z[q]l. In the context of Number Theory of this article,
the mirror map z., 1,1 (q) and the corresponding canonical coordinate g, s (z) play strictly the
same role because, for all k € {1,...,d}, we have q. 7 (z) € zxZ [[z] if and only if, for all
ke {l,...,d}, wehave z, 1k (q) € grZ[[q]l (see [9, Partie 1.2]). Therefore, we shall formulate
the criterion only for canonical coordinates but it also holds for the corresponding mirror maps.

1.2. Statement of the criterion

Before stating the criterion for the integrality of the Taylor coefficients of g., 7 (z), we recall
the definition of Landau’s function associated with a ratio of factorials of linear forms. Given two
sequences of vectors in Nie .= (e, ..., e, ) and f = (f;, ..., £,), we write A, r the function
of Landau associated with O r, which is defined, for all x € RY, by

q1 q2
A g ()= le-x] =Y Ifj-x],
j=1

i=1

where |-| denotes the floor function. We also write {-} for the fractional part function. We
still write |-|, respectively {-}, for the function defined, for all x = (x1,...,x4) € R, by
x| = (lx1],..., [xq]), respectively by {x} := ({x1},...,{x4}). For all ¢ € N?, we have
le-x] = |e- {x}] + ¢ |x] and therefore A, r(x) = A, r({x}) + (le] = |f]) - [X]. So, we
have |e| = | f| if and only if A, r is 1-periodic in each of its variables. We write D, s for the
semi-algebraic set of all x € [0, l[d such that there exists d € {ey, ..., e, , fi, ..., £} verifying
d-x > 1. The set [0, l[d\De,f is nonempty and the function Ae,f vanishes on [0, l[d\De,f. The
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following proposition shows that Landau’s function provides a characterization of the sequences
e and f such that, for allm € N9, Q.. r(n) is an integer.

Landau’s criterion. Let e and f be two sequences of vectors in N¢. We have the following
dichotomy.

@) 1f, for all x € [0, 114, we have Ae, r(x) > 0, then, for alln € N4, we have Q. r(n) e N.
(ii) If there exists x € [0, 119 such that Ae r(X) < —1, then there are only finitely many prime
numbers p such that all terms of the family Q. ¢ are in Z,,.

Remark. Assertion (i) is a result of Landau in [10]: he has proved that it is in fact a necessary
and sufficient condition. We prove Landau’s criterion assertion (ii) in Section 2.

In the literature, one can find several results proving the integrality of the Taylor coefficients
of univariate mirror maps (i.e. d = 1) when |e|] = |f|. One can find them, in an increasing
order of generality, in [12,14,8,4]. We refer the reader to the introduction of [4] for a detailed
statement of all these results. In the univariate case, the most general result builds up a criterion
for the integrality of the Taylor coefficients of mirror maps defined by sequences of ratios of
factorials [4, Theorem 1]. In the multivariate case, Krattenthaler and Rivoal proved in [9] the
integrality of the Taylor coefficients of mirror maps belonging to large infinite families. In order
to state this result, for all k € {1, ..., d}, we write 1; for the vector in N4, all coordinates of
which are equal to zero except the k-th which is equal to 1.

Theorem (Corollary 1 of [9]). Let e and f be two sequences of vectors in N¢ verifying |e| = | f|
such that f is only composed of vectors of the form 1, with k € {1,...,d}. Then, for all
kell,...,d}, wehave g yi(z) € z}Z [[z]).

The purpose of this article is to prove the following theorems, which provide a characterization
of the multivariate mirror maps associated with integral ratios of factorials of linear forms for
which all the Taylor coefficients are integers. We prove in Section 1.3 that they contain the results
of other authors who worked on this subject previously. First, we consider the case |e| = | f| and
then we state the results when there exists k € {1, ..., d} such that |e|® > | £|©). When there
exists k € {1,...,d} such that [e|® < |£|®) the family Q.. r has a term that is not an integer
and the question of the integrality of the Taylor coefficients of g., 1« (z) is still open.

Theorem 1. Let e and f be two disjoint sequences of nonzero vectors in N¢ such that Qe risa
family of integers (equivalent to A, y > 0 on [0, 119) and which satisfy |e| = | f|. Then we have
the following dichotomy.

@) If, for all x € D, f, we have A, ¢(x) > 1, then, for all k € {1, ..., d}, we have q. ;i (z) €
zxZ (2]

(ii) If there exists x € D, y such that A, y(x) = 0, then there exists k € {1, ...,d} such that
there are only finitely many prime numbers p such that gy (z) € zxZp ([z]l.

Remarks. e Note the similarity between Landau’s criterion and Theorem 1.

e We assume that the terms of the sequences e and f are nonzero and that these sequences are
disjoint in order to rule out the possibility that A,  vanishes identically, which corresponds
to the formal series F, r(z) = (1 — )=z Ge, rx(z) =0and g 7 (2) = z.
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e Assertion (ii) of Theorem 1 is optimal since, if A, r vanishes on D, ; and if d > 2, then
there may exist k € {1,...,d} such that g, 1 (z) € zxZ [z]. Indeed, if one chooses d =
2,e=1((3,0)) and f = ((2,0), (1, 0)). Then we have D, ; = {(x1, x2) € [0, 1% x; > 1/3},
Ae r((1/2,0) = 0 and g, 2(2) = 22.

e Theorem 1 generalizes the criterion for univariate mirror maps and Corollary 1 of [9] (see
Section 1.3).

We will now state a criterion for the integrality of the Taylor coefficients of mirror-type maps
qL,e, s defined, for all L € N9, by gL.e,f(z) = exp(GL,,f(z)/Fe s(z)), where GL ., s is the
formal power series

. (er -m)!--- (e -m)! n
GlLe.f(z) = r; 6, ) Hynz". (1.3)

We write £ ¢ for the setof all L € N4 \ {0} such that thereisad € {er, ..., 4, f1, ..., 1}
satisfying L. < d. We have g, r(z) € 1 + Z?:l z;Q [[z] and

] q1 (k) q2 (k)
2 e p @ = | [ [(ger.e.r @) / [Tt .er@)" (1.4)

i=1 j=1

so that if, for all L € &, 7, we have gL ., r(z) € Z[z], then, for all k € {1,...,d}, we have
e, £ k(@) € zxZ [z]. Thus, assertion (i) of Theorem 2 implies assertion (i) of Theorem 1.
Assertion (ii) of Theorem 2 adds details to assertion (ii) of Theorem 1. To be more precise, it
proves that there exists k € {1, ..., d} such that q., 7(z) & zxZ[z]l and that all the mirror-type
maps indeed involved in (1.4) have at least one Taylor coefficient which is not an integer. Thus
Theorem 1 can be seen as a corollary of Theorem 2.

Theorem 2. Let e and f be two disjoint sequences of nonzero vectors in N¢ such that Qe risa
family of integers (which is equivalent to A, y > 0 on [0, 119) and which satisfy le| = | f|. Then
we have the following dichotomy.

(i) If, forallx € D, ¢, we have A, r(X) > 1, then, forall L € &, ¢, we have qv. ., 7 (z) € Z [z]].

(ii) If there exists x € D, y such that A, r(x) = 0, then there exists k € {1,...,d} such that,
if L € & 5 verifies L® > 1, then there are only finitely many prime numbers p such that
qL.e,f(z) € Zp [z]. Furthermore, there are only finitely many prime numbers p such that
e, £k(2) € 2k ZLplz]l.

In Section 9 of the preprint version [3] of this paper, we show that Theorem 2 implies the
integrality of the Taylor coefficients of new univariate mirror maps listed in [1]. Theorem 2
generalizes Theorem 2 of [4] and Theorem 2 of [9] (see Section 1.3). If there exists k € {1, ..., d}
such that |¢|® > | £|® we have the following theorem which generalizes Theorem 3 of [4].

Theorem 3. Let e and f be two disjoint sequences of nonzero vectors in N and such that Qe 1
is a family of integers (which is equivalent to A, y > 0 on [0, 11) and such that there exists k €
{1,...,d} verifying le|® > | £|%). Then,

(a) there are only finitely many prime numbers p such that q. ;i (z) € zxZ) (2],
(b) for all L € &, f verifying L% > 1, there are only finitely many prime numbers p such that
qL,e, f(2) € Zp [z].
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1.3. Comparison of Theorems 1-3 with previous results

First, we prove that Theorems 1 and 2 generalize Corollary 1 and Theorem 2 of [9]. We only
have to prove that, if e and f are two disjoint sequences of nonzero vectors in N, verifying
le] = |f| and such that f is only constituted by vectors 1; with k € {1, ..., d}, then, for all
x € D, r, we have A, ;(x) > 1.Indeed, if x € D, 7, thenx € [0, 1[? and, forall k € {1, ...,d},
we have 1 -x = 0. Thus, there exists an element d in e such thatd-x > 1 and we have Ae,f x) =

ILylex) =200 - x) = 200 lei - x) = 1

Let us now prove that Theorems 2 and 3 generalize Theorems 2 and 3 of [4]. It is sufficient
to note that if d = 1, then e and f are two sequences of positive integers and, writing M, ¢
for the greatest element in the sequences e and f, we obtain &, r = {1,..., M, s} and D, ; =
[1/M, ¢, 1[.

1.4. Structure of proofs

First, we prove assertion (ii) of Landau’s criterion in Section 2.

Section 3 is dedicated to the statement and the proof of Theorem 4, which generalizes criteria
of formal congruences proved by Dwork and by Krattenthaler and Rivoal. These criteria were
crucial for the previous results about the integrality of the Taylor coefficients of mirror maps.
Theorem 4 is central to the proofs of Theorems 1 and 2.

In Section 4, we reduce the proofs of Theorems 1-3 to the proofs of p-adic relations.

Section 5 is dedicated to the statement and the proof of a technical lemma which we will use
to prove both assertions of Theorems 1 and 2.

We prove assertion (i) of Theorems 1 and 2 in Section 6, this is by far the longest and the most
technical part of this article. Particularly, we have to prove a certain number of delicate p-adic
estimations in order to be able to apply Theorem 4.

In Sections 7 and 8, we prove assertion (ii) of Theorems 1 and 2 and Theorem 3, which ensue
rather fast from reformulations of these theorems established in Section 4.

2. Proof of assertion (ii) of Landau’s criterion

First, let us introduce some additional notations which we will use throughout this article.

Givend € N,d > 1,L €e R,k € {1,...,d} and vectors m := (my,...,myg) and n := (ny,
..., ng) in RY, we write m+n for m| +n1, ..., mg+ng), \mormh for (Amy, ..., Amy), and
m/A for (my/A, ..., mg/\) when A is nonzero.

To prove assertion (ii) of Landau’s criterion, we will use the fact that, for all primes p and all
n € N, we have Vp(Qe, r(m)) = ZZ’;I A/ pY). Indeed, we recall that, for all m € N, we have
the formula v, (m!) = 302, [m/p*|. Thereby, we get

o) q1 q2 o0
Up(Qe,r(m)) = Z <ZL91‘ ‘n/p'] - Zij -n/pzj) = ZA (%) .
=1

=1 \i=1 j=1

We will need the following lemma, which we will also use for the proofs of assertion (ii) of
Theorems 1 and 2. In the rest of the article, we write 1 for the vector (1,...,1) € N4,

Lemma 1. Let u = (uy,...,u,) be a sequence of vectors in N? and xo € RY. Then, there
exists u > 0 such that, for all x € R4 satisfying 0 < x < ulandalli € {1,...,n}, we have
[w; - (X0 +x)] = [u; - Xp].
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Proof. For all y € R there exists vy, > 0 such that [y + v,] = |y]. Thus, writing v := min

{Vy;xo : 1 < i < n} > 0, we obtain that, forall i € {1,...,n}, we have |u;.xo + v] = |u; . Xp].
Therefore, writing u := min{v/|u;| : 1 <i <n, w; # 0} > 0, we get that, forall 0 < x < ul
andalli € {I,...,n},wehave u; - x < pulu;| <vso |u; - (Xo+X)] = [u; - Xo]. This completes

the proof of the lemma. O

Proof of assertion (ii) of Landau’s criterion. Given xy € [0, 114 satisfying A, r(x9) < —1
and applying Lemma 1 with, instead of u, the sequence constituted by the elements of e and f,
we obtain that there exists # > 0 such that, for all x € R4 verifying 0 < x < ul, we have
Ae r(xo +X) = A, r(X0) < —1. We write i := {Xo + x : 0 < x < ul} during the proof.

There exists a constant A; such that, for all primes p > N, there is n,, € N9 such that
n,/p € U. There exists a constant N3 such that, for all primes p > M, and alld € {eq, ..., €4
fi,....f,}, wehave |d[(u+1)/p < L.

Thus, for all prime numbers p > A = max(N}, M2) and all integers £ > 2, we have
A, r(n,/p) < —1and, since n,/p € U, we have n,/p < (1 + )l andn,/p* < n,/p? <
(n + 1)/pl. As a result, for all d € {er,...,e,,f1,...,f;,}, we obtain d - np/pe < |d|
(r+ 1)/p < 1, which leads ton,,/ p* € [0, 1[*\D,, s and so A, r(m,/p*) = 0.

Thus, for all primes p > N, we have Vp(Qe, r(np)) = Z?ozl Ae,f(n,,/pz) < —1, which
finishes the proof of Landau’s criterion. [

3. Formal congruences

The proof of assertion (i) of Theorem 2 is essentially based on the generalization (Theorem 4)
of a theorem of Krattenthaler and Rivoal [9, Theorem 1, p. 3] which is a multivariate adaptation
of a theorem of Dwork [5, Theorem 1, p. 296].

Before stating Theorem 4, we introduce some notations. Let p be a prime number and
d € N,d > 1. We write {2 for the completion of the algebraic closure of Q, and O for the
ring of integers of 2.

If AV is a subset of | J,-; ({0, ..., p' — 139 x {t}), then, for all s € N, we write ¥;(\) for
the setof allu € {0, ..., p° — 1}" such that, for all (n, 1) € A/, witht < s,and all j € {0, ...,
Pt — 1}, we have u # j + p*'n.

Givenu € {0,..., p* —1}4, u = Y3 ugp* withug € {0, ..., p—1}9, we write M (u) for
the word ug - - - us_; of length s over the alphabet {0, ..., p — 1}¢. According to this definition,
the following properties hold: u € W (N) if and only if none of the words M;(n), (n, 1) € N,
is a suffix of M (u).

For example, let us take N := {(0,7) : ¢ > 1}. In this case, ¥;(N) is the set of all u =

2;2) u; p* such that us_; # 0. We observe that ¥, (N) = ¥, (N”) with N7 = {(0, 1)}.

Theorem 4. Let us fix a prime number p. Let (A;)r>0 be a sequence of maps from N? to
2\ {0} and (g,)r>0 be a sequence of maps from N¢ t0 O \ {0}. We assume that there exists
N C U~ ({0, oo pt =14 x {t}) such that, for all r > 0, we have
@ 1A-O)], =1;
(i) forallm € N9, we have A, (m) € g-(m)O;
(iii) forall s e Nand m € N9, we have:
(@) forallu € U(N)andv € {0, ..., p— 1}¢, we have
A(v+up+mpth A tmpt) L gei(m)
A (Vv+up) Aryi(w) Ar(v+up)
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(a1) furthermore, if v+ pu € WUy, (N), then we have

Avrup+mpth  A@Amp) o grsam)
Ar(v+up) Arpi(u) g-(v+up)

(a2) on the other hand, if v+ pu & W, 1(N), then we have
Arp1(u+ p’m) e it g+r+1(m)
Arq1(w) g (v+pu)
(b) forall (n,t) € N, we have g, (n + p’m) € p'g s (m)O.
Then, foralla € {0, ..., p — l}d,m IS Nd,s,r e Nand K € 74, we have

S-(@,K,s, p,m) = > (Ar@+ p(K — A 11G)
mp® <j<(m+1)p*—1
— A1 (K= DA@+jp) € pH g1 m)O, 3.1
where we extend A, to Z¢ by A,(n) = 0 if there isani € {1, ..., d} such that n; < 0.

This theorem generalizes Theorem 1 of [9]. Indeed, let A : N Zp\ {0} and g : N?
Zp \ {0} be two maps verifying conditions (i), (ii) and (iii) of Theorem 1 of [9]. Let (A;),>o be
the constant sequence of value A and (g,),>0 be the constant sequence of value g. These two
sequences verify conditions (i) and (ii) of Theorem 4. Let us choose N := @ so that, for all
s € N, we have ¥, (N) = {0, ..., p* — 1}¢. In particular, conditions (a») and (b) of Theorem 4
are empty. Thus we only have to prove that (A,),>o and (g,),>0 verify assertions (a) and (aj) of
Theorem 4. The equality ¥, (N) = {0, ..., p* +_ l}d, associated with assertion (ii), proves
that condition (a;) implies assertion (a). But assertion (aj) corresponds to (iii) of Theorem 1
of [9]. Thus the conditions of Theorem 4 are valid and we have the conclusion of Theorem 1
of [9].

The aim of the end of this section is to prove Theorem 4.

3.1. Proof of Theorem 4

The structure of the proof is based on the structure of the proofs of the theorems of Dwork
and Krattenthaler and Rivoal, but it rather significantly differs in details.

Forall s € N, s > 1, we write o for the following assertion: foralla € {0, ..., p — l}d, ue
{0,....,s —1},m € N4 r > 0 and K € Z¢, we have the congruence S,(a, K, u, p,m) €
P gt r 1m0,

Foralls € N,s > l andt € {0,...,s}, we write B; ; for the following assertion: for all
ae{0,...,p— l}d, m e Nd, r > 0and K € Z4, we have the congruence

S-(a, K+mp®, s, p,m)
Arprr1(+mp*™h) .
= E '+r; ) S:(a, K. 1, p.j) mod p*tlg, i, (m)O.
JE ) e

Forall a € {0,...,p—1}d,KeZd,r eNandjeNd,weset
U,@,K, p,j) =A@+ pK—-))A+1() — A1 (K= A, (a+jp).

Then we have S, (a, K, s, p,m) = 3 g_i(,s_1)1 Ur(a, K, p,j +mp”).
We state now four lemmas enabling us to prove (3.1).
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Lemma 2. Assertion o is true.

Lemma 3. Foralls,r c NNme N, ac {0,...,p— l}d,j € U,(N)andK € 74 we have

Ar+1(j + mPS)
Ar+1 (j)
x U,(a, K, p,j) mod p* gy, 1 (m)O.

U,(a, K+mp’, p,j+mp’) =

Lemmad. Forall s € N,s > 1, if o is true, then, foralla € {0, ..., p — l}d,K cZ4.r>0

and m € N9, we have

S-@K,s,pm)= Y U @K p j+mp)mod p*'g.y,11(m)O.
e W)

Lemma 5. Foralls e N,s > 1, and allt € {0, ...,s—1}, assertions a5 and B; s imply assertion

,3t+l,s'

Before proving these lemmas, we check that their validity implies (3.1). We prove by induc-
tion on s that o is true for all s > 1, which leads to the conclusion of Theorem 4. According
to Lemma 2, o is true. Let us assume that o is true for a fixed s > 1. We note that B s is the

assertion

ﬁO,S : Sr(as K—‘f_ mpS7 ss p7 m)
A1+ mp®) .
= Y AR K 0,p, ) mod p gy O,
J€ U (A r+10)

AsS,(a,K,0, p,j) =U,(a, K, p,j), we have
Ar+l(j +mps)

Ar+1(G +mp?) . .
Z H:J—.psr(a» K,0,p,)) = Z A—.Ur (a,K, p,j)
je U\ re1) je U\ r1)

and, according to Lemma 3, we get
Ar-H (.] + mPS)
je U, (N) Art1()

= > U@K+mp' p,j+mp*) mod p*'ges, 41 (m)O
JeT;WN)

Ui’(aﬂ K, p’j)

=S,@ K+mp’, s, p,m) mod p*'gs,11(m)O,

where (3.2) is obtained via Lemma 4.

3.2)

Hence, assertion fp s is true. Then we get, according to Lemma 5, the validity of §; . By

iteration of Lemma 5, we finally obtain S ¢ which is

S (a, K+ mp*, s, p, m)
A r+1 .+m) .
= Z T—Q.Sr(a, K, s, p,j) mod p**lg 1 (m)O
je W) S+r+l(J)

A .
— Ll(m)s,(a, K, s, p,0) mod p* g, 1 (m)O,
Asir+1(0)

where we used the fact that ¥o(N') = {0} for (3.3).

(3.3)
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We will now prove that, for all a € {0,...,p — l}d,r € Nand K € Z4, we have
S,@K,s,p,0) € p*tlO. For all N e 74, we write Py for the assertion: “for all
ac{0,...,p—1}%andr € N, wehave S,(a, N, s, p, 0) € p*t1O” If there exists i € {1, ...,d}
such that N; < 0, then, for all j € {0,..., p° — 1}4, we have A,(a + p(N—j) = 0 and
A,+1(N—j) = Osothat S.(a,N,s,p,0) =0 ¢ p“‘l(?. First, we prove by contradiction that,
for all N € Z4, Py is true. Let us assume that there is a minimal element N € N? such that Py is
false. Given m € N¢ \ {0} and N’ := N — mp® and applying (3.3) with N’ instead of K, we get

Agyr41(m)
Astr+1(0)

As m € N4\ {0}, we have N' < N, which, according to the definition of N, leads to
S,@a, N, s, p,0) € p*t1O. According to conditions (i) and (ii), we have [Asr11(0)], =1
and Agy,11(m) € gy 1 (MO, so we get S,(a, N, s, p,m) € p*Hlg . mO c pHoO.
Thereby, for all m € N¢ \ {0}, we have S,(a, N, s, p, m) € p*T!O. Given T € N? such that, for
alli € {1,...,d} wehave (T; + 1)p* > N;, we get

> S.@aN,s p,m

S.@,N,s, p,m) = S-(a, N, s, p,0) mod p* g, 1(m)O.

0<m<T
=y > (Ar@+ p(N—)A1() — A 1(N— A @@+ jp))
0<m<T mp* <j<(m+1)p°—1
= Z Ar@+ p(N=)A11(0) — A1 (N — A (a+jp)) 3.4
0<j<N
=0, 3.5
where we used the fact that A, (n) = 0 when thereisani € {1, ..., d} such that n; < O for (3.4),

and (3.5) occurs because the term of sum (3.4) is changed into its opposite when changing the
index jin N—j. So we obtain S, (a, N, s, p, 0) = — > <1 S-(@, N, s, p,m) € p“‘l(?, which
is contradictory to the status of N. Thus, for all N € 74, Py is true.

Conditions (i) and (ii) lead to [Asy,+1(0)|, = 1 and Ag,41(m) € goir41(m)O. Then
we obtain, according to (3.3), that S,(a, K + mp®, s, p,m) € ps+]gs+r+1(m)(’). This latest
congruence is valid for alla € {0, ..., p — l}d, K € 7% m e N? and r > 0, which proves that
the assertion o is true and completes the induction on s. We now have to prove Lemmas 2-5.

3.1.1. Proof of Lemma 2
Givena e {0,...,p— 1}, K € Z¢ m € N? and r > 0, we have
S-(a,K,0,p,m) = A,(a+ p(K-—m))A,1(m) — A, (K-—m)A,(a+ pm).  (3.6)

If K—m ¢ N then we have A,(a + p(K—m)) = 0 and A,; (K —m) = 0 so that
S;(@ K,0,p,m) = 0 € pg,4+1(m)O, as expected. Thus we can assume that K — m € N,
We rewrite (3.6) as follows.

$:(@,K,0, p,m) = A(a) (Ar+1(m> (A’(a +pK—m) A1 (K- m)>

A ) Ar1(0)

3.7)

A K —m) (Ar(a +mp) Ar+1(m)>)_

A (a) Ar1(0)
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As Py(N) = {0}, we can use (a), with 0 instead of u and a instead of v, to obtain
Ar@a+pK-—m) A (K-—m) gr+1(K—m)

A @) Aa® T A@

and

Ar@tmp)  Arpi(m) pgm(m)

A (a) Ar+1(0) A, (a)
This leads to
Ar(a+p(K-—m)) A1 (K—m)
Ar(@)Ar4+1(m) ( A ) T AL O )
€ pgr+1(K—mA,11(mO C pg,+1(m)O (3.8)

and

Ar@a+mp) A (m)
A () Ars1(0)

Ar@A, 4 (K—m) ( ) € pgr+1(mA,(K-—mO

C pgr+1(m)O, (3.9

where we used condition (ii) for (3.8) and (3.9), which leads to A, 1(m) € g, (mM)O and
A1 (K—m) € g1 (K—m)O C O. Applying (3.8) and (3.9) to (3.7), we obtain S, (a, K, 0,
p,m) € pg,1(m), which finishes the proof of the lemma.

3.1.2. Proof of Lemma 3

We have
. A 1(+mp’ .
U;(a, K+mp’, p,j+mp’) — L.p)w @K, p.j)
Ar1()
) . (Ar@+jp+mpth AL (G +mpY)
=—-A 1 K-pA(a+ )( - - - ) (3.10)
iR T AAaTIp A @+ip) Arr1()

As j € W (N), hypothesis (a) implies that the right-hand side of equality (3.10) lies in

gs+r+1(m)
Ar@@+jp)
Furthermore, according to condition (ii), we have A, {1 (K —j) € g-+1(K —j)O C O. These

estimates prove that the left-hand side of (3.10) lies in p**!g .41 (m)©O, which completes the
proof of the lemma.

A1 (K= A (a+jp)pt!

3.1.3. Proof of Lemma 4

Letus fix r,s € N, s > 1, such that «; is true.

Forallu € {0, ..., s}, we write A, for the assertion: forallm € {0, ..., p
Zijf(p“—l)l Ur(a,K, p,j+np" +mp®) =8§,(a, K, u, p,n + mp*™").

We will prove by induction on u that, for all u € {0, ..., s}, the assertion .4, is true.

If u = 0, then there is nothing to prove so Ay is true. Let u € {0, ..., s — 1} such that A4, is
true. Let us prove that A, 11 is true. Foralln € {0, ..., ps_“_l — 1}d, we have

s=u _ 1}4 we have

Ss@Ku+1pn+mp ™= Y S@Kupvtnp+mp ™
0<v<(p—D1
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= ) Y. U@K pj+vp'+npt+mp’) (3.11)
0=v=(p—D10=j=(p*—D1
= Y  U@Kpjt+npt+mp), (3.12)

()giﬁ(p”Jrl—l)l

where we used assertion .4, for (3.11). Equality (3.12) proves that .4, is true, which finishes
the induction on u.

If 9(W)=1{0,..., p* — 1}d, then Lemma 4 is trivial. In the sequel of this proof, we assume
that W,(N) # {0,...,p* — 1}9. We have u € {0, ..., p* — 1}¢ \ ¥ (N) if and only if there
exists (n, 1) € N, t < s,andj € {0,..., p** — 1} such that u = j + p*~'n. We write \; the
setof all (n, 1) € M witht < 5. So we have

0,...p0 =1\ TWN = |J i+p " n:jefo,....p 7" =1}
(n,1)eN;

In particular, the set NV; is nonempty.

We will prove that there existk € N, k > 1, and (ny, 1), ..., (g, tx) € N such that the sets
Jm;, ;) = {j+p*im; 1 j€{0,..., p*fi —1}} induce a partition of {0, ..., p* —1}¢\ ¥, (N).
We observe that Ny C Uj_; ({0, ..., p" — 1} x {t}) and thus N is finite. Therefore, we only
have to prove that if (n,7), @', ¢) € Ny,j € {0,...,p° ' =1} andj € {0,..., p*" — 1}4
verify j + p*~'n = j + p*~"n/, then we have J(n,¢) C J(',¢) or J(',t) C J(n,1).
Let us assume, for example, that ¢ < t’. Then there exists jo € {0, ..., p’/_’ — 1} such that
j=3j + p*"jo.so that p~"'n’ = p*'n + p*"jo and thus J(n', ') C J(n, 1). Also, if > ¢/,
then we have J(n, ) C J(n', ¢'). Thus, we get

Sr(aaK’s7pam)= Z Ur(a’K’p,j“‘mps)

je¥sWN)
+ > U @K, p,j+mp*), (3.13)
JE(0,..., pP =1} W (N)
with
Z Ul‘(aaKvp’j—i_mpS)
JE(0,... pP =13\ U (N)
k
- Z Z U, K, p,j+ p* 'n; +mp®). (3.14)
i=1jef0,...p* i —1}¢
We now prove that, foralli € {1, ..., k}, we have

Y U@K p.j+p i +mp') € p g, im0 (3.15)
Jj€t0,.,p -1}

Giveni € {1, ..., k}, assertion A,_;, leads to
> U@K p.j+p in +mp’)
0<j<(p*'i—D1
=S, K,s — 1, p,n; + mp").
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Ast; > 1, we get, via a5, that S, (a, K, s — #;, p,n; + mp'i) € ps”i“gs_,,.Jr,H(n,- +mpi)O.
Applying assertion (b) with ¢; instead of r and r 4+ s — t; 4 1 instead of r, we obtain

s—1;

)4 +1gs—t,-+r+l(ni + mp”) € ps_ti+1ptigs+r+l(m)0 = ps+1gs+r+l(m)0-

Thus, foralli € {1, ..., k}, we have (3.15).
Congruence (3.15), associated with (3.14) and (3.13), proves that

S,@,K,s, p,m) = Z U,(a, K, p,j+mp*) mod p* g1 (m)O,
jEQGCAO

which completes the proof of Lemma 4.

3.1.4. Proof of Lemma 5

During this proof, i indicates an element of {0, ..., p — l}d and u indicates an element of
{0,..., ps_’_l — 1}d. For ¢t < s, we write B, s as follows

S;(a, K+mp?®, s, p, m)

A i+up+mp*! .
— Z t+r—1;1( P p )S,(a, K, 1, p,i+up)
upe T () t+r+1(1+up)

mod p**'g 4,11 (m)O. (3.16)
We want to prove ;41 s, which is

S;(a, K+mp®, s, p, m)

A m s—t—1
= Z rhr 20 P )Sr(a,K,t+1,p,u)

we v Arirpo(u)

mod p* g, 11 (m)O.
We note that S, (a, K, 7 + 1, p,u) = ZOSiS(pfl)l S-(a,K, 1, p,i+up). Thus, writing

X =S,(a, K+mp’, s, p,m)

A s—t—1
- X > 28 mp )Sr(a, K.z, p,i+up),

0<i=(p—Dlue ¥, | (N) Argr2(u)

we only have to prove that X € p**lg., .. 1(m)O. We have
itupe ¥ (N)=ue ¥, (N). (3.17)

Indeed, ifu ¢ ¥s_;_;(N\), then there exist (n, k) € N,k <s—t—1,andj € {0, ..., p* I~ 1-k—
1}¢ such that w = j + p*~~'"kn. Thus we have i + up = i+ jp + p*~'~*n, which leads to
i+up ¢ ¥;_,(N). Hence, according to B; ; written as (3.16), we obtain

X = Z S:(a,K, ¢, p,i+up)
i+upe ¥,_, (\)
(At+r+1 (itup+mp’™) Ao+ mPS_t_l)>
Arrrr1(i+up) Aryry2(a)
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A ud+m s—t—1 .
+ Z t4r42( p )Sr @, K, 7, p,i+up)
we?,_,_|(\) At+r+2 (u)
itupd ¥ (N)

mod ps+]gs+r+l m)O.
Furthermore, applying (a;) with s — ¢ — 1 instead of s and ¢ + r + 1 instead of r, we get
Arprpiitup+mp™)  Ap(u+ mp* '~ P gs-+r+1(m)
Aiyrp1(i+up) Arri2(0) grr1(i+up)

In addition, since ¢t < s and « is true, we have

S K.t, p.i+up) € p g 1(i+up)O (3.18)
and we obtain

Arpr2(@+mp )

X = S:(a,K,t,p,i+up)
e %;1 W) Argr2(0) '
i+upg Ug_1(N)
mod p* gy, 11 (m)O. (3.19)

Finally, when i +up ¢ W,_,(N\), we can apply condition (ap) with s — t — 1 instead of s, i
instead of v and r + ¢ + 1 instead of r, which leads to

Arrp(@+mp* =7 o=t Borbrr1 (m)
Aryryo(w) gr+1(i+up)

Applying (3.18) and (3.20) to (3.19), we obtain X € p**'g;,,1(m)O. This finishes the proof
of Lemma 5 and thus the one of Theorem 4.

(3.20)

4. A p-adic reformulation of Theorems 1-3

Let e and f be two disjoint sequences of nonzero vectors in N such that Q. r is a family of
integers. We fix L € Se_f throughout this section. We recall that, for all k € {1, ..., d}, we have
e, 1.x(z) € ziZ 2], respectively gL, r(z) € Z [[z]], if and only if, for all prime numbers p, we
have q,, 1(z) € zxZp [[2]], respectively g ., r(z) € Z), [z]).

We will define, for all prime numbers p, two elements @, ;(a + pK) and &, ,(a + pK) of
Qp, wherea € {0,...,p — 1}¥ and K € N, and we will prove that qe, 1,x(2) € 22y (],
respectively gy ¢, r(z) € Z, [z, if and only if, foralla € {0,..., p — 1}? and all K € N?, we
have &, r(a + pK) € pZ,, respectively @1, ,(a + pK) € pZ,.

To simplify notations, we will write £ == &, ¢, D = D, 5, A == Ap 5, Q = Qo r, F =
Fe ., Gk = Ge sk, GL = GLe,f>qk = {e,fk and gL, := gL, f, throughout the rest of the
article. We fix a prime number p in this section.

Before proving Theorems 1-3, we will reformulate them. The following result is due to Krat-
tenthaler and Rivoal’s Lemma [9, Lemma 2, p. 7]; it is the analogue in several variables of a
lemma of Dieudonné and Dwork [7, Chapter IV, Section 2, Lemma 3]; [11, Chapter 14, Sec-
tion 2].

Lemma 6. Given two formal power series F(z) € 1 +Z§l=1 ziZ [zl and G(z) € Z?:l ziQ [,
we define q(z) = exp(G(z)/F(z)). Then we have q(z) € 1+ Y{_, ziZ, [z]l if and only if
F(z2)G(zP) — pF(z")G(z) € p Z?:l ziZyp 2]
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Lemma 6 will enable us to “eliminate” the exponential in gx(z) = zx exp(Gk(z)/F (z)) and
qL(z) = exp(Gy(z)/F(z)). Since A > 0 on [0, 11, we obtain, according to Landau’s criterion,
Q as a family of integers and thus F(z) € 1+ Zle z; Z ([z]). Furthermore, according to identities
(1.2) and (1.3) defining the power series Gy and Gr, we have G¢(0) = GL(0) = 0 and so
Gk(z) and Gr(z) lie in ) ;_, z;Q [z]. Thereby, according to Lemma 6, we have gx(z) €
2k Zp lz]l, respectively g1 (z) € Z, [[z]], if and only if we have F(z)G(z”) — pF(2”)G(z) €
p Zﬁlzl 2iZy (], respectively F(z)GL(z”) — pF(z”)GL(2) € p Z?:l 2iZp 2.

According to identity (1.2) which defines G, the coefficient of 22tPR in F(2)G(zP) —
pF(zP)Gi(z) is

Dpira+ pK)= Y  QK-}jQ@+ pj
0=j=K
q1 *) q2 0
x| Y e (Hkje; — PHatpire) — fo (HK-j)t; — PHa+pjt,)
i=1 i=1

and, according to identity (1.3) defining Gy, the coefficient of 22tPK in F(2)Gr(zP) —
pF(zP)Gy(z) is

I,a+Kp) = Y QK —-j)A@+jp)(Hr.k-j — PHL@+jp))-
0<j<K

Thus we have gx(z) € zxZ), [z]l, respectively g1 (z) € Z, [[z]l, if and only if, for all a €
{0,...,p—1}¥and K € N?, we have &, x(a+ pK) € pZ,, respectively &, ,(a+ pK) € pZ,.

5. A technical lemma

The aim of this section is to prove the following lemma which we will use for the proofs of
assertions (i) and (ii) of Theorem 2.

Lemma 7. Let e and f be two sequences of vectors in N such that |e| = |f|. Then, for all
seN,ce {O,...,ps—l}dandmeNd, we have
Qe,f(c) Qe,f(cp + mPHl)
Qe,f(cp) Qe,f(c+mps)

el+ptz,

To prove Lemma 7, we will use certain properties of the p-adic gamma function which is

defined by I',(n) := (=1)"y,(n), where y, (n) = "Ii] k. The function I', can be extended
(k,p)=1
to the whole set Z, but we shall not need this here. 1

Lemma 8. (i) Foralln € N, we have (”’f!)! = p"yp(1 4+ np).

(ii) Forallk,n,s € N, we have I',(k + np*) = ', (k) mod p°.

(np

) . ..
nipt - Assertion (ii) of

Assertion (i) of Lemma 8 is obtained by observing that y, (1 + np) =
Lemma 8 is Lemma 1.1 of [11]. We are now able to prove Lemma 7.

Proof of Lemma 7. We have

Qe.flep+mp™)  db(e; - (cp+mp T L2 (f - (c+mp*))!
Qe.fc+mps) (e - (c+mp*))! L1 (- (cp+mpsth))!

i=1
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a e;-(c+mp*) s
[T pe €™y, (1 + pe; - (c +mp*))
i=1

9?2
[1 pli-etmply, (1 + pf; - (¢ + mp*))
i=1

q1 s
l_[ (pei~C(_1)1+pei~(C+mP‘)]"p(l + pe; - (¢ +mp*)))
(lel—=|f))-mp* i=1

q2
[T (fe(=D1HPE @HmPIT, (14 p - (e + mp*)))
i=1

=p

1

q
[T (P (=D P Tp(1+ pe; - (c+mp*)))
= (—1)lel= Ifl)mp”"l 1 5.

_[[ (pfre(=DIHer Ty (1 4+ pfi - (c+mp*)))

q1 q1
[T pere(=niteer T] Ty + pei - (¢ +mp*))
i=1 . i=1 (5'2)

T o@ 92 ’
[T pfie(=ntHter T Tp(1 + pfi - (¢ +mp*))
i=1 i=1
where we used the identity |e] — | f| = 0 for (5.1) and (5.2). According to assertion (ii) of
Lemma 8, for all n € N¢, we have F,(1+n-cp+n- mp'tl) = I'py(1+n-cp) mod 1. So
we get

q1 q1
[IT,d+e-cp+e -mpthy  [[(Tp(1+e-cp)+0(p'™))
i=1 i=1

)

7 9@
[IT,(d+1fi cp+fi-mpsth) I1 (Fp(l +f -cp)+ O(p“‘l))
i=1 i=1

where we write x = O(p*) when x € p*Z p- Furthermore, according to the definition of I',, for
all n € N9, we have I'py(I+n-cp) e Z;. Then we obtain

q1
(F (1+¢ -ep)+ O(p'™)) 1Ty +ei-cp)
== 1+ 0™
(Cp(L+f-cp)+0(p*thH)  TIT,A+1icp)

i=1

s|rs

and thus,
q1 e c( 1)1+e cp ﬁ
[T peic(— i Lp(1+e-cp)
Qeplep +mp™™hy —
e,f( p P ) _ i 1 =l (1 +O(ps+l))

c+mp’ q2 a2
Qe,f( + mp*) l—[ pf,-.c(_l)l+fi-cp 1‘[ Fp(l +f; - cp)
i=1 i=l1

q1
IT pecyp(1 + € - cp)
== (1+0(p* ")
[1 plicyp (1 +1£i-ep)
i=1
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_ Qe,f(cp)
Q. z(0)

This completes the proof of the lemma. [

(1+ 0.

6. Proofs of assertion (i) of Theorems 1 and 2

We assume the hypothesis of Theorems 1 and 2. Furthermore, we assume that, for all x € D,
we have A(x) > 1. As we said in Section 1.2, assertion (i) of Theorem 2 implies assertion (i) of
Theorem 1. So the aim of this section is to prove that, for all L € &£, we have gr,(z) € Z [z].
Following Section 4, we only have to prove that, for all L € &£, all prime numbers p, all a €
{0,...,p—1}¥ and K € N?, we have ¢, ,(a + pK) € pZ,. We fixa L € £ in this section.

6.1. New reformulation of the problem

For all prime numbers p,alls e Nyae {0,..., p — 1}‘1 and K, m € N?_ we define

S@ K, s, p,m) = > (Qa+jp)QK - j) — () Q@+ (K - j)p)),

mp’ <j<(m+1)p*—1

where we extend Q to Z¢ by Q(n) = Oifthereisani € {1, ..., d} such thatn; < 0.

The aim of this section is to produce, for all prime numbers p, a function g, from N to
Zp such that: if, for all primes p, all s € N,a € {0,...,p — l}d and K, m € N9, we have
S@,K,s, p,m) € p”‘lg,,(m)Zp, then we have &, ,(a + Kp) € pZ,. Thus the proof of
assertion (i) of Theorem 2 will amount to finding a suitable lower bound of the p-adic valuation
of S(a, K, s, p, m) for all primes p. This reduction method is an adaptation of the approach to
the problem made by Dwork in [5].

6.1.1. A reformulation of 91, ,(a + Kp) modulo pZ,
This step is the analogue of a reformulation made by Krattenthaler and Rivoal in Section 2
of [8]. We fix a prime number p. We will prove that

I p(@a+Kp) =
- Z Hyj (Q@a+jp) QK —j) — () Qa+ (K—j)p)) mod pZ,. (6.1)

0<j<K

Forallae {0,..., p—1}? and j € N we have

L.jp 1 L-a 1
PHL.@a+jp) = P 7 + T 317

mod pZ,,. (6.2)
. i
i=1

We need a result that we shall prove below by means of Lemma 10 stated in Section 6.1.2.
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ForallL e £,ae{0,...,p—1}¥andj € N¢, we have

[L-a/p] 1
ati
Q@+in 2

i=1

Applying (6.3) to (6.2) and with the fact that Q(a+ jp) € Z, and Q(K — j) € Z,, we obtain
QK —-j)Qa+jp)pHy.@atjp) = QK —j)Q(a+ jp)Hy.j mod pZ,. This leads to
PLp(a+Kp) = Y QK-—j)Q@+jp)(HLx—j — PHL@tip)
0<j<K

Y QK -))Q@+ jp)(Hi.k—j — Hij) mod pZ,
0<j<K

€ pZ,. 6.3)

1

|
20
£

x (Qa+jp) K —j) — (<2 + (K—j)p)) mod pZ,,

which is the expected equation (6.1).
We now use a Krattenthaler and Rivoal’s combinatorial lemma (see [9, Lemma 5, p. 14])
which enables us to write

Z Hyj(Qa+jp) QK —j) — Q1@+ K—jp))

0<j<K

r—1
:Z Z WL(a, K,S, p’m)7

s=00<m=<(p"—-1)1

1

where r is such that p”~' > max(Ky, ..., Kz) and

WL, K, s, p,m) = S(@,K,s, p,m)(HLmps — Hy,.\m/p)ps+1)-

If we prove that, for all s € Nand m € N, we have Wr(a, K, s, p,m) € pZ,, then we will
have &, ,(a+ Kp) € pZ,, as expected.

For all m € N9, we set up(m) = Z?‘;l ID({m/pe}) and g,(m) = p“P(m), where 1p
is the characteristic function of D. We now use the following lemma which we will prove in
Section 6.1.2.

Lemma 9. For all prime numbers p, all L. € £, m € N and s € N, we have
PS—ng(m) (HL~mp~‘ - HL~Lm/pJpS+1) € pLp.
According to Lemma 9, if we prove that, foralla € {0,...,p — 1}, K,m e N and s € N,

we have S(a, K, s, p,m) € ps“gp(m)Zp, then we will have g1,(z) € Z, [z], which is the
announced reformulation.

6.1.2. Proofs of (6.3) and Lemma 9
We state a result which enables us to prove (6.3) and Lemma 9.

Lemma 10. Given s € N,s > l,a € {0,...,p° — 1}¥m € N? and L € E. If we have
[L-a/p*] = 1, then, forallu € {1,...,|L-a/p°|}and £ € {s,...,s +v,(L-m+ u)}, we
have {(a+mps)/pz} eD.
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Proof. We recall that D is the set of all x € [0, I[¢ such that there exists an element d of
e or f satisfying d - x > 1. We have {(a+mp®)/p‘} € [0, 1[?, so we only have to prove
that L - {(a+mp®)/p‘} > 1. Indeed, since L € &, there exists d € ey, ..., eg,f1, ... 6}
such that d > L, which leads to L - {(a + p* m)/p } = 1, thusd - {(a+ p'm)/p’} = 1 and
{@+ p'm)/p'} € D. We write m = 372y m; p/ withm; € {0, ..., p — 1}¢. We have

l—s—1

a+p' Y m;p/
{a+mps}_ j=0
pt P

We have that p*~* divides (u+L-m) and so p*~* divides u +L-m—L- (Z —_sMm;p ) =u+
L~<Z§.:B lmjp ).Weobtam pts < u+L~<Z§:f) 1mjpf> < FL~a+L~<Z§;f)_1mjpj>
andwegetl <L-ap~t+4 p* ‘L. (Zf;f)_l mjpj) =L-{(a+mp*)/p'}. O

We will now apply Lemma 10 to prove (6.3).
Proof of (6.3). GivenL € £,a€{0,...,p— 1}" and j € N, we have to prove that Q(a + jp)

x yoarr) L7 € PZp. 1f [L-a/p] =0, this is evident. Thus let us assume that | L-a/p] > 1.

Applying Lemma 10 with s = 1 and m = j, we obtain that, for alli € {1,..., |[L-a/p]|} and
¢efl,...,14+v,@i +L-j)} wehave {(a+jp)/p‘} € Dandso A((a+ jp)/p*) > 1. Since
A ZOoan,weget

atjp 1+vp (L-j+i) atjp
vp<Q(a+jp>>=ZA<{ })z > A({ - })

=1 p

v

L+vpL-j+i),

which finishes the proof of (6.3). O

Proof of Lemma 9. Given L € £, m € N? and s € N, we have to prove that
e, (m)(HLmps — Hy, \m/p)ps+1) € PLp.

We writem = b + qp where b € {0,..., p — 1}¢ and q € N?. Then we have L - mp* =
L-bp* +L.-qp*tlandL- [m/p|p**t! = L. qp*t!. Therefore, we get

L-bp*

Humy: — H > s
L-mps — Hy . s+l = _
mp L-lm/p]ps* P L qpti+

[L-b/p] 1 q IZ

= mod —
— L. qps—H 4 ips+1 p’ p
, Lb

and so p** g, (M) (HLmps — Hy, |m/p)ps1) = g,g(b—i—qp)zL /P L(i+z mod pZ,. We now

have to prove that g, (b + qp) ZLL b/p] ' 1+l € pZp. If |L-b/p] = 0, this is evident. Let us
assume that [L -b/p| > 1. Applying Lemma 10 with s = 1 and q instead of m, we obtain that,
foralli e {1,...,|[L-b/pl}andall£ € {1,...,14v,(i +L-q)}, we have {(b+qp)/p‘} e D

and thus

b
vp(gp(b+qp)) = ppb+qp) = le({ +qp}>
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14, (L-q+i)

b + .

> Z 1D<{ pequzl—i-vp(L'q-i-l),
=1

which completes the proof of Lemma 9. [J
6.2. Application of Theorem 4

We use Theorem 4 to finish the proofs of assertion (i) of Theorems 1 and 2. In the following
sections, we will prove that, setting A, = Q and g, = g, for all » > 0, then there exists N C
Uzzl ({0, Pt =11 x {t}) such that the sequences (A,),>o and (g,),>o satisfy assertions (i),
(ii) and (iii) of Theorem 4. Thus, we will obtain S(a, K, s, p,m) € p**lg p(m)Z,, as expected.

In the following sections, we check the assumptions for the application of Theorem 4.

6.3. Verification of assertions (i) and (ii) of Theorem 4

We fix a prime number p and we write g := g, and i := . Forallr > 0, we set A, = Q and
g, = g. In this section, we will prove that the sequences (A,),>o and (g,),>0 verify assertions
(i) and (ii) of Theorem 4.

For all r > 0, we have |A,(0)|, = |Q(0)|, = 1. Furthermore, for all m € N4, we have
vy(gm)) = u(m) > 0, so we get g(m) € Z, \ {0}. We now have to prove that A(m) € g(m)Z,,,
which amounts to proving that 1 ,(m) < v,(Q(m)). This is true because, forall £ e N, £ > 1,
we have A(m/p?) = A({m/p*}) > 1p({m/p*}), because A(x) > 1 for x € D.

6.4. Verification of assertion (iii) of Theorem 4

We fix a prime number p and we set

N::U({ne{0,...,p’—l}d:VZe{l,...,t},{%}eD}x{t}).

t>1

6.4.1. Verification of assertion (b)
Let (n, 1) € A and m € N?. We have to prove that g(n + p'm) € p'g(m)Z,. We have

vp(g(n+ p'm)) = ilD ({Hp m}) ZID ({ })

=1
n-+ p'm
2w ()
t=1+1
n m
—I+le<{ S }) 64)
t=t+1
Let us write m = Z,fio my pk, where the my € {0,..., p — l}d are zero except for a finite

number of k. For all £ > t + 1, we have

—t—1 —t—1
n+p [ Y mpf|  prl Y mypt
{n—{-ptm}_ k=0 - k=0 _{ m }

pZ pZ - pE - pZ—t
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Thus, forall £ > ¢t + 1, if { p';l, } € D, then there exists L € £ such that

t
ISL.{%}SL.{H_gm},
p p

which gives us {"erplrm} e D. We get

5 e((2])= £ w2 S (2]) -

—
=it p t=1+1 p

which, associated with (6.4), leads to v,(g(n + p'm)) > 1 4 v,(g(m)), i.e. g + p'm) €
p'g(m)Z,, as expected.

6.4.2. Verification of assertion (ay)
Givens e Nyue ¥y (N)andv e {0,..., p— 1}¢ such that v + pu ¢ ¥, (N), we have to
prove that

Qu+p'm . g(m)

Q(u) gv+puw) " ©)
First, we give another expression for
U,N) ={uef0,....p°  —1}*: ¥, 1) e Nt <5,¥j € {0,..., p* " — 1},
u#j+p''n}.
For that purpose, we need the following lemma.
Lemma 11. Givens € N,s > 1, andu € {0, ..., p* — l}d, we write u = Zz;é ukpk, with

u; € {0, ..., p— 1} Then, the following assertions are equivalent.

(1) We have {u/p*} € D.
(2) There exist n,t) e N, t <sandje{0,..., p*" — 1} such thatu = j+ p*~'n.

Proof of Lemma 11. (1) = (2): Foralls > 1,u € {0, ..., p* — l}d such that {u/p*} € D and

alli € {0,...,s — 1}, we write A ;(u) for the assertion: for all £ € {1,...,s — i}, we have
[( i ukp"*") /pe} eD.

Forall s > 1, we write B for the assertion: forallu € {0, ..., p* — 1}¢ such that {fu/p*} e D,
there exists i € {0, ..., s — 1}, such that A, ; (u) is true.

First, by induction on s we will prove that, for all s > 1, B; is true.

If s = 1, then, forallu € {0, ..., p—]}d such that {u/p} € D, assertion .4 o(u) corresponds
to the assertion that {u/p} € D and thus is true. Hence, B is true.

Given s > 2 such that By, ..., By are true, andu € {0, ..., p* — l}d verifying {u/p*} € D
such that A, 1 (w), ..., Ass—1(w) are false, we will prove that assertion A o(u) is true. This will
imply the validity of By and will finish the induction on s.

We give a proof by contradiction, assuming that there exists £ € {1, ..., s} such that

—1 s—1
> wpk >y pk
ay = k=0 S k=0 . ¢D.

p p
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We actually have £ € {1,...,s — 1} because {u/p’} € D.ForallL € {eq, ..., e, . f1,....f,},
we have LL - a; < 1. We write

s—1

ptag+ pt Y wpht > upkt
u u k=t ag k=t
Pl P R
Since {u/p°} € D, there exists L € {e1, ..., e, 11, ..., f;,} such that
s—1 s—1
Z ukpk—e Z ukpk—f
<. 1" _L-a L. k=t 1 L. k=t
=~ E - ps—ﬁ +L- ps—é < ps—f +L- ps—Z ’
which leads to LL - ( p, ukpk e) > p*~¢ — 1. Since L - ( 2;2 ukpk’l) is an integer, we get
L~( - ukpk_[) > phie. {( - ukpk_é) /p‘Y_Z} €D. Wewritev:=Y"_jupte
{o,..., ps’e — 1}". Thus we have {v/px’l} € D and, applying B;_,, we obtain that there exists
i € {0,...,s — ¢ — 1} such that As_;;(v) is true, ie, forall r € {1,...,s — £ — i}, we

have {( ‘,Z_f_l Vkpk_i) /p’} € D. Furthermore, for all k£, we have vy = uy4 and therefore
i;f Zk e g pFi=t, Thereby, assertion A;_¢ ; (v) becomes: forallr € {1, ...,
s — € — z}, we have {(Zk:i% ukpk_i_e) /p’} € D, which corresponds to the assertion

As.ite(u). Since we assumed that A (u), ..., As—1(u) are false, we get a contradiction.
Hence A; o(u) is true and B; is also true, which finishes the induction on s.
As {u/p°} € D, assertion By tells us that an i € {0,...,s — 1} exists such that A, ;(u)

is true, i.e. for all £ € {1,...,s — i}, we have {( P lpk ’uk) /p } € D. Thus we have
( PRy, s — i) e N andu = Y i~} p*uy + p' Y57} p*~Puy. Therefore, the assertion

(2) is valid with s — i instead of z, Zi;ll p¥~luy instead of n and Z;;B p¥uy instead of j.
(2) = (1): We have {u/p*} = u/p* = (j+ p*'m)/p* > n/p' = {n/p'} € D and so
{u/p’} € D, as expected. [

According to Lemma 11, we obtain

U(N) ={uef0,...,p" — 1} : {u/p'} ¢ D}. (6.6)
Thus, for all u € ¥,(N) and £ > s, we have {u/p‘} = u/p’ < u/p* = {u/p*}, which
implies that, forall L € {e(, ..., e, ,f,...,f;,} and £ > 5, we haveL-{u/pZ} <L-{fu/p’} <1

and so {u/pe} ¢ D. As aresult, for all £ > s, we have A({u/p[}) = 0 and thus

v,,(Q(u))—ZA({ }) ZA({ D

Furthermore, we have

vy (Qu+ pm) = 3 4 ({Hp—lzm ) - ; . (H})

=1

£ )

7
e=s+1 p

—_
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which leads to

Q(u+ p*m) > u+ p'm
(u) {=s+1 p
We writem = ) 2 prmy, withmy € {0, ..., p — 1}¢. Forall £ > s + 1, we have

L—1—s % —1—s :
u+p® 3 opmye Y pimy
k=0

{u+psm}_ =0 - { m }
pé pZ - pﬁfs pﬁfs
and thus
o0 Ky o0 s
Z A({u—i—]gm})Z Z 1D<{u+1;m}) ©68)
= 14 = P
=s5+1 =s5+1

I\
T
22
[u—
\v]
N
! e,
A~
aE
[——
N——

(6.9)

Il
[
—
9
N
rm—
=[5
[ —
N———"
Il
<
<
)
g

where inequality (6.8) is true because, for all x € D, we have A(x) > 1. Applying (6.9) to (6.7),
we get v, (Q(u+ p'm)/Q(u)) > v, (g(m)).

Thus, to verify assertion (a), we only have to prove that, for all u € W,(N) and v €
{0,..., p— 1} such that v+ pu ¢ @41 (N), we have g(v + pu) € p*t17Z,.

We write u = Zz;g) phug, withuy € {0, ..., p— 1}¢. We have {(v+ pu)/p} = v/p and, for

all € > 2, we have {(v + pu)/p’} = (v +p Zi;(z) pkuk) /pt. We get

-2 .
v+p ) plu

%) s+1
V(g + pw) = > 1p ({”f“}) > 1p (X) 3 0 |
p p =2 p

=1

Thus, if we prove that v/p € D and that (V +p Zi;% pkuk) /pt e Dforall € € {2,...,
s + 1}, then we would have v, (g(v + pu)) > s + 1.
e Let us prove that v/p € D.

As v+ pu & ¥, (N), we obtain, according to (6.6), that {(v + pu)/p*T!} € D. Thus there
exists L € {e1, ..., e, f1, ..., f;,} such that L - {(v + pu)/p”]} > 1. We get

s—1 s—1
v+ p Y prug v 3 phug v u
k=0 k=0
1<L- o _LopS_H—I—L- P _L.pS-H_I_L.{;}' (6.10)

Asu € ¥, (N), we have {u/p’} ¢ Dandso L - {u/p*} < 1. We have L - {u/p*} € %N

thus L - {u/p*} < (p* — 1)/p* and we get, via inequality (6.10), that L - v/p*t! > 1/p*, i.e.
L .v/p > 1. Thereby, we have v/p € D.
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e Let us prove that, forall £ € {2, ..., s + 1}, we have (V +p Zi (Z)pkuk> /pt eD.

We assume that s > 1. Given £ € {2, ..., s + 1}, we have
s—1 =2 s—1 .
v+p ) pw v+p Y pu p Y Pw
k=0 k=0 k=t—1
1§L~T=L- e +L- oo . (6.11)

We have u € ¥ (N)andu = ug + p Y ;_ 1pk Yu;. Thus, applying (3.17) with t =0, we
obtain Y ,_ lpk lup € ¥,_;(N). Iterating (3.17), we finally get that Zk e lpk g, e
Wy g1+1(N). Following Lemma 11, we get

s—1 s—1 s—1
p Z pkuk Z pkuJrluk Z k— /é+1
k=0—1 k=t—1 k=t—1
= — = ¢D.
ps+1 ps £+1 ps —{+1

In particular, we obtain 1 > L - (Zk o P* Hluk> /T e #N. Thus we have
(Zk o Hluk) JpS T < (p5t+1 Z 1)/ ps=¢+1 Using this last inequality in (6.11),
we get L - (v +p Zi %pkuk)/ps“‘1 > p®=s~1 Therefore, forall £ € {2, ...,s + 1}, we have

-2
V+ pu V—}-prkllk
L-{ P }:L-k—:[ozl (6.12)
p p

and, forall £ € {2,..., s + 1}, we obtain {(v + pu) /p‘} € D. This completes the verification
of assertion (ap).

6.4.3. Verification of assertions (a) and (ay)

Foralls e Nyv e {0,...,p — l}d and u € ¥(N), we set 65(v +up) = Qv+ up) if
v+up € U (N),and 0;(v +up) = g(v+up)if v+up € ¥ (N).

The aim of this section is to prove the following assertion: foralls e N,ve {0,..., p — 1}d,
ue ¥ (N)and m € N9, we have

Q(v+up +mpsth) Qu+mp) oy gm)
Qv +up) ow 7 atvrup”
which will prove assertions (a) and (aj) of Theorem 4. Indeed, for all v € {0,...,p — l}d
and u € ¥s(N), we have Q(v + up) € g(v+up)Z, so that (6.13) implies (a). Furthermore,
according to the definition of 6y, when v +up € W, 1(N), congruence (6.13) implies (aj).
Congruence (6.13) is valid if and only if, forallv € {0, ..., p— l}d, ue ¥ (N)andm € N9,
we have

<1 _ Q(v+up) Q(u +mp*) ) Q(v+up +mp*th
Q) Q(v+up+mpsth Q(v+up)

s+1 g(m)
O;(v+up) "

(6.13)

€p
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In the sequel of the proof, we set

Xy(v,um) = 20T Up)__ Qi mpl)
BT 9m) Q4 up +mpstly’

Thus, to prove (6.13), we only have to prove that
Qv+up+mpth L O(V+up)

(Xs(v,u,m) — 1) . (6.14)
' g(m) Os(v+up) "
In order to estimate the valuation of X(v, u, m)—1, letus set, forallv € {0, ..., p— 1}d, uec
0,...,p* —1}¥,s e Nandm € N¢,
g2 fi-v/p] f;-mp*
i=1 j=1 (] + f'“"'j)
YS(V’ v m) = q1 lei-v/pl e;-mp*
(1 + ei-~u+j)
i=1 j=I1
Givens € NNm € N? anda € {0, ..., p* — 1}¢, we write 7,(a, m) = p B A({H;'Zps })

We state four lemmas, which we prove in Section 6.4.4.

Lemma 12. Foralls e N,ve {0,...,p—1}¢ ue ¥ (N) and m € N¢, we have X;(v, u, m)
€ Yy(v,u,m) (14 p*'Z,) and v, (Ys(v, u,m)) > ng(u, m) — nep (v + up, m).

Lemma 13. Given s € N,v € {0,....p — 1} and u € {0,...,p° — 1}9, if there exists
je{l,...,s+ 1} such that {(v+up)/p’} & D, then we have Yg(v,u,m) € 1 + ps_f“'zZp.

Lemma 14. Foralls e N;a € {0, ..., p*t! — 1}¢ and m € N?, we have
Ns+1(a, m) > p(m) (6.15)

) S (1)
Al =4 6.16
v”( g(m) z; Pt (€10

Lemma 15. Given s € Nand a € W,(N), we have v,(Q(a)) = Y j_; A({%}).

and

In order to prove (6.14), we will now distinguish two cases.
e Cuse 1. Let us assume that there exists j € {1,...,s + 1} such that {(v +up)/p/} & D.
Let jo be the smallest j € {1,...,s + 1} such that {(v+up)/pj} ¢ D. According to
Lemma 13 applied with jp in place of j, we get Y (v,u,m) € 1+ p‘v_j0+2Zp and thus, ac-
cording to Lemma 12, v, (X;(v,u,m) — 1) > s — jo + 2. According to (6.16), we get
Q(v+up+ mp”l))
g(m)

Up ((XX(V, u,m)— 1)

s+1
> vp(Xy(v,um) =)+ YA ({qup })

=1 P

s+1
>s—jo+2+ Y ({”;‘”}). 6.17)

=1 p
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Forall £ € {1, ..., jo — 1}, we have {(v+up)/p’} € D and so A({(v+up)/pt}) > 1. We
get ZH] A{(v+ up)/p }) = jo — 1 which, in combination with (6.17), leads to

(6.18)

s+1
O(V+up +mp )> S

Vp ((XS(V, u,m)—1) 2

Ifv+up & ¥ 1 (N), then we have 0;(v + up) = Q(v + up) and p”lgg—m = pstl,
Hence, when v+ up ¢ W, 1(N), inequality (6.18) implies (6.14). '

We assume, throughout the end of the proof of Case 1, that v + up € W, 1(N), thus
Os(v +up) = g(v + up). Let us prove that we have v,(g(v + up)) > jo — 1. Indeed,
for all ¢ € {I,...,jo — 1}, we have {(v + up)/p’} € D and thus v,(g(v + up))

Y 1p ({V+“P}> > jo — 1. Following (6.17), we get

s+1
vp((Xs(v, wm) — 1)Q(vvtuermp ))

g(m)

s+1
> 5 — jo+ 2+ vp(g(v+up)) + (ZA ({V;;‘p}) - vp<g<v+up)>)

=1
Z(S—jo+2)+j0—1+vp<%>2s+1+vp<%>, 6.19)

where the first inequality in (6.19) is valid because, applying Lemma 15 with s 4 1 instead of s
and v+ up instead of a, we get v,(Q(v+up)) = S+1 A=+~ v+“p D. Thus we have (6.14) in this
case.

e Case 2. Let us assume that, forall j € {1,...,s + 1}, we have {(v+up)/p/} € D.

In particular, we have v + up g WUy 1 (N) and thus 05(v +up) = Q(v + up). Furthermore,
we obtain ZHI A{(v+up)/p'h = s+ 1.
If v, (Y5 (v, u, m)) > 0, then, according to Lemma 12, v, (X (v, u, m)—1) > 0 and, according

to (6.16), we have v, (Q(v +up + mp*™)/g(m)) > ”’1 A({(v+up)/pt}) = s + 1, thus
we have (6.14).

Let us now assume that v, (Y, (v, u, m)) < 0. In this case, according to Lemma 12, we have
vp(Xs(v,u,m) — 1) = v, (Ys(v, u,m)) > ng(a, m) — n,41(v + up, m). Furthermore,

> +up +mp't!
0y (O +up+mphy) = 37 ({%})
=1

-Ea(l:2)
£ ol

=512 p

s+1
- ZA ({V+uP}> + Ns41(V +up, m.
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Thereby, we get

s+1
Up ((XS(V, u,m)— 1) Qv+up+mp ))

g(m)

s+1 v+ llp
> ny(u,m) — 741 (vHup,m)+ ) A ST [) e (v upm) — p(m)
(=1

> s+ 1+ ns(m,m) — p(m).

If s = 0, then we have u = 0 and 19(0, m) = ) ;2 , A({ DI 1@({ 2} = w(m) and
we have (6.14). On the other hand, if s > 1 then, applylng Lemma 14 with s — 1 instead of s
and a = u, we get n;(u, m) > w(m), which implies (6.14). This finishes the proof of Eq. (6.13)
assuming the truth of the various lemmas.

6.4.4. Proof of Lemmas 12—15

Proof of Lemma 12. We have to prove that X;(v,u, m) € Y;(v,u, m)(1 + p"'“Zp).
We have

OQv+up) Qup+mp*th  Qup) Qu+mp’)

Xwm = =) Ov+uptmp) Q) Oup Fmp )’

Qup) Q(utmp®)
Q) Qup+mpstl)

Applying Lemma 7 with ¢ = u we obtain el+p Tz p» SO that

Q(v+up) Qup+mp*+h s+l
X,(v,u,m) € o) O fup tmpT) A+ pT'Zpy). (6.20)

Furthermore, we have
Qv +up)  Qup +mp*th
Qup)  O(V+up+mpsth)

q1 €V g2 fi-v ‘
(]_[ ]_[(e,--up+k)) [T 1 - (up +mp*+h) 4+ k)

i=1k=1 i=1k=1

Q@ fiv q1 €-v
<H [T -up+k>) (IT (e p+mp) k)

i=1k=1 i=1k=1
f;.

lq_z[ l’_f 1 n f,umszrl

‘1 kel fi-up+k

1= =

ﬁ eli_'[V 1+ e;-mps+l
e;-up+k

i=1k=1

Ifdefe,....eq.f,....f, and k € {1,...,d - v}, then p divides d - up + k if and only
if there exists j € {1, ..., [d-v/p]} such that k = jp. Thus we have

dV( d. mpc-i-l) d-v/p]

d-mp’
1 o 1 0 S+l .
pali d up +k i < +d-u+j)( oW
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Therefore
q fi-v/p] (1 n fl--mps>
Qw+up)  Qup+mp™h  i—1 o it L+ 0+
Qup)  Q(V+up+mptl) ﬁl@fﬁ/” | emps drow
=1 el ( +e,--u+j)

— Y, (v,u,m)(1 + O(p**))

and so Xs(v,u,m) € Yy(v,u, m)(1 + pS‘HZp), as expected.

We will now prove that we also have v, (Ys(v,u,m)) > n,(u,m) — n,41(v + up, m). We
have seen above that v, (¥;(v, u, m)) = v, (X, (v, u, m)). Furthermore, according to (6.20), we
also have

Q(v+up) Qup + mp**1h)

Qup) Q(v+up+ mpf“))
vp(Q(V +up)) — vp(Qup)) + v, (Qup + mp*th))
—0,(Q(v +up +mp*thy)

(1) -2 (7))

() e ()

p

vy (Xs(v,u,m)) = v, <

We have

() -zl
;AG””D () 2
A

o) £ s()

= Ns+1 (V +up, 0) — sy (v +up, m),

() -Zo (=5
(R ()

-2 2 e

=1 (uv 0) — N (uv m)

and

Thus, v, (Ys(v,u,m)) = 5,11 (v +up,0) — ns(u, 0) + ns(a, m) — n541(v + up, m). We now
have to prove that if u € ¥;(N), then we have ng11(v+up, 0) — ns(u, 0) > 0. Asu € ¥, (N),



442 E. Delaygue / Advances in Mathematics 234 (2013) 414—452

we have {u/p®} & D. Hence, forall £ > s + 1 and allL € {ey,...,e,,f1,...,f;,}, we obtain
L-{u/p'} =L-u/p* <L-u/p* =L-{u/p*} < 1,ie., forall > s+1,{u/p*} ¢ D. Then we

have n;(w,0) = 332 . A ({u/p%}) = 0and nyiy (v+up, 0)—n,(u, 0) = n,11 (v+up, 0) > 0,
which completes the proof of Lemma 12. [

Proof of Lemma 13. Givens e N,ve {0,...,p— l}d andu e {0,..., p*— l}d, we write u =
Z,ﬁioukpk, where u; € {0, ..., p — l}d. GivenL € {ey, ..., e, f1, ..., £}, we define s + 1
non-negative integers by the formulas by, o := |L - v/p] and by x4+1 = (L - wx + bLx)/pl
for k € {0,...,s — 1}. For all x € R, we write [x] for the smallest integer greater than or

equal to x and we define s + 1 non-negative integers by the formulas ar, o := 1 and ay, 41 =
[(L-ug 4+ arx)/p]. First, we will prove by induction on r that assertion A,

[L-v/p] L -mp’ by, L s—r
-mp -mp s—r4-1
14— )= 1 (l op*—t )
I (+L.u+n) 1|+ Lo

00
n=ay,, L- (Z ukpk—r> +n
k=r

is true for all » € {0, ..., s}.
We have by, o = |L - v/p] and a1, o = 1, thus Ay is true.

Given r > 0, let us assume that A, is true and prove A,41. If ar,, > bL, then ar, 41 >
br.r+1 and A, implies A,1;. Thus we can assume that ar,, < by ,.Ifn € {aL,,...,bL,},
then p divides L - (372, wp*™") 4 n if and only if p divides L - u, + n, i.e. if and only if an
ie{[L-w +ar,)/pl,.... (L-u, +bL,)/pl}exists such that L - u, +n = ip. So we get

bL » _
5 L .m S—r
[T+
=, L- (Z ukpk’> +n
k=r

bL,r+1

= [T [+
. o0
I=ar,r+1 L- ( Z llkpk—r) + ip

k=r+1

L . mps—r

(I+00(™")

bL,r+1 L- mps_r_l o
= ]_[ 1+ — 1+ 0(p*™)). 6.21)
i=apr+1 L-[ Y wptr1)+i
k=r+1

According to A, and (6.21), we have 4,1, which finishes the induction on r.

Given L € {e,...,e4, f1,...,f,}, we will prove by induction on k that assertion By:
aLk > land b < |[L-{(v+ up)/pkt1y] is true for all k € {0, ..., s}.

Wehavear, o =1andbr o= |L-v/p] = [L-{(v+up)/p}], so By is true.
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Given k > 0, let us assume that By is true and let us prove Biii. We have ar x+1 =
[(L-ug+aLi)/pland by iyr = |(L-w +bri)/p]. thus ap g1 > [(L-w+1)/p] > 1 and

k=1
v+ u; p'
) <LL~uk+L {V+up” L ukpk+1+ p,';) P
L+l < — 1 (=L
D | k2 k2

[ 15

which completes the induction on k.
Given j € {1, ..., s+ 1} such that {(v+up)/p/} & D, for all L e.{e1,...,eql,f1, R PR
we obtain, via Bj_1, thatay, j_1 > land by, j_1 < [L - {(v+up)/p’/}| = 0. Hence, according

to Aj_1, we get ]_[LLV/pJ (1 + }:HLf;) =14 0(p*~7*?) and thus

f,--mp
|4k ) .
=1 =l frutn ) 14+ 0(p=i+?)

q1 leiv/pl - T 14 0(psTit?)
I (1+635)

q2 fi-v/p]
1 (

=1+0(p" 7",

YS (V7 ua m) =
i=1 n=l1
which finishes the proof of Lemma 13. [

Proof of Lemma 14. First, we will prove that we have (6.15). Let us write m = ZZ:O my pk ,
wheremy € {0, ..., p — 1}d. We have

Ns+1(a, M) — u(m) = 2A<{a+mpy+l}> ZIDG })

l=s+2
o s+1 s+1
a m m
-2 (=) e (5 ))
l=s5+2 p p
l—s—2 ‘ l—s—2 ‘ |
~ a-+ Z my p +s+1 Z myp +s+
_ Z A k=0 _1 k=0
= ¢ D ;
{=s+2 p p

Furthermore, for all £ > s + 2, we have

l—s—2 i , l—s—2 L ’
S myphtst a+ > mpitst W - D1
0 k=0 ; < k=0 . < p - 6[0,1[d.
p p
Thus
l—s—2 Kst1 l—s—2 kst
Z my p +s+ Z my p +s+
Ip| =2 | = 1= X2 eD

pt p
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l—s—2
adt Z mkpk+s+l
—1 k=0 7 € D
P
l—s—2
a-+ Z mkpk+s+l
= A k=0 > 1

pt -

and so ng4+1(a, m) — u(m) > 0. This completes the proof of (6.15).
Let us now prove (6.16). We have

s+1 00 s+1
v (M) _ ZA( ”LZPD — p(m)

gp(m) =1 p
s+1 00 s+1
-2 2] e
=1 p (=512 p

s+1
a
=) A( - >+ns+1(a,m)—u(m)
p

s+1 a
> ZA( = > (6.22)

p
where we used inequality (6.15) for (6.22). [J

Proof of Lemma 15. We have v,(Q(a)) = Y32, A ({%}) Asa e U, (\), we have {a/p*} ¢
Dand,forall £ > s+ 1andallL € {e, ..., e, f1,... 1}, we get

L{%} L. = gL.izL.{i} <1,
p P P’ P’

i.e. {a/p'} ¢ D. Thus, for all £ > s + 1, we have A ({a/pe}) = 0. This gives us the expected
result. [J

7. Proofs of assertion (ii) of Theorems 1 and 2

We assume the hypothesis of Theorems 1 and 2. Furthermore, we assume thatxp € D, risa
zero of A, . In Section 7.1, we prove an elementary result of analysis which we will use for the
proofs of assertion (ii) of Theorems 1 and 2. We prove assertion (ii) of Theorem 1 in Section 7.2.
We will use certain results from Section 7.2 for the proof of assertion (ii) of Theorem 2 which
we present in Section 7.3.

7.1. Preliminary

The aim of this section is to prove that there exists a nonempty open subset U of D,  such
that, forallx e U,i € {1,...,q1}and j € {1, ..., g2}, we have |e; - x| = |e; - Xo], € - x # 0,
f; -x] =[f; -x0l.fj -x#0ande; -x#f; -x.

In particular, for all x € U/, we would have A, ¢(x) = A, r(xo) = 0. We will use this open
set U throughout the rest of the proof.
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Applying Lemma 1 with, instead of u, the sequence constituted by the elements of e and f, we

obtain that there exists & > 0 such that, for all x € [0, ,u]d and allL € {ey,...,e4,01,...1,},
we have |L-(xo+x)| = |[L-xg]. Asxg € [0, 1[4, there exists w1 > 0, u; < u, such that, for all
x € [0, m]d, we have xg + x € [0, l[d. Sincexg € D s, al € {ef,..., ey, £, ..., 1} exists

such that LL - X9 > 1, which gives us the result that, for all x € [0, u 1]d ,wehave L - (xg +x) >
L - xo > 1 and thus, since xo + x € [0, 1[4, we get that xo + x € D, r. Thereby, there exists a
nonempty open subset U] of D, y such that, forall x € U and L € {ey, ..., e, 11, ..., 15}, we
have |[L-x] = [L - xq].

Foralli € {I,...,qi1}and j € {1, ..., g2}, we define the sets He, := {x € RY . e -x = 0},
Hi, ={x€ RY : f;-x =0} and Het; =1{x € R? ;e -x = f;-x}. Since e and f are two disjoint
sequences constituted by nonzero vectors, we obtain that the He,, Hy; and He, ; are hyperplanes
in R and are therefore closed subsets of R? with empty interiors. Therefore, their complements
are dense open subsets of R4 and the complement U of the union of H,, Hfj and Hei’fj is a
dense open subset of RY. Asaresult, d :=U; Nl is a nonempty open subset of D, and, for
alx eU,i ef{l,...,q1}and j € {1,...,q2}, we have ¢; - x # 0,f; - x £ 0,¢; - x #{; - x,
le; - x] = e - xo] and [f; - x] = [f; - Xo].

7.2. Proof of assertion (ii) of Theorem 1

The aim of this section is to prove that there exists k € {1, ..., d} such that there are only
finitely many prime numbers p such that g, r(z) € zxZ, [z]. Following Section 4, we only
have to prove that there exists k € {1, ..., d} such that, for all large enough prime numbers p,
there exista € {0,..., p — 1}? and K € N such that ¢, x(a + pK) ¢ pZ,. We will actually
prove that there exists k € {1, ..., d} such that, for all large enough prime numbers p, there is
ana € {0, ..., p — 1}? such that Dp.x(a) € pZp. In this case, we have

q1 q2
@, 1(a) = —pQ(a) (Z e Hye, — > £ Ha.f,.) : (7.1)

i=1 i=1

For alld € N, we have pHga = p Y 0% 1 = Zﬁ.‘iﬁ‘/m 4 mod pZ,. Forallk € {1,...,d} and
x € [0, l]d, we set
a1 leix] o) 9 fix] pk)
V(x) =y Y S

i=1 =1 J

Thus, forall k € {1,...,d} anda € {0,..., p — 1}¢, we have Dp (@) = —Q(a) ¥ (a/p)
mod pZ,. Therefore we now have to prove that there exists k € {1, ..., d} such that, for all large
enough prime numbers p, there existsa € {0, ..., p— 1}4 such that v, (Q)) =v,(¥(a/p)) =
0. We set M :=max{|d| :d e {ey,... e, f1,....f,]}}

A constant P; > M exists such that, for all prime numbers p > P, there exists a, €
{0,...,p— 1}¢ such thata,/p € Y. For all £ > 2, we have a,/p* < a,/p? < 1/p and thus,
forall L € {er,...,eq f1,...,f,,}, wehave L-a,/p* <L-1/p < M/p < 1. Hence, for all
prime numbers p > P; and all £ > 2, we have a,,/pg & D, r, which implies that v,(Q(a,)) =
Yooy Ae s (ap/pY) = Ae s (ap/p) = 0, because A, vanishes on i/ and on [0, 1[/\D,, s

So we now have to prove that there exist k € {1, ..., d} and a constant P > P; such that, for
all prime numbers p > P, we have v, (¥ (a,/p)) = 0.
For all prime numbers p > P, alli € {l,...,q1} and j € {1,..., g2}, we write o; =

le; -a,/p] and B; := [f; - a,/p]. According to the construction of I/ and since a,/p € U,
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we have |e; -a,/p] = |e; -xo| and |f; -a,/p] = [f; - Xo]. Therefore, the or; and B; do not
depend on p. Thus there exists a constant P > Pj such that, for all prime numbers p > P and
allk € {1,...,d}, we have

q1 o (k) 9 Pi ¢k

W@, /p) = Y - —ZZT e Zx U {0}

i=1 j=1 i=1 j=1

Therefore we only have to prove that there exists k € {1, ..., d} such that ¥;(a,/p) # 0. For
this purpose, we will use Lemma 16 of [4] which reads as follows.

Lemma 16. Let E := (Ey, ..., Ey) and F := (Fy, ..., Fy,) be two disjoint sequences of posi-

tive integers. We write A .= {Eq, ..., Eg, Fi, ..., Fg}yand yy < --- <y, = 1 for the rational
numbers which satisfy {y1, ..., v} = UaEA{a IR “a;l 1} and m; € 7Z the amplitude of the
jump of Agy at y;. If there exists ig € {1, ..., t} such that Agy > 0 on [y1, ¥i,], then we have
. 1 mg
Zk ! ';—k" > 0and [T, (l—i—ﬁ) > 1.
We will use Lemma 16 with E,, := (e; -ap, ..., €, -a,) instead of Eand F), := (f; -ap, ...,

f,, -ap) instead of F.

First, we have to prove that E,, and F, are two disjoint sequences of positive integers. Indeed,
according to the construction of U, for alli € {l,...,q1} and all j € {1,..., g2}, we have
e -a,/p #0,f;-a,/p#0ande; -a,/p #1f;-a,/p, thuse; -a, # 0,f; -a, # 0 and
e; -a, #f; -a,, which gives us that E,, and F, are two disjoint sequences of positive integers.

We write A = {e; -a,,...,e, -a,,f1-a, ... 1, a,,} and y; < --- < y = 1 for
the rational numbers which satisfy {y,...,y} = UaG.A{a IRERE “a;l 1} and m; € Z the
amplitude of the jump of Ag, ¥, in y;. Asap/p € Dey, there exists a € A such thata > p and
so max(.A) > p. Hence, we have y; = 1/ max(A) < 1/p. Thus there exists ip € {1, ..., — 1}
such that y;, < 1/p < yj,41. Furthermore, for all x € [0, 1], we have

q1 92
Ag, ¥, (x) = Y (e -a,)x] — Y L(Fj-a,)x] = A, f(xa,) =0,

=1

because Ae ¢ > 0 on [0, 114. In particular, Ag, r, = 0on [y, ¥l
We can therefore apply Lemma 16 which results in

03 r=32 % ZZ Za”e’—ZZ

i=1 Vi (eE, j=1 J deF, j= i=

d q e(k) @ Bi f(k) d
=Za§5‘)< Y- ) Z al v(a,/p), (7.2)

pr e VA e B

io le/p] ld/p) 4 a1 lapei/p) @ |apti/p) o f;
1

where the first equality in (7.2) is valid because the abscissas of the jumps of Ag, r, on [0, 1/p]
are exactly the rational numbers j/a witha € A and j < |a/p], and an abscissa j/a corre-
sponds to a jump with positive amplitude when a € E, and to a jump with negative amplitude
whena € F,.

Thus there exists k € {1, ..., d} such that ¥ (a,/p) # 0, which finishes the proof of assertion
(i1) of Theorem 1.
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7.3. Proof of assertion (ii) of Theorem 2

According to Section 7.2, there exists kg € {1, ..., d} such that there are only finitely many
prime numbers p such that g, rx,(z) € Zplz]. In order to finish the proof of assertion (ii) of
Theorem 2, we only have to prove that, for all L € £ satisfying L*0) > 1, there are only finitely
many prime numbers p such that gp ., r(z) € Z[[z]l. During the proof, we fix L € & r satisfying
L% > 1. (%) We will divide the proof into two cases depending on whether |L - xo| = 0 or
IL-xo) #0.

According to Section 7.2, we know that there exists a constant P; such that, for all prime
numbers p > P, there existsa, € {0, ..., p — l}d such thata,/p € U and v,(Q(a,)) = 0.

7.3.1. First case
We assume that |L-xg| # 0. The aim of this section is to prove that there exists a constant P >
Py such that, for all prime numbers p > P, we have @, ,(a,) & pZ,, which, according to Sec-
tion 4, will prove that there are only finitely many prime numbers p such that g, . r(z) € Z, [[z].
We recall that, foralla € {0, ..., p — l}d, we have

I p(@a) = —pQ(a)Hy.a = — Q@) H|L.a/p) mod pZy. (7.3)
For all prime numbers p > Py, we have |L -a,/p| = |L - xo] # 0 therefore H, |L-a,/p] €
{Hy,..., HLj}. A constant P > 'P; exists such that, for all prime numbers p > P, we have

{Hi,...,HL} C Z;. Thus, for all prime numbers p > P, we have Q(ap)HLL.ap/pJ € Z; and,
according to (7.3), we obtain @, ,(a,) & pZp.
We observe that in this case, we did not use the hypothesis L&%o) > 1,

7.3.2. Second case

We assume that |L - xo| = 0. The aim of this section is to prove that there exist 7 € N, r > 1
and a constant P’ > P such that, for all prime numbers p > P’, we have &1, ,(a, + prly,) &
PZp. According to Section 4, this will prove that there are only finitely many prime numbers p
such that g ., r(z) € Z), [[z]].

In the sequel, for all k € {1, ..., d}, we write Ry for the rational function defined by

Qi (k)
I1 1‘[ (1 + —X)
i=1 j:l

Ri(X) = . 7.4

(0 = (7.4)

1‘[ ]‘[ (1 + 17x)
i=1 :

We will use the following lemma, which we will prove at the end of this section.

Lemma 17. For all r € N,r > 1, there exists a constant P, > 'P1 such that, for all prime
numbers p > P, and allk € {1, ...,d}, we have

Prp@p+ pri) = — ) Hipw Q@) (i) Q((r — Hly)
j=1
x (Re(j) = Ri(r = j)) mod pZy.

2 Such an L exists because e, f.ky@) & 2ky LIzl
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(ko) (ko)
According to the end of Section 7.2, we know that 3-/1 | 37%" | % >, Zf’:] % #0
and therefore Ry, (X) is not a constant equal to 1. Thus there exists » € N such that Ry, (r) # 1.
Let ro be the smallest positive integer satisfying Ry,(ro) # 1. Applying Lemma 17 with kg
instead of k and ry instead of r, we obtain that a constant P,,, > P; exists such that, for all prime

numbers p > P, we have

¢L,p(ap + P”Olko)

0]
=— ) Hpup Q@) Q(j1kg) Q((ro — j)1xg) (Riy (j) — Riy(ro — j)) mod pZ,,
j=1

= —H, 140 Q@) Q(roliy) (Rk, (r0) — 1) mod pZ,, (1.5)

where (7.5) is valid because, for all j € {1,...,ry — 1}, we have Ry,(j) = Ry, (ro — j) = 1.
Since Ry, (ro) # 1, we obtain that if L%0) > 1, then there exists a constant P > Py, such that, for
all prime numbers p > P, we have H, 1 k) Q(a,) A(roly,) (Rko (ro) — 1) € Z; and therefore
P p(ap + proly,) & pZ,, which completes the proof of assertion (ii) of Theorem 2 modulo the
proof of Lemma 17.

Proof of Lemma 17. According to Section 4, for all prime numbers p > P and all K € Nd, we
have

. p(ap + pK) = Z QK —j)Q(a, + pj) (HL-k—j) — PHL-a,4p) - (7.6)
0<j<K

L-a,+pL
P

Furthermore, we have PHL.(a,+pj) = HLL.ap+pL4jJ mod pZ, with L J =|L-a,/p|+
P

L-j=L-jbecause |[L-a,/p] = [L-xp] = 0. Thereby, for all K, j € N, j < K, we obtain

QK —j)Q@p + pipHL @ +pj) = QK —j)Q(, + pj)Hrj mod pZ,. (1.7
Applying (7.7) to (7.6), we obtain that, for all K € N, we have
Pr,p(ap + pK)
= Z QK — j)Q(a, + pj) (Hr.k—j) — Hij) mod pZ,
0<j=<K
=— Y HLj(Q@,+ p)H QK —}j) — Q()Q(@, + p(K — j))) mod pZ,
0<j<K
=— ) HLjQ@,)Q() QK —j)
0<j<K

y (Q(ap +ri) Q@+ pK-j)
Q(ap) Q) Q(ap) QK —j)

Applying (7.8) with r1 instead of K, we finally obtain

) mod pZ,. (7.8)

Pr,pap + priy) = — Z Hipw Q) Q1) Q((r — j)1x)
j=0

(Q(ap +pil) QM@+ pr — HL)

d pZp. 7.9
Q(ap) Q1) Q(aP)Q((r—j)lk)) mod pZ, (7.9)
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We will now prove that, foralln € Nand k € {1, ..., d}, we have
Q(a, + pnly)
——————— =Ri(m)(1 + O(p)), 7.10)
0G0ty — WU+ 0w (

which will enable us to conclude the proof. We have

Q(a, + pnly) _ Q(a, + pnly) Q(pnly)
Qapy)Qnly)  Q(ay)Q(pnly) Q(nly)
q1 €i-ap

[T 1 (pre® + j)

i=1 j=1
Q(ap) 92 fi'aﬁ

1T IT (pnf® + )

i=1 j=1

(1+0(p),

where we obtain the last equality by applying Lemma 7 with s = 0, ¢ = 0 and n1y instead of m,
which leads to Q(pnly)/Q(nly) = 14+ O(p). Thus we get
q1 €i-ap

0)
T (12
Q(a, + pnly) =l j=1 /

Q(ay)A(nly) o fiap )
T (1+2)

i=1 j=1

(1+0(p)

q1 lei-ap/p] ()
i

_ ==l (1+0(p) =Rm(1+0(p),  (7.11)

q fi-ap/pl £
IT TI (1 + ’Tn)
i=1 j=1

where Eq. (7.11) is valid because, for alld € {er,...,e4,f1,..., f5,}and j € {1,...,d-a,},

if j is not divisible by p then we have 1 + 2292 — 1 1 0(p).

There exists a constant P, > P; such tflat, for all prime numbers p > P, and all n €
{0,...,r}, wehave Ry (n) € Z; and H,y « € Zp. Therefore, applying (7.10) to (7.9), we obtain
that, for all prime numbers p > P,, we have

D p(ap+ priy) = — > HipwQ@p) Q10 Q((r — j)Lk)
j=1

X (Re(j) — Ri(r — j)) mod pZ,,
which finishes the proof of Lemma 17. [

8. Proof of Theorem 3

We assume the hypothesis of Theorem 3. The aim of this section is to prove that there are
only finitely many prime numbers p such that g, r(z) € zxZ, [z] and that, for all L € &
satisfying L®) > 1, there are only finitely many prime numbers p such that qL.e,f(2) € Zp [z].
We fixa L € &, ; satisfying L% > 1 throughout this section.

According to Section 4, we only have to prove that, for all large enough prime numbers
p, there exista € {0,...,p — 1}¢ and K € N such that ¢, (a + Kp) ¢ pZ, and ¥, ,
(a+ Kp) & pZ,. In fact, we will prove that, for all large enough prime numbers p, we have
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Dy, 1 (p1i) & pZy and Py, ,(pli) & pZ,. We have

pk<p1k)—ZQ((I—mk)Q(Jplk)(Ze (Hyo,_jy = PHw )

e jp
j=0 i=1

Zf( (H, (1) PHt?bjp))
k Lk
= 91y ( E eg )Hegk) — E fg )Hfgk))
i=1 ' '

i=1

q1 q2
_ pQ(plk) (Z el(k)Hel(k)p — Zfzgk)Hf;k)p> (81)
i=1 i=1
and

1
DL p(pl) = Y QU1 — L) QP (Hyw_j) — PHyw j,)
j=0

= QL) Hyw — pQ(pl) Hyw - (8.2)

There exists a constant Py such that, for all prime numbers p > P, we have

q1
Zef")He{k Zf( )Hf(k) € 23X U {0}
i=1 !

i=1

and Hyw € ZX because L% > 1. In the sequel, we write Ay for Landau’s function associated
with sequences e® = (e(k) eql)) and f® = (f(lk), fg;)) We also write M for the
largest element of sequences e(k> and f®. We note that M is nonzero because |e|® > | f|®,
and that A; vanishes on [0, 1/M[. If p > M, then, for all £ > 1, we have 1/p* < 1/M and
thus v, (Q(L)) = Y o2, Ae,f(lk/pf) =Y, Ar(1/p% = 0. Hence, for all prime numbers
p > max(P;, M) =: P,, we have

Q1y) (Z e Hy — Z# Hf(k)> €ZXU{0} and Q) Hyw € Z. (8.3)

i=1 i=1

Furthermore, we have p Hy p = Hyw mod pZ,, which gives us that, for all prime numbers
p > P2, we have pHy » € Z;. Similarly, we get

q1 q2
k k
p ( E elg )HeQ{)p — E f; )Hfgk)p> e
i=1 ' i=1 '

Finally, for all prime numbers p > P,, we have

vp(Q(ply)) = ZAe f (p1k> ZAk< )

= Ac(1) + ZAk (?> =le|¥ —F|® =1,
(=1
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from which we obtain that, for all prime numbers p > P,, we have

92
PQ(p1y) Ze()H(k) ~ > tHw | e pZ, and pQ(plOHLw, € Ly, (B4)
i=1 i=1 '

Applying (8.3) and (8.4) to (8.2), we obtain that, for all prime numbers p > P,, we have
L, p(plk) & pZp.

Congruences (8.3) and (8.4) in combination with (8.1) prove that it suffices to prove that

f“_ | (k)H (k) lqi 1 f(k) (k) # 0 to conclude that, for all prime numbers p > P,, we have

&,k (PL0) & pZ,.

For this purpose, we write E and F for the respective subsequences of ¢®) and f® obtained
as follows. We remove the zero elements of ¢®) and f® and, if ¢* and f® have an element
in common, then we remove it from ¢® and f® once only. This last step is repeated until the
obtained sequences are disjoint. The sequence F can be empty but the hypothesis |e¢|® > | £|®
ensures that the sequence E is nonempty. Thus we have

Ze( )H k qzzfgk) (k) = ZCH Zde and Ax = Agr. (8.5)

i=1 i=1 ceE deF

In particular, if F is empty then we have Y7 e’ Ha — Y72 f £ Hyw = > g ¢He > 0.1In
the sequel of the proof, we assume that F is nonemptyl.

Since E and F are two disjoint sequences of positive integers, we can apply Lemma 16 to the
sequences E and F. Using the notations of Lemma 16, we obtain

DT DTTED 5) DI ) B it 6)

ceE deF pe S B Ay B

Furthermore, for all x € R, we have Agr(x) = Ar(x) = A, r(x1) = 0so Agr > 0 on

[¥1, y¢] and Lemma 16 leads to Zl_l ?’ > (. This inequality in combination with (8.5) and

(8.6) proves that Z i1 e( 'H o0 T Qi f( H o # 0 and completes the proof of Theorem 3.
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