Journal of Complexity 25 (2009) 343-361

Contents lists available at ScienceDirect

Journal of Complexity

journal homepage: www.elsevier.com/locate/jco

An optimization of Chebyshev’s method
J.A. Ezquerro*, M.A. Hernandez

University of La Rioja, Department of Mathematics and Computation, C/ Luis de Ulloa s/n, 26004 Logrofio, Spain

ARTICLE INFO ABSTRACT
Article history: From Chebyshev’s method, new third-order multipoint iterations
Received 15 October 2008 are constructed with their efficiency close to that of Newton’s

Accepted 1 April 2009

; b . method and the same region of accessibility.
Available online 8 April 2009

© 2009 Elsevier Inc. All rights reserved.

Keywords:

Nonlinear equations in Banach spaces
Newton’s method

Chebyshev’s method

Multipoint iteration

Semilocal convergence

R-order of convergence

Region of accessibility

Attraction basin

1. Introduction

In 1669, more than three centuries ago, Isaac Newton described what is now called Newton'’s
method for finding numerical and algebraic solutions. The main features of the method are the
simplicity of its principle (based on linear approximation) and its efficiency. Newton explained his
method through the use of numerical examples and did not use the iterative expression that is
currently used. This latter was developed by Raphson in 1690 [1]. The method is now called Newton’s
method or the Newton-Raphson method.

Nowadays, Newton’s method goes on being the most used one-point iterative method for
approximating numerical solutions of nonlinear equations. This is due to the relation between several
factors, such as the number of necessary values of the function involved and its derivatives, the
computational cost and the speed of convergence (quadratic convergence).

When it comes to choosing a one-point iterative method for solving nonlinear equations, we have
in particular to take into account the speed of convergence and the computational cost. To do this, we
can use the efficiency index of an iterative method, which is a measure of its efficiency and is defined
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by the order of convergence to the inverse power of the number of computations of the function
involved and its derivatives [2]. In particular, this index is usually considered in the analysis of scalar
equations, where the computational costs of the successive derivatives are not very different.

For one-point iterative methods, it is known that the order of convergence is a natural number.
Moreover, one-point iterations of the form x,,1 = G(x,), n > 0, with order of convergence q, depend
explicitly on the first g — 1 derivatives of F. This implies that their efficiency index is EI = q'/9,q € N.
The best situation for this index is then obtained when g = 3, so third-order iterative methods are
frequently used to solve nonlinear scalar equations.

In this paper, we are interested in constructing, from the third-order Chebyshev method, some
multipoint iterations with cubical convergence and a better efficiency index than Newton’s method
in the scalar case, taking into account that their extension to nonlinear systems or Banach spaces does
not have the negative effects of third-order one-point iterative methods: the significant increase of
computational cost and the reduction in the region of accessibility, which consists of every starting
point from which iterative methods are convergent.

In Section 2, we study the efficiency of Newton’s method when it is used to solve nonlinear
systems, compare it with other iterative methods of order of convergence 3 and conclude that its
application is a better choice. This conclusion is deduced from the analysis of the following three
points: the evaluation of the function involved and its derivatives, the computational cost and the
region of accessibility. After that, from a modification of the technique presented in [3], we construct
in Section 3, from Chebyshev’s method, third-order multipoint iterative methods with efficiency
close to the efficiency of Newton’s method. In Section 4, we establish the convergence in Banach
spaces of the iterations constructed previously, so that a further generalization is then given. We
present a local convergence result, where the cubical convergence of the iterations is proved, and
a semilocal convergence result under conditions of Newton-Kantorovich type [4]. Once we have
obtained iterations with efficiency close to that of Newton’s method, we devote our attention to the
region of accessibility. So, we provide in Section 5 a family of hybrid iterative methods [5] which
combines Newton’s method as a predictor with the multipoint iterations constructed in the last
section as correctors. These iterations have the advantage of having the same region of accessibility
as Newton’s method. Related to this idea, in [6], Argyros is mixing the modified Newton method with
Newton’s method to expand the applicability of Newton’s method.

Finally, in Section 6, we give a practical result and illustrate how the new iterations can be used to
solve the following nonlinear integral equation of mixed Hammerstein type:

1
x(s):1+%/ G(s, t)x(t)*dt, se[o,1], (1)
0

where x € C[0, 1], t € [0, 1], and the kernel G is G(s, t) = [5(11__52; LEe

integral equation of mixed Hammerstein type is illustrated using the dynamic model of a chemical
reactor (see [7]).

Solving a nonlinear

2. Preliminary analysis

When finding successive approximations to the numerical solution of an equation F(x) = 0,
Newton’s method is also called the tangent method and the successive approximations are given by
the recurrence formula,

Xp given,
F'(%y) 8y = —F (%), n >0, (2)
Xn+1 = Xp + Sn-

In the scalar case, it is known that the efficiency index of iterative methods is EI = q'/¢, where q is
the order of convergence and d the number of new computations of F and its derivatives per iteration,
and represents a good measure of the efficiency of the iterative method, [2].

For one-point iterative methods of order d, there is imposed in [2] the restriction of depending
explicitly on the first d — 1 derivatives of F. Moreover, for these kinds of methods, we know that
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d = q(q € N)and EI = q'/4, so the best situation is obtained for ¢ = 3, namely, for third-order one-
point iterative methods. The best known one-point iterative methods are Chebyshev’s method [8],
Halley’s method [9] and the super-Halley method [10]. However, for nonlinear systems, third-order
methods are not considered as the most favourable; rather Newton’s method is, although its efficiency
index EI = 2'/2 is worse. This is due to the fact that the efficiency index does not consider other
determinants.

For example, if we consider the case of solving nonlinear systems of dimension n, F(x1, X2, ..., X,)
= 0,whereF : 2 C R" — R"isanonlinear functionandF = (F{, F>, ..., F,) withF; : 2 C R" —> R,
i = 1,2,...,n, it is necessary to compute the n functions F; (i = 1,2, ..., n) for computing F.
Moreover, for X = (x1, X2, . . . , X,), the computation of F/,
F)1®)  (Fa2x) -+ (F)a®®)
(F)1(x)  (F2)2(x) -+ (F)a(X)
F'(x) = ) . ) . ,
F)100  (F20) -+ (F)a®)
requires the computations of the n? partial derivatives of first order, and the computation of F”,
Fux  Fnx) - F)n® F)n®  F)p® - F)n®)
(F21(®)  (F)2®) -+ (Fi)an(X) (F)21%)  (F)22Xx) -+ (Fp)an(X)
F'(x) = . . . . . . . . ,
(F1)n1 (X) (Fl)nz(x) e (Fl)nn (X) (Fn)nl (X) (Fn)n2(x) e (Fn)nn(x)

requires the computations of the n?(n 4 1)/2 partial derivatives of second order. In addition, the
application of Newton’s method to solve the nonlinear system of n equations

F1(X1,X2, ...,Xn) =0,
Fz(X],Xz, . ,Xn) =0,

(3)
Fa(x1, %2, ..., %) =0,

requires n? 4 n evaluations of functions per iteration, whereas a one-point third-order method, for
example Chebyshev’s method (which is possibly the most used, since its algorithm is the simplest),

Xo given,

F'(xy) 8y = —F(xy), n=>0,
F'(%n) ¥n = (—1/2) F" (%) 87,
Xnt1 = Xn + Sp + Vi,

requires n?(n 4+ 1)/2 evaluations of functions per iteration more than Newton’s method. Therefore,
for solving (3) with n > 2, it is better to use Newton’s method than Chebyshev’s method; see Fig. 1.

Another important point to bear in mind when choosing an iterative method is the number
of operations (products and divisions) needed to apply it, which we define in this paper as the
computational cost of doing an iteration of the algorithm. So, Newton’s method requires (n> + 6n* —
4n)/3 operations to do an iteration (see (2)), whereas Chebyshev’s method requires us to do the same
operations plus obtaining the products (—1/2) F”(x,) 5,2, (n® + n? 4 n operations) and the solution of
the linear system F' (x,,) y» = (—1/2) F” (x,) 6,3 (2n% —n operations). Consequently, the computational
cost per iteration of Chebyshev’s method is (4n® 4 15n? — 4n) /3, which is higher than that of Newton’s
method. In consequence, for solving (3), it is clear that the application of Newton’s method is a better
option than that of Chebyshev’s method; see Table 1.

From the above, our interest is focused on constructing iterations from a modification of
Chebyshev’s method which reduces the number of evaluations of functions and the computational
cost.
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Fig. 1. Efficiency indices of Newton's and Chebyshev's methods for nonlinear systems, respectively 21/(*+1 and 32/(n*+3r*+2m)

Table 1
Number of evaluations of functions and computational cost per iteration when Newton’s and Chebyshev’s method are applied
to solve nonlinear systems (10, 50 and 100 equations).

n Newton’s method Chebyshev’s method
n’>+n (n® +6n — 4n)/3 (n® + 3n% 4 2n)/2 (4n® + 15n° — 4n)/3
10 110 520 660 1820
50 2550 46 600 66 300 179100
100 10 100 353200 515100 1383200

Firstly, from Chebyshev’s method, Hernandez obtains in [3] the following family of third-order
multipoint iterations which do not require the computation of F”:

Xo and p € (0, 1] given,
F/(Xn) O =—F(x;), n=>0,
Zn = Xp +p5na

/ A 1 /
F'(Xy) yn = _Z(F,(Zn) — F'(xn)) 6,
Xnt1 = Xp + 6 + )A/n-

To obtain (4), the expression F” (x;) (Sﬁ of Chebyshev’s method is approximated by the expression
(1/p)(F'(z4) — F'(x1)) 85, so the number of evaluations of functions and the computational cost per
iteration are reduced respectively to 2n? +n and (n® + 15n% — n) /3. Therefore, the choice of iterations
(4) to solve nonlinear system (3) is better than that of Chebyshev’s method, although worse than that
of Newton’s method. See Table 2 and Fig. 2.

Secondly, by using a slight modification of the technique used in [3] by Hernandez, we obtain
in the following section a family of third-order iterations which reduces even more the number of
evaluations of functions and the computational cost, such that these values are close to the ones of
Newton’s method.

On the other hand, when third-order methods are applied to solve nonlinear equations, it is
important to note that the region of accessibility is reduced with respect to Newton’s method. In
practice, we can see this with the attraction basins (the set of points in the space such that initial
conditions chosen in the set dynamically evolve to a particular attractor [11,12]) of iterative methods
when they are applied to solve a complex equation F(z) = 0, where F : C — Candz € C,
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. ——————  Newton
2\ — Chebyshev

[ — — — . Iterations (4)

Fig. 2. Efficiency indices of Newton’s and Chebyshev’s methods and iterations (4) for nonlinear systems, respectively 21/("2”“”’,
32/(n3+3n2+2n) and 31/(2n2+n).

Table 2
Number of evaluations of functions and computational cost per iteration when iterations (4) are applied to solve nonlinear
systems (10, 50 and 100 equations).

n Iterations (4)
2n? +n n® 4+ 1502 —n)/3
10 210 830
50 5050 54150
100 20100 383300

and we are interested in identifying the attraction basin for two solutions z* and z** [12]. To do
this, we choose for example Newton's method and a particular method (4) for solving the complex
equation F(z) = sinz — 1/3 = 0, and show the fractal pictures that they generate to approximate
z¥ = arctan(]/Z\/f) =0.33983...and z** =7 — arctan(]/zﬁ) = 2.80176.... This also allows
us to compare the regions of accessibility of the two methods.

We take arectangle D C C and iterations starting at “every” zyo € D. In practice, a grid of 512 x 512
points in D is considered and these points are chosen as zy. The rectangle used is [0, 3] x [—2.5, 2.5],
which contains the two zeros. The numerical methods starting at a point in the rectangle can converge
to some of the zeros or, eventually, diverge.

In all the cases, the tolerance 10~ and a maximum of 25 iterations are used. If we have not obtained
the desired tolerance with 25 iterations, we do not continue and we decide that the iterative method
starting at zo does not converge to any zero.

The rectangles mentioned above and corresponding to the two iterative methods when they are
applied to approximate the solutions z* and z** of F(z) = sinz — 1/3 = 0 are shown in Figs. 3 and
4. The strategy taken into account is the following. A colour is assigned to each basin of attraction of
a zero. The colour is made lighter or darker according to the number of iterations needed to reach the
root with the fixed precision required. Finally, if the iteration does not converge, the colour black is
used. For more strategies, the reader can see [12] and the references appearing there. In particular,
to obtain the pictures, the cyan and magenta colours have been assigned for the attraction basins of
the two zeros. We mark with black the points of the rectangle for which the corresponding iterations
starting at them do not reach any root with tolerance 103 in a maximum of 25 iterations. The graphics
shown here have been generated with Mathematica 5.1 [13].
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Fig. 3. Newton’s method.
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Fig. 4. Method (4) withp = 1.

If we observe the behaviour of the two methods, we see that method (4) with p = 1 is more
demanding with respect to the starting point than Newton’s method (see the black colour). We can
also observe that there exist lighter areas for method (4) with p = 1. These observations are as a
consequence of the higher speed of convergence of the last method (cubical convergence) as compared
to Newton’s method (quadratic convergence), and consequently, it is more difficult to locate starting
points from which method (4) with p = 1 converges.

One goal will then be to construct, from iterations (4), new iterations that converge when they
start at the same points as Newton’s method. Firstly, we construct in the next section some iterations
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Table 3
Number of evaluations of functions and computational cost per iteration when iterations (5) are applied to solve nonlinear
systems (10, 50 and 100 equations).

n Iterations (5)
n® +2n (n® + 12n% + 2n)/3
10 120 740
50 2600 51700
100 10200 373400

from Chebyshev’s method that reduce the number of necessary values of the function involved and
the computational cost, while preserving cubical convergence. Later, in Section 5, we define the new
iterations as hybrid iterative methods, so that they have the same region of accessibility as Newton'’s
method.

3. A modification of Chebyshev’s method

To construct then iterations from Chebyshev’s method we use a slight modification of the
technique developed in [3] to obtain iterations (4). The idea is now to approximate the expression
F ”(xn)S,f in Chebyshev’s algorithm by means of only combinations of F in different points, so that
F” is not used and F’ is only evaluated in x,. To do this, we consider y, = X, — [F'(x2)]7'F(xp),
Zn = Xn + p(n — Xn), p € (0, 1] and Taylor’s formula in the following way:

2 Zn
F(z;) = F(xy) +pF,(Xn)(yn —X) + %F”(Xn)(.)’n - Xn)2 + %/ F" (x)(z0 — X)z dx,

Xn

so that

2 Zn
F(z;) — F(xy) — pF/(Xn)(.Vn —Xp) = %F”(Xn)(.)’n - Xn)2 + %/ F"(x)(zn — X)z dx.

Xn

In consequence, since y,, = X, — [F'(x,)]~'F (x,), we can consider the following approximation:
2
F”(Xn)(.Vn - Xn)z ~ E((p — DF(xn) + F(zn)),

and Chebyshev’s method is now modified as

X0 and p € (0, 1] given,
F/(xn) O = —F(x;,), n=>0,
Zy = Xp + P(Sn,

, - 1
F (%)) ¥n = T ((p — DFxn) + F(z1)) ,
Xnp1 = Xp + 8p + Vi

With this modification of Chebyshev’s method, we have reduced the computational cost from
n3 +n? + n operations for doing (—1/2) F”(x,) 82 to 2n operations for doing (—1/p®)((p — 1)F (x,) +F
(z4)), which is a considerable reduction. Moreover, observe that the efficiency is also improved, since
the number of evaluations of functions per iteration is also reduced from (n> +3n? 4-2n) /2 to n> +2n;
see Table 3.

Observe in Fig. 5 that the efficiency of Newton’s method is now improved by iterations (5), even
for high values of n. Consequently, to solve nonlinear system (3), method (5) is a better choice, since
the number of computations of functions is similar.

Remark 1. If we consider iterative methods with memory, the efficiency index could be improved.
Observe what happens in the one-dimensional case when the secant method, the most well known
iterative method with memory, is applied for solving nonlinear equations. The secant method has
better efficiency index than Newton’s method and iterations (5), (1 + +/5) /2 as opposed to V2



350

JA. Ezquerro, M.A. Herndndez / Journal of Complexity 25 (2009) 343-361
\

Newton

Iterations

(5)

Fig. 5. Efficiency indices of Newton’s method and iterations (5) for nonlinear systems, respectively 21/(+® and 31/(*+2v

0.5

1 1.5

2 2.5

Fig. 6. Method (5) withp = (v/5 — 1)/2.

and /3 respectively; so the efficiency index of iterations (5) lies between the efficiency indices of
Newton’s method and the secant method. Then, an interesting idea could be developed in future:
we can approximate F’(x,) at each step of iterations (5) by a divided difference (exactly as we do in

Newton’s method to obtain the secant method) and construct new iterative methods with memory
(as in the secant method) where only the evaluation of a new function is needed at each step.

On the other hand, if we now consider the problem of the region of accessibility for iterations (5),

we can see in Figs. 3 and 6 that iteration (5) withp = (ﬁ —1)/2 is still more demanding with respect
to the starting points than Newton’s method when we apply it to approximate the solutions z* and

z** of the complex equation F(z) = sinz — 1/3 = 0. This problem is studied and solved in Section 5.
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4. Convergence analysis of iterations (5)

We establish in this section the convergence of iterations (5). In a more general situation, we
consider

F(x) =0, (6)

where F : 2 C X — Y is a nonlinear operator defined on a non-empty open convex subset £2 of a
Banach space X with values in a Banach space Y, so that if certain conditions on the nonlinear operator
F are required, different problems can be solved: integral equations, boundary value problems,
systems of nonlinear equations, etc.

We begin with a local convergence result, where we prove that the order of convergence is at least
3. Next, we analyse the semilocal convergence of (5), which is now written as

Xo € £2,
Yn = Xn — InF(xn),
Zn = Xp +p(yn_xn)v b€ (Os 1]7 (7)

1
Xn+1 = Xn — ?Fn ((P2+P— 1)F(Xn)+F(zn))v n >0,

where I, = [F'(x,)]~", under mild differentiability conditions. In particular, we prove that iterations
(7) converge under the same conditions as Newton’s method:

Xo € 2,
Xnt1 = Xn — [F'(x)]'F(xa), n>0.

4.1. Local convergence

We first see that iterations (7) have order of convergence at least 3. If e, = x, — x* is the error in
the n-th iterate, the relation e, ,; = Ce} +© (||en ||‘J+]), where C € R, is called the error equation [14].
By substituting e, = x,, — x*, for all n, in (7) and simplifying, we obtain the error equation for (7). The
given value of q is called the order of method (7) [14].

Theorem 4.1. Suppose that F is a sufficiently differentiable operator in 2. If F has a simple root x* € £2,
[F’(x)]~" exists in a neighborhood of x* and x, is sufficiently close to x*, then iterations (7) have order of
convergence at least 3.

Proof. From Taylor’'s formula
1

aif " ener +0 (leal®)

0=F(x*) = F(x,) — F'(xa)e, + %F”(x,,)eﬁ -
where e, = x, — X*, we obtain ‘

TWF(xy) = en — %FHF”(xn)eﬁ + %FHF/”(x,,)eﬁ + 0 (lleall*) .
Moreover, since z, — x, = —pI,F(x,), it follows that

Zyn—Xp = —pen + anF”(xn)eﬁ - anF”/(xn)eﬁ + 0 (lleall*)
and, taking again into account Taylor’s formula, we have

/ 1 " 2 1 1" 3 4
F(Zn) = F(Xn) +F (Xn)(zn - Xn) + EF (xn)(zn - Xn) + EF (Xn)(zn - Xn) +0 (”en” )

/ 1 2 7 2 1 3\ /1 3
= (1=pF (xy)e, + E(p +p— DF ' (xp)e, + 6(1 —p—Dp)F (xn)e,

pZ

- EF”(xnrnF”(xn)ei + 0 (lleal*) -
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Therefore,

1 /)
FnF(Zn) = (1 - p)en + 5(172 +p— 1)FnF/(Xn)eﬁ

1 l_p_p3 " 2 " 2 3 4
+E ffnl: (Xn)_p (FnF (Xn)) €n+(9(||€n|| )

In consequence, from (7), it follows that
2
€ny1 = Xnp1 — X = €y — I (721:()(11) + 7F(Zn)
p p

1 " /)
= 5 (0= DLF" o) + 3(5F xn))) €.+ 0 (lleal)
and iterations (7) have therefore order of convergence atleast3. ®

4.2. Semilocal convergence

When we study the convergence of an iterative method, there are three types of convergence that
can be analysed: local, semilocal and global. The analysis of convergence presented here is focused
on the semilocal convergence, where two kinds of conditions are required: conditions on the starting
point and conditions on the operator involved.

Now, we give a semilocal convergence result for iterations (7), where mild differentiability
conditions are required. In particular, we study the semilocal convergence of (7) under the same
conditions as were used for Newton’s method in [15], where F’ is Lipschitz continuous in §2. Note that
third-order iterative methods are generally studied under more demanding semilocal convergence
conditions (see, for example, [16,9,3]).

So, we suppose that there exists the operator I'; = [F'(x0)]™' € £(Y, X), for some x, € £2, where
L(Y, X) is the set of bounded linear operators from the Banach space Y into the Banach space X. We
also suppose the following:

(i) ol < B,
(ii) || oF (xo) |l < 1,
(iii) ||[F'(x) — F')|| < K|lx—y|,forallx,y € £2.

And, from now on, we use the notation B(x,p) = {y € X;|ly — x|l < p}and B(x,p) = {y €
X; ly — x|l < p}, where X is a Banach space.
Firstly, we guarantee the semilocal convergence of Newton’s method under conditions (i)—(iii).

Theorem 4.2 (See [17]). Let X and Y be two Banach spaces and F : 2 € X — Y an operator that is once
Fréchet differentiable in an open convex domain $2. Assume (i)-(iii). If B(xo, r) C §2, wherer = 22(1—’32)77
anda = KBn < 1/2, then Eq. (6) has a solution x*, and Newton’s method converges to x* and has R-order

of convergence at least 2.

After that, we are interested in proving the semilocal convergence of iterations (7) under the same

conditions, (i)-(iii), as for Newton’s method. In view of Theorem 4.2, we consider R = %,
where

2 t ,
f(t)=2_ ; g(t)=§(8+4t+t), (8)

2t — t2
such that B(xg, R) C 2, and define K81 = aq. Then ||yo — Xo|| < n and ||zo — Xo|| < pn, S0 yo, 2o € £2.
Since

1
F(z9) = (1 — p)F(xo) +P/ [F,(Xo + pto — X0)) — F’(Xo)] (Yo — xo) dt,
0

as a consequence of Taylor's formula, we have, provided that x; € £ anday < o7 = 0.4111...,
where o1 is the root of the real equation f (ag)g(ag) — 1 =0,
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K 2 (¢h)
IX1 — yoll SE||F0||||J/0—X0|| SEH.VO_XOH,
IX1 = Xoll < llx1 — Yol + lI¥o — Xoll < (1+ a0/2)[Ilyo — Xoll < R.

Therefore x; € B(xg, R) if ap < 0. Note that the value of R is later deduced.

On the other hand, if ag < +/3 — 1, it follows that ||I — IoF'(x1)|| < 1, and consequently
It = [F'(x1)]7! exists, by the Banach lemma on invertible operators [4], and ||| < f(ao)|[To]l.
Therefore, y; and z; are well-defined. Moreover, y;, z; € £2.

Furthermore, from Taylor’s formulas,

1 1
F(x1) = v / [F'(X0) — F'(x0 + pt(yo — %0)) ] (Vo — xo) dt
0

1
+ / [F'(x0 + pt(x; — x0)) — F'(x0)] (xs — xo) dt,
0

1
Fz) = (1— p)FGu) +p / [F/ G+ Pty — 1)) — Fen] 01 — x) de,
0
we obtain
K 9 2
IFGe | = 5 8+ 40y + @) lyo — o,

lyr = x1 0l < I HIFxD| < f(@a0)g(@o0) 1yo — ol
Kl — 11 < aof (a0)*g(ao),

a
% — y1ll < =f (@0)*g(@o) ly1 — x4,
2

a
X2 = x11l < lIx2 = y1ll + lly1 — x| < (1 + Eof(ao)zg(ao)> ly1 — x1ll,
IX2 — Xoll < llx2 — x11l + llx1 — Xoll < (1+ ao/2)(1+ f(ao)g(@))llyo — xoll <R

and x, € £2, provided that ag < o, = 0.3266.. ., where o> is the smallest positive root of the real
equation f (ag)?g(ag) — 1 = 0.

Besides, if ag < oo, then || — IF'(x2)|| < 1, I3 = [F'(x5)]~! exists, by the Banach lemma on
invertible operators, and || 13| < f(aof (ao)?g(ao))||I1||. After that, we can deduce y,,z,,x3 € £
from an analogous procedure.

Now, we define aqf (ag)%g(ap) = a; and define the real sequence

i1 = anf (@n)’g(ay), n >0, 9)

which is decreasing and such that a, (14 a,/2) < 1, foralln > 0, provided that ay < o,. Moreover, if
Yn» Zn, Xnt1 € $2, this real sequence satisfies the following system of recurrence relations, from which
we can guarantee that sequence (7) is well-defined. To prove them, we follow a similar method to the
above and then invoke the induction hypothesis.

Lemma 4.3. Let f and g be the two real functions defined in (8). If ap < 0, = 0.3266.. ., the following
items are satisfied for alln > 1:

[1] I = [F' ()] " exists and || T < f(an—1) | Ta=1ll,

M [lyn — Xnll < f(an-1)g(@n-DIYn—1 — Xn—-1ll = (f(a0)g(@0))" Yo — Xoll <7,
(] K| [l lyn — Xnll < ap,

[IV] (1Xn1 — yull < %n”J’n = Xall,
VI 1Xn1 = Xall < (14 %) lyn — xall,

g\ 1=(f(ag)g(ap)™*! _ _(4ap/2)n
[VI] (X1 — ol < (1 =+ 7) W”J/O — Xoll < R, whereR = T (ap)g(ag)"

Next, the convergence of iterations (7) is easily guaranteed from (i)-(iii), as we can see in the
following theorem.
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Theorem 4.4. Let F : 2 C X — Y be aonce-differentiable Fréchet operator on a non-empty open convex
domain $2 of a Banach space X with values in a Banach space Y. We assume that there exists Iy € L(Y, X),

Xo € 2, and (i)-(iii). If ap < 0, = 0.3266. .. and B(xp, R) C 2, whereR = %; then sequence

(7) is well-defined, is contained in B(xg, R) and converges to a solution x* of (6) in the ball B(xo, R). Besides,
the solution x* is unique in B (xo, é — R) N if R<2/(KB).

Proof. Firstly, we see that sequence (7) is well-defined. Observe

n—1
1yn = Xl < f(an-1g(@n-1)lyn-1 —Xn—all = -+ = (l_[f(af)g(af)) Yo — Xoll
i=0

< (f(a0)g(ao))" llyo — xoll
as a consequence of recurrence relation [II] of Lemma 4.3. Therefore, for m > 1, we have
1Xn4m — Xall < lXn4m — Xagm—1ll + IXa4m—1 — Xngm—2ll + - -+ + [Xn41 — Xall

a -1 Apym—2
< (1 220 Wit = ol + (14 2522) Wtz = Xoimal

an
1 —) —X
+ 5 lyn — xall

(
=(1+3) b3l (j_if(a,-)g(a,-)) Iyo = %ol
)

j=n \i=0

Q

n 1= (f(a0)g(ap)"
—— 10
(f(a0)g(ao)) T~ Fang@ " (10)

0
< (1 —
_<+2

If n = 0in (10), it follows that
1— (f(ao)g (@)™
1—f(ao)g(ao)

Then, x,, € B(xg, R), for all m > 1. Similarly, y;, zm € B(Xo, R), for all m > 0. In consequence,
Xm, Ym, Zm € £2,form > 1.

Note that {x,} is a Cauchy sequence, as a consequence of (10) and ay < o3. Then, {x,} converges
to x*, which is a solution of (6). Indeed, by letting n — o0, we have ||I,F(x;)|| — 0 and, since
IFx)| < IIF' ) || TwF (x,) ]| and the sequence {||F’(x,)||} is bounded, we have ||F(x,)|| — 0 and, by
the continuity of F, it follows that F(x*) = 0.

Finally, if we suppose that there exists another solution y* of (6) in B (xo, é - R) N £2, we have

o
I =01l < (14 57)

1
0=To(Fy") —F(x") = / LoF (X" + t(y" —xM)) dt (v" — x7).
0

But, since

1 1
II=TI < ol / IF'(x" + t (/" —x*) — F'(xo) |l dt < K,B/ X0 — (x* 4+ t(y* —x)) | dt
0 0

1
<Kp [ (el =l + (= Ol =) de < 1
0

where T = Iy fol F'(x* + t(y* — x*)) dt, we obtain that the operator T is invertible, and consequently
y'=x" n

5. Description of the new iterations

We now pay attention to the conditions that starting points of iteration (7) must satisfy to
guarantee the convergence of (7) (see Theorem 4.4). We then observe the region of accessibility



J.A. Ezquerro, M.A. Herndndez / Journal of Complexity 25 (2009) 343-361 355

0 0.5 1 1.5 2 2.5 3
Fig. 7. Newton’'s method.

of (7). If we consider the complex equation F(z) = sinz — 1/3 = 0 and the particular version of
(7) given by (7) with p = (+/5 — 1)/2,

Xo € 2,

yn:Xn_FnF(Xn)v (11)
3+45 V5 -1

Xn+1=xn_2FnF<Xn+ 5 (.Vn_xn)>s n>0,

which is also presented in [ 18] for the scalar case, we can see the behaviour of (11) in Fig. 6. Observe
that iteration (11) is also more demanding than Newton’s method with respect to starting points (see
Figs. 3 and 6), as a consequence of its higher speed of convergence. Consequently, it is more difficult
to locate starting points for method (11) than for Newton’s method.

On the other hand, it is clear that the condition ap < o, = 0.3266. .. required to guarantee the
convergence of iterations (7) in Theorem 4.4 is more demanding than the one required for Newton’s
method, ap < 1/2, under the same general convergence conditions (i)-(iii). Therefore, the application
of iterations (7) is more restrictive than the application of Newton’s method. To illustrate this, we can
respectively see in Figs. 7 and 8 the regions of accessibility of Newton’s method and method (11),
when they are applied to approximate the solutions z* and z** of F(z) = sinz — 1/3 = 0. Observe
that the domain of starting points for Newton’s method is a little bigger than for method (11) (see the
size of the regions of convergence).

Since the main goal is to construct iterative methods from iterations (7) that converge when they
start at the same points as Newton’s method, we define the following iterations:

Xo € £2,

Xn =Xp—1— I 1F(xp—1), n=1,2,...,Np,

X = XN »

V1 = X1 — [F' @)1 7'FRiemr), (12)

Zk—1 = Xk—1 +]P()7k—1 —X—1), pe,1],
X = X1 — E[F’@H)rl (P* +p— DF&e—1) + F@—1)), k=1,
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0 0.5 1 1.5 2 2.5 3
Fig. 8. Method (11).

where xp is such that a = KBn < 1/2 and Xy = X, such that ay = KBT; < 0y = 0.3266... with
,B > |I[F'(xo)1~ Y|l and 77 > ||[F'(Xo)]1~'F (Xo)||. In this case, we can apply Newton’s method for a finite
number of steps Ny, provided that the condition a < 1/2 is satisfied, until the condition ay < o3 is
satisfied for Xy = xy,, and then apply iterations (7) to accelerate the convergence. To do this, we have
to guarantee the existence of Ny.

5.1. Semilocal convergence of iterations (12)

We have seen that Newton’s method and method (7) converge under the same conditions (i)-(iii).
The convergence of both methods is guaranteed as a consequence of the fact that both sequences are
Cauchy sequences. We use the same argument to prove the semilocal convergence of iterations (12).

We suppose that the initial iterate xq is such that a = KBn € [0, 1/2) and we look for the
existence of xy, = Xo, No € N, such that ay € (0, 03), where ay = K,ny, B > |I[F' )]l and
1= [F' )] 'F(Ro) |-

Starting from «g = a, we define the scalar sequence

0[2

7’17 n> O’
2(1 — ap)? -

and, for n > 1, we construct the system of recurrence relations (see [17])

On41 =

1
Il < 17”171—1”,
— Op—1

On—1
| < ———
2(1 —ap-1)

__sn+1
IXnr1 — Xoll < ﬁ”%“’%)“ <r,

X041 — Xnl % — xn—1ll < 8" IToF (xo) .,

where § = ﬁandr =219
—a) 2—3a
The strict decreasing of the positive real sequence {«,} guarantees the existence of the term ay,

such that ay, < 0.
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Now, from Xy = xy,,

KIITF'Go)] ™ IITF' Go)]'FRo)ll < KB,

we define the initial parameter ag = KB?] for (7), which starts at X, = Xxy,, where xy, is the last
iteration obtained by Newton’s method. Next, we define the real sequence (9) and construct the
corresponding system of recurrence relations given in Lemma 4.3 so that the convergence of the
sequence given by (7) is guaranteed from the strict decreasing of (9). In consequence, we can apply
iterations (12) to approximate a solution of Eq. (6), starting at the same iterate xy as Newton’s method,
since

K| g I T F (xng) | < ang = ap < 02,

SO Xy, = Xp can be chosen to start iterations (7) and the convergence of iterations (12) is then
guaranteed by Theorem 4.4.

Since the sequence given by (12) is well-defined, we only have to prove that this sequence is a
Cauchy sequence. To do this, we rewrite it as

w. — X ifn < No,
ne )_(n,NO, ifn > Np.

Theorem 5.1. Let X and Y be two Banach spaces and F : 2 € X — Y an operator that is once Fréchet
differentiable on a non-empty open convex domain 2. Let xo € §2 and (i)-(iii) be satisfied. Suppose that
a < 1/2 and B(xg, r + R) C £2. Then, the sequence {w,}, which starts at wy, converges to a solution

x* of (6). Moreover, wy,, X* € B(Xq, r + R). Furthermore, x* is unique in B (xo, é —(r+ R)) N K if
r+R<2/(KB).

Proof. From the above, it is clear that an Ny exists. Besides, w; € £2,fori = 0,1, ..., Np. Indeed,
since w; = x; (i = 0,1,..., Np) are iterates of Newton’s method, then ||w; — Xo|| < 1 < r +R
(i=1,2,...,Ng)and w; € £2,fori =0, 1, ..., No.

After that, we have that wy, = Xo = xy, and w; (i > Np) are iterates of (7), so ||w; — wy, || < R, for
i > No. In consequence, [|w; — Xoll < llw; — wn, |l + llwn, — Xoll < 7+ R (i > Ng) and w; € £2, for
i > Np. Therefore, the sequence {w,} is well-defined.

The fact that {wy} is a Cauchy sequence in £2 follows immediately, since {wy},>n, is given by
(7), which is a Cauchy sequence (see Theorem 4.4). Consequently, lim, w, = x*, x* € B(Xo,R) C
B(xo, r + R) and F(x*) = 0.

Finally, the uniqueness of the solution x* in B (xo, ﬁ —(r+ R)) N $2 follows as in Theorem 4.4.
]

Remark 2. Observe that the domain of starting points is extended in Theorem 5.1 compared to
Theorem 4.4, so domains of existence and uniqueness of solutions can be given by Theorem 5.1 which
cannot be given by Theorem 4.4.

Remark 3. Notice that iterations (12) have order of convergence at least 2 until iteration Ny and order
of convergence at least 3 from iteration Ng + 1.

If we consider again the previous complex equation, F(z) = sinz — 1/3 = 0, we can see in Figs. 9
and 10 the regions of accessibility of method (12) with p = (/5 — 1)/2 when condition a < 1/2 is
satisfied (Fig. 10) or not satisfied (Fig. 9). Observe that the domain of starting points is the same as for
Newton’s method, but the colour intensity is different, lighter or darker, according to the number of
iterations needed to reach the roots. There are lighter areas for method (12) with p = (/5 — 1) /2 as
a consequence of the higher speed of convergence.
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wh

0.5 1 1.5 2 2.5

Fig.9. Method (12) withp = 31,

ol

0 0.5 1 1.5 2 2.5

Fig. 10. Method (12) withp = ¥3-1,

w

6. Application of the new iterations

Note that if the conditions of Theorem 5.1 are verified, then iterations (12) can be applied, since Ny
always exists. The goal is now to estimate a priori the value of Ny, which improves the use of iterations

(12), since the verification of ay < 05 = 0.3266. . . is saved in every step.

Theorem 6.1. Under the general hypotheses of Theorem 5.1, we suppose a € [03, 1/2) for some xy € §2
which satisfies (i) and (ii). Set Xo = xn, WithNo = 1+ [M] and [t] denoting the integer part

Ina—InQ2(1—a)?) |’

of the real number t. Then, X is such that the condition ag < o3 holds.
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Table 4

Nodes and weights for the Gauss-Legendre formula.

i t; w; i t; w;

1 0.019855... 0.050614... 5 0.591717... 0.181342...
2 0.101667... 0.111191... 6 0.762766... 0.156853...
3 0.237234... 0.156853... 7 0.898333... 0.111191...
4 0.408283... 0.181342... 8 0.980145... 0.050614...

Proof. We take into account that the above-mentioned ideas were carried out where we guarantee
that iterations (12) are well-defined, since there always exists Ny € N such that iterations (7) can be
applied starting at xo = xy,. On the other hand,

ok No—1 a No
o = # = <da .
Mo 201 - oNyg—1)? ° l_[ 2(1— Olz)z (2(1 - ‘1)2>

No
since the sequence {«,} is decreasing and oy = a.If a (za%aﬂ) < oy, then xy, is a good starting
point for iterations (7). In consequence, if

Ino, —Ina
Ina—InQ2(1 — a)?)’
the theorem follows. ®

N0>

If we now take into account the nonlinear integral equation of mixed Hammerstein type (1), we
see in the following that iterations (4) cannot be applied to solve Eq. (1), but iterations (12) can.

First, we discretize (1) to transform it into a finite dimensional problem. This procedure consists of
approximating the integral appearing in (1) by a numerical quadrature formula. To obtain a numerical
solution, we use the Gauss-Legendre formula to approximate an integral

/ h(t) dt ~ Z wih(t),

where the nodes t; and the weights w; are determined; in particular, see Table 4 for n = 8.
If we denote the approximation of x(t;) by x; = 1, 2, ..., 8),(1) is now equivalent to the following
nonlinear system of equations:

=1+ ijkxk, j=1,2,...,8, (13)
2443

where

w1 =) ifk <,
k= wet(1—t)  ifk <.

System (13) can be now written in the formx = 1+ %sz, or

. 8 8 T
F:R®* — R°, FX)=x-—1 2Mx_0,

where
T T 8 2 2 .2 23T
x:(X],XZ,...,Xg) ) 1:(1715'-'7]) ) M:(mjk)j’k:]ﬂ X :(X]sxzv"'vxg) .
For this F, we have
1—mpxy —mpXxy -+ —NgXg Uy
, —M21X1 1—mpx, - —MygXg [25)
F'(xX)(u) = . . . . S
—Mg1Xy —MgyXp <o+ 1 —mggXg ug

where u = (uq, Uy, ..., ug)’.
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Table 5
Numerical solution x* of (13).
i Xf i xf i Xf i x;
1 1.005450... 3 1.051629... 5 1.069365... 7 1.025815...
2 1.025815... 4 1.069365... 6 1.051629... 8 1.005450...
3
X,+ (r+R) =2 .5182.
25— —————————— —— == = —-
2
s Xo=1 .4
,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,, %
B T P I
0.5 x, —(r+R) =0 .2817.
1
Fig. 11. Approximated solution X of Eq. (1).
If we choose Xo = (1.4, 1.4, ..., 1.4)T and the max-norm, then
K=1, B=1.1382..., n=0.0691..., Kfn=a=04755... < 1/2.

Observe that we can apply Newton’s method to solve (13), but we cannot use (5) because Kn >
o, = 0.3266.. .. However, by Theorem 6.1, we can use iteration (11) after the third approximation
given by Newton's method, since Ny = 3, and obtain the numerical solution X* = (x}, x5, ..., x5,
which is shown in Table 5, after four more approximations.

Moreover, the existence of the solution is guaranteed in the ball B(Xg, 1.1182...) and the unicity
in B(Xg, 0.5440. . .) by Theorem 5.1.

Finally, we interpolate the points of Table 5 and taking into account that the solution of (1) satisfies
x(0) = x(1) = 1, an approximation X of the numerical solution x* is obtained (see Fig. 11). Notice that
the interpolated approximation X lies within the existence domain of the solutions obtained above.
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