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Abstract

In this paper we construct and classify novel Drukker–Trancanelli (DT) type BPS Wilson loops along in-
finite straight lines and circles in N = 2, 3 quiver superconformal Chern–Simons-matter theories, Aharony–
Bergman–Jafferis–Maldacena (ABJM) theory, and N = 4 orbifold ABJM theory. Generally we have four 
classes of Wilson loops, and all of them preserve the same supersymmetries as the BPS Gaiotto–Yin (GY) 
type Wilson loops. There are several free complex parameters in the DT type BPS Wilson loops, and for 
two classes of Wilson loops in ABJM theory and N = 4 orbifold ABJM theory there are supersymmetry 
enhancements at special values of the parameters. We check that the differences of the DT type and GY type 
Wilson loops are Q-exact with Q being some supercharges preserved by both the DT type and GY type 
Wilson loops. The results would be useful to calculate vacuum expectation values of the DT type Wilson 
loops in matrix models if they are still BPS quantum mechanically.
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1. Introduction

BPS (Bogomol’nyi–Prasad–Sommerfield) Wilson loops are important nonlocal objects in su-
persymmetric gauge theories, and in AdS/CFT correspondence [1–3] they are dual to probe 
F-strings/membranes in string/M theory [4–7], when they are in fundamental representation of 
the gauge group. BPS Wilson loops in three-dimensional quiver superconformal Chern–Simons-
matter (CSM) theories are more complex than those in four-dimensional super Yang–Mills 
theories. One can use only bosonic fields and construct Gaiotto–Yin (GY) type Wilson loops [8], 
and also one can use both bosonic and fermionic fields and construct Drukker–Trancanelli (DT) 
type Wilson loops [9].

In N = 2 CSM theories there are 1/2 BPS GY type Wilson loops along infinite straight lines 
and circles, and in N = 3 CSM theories there are 1/3 BPS GY type Wilson loops [8]. The 
Aharony–Bergman–Jafferis–Maldacena (ABJM) theory is an N = 6 CSM theory with gauge 
group U(N) × U(N) and levels (k, −k), and it is dual to M-theory in AdS4 × S7/Zk spacetime 
or type IIA string theory in AdS4 × CP3 spacetime [10]. In ABJM theory, there are 1/6 BPS GY 
type Wilson loops [11–13] and 1/2 BPS DT type Wilson loops [9] along infinite straight lines and 
circles. The construction of the latter ones resolved the puzzle about the existence of the half BPS 
Wilson loop dual to half BPS F-string solution found in [11,13]. In ABJM theory there are more 
general BPS DT type Wilson loops along general curves that preserve fewer supersymmetries 
[14–18]. The N = 4 CSM theories were constructed in [19–21], and a special case is the N = 4
orbifold ABJM theory that has gauge group U(N)2r and alternating levels (k, −k, · · · , k, −k)

and is dual to M-theory in AdS4 × S7/(Zr × Zrk) spacetime [21–24]. Recently, 1/4 BPS GY 
type Wilson loops and 1/2 BPS DT type BPS Wilson loops in N = 4 orbifold ABJM theory 
were constructed in [25,26]. BPS Wilson loops in more general N = 4 CSM theories were also 
constructed in [26].

As announced in [27], we found novel DT type BPS Wilson loops in quiver superconformal 
CSM theories. In N = 2 quiver superconformal CSM theories, though the supersymmetries are 
relatively fewer, we found that there still exist DT type 1/2 BPS Wilson loops. This construction, 
when applied to theories with more supersymmetries, leads to DT type Wilson loops preserving 
two Poincaré supercharges (and also two superconformal charges), when the Wilson loops are 
along straight lines and the parameters in the Wilson loops are not under further constraints. In 
ABJM theory and N = 4 CSM theory, supersymmetry (SUSY) enhancements for Wilson loops 
can appear for special values of these parameters. We find no SUSY enhancement for Wilson 
loops in N = 3 CSM theories. This is consistent with the results in the dual M-theory side [28].

This paper is an extension of [27], with calculation details and more examples. We also pay 
more attention to classification of DT type Wilson loops. We construct novel DT type BPS Wil-
son loops along straight lines and circles in several quiver superconformal CSM theories. We 
investigate the case of a generic N = 2 quiver CSM theory with multiple bifundamental and 
anti-bifundamental matter in section 2, the case of an N = 3 quiver CSM theory in section 3, the 
case of ABJM theory in section 4, and the case of N = 4 orbifold ABJM theory in section 5. We 
conclude with discussion in section 6.

2. Generic N = 2 quiver CSM theory

We consider a generic N = 2 quiver superconformal CSM theory with bifundamental matter. 
We pick two adjacent nodes in the quiver diagram and the corresponding gauge groups are U(N)

and U(M). The vector multiplet for gauge group U(N) includes gauge field Aμ, and auxiliary 
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fields σ , χ , D, with σ , D being bosonic and χ being fermionic. Similarly, for gauge group 
U(M) we have the vector multiplet with fields Âμ, χ̂ , σ̂ , D̂. There are multiple matter fields 
in bifundamental and anti-bifundamental representations in the N = 2 theory. These multiplets 
include fields φi , ψi , Fi and φı̂ , ψı̂ , Fı̂ , with i = 1, 2, · · · , Nf , and ı̂ = 1̂, ̂2, · · · , N̂

f̂
. Here Fi

and Fı̂ are bosonic auxiliary fields. Note that the number of chiral multiplets in bifundamental 
representation Nf does not necessarily equal to number of chiral multiplets in anti-bifundamental 
representation N̂

f̂
. There could be other matter that couple to the two gauge fields, and they will 

change the on-shell values of σ and σ̂ in the Wilson loops we will construct, but the structure of 
these Wilson loops will not change.

The SUSY transformations could be found in [29]. For the vector multiplet part, we only need 
the off-shell SUSY transformations of Aμ, σ, Âμ, σ̂

δAμ = 1

2
(χ̄γμε + ε̄γμχ), δσ = − i

2
(χ̄ε + ε̄χ),

δÂμ = 1

2
( ¯̂χγμε + ε̄γμχ̂), δσ̂ = − i

2
( ¯̂χε + ε̄χ̂ ), (2.1)

and for the matter part we only need the off-shell transformations

δφi = iε̄ψi, δφ̄i = iψ̄ iε, δφı̂ = iε̄ψı̂ , δφ̄ı̂ = iψ̄ ı̂ε

δψi = (−γ μDμφi − σφi + φiσ̂ )ε − ϑφi + iε̄Fi,

δψ̄ i = ε̄(γ μDμφ̄i + σ̂ φ̄i − φ̄iσ ) − ϑ̄ φ̄i − iεF̄ i , (2.2)

δψı̂ = (−γ μDμφı̂ − σ̂ φı̂ + φı̂σ )ε − ϑφı̂ + iε̄Fı̂ ,

δψ̄ ı̂ = ε̄(γ μDμφ̄ı̂ + σ φ̄ı̂ − φ̄ı̂ σ̂ ) − ϑ̄ φ̄ı̂ − iεF̄ ı̂ .

The definitions of covariant derivatives are

Dμφi = ∂μφi + iAμφi − iφiÂμ, Dμφ̄i = ∂μφ̄i + iÂμφ̄i − iφ̄iAμ,

Dμφı̂ = ∂μφı̂ + iÂμφı̂ − iφı̂Aμ, Dμφ̄ı̂ = ∂μφ̄ı̂ + iAμφ̄ı̂ − iφ̄ı̂ Âμ. (2.3)

We have SUSY parameters ε = θ +xμγμϑ , ε̄ = θ̄ − ϑ̄xμγμ, and terms with θ , θ̄ denote Poincaré 
SUSY transformations and terms with ϑ , ϑ̄ denote superconformal transformations.

We adopt the spinor convention in [30]. The metric on the three-dimensional Minkowski 
spacetime is ημν = diag(− ++), the coordinates are xμ = (x0, x1, x2), and the gamma matrices 
are

γ μ
α

β = (iσ 2, σ 1, σ 3), (2.4)

with σ 1,2,3 being Pauli matrices. Charge conjugate of a spinor is defined as complex conjugate

θ̄α = θ∗
α . (2.5)

The Poincaré supercharges P , P̄ and conformal supercharges S, S̄ are related to the SUSY 
transformations as

δ = i(θ̄P + P̄ θ + ϑ̄S + S̄ϑ). (2.6)

There are constraints

θ̄ = θ∗, ϑ̄ = ϑ∗, P̄ = P ∗, S̄ = S∗. (2.7)
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After Wick rotation, we get a theory in Euclidean space. In three-dimensional Euclidean 
space, the metric is δμν = diag(+ + +), the coordinates are xμ = (x1, x2, x3), and the gamma 
matrices are

γ μ
α

β = (−σ 2, σ 1, σ 3). (2.8)

Spinors θ and θ̄ are generally unrelated. Formally, the SUSY transformations (2.1) and (2.2) and 
the definitions of supercharges (2.6) still apply to Euclidean version of the N = 2 CSM theory, 
but there are no longer the constraints (2.7).

2.1. Straight line in Minkowski spacetime

For BPS Wilson loops along infinite straight lines, the Poincaré and conformal supersymme-
tries are preserved separately, and the discussions of them are similar. So we will only consider 
Poincaré supercharges for Wilson loops along straight lines.

In Minkowski spacetime, one can construct the 1/2 BPS GY type Wilson loop along a timelike 
infinite straight line xμ = τδ

μ
0 as [8]

WGY =P exp

(
−i

∫
dτLGY(τ )

)
,

LGY =
(

Aμẋμ + σ |ẋ|
Âμẋμ + σ̂ |ẋ|

)
. (2.9)

The preserved Poincaré supersymmetries can be denoted as

γ0θ = iθ, θ̄γ0 = iθ̄ . (2.10)

We construct the DT type Wilson loop along the line xμ = τδ
μ
0

WDT =P exp

(
−i

∫
dτLDT(τ )

)
, LDT =

(
A f̄1

f2 Â

)
,

A = Aμẋμ + σ |ẋ| +B|ẋ|, Â= Âμẋμ + σ̂ |ẋ| + B̂|ẋ|,
B = Mi

jφiφ̄
j + M

ĵ

ı̂
φ̄ı̂φĵ + Miı̂φiφı̂ + Mı̂iφ̄

ı̂ φ̄i , (2.11)

B̂ = N
j

i φ̄iφj + Nı̂
ĵ
φı̂ φ̄

ĵ + Niı̂ φ̄
i φ̄ı̂ + Nı̂iφı̂φi,

f̄1 = (ζ̄ iψi + ψ̄ ı̂μı̂)|ẋ|, f2 = (ψ̄ iηi + ν̄ ı̂ψı̂)|ẋ|.
To make it preserve the supersymmetries (2.10), it is enough to require that [31]

δLDT = ∂τG + i[LDT,G], (2.12)

for some Grassmann odd matrix

G =
(

ḡ1
g2

)
. (2.13)

Concretely, one needs

δA = i(f̄1g2 − ḡ1f2),

δÂ = i(f2ḡ1 − g2f̄1), (2.14)

δf̄1 = ∂τ ḡ1 + iAḡ1 − iḡ1Â,

δf2 = ∂τ g2 + iÂg2 − ig2A.
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From variations of A and Â we have

Mi
j = N

i
j , M

ĵ

ı̂
= N

ĵ

ı̂
, Miı̂ = Nı̂i, Mı̂i = Niı̂,

(M
j
iφj + Mı̂iφ̄

ı̂ )θ = ηiḡ1, (M
ı̂

ĵ
φ̄ĵ + Miı̂φi)θ̄ = −ḡ1ν̄

ı̂ , (2.15)

(Mi
j φ̄

j + Miı̂φı̂)θ̄ = −g2ζ̄
i , (M

ĵ

ı̂
φĵ + Mı̂iφ̄

i)θ = μı̂g2.

From variations of f̄1 and f2 we have

ζ̄ iγ0 = iζ̄ i , γ0μı̂ = iμı̂, γ0ηi = iηi, ν̄ı̂γ0 = iν̄ ı̂ ,

ḡ1 = iζ̄ iθφi − iθ̄μı̂ φ̄
ı̂ , Bḡ1 = ḡ1B̂, (2.16)

g2 = −iθ̄ηi φ̄
i + iν̄ ı̂ θφı̂ , B̂g2 = g2B.

We have the parameterizations

ζ̄ i = ᾱi ζ̄ , μı̂ = μγı̂, ηi = ηβi, ν̄ı̂ = δ̄ı̂ ν̄,

ζ̄ α = ν̄α = (1, i), ηα = μα = (1,−i), (2.17)

with ᾱi , γı̂ , βi and δ̄ı̂ being complex constants. We have four classes of solutions, and all of them 
satisfy

Miı̂ = Mı̂i = ᾱi δ̄ı̂ = γı̂βi = 0,

Mi
j = 2iᾱiβj , M

ĵ

ı̂
= 2iγı̂ δ̄

ĵ . (2.18)

Class I
In the first solution we have

γı̂ = δ̄ı̂ = 0. (2.19)

Here ᾱi and βj are free complex parameters.
We define that

LDT − LGY = LB + LF , (2.20)

with LB being the bosonic part and LF being the fermionic part. We want to show that the 
difference of the DT and GY type BPS Wilson loop is Q-exact, i.e. that WDT − WGY = QV , 
with Q being some supercharge that is preserved by both the DT and GY type BPS Wilson 
loops. For the straight line case, it is enough to show [9,25,26]

κ�2 = LB, Q� = LF , QLGY = 0,

QLF = ∂τ (iκ�) + i[LGY, iκ�], (2.21)

for some matrix �, factor κ and supercharge Q. Now we have

LB = 2iᾱiβj

(
φiφ̄

j

φ̄jφi

)
, LF =

(
ᾱi ζ̄ψi

ψ̄ iηβi

)
,

� =
(

ᾱiφi

βi φ̄
i

)
, κ = 2i, Q = ζ̄ P + P̄ η. (2.22)
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Class II
In the second solution we have

ᾱi = βi = 0. (2.23)

Now we have

LB = 2iγı̂ δ̄
ĵ

(
φ̄ı̂φĵ

φĵ φ̄
ı̂

)
, LF =

(
ψ̄ ı̂μγı̂

δ̄ı̂ ν̄ψı̂

)
,

� =
(

γı̂ φ̄
ı̂

δ̄ı̂φı̂

)
, κ = 2i, Q = ν̄P + P̄μ. (2.24)

Class III
In the third solution we have

βi = δ̄ı̂ = 0. (2.25)

Now we have

LB = 0, LF =
(

ᾱi ζ̄ψi + ψ̄ ı̂μγı̂

0

)
, (2.26)

� =
(

ᾱiφi + γı̂ φ̄
ı̂

0

)
, κ = 2i, Q = ζ̄ P + P̄μ.

Class IV
In the fourth solution we have

ᾱi = γı̂ = 0. (2.27)

Now we have

LB = 0, LF =
(

0
ψ̄ iηβi + δ̄ı̂ ν̄ψı̂

)
, (2.28)

� =
(

0
βiφ̄

i + δ̄ı̂φı̂

)
, κ = 2i, Q = ν̄P + P̄ η.

2.2. Circle in Euclidean space

People are more interested in circular BPS Wilson loops, since they usually have nontrivial 
vacuum expectation values. It was shown in [30] that there are no spacelike BPS Wilson loops 
in Minkowski spacetime, and so we have to consider circular BPS Wilson loops in Euclidean 
version of the N = 2 superconformal CSM theory. For circular BPS Wilson loops there are no 
separately preserved Poincaré and conformal supercharges, and only special combinations of 
them are preserved. So we have to consider both the Poincaré and conformal supercharges for 
circular Wilson loops.

In Euclidean space we have the 1/2 BPS GY type Wilson loop along the circle xμ =
(cos τ, sin τ, 0)

WGY = TrP exp

(
−i

∮
dτLGY(τ )

)
, (2.29)

LGY =
(

Aμẋμ − iσ |ẋ|
Â ẋμ − iσ̂ |ẋ|

)
,

μ
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and the preserved supersymmetries are

ϑ = iγ3θ, ϑ̄ = θ̄ iγ3. (2.30)

We construct the DT type Wilson loop along xμ = (cos τ, sin τ, 0)

WDT = TrP exp

(
−i

∮
dτLDT(τ )

)
, LDT =

(
A f̄1

f2 Â

)
,

A= Aμẋμ − iσ |ẋ| − 2(ᾱiβjφi φ̄
j + γı̂ δ̄

ĵ φ̄ı̂φĵ )|ẋ|,
Â= Âμẋμ − iσ̂ |ẋ| − 2(ᾱiβj φ̄

jφi + γı̂ δ̄
ĵ φĵ φ̄

ı̂ )|ẋ|, (2.31)

f̄1 = (ᾱi ζ̄ψi + ψ̄ ı̂μγı̂)|ẋ|, f2 = (ψ̄ iηβi + δ̄ı̂ ν̄ψı̂)|ẋ|,
ζ̄ α = ν̄α = (eiτ/2, e−iτ/2), ηα = μα = (e−iτ/2, eiτ/2).

Similar to the case in Minkowski spacetime, we have four classes of solutions that make this 
circular DT type Wilson loop 1/2 BPS and preserve supersymmetries (2.30), and all of them 
satisfy

ᾱi δ̄ı̂ = γı̂βi = 0. (2.32)

Class I
In the first solution we have

γı̂ = δ̄ı̂ = 0. (2.33)

To show that the difference of the DT and GY type BPS Wilson loop is Q-exact, for the circle 
case we have to show [9,25,26]

κ�2 = LB, κ(0) = κ(2π), �(0) = −�(2π), (2.34)

Q� = LF , QLGY = 0, QLF = ∂τ (iκ�) + i[LGY, iκ�],
for some matrix �, factor κ and supercharge Q. Now we have

LB = −2ᾱiβj

(
φiφ̄

j

φ̄jφi

)
, LF =

(
ᾱi ζ̄ψi

ψ̄ iηβi

)
,

� = eiτ/2
(

ᾱiφi

βi φ̄
i

)
, κ = −2e−iτ , (2.35)

Q = ā(P + iγ3S) + (P̄ + S̄iγ3)b, āα = (1,0), bα = (0,1).

Class II
In the second solution we have

ᾱi = βi = 0. (2.36)

Now we have

LB = −2γı̂ δ̄
ĵ

(
φ̄ı̂φĵ

φĵ φ̄
ı̂

)
, LF =

(
ψ̄ ı̂μγı̂

δ̄ı̂ ν̄ψı̂

)
,

� = eiτ/2
(

γı̂ φ̄
ı̂

δ̄ı̂φı̂

)
, κ = −2e−iτ , (2.37)

Q = ā(P + iγ3S) + (P̄ + S̄iγ3)b, āα = (1,0), bα = (0,1).
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Class III
In the third solution we have

βi = δ̄ı̂ = 0. (2.38)

Now we have

LB = 0, LF =
(

ᾱi ζ̄ψi + ψ̄ ı̂μγı̂

0

)
,

� = eiτ/2
(

ᾱiφi + γı̂ φ̄
ı̂

0

)
, κ = −2e−iτ , (2.39)

Q = ā(P + iγ3S) + (P̄ + S̄iγ3)b, āα = (1,0), bα = (0,1).

Class IV
In the fourth solution we have

ᾱi = γı̂ = 0. (2.40)

Now we have

LB = 0, LF =
(

0
ψ̄ iηβi + δ̄ı̂ ν̄ψı̂

)
,

� = eiτ/2
(

0
βiφ̄

i + δ̄ı̂φı̂

)
, κ = −2e−iτ , (2.41)

Q = ā(P + iγ3S) + (P̄ + S̄iγ3)b, āα = (1,0), bα = (0,1).

3. N = 3 quiver CSM theory

We consider an N = 3 quiver superconformal CSM theory and pick two adjacent nodes in the 
quiver diagram. The first vector multiplet includes gauge field Aμ and auxiliary fields σa

b , χa
b , 

ξ , with a, b, · · · = 1, 2 being indices of the SU(2) R-symmetry. Here σa
b is bosonic and χa

b , ξ
are fermionic. We have the constraints

σa
a = 0, σ a

b = (σ b
a)

†,

χa
a = 0, χa

b = (σ b
a)

†, (3.1)

ξ = ξ†,

with † being not only hermitian conjugate of color index but also complex conjugate of spinor 
index. Similarly, for the second vector multiplet we have fields Âμ, σ̂ a

b , χ̂a
b , ξ̂ . There are bifun-

damental matter fields φia , ψia with i, j, · · · = 1, 2, · · · , Nf denoting indices of flavor. From the 
results in [8,32] we rewrite the off-shell SUSY transformations with manifest SU(2) R-symmetry

δAμ = i

2
χa

bγμεb
a, δÂμ = i

2
χ̂a

bγμεb
a,

δσ a
b = −1

2
(χa

cε
c
b − εa

cχ
c
b) + iξεa

b,

δσ̂ a
b = −1

(χ̂a
cε

c
b − εa

cχ̂
c
b) + iξ̂ εa

b, (3.2)

2
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δφia = iεa
bψ

ib, δφ̄ia = iψ̄ibε
b
a,

δψia = −γ μεa
bDμφib − ϑa

bφ
ib − εb

c(σ
a
bφ

ic − φicσ̂ a
b),

δψ̄ia = εb
aγ

μDμφ̄ib − ϑb
aφ̄ib − εc

b(φ̄icσ
b
a − σ̂ b

aφ̄ic).

We have covariant derivatives

Dμφia = ∂μφia + iAμφia − iφiaÂμ,

Dμφ̄ia = ∂μφ̄ia + iÂμφ̄ia − iφ̄iaAμ. (3.3)

We have the SUSY transformation parameter εa
b = θa

b + xμγμϑa
b , and there are constraints

θa
a = 0, θa

b = (θb
a)

∗, ϑa
a = 0, ϑa

b = (ϑb
a)

∗. (3.4)

Note that each of θa
b and ϑa

b has the degrees of freedom of one Dirac spinor and one Majorana 
spinor. The Poincaré and conformal supercharges are defined as

δ = i(θa
bP

b
a + ϑa

bS
b
a) = i(P a

bθ
b
a + Sa

bϑ
b
a), (3.5)

with constraints

P a
a = 0, P a

b = (P b
a)

∗, Sa
a = 0, Sa

b = (Sb
a)

∗. (3.6)

In Euclidean space, the SUSY transformations (3.2) and definitions of supercharges (3.5) still 
apply, but the constraints for the SUSY parameters and supercharges are

θa
a = ϑa

a = 0, P a
a = Sa

a = 0. (3.7)

3.1. Straight line in Minkowski spacetime

We consider BPS GY and DT type Wilson loops along timelike infinite straight lines in 
Minkowski spacetime.

3.1.1. GY type Wilson loop
We construct a GY type Wilson loop along the infinite straight line xμ = τδ

μ
0 as

WGY =P exp

(
−i

∫
dτLGY(τ )

)
, LGY =

(AGY

ÂGY

)
, (3.8)

AGY = Aμẋμ + Ra
bσ

b
a|ẋ|, ÂGY = Âμẋμ + Sa

bσ̂
b
a|ẋ|.

Without loss of generality we set Ra
a = Sa

a = 0. We take SUSY transformation δAGY = 0 and 
get

γ0θ
a
b = i(Ra

cθ
c
b − θa

cR
c
b), Ra

bθ
b
a = 0, (3.9)

whose complex conjugates are

γ0θ
a
b = i(R†a

cθ
c
b − θa

cR
†c

b), R
†a

bθ
b
a = 0. (3.10)

Here the matrix R† is the hermitian conjugate of R, i.e. R†a
b = (Rb

a)
∗. We define

R = B + iC, B = R + R†

, C = −i
R − R†

, (3.11)

2 2
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with B and C being traceless hermitian matrices, i.e. Ba
a = 0, B = B†, Ca

a = 0, C = C†. Then 
we get

γ0θ
a
b = i(Ba

cθ
c
b − θa

cB
c
b), Ca

cθ
c
b = θa

cC
c
b, Ba

bθ
b
a = Ca

bθ
b
a = 0. (3.12)

We make an SU(2) R-symmetry transformation and set Ba
b = diag(b, −b) with b being real. 

We have

γ0θ
1
2 = 2ibθ1

2, γ0θ
2
1 = −2ibθ2

1, θ1
1 = θ2

2 = 0. (3.13)

Since the eigenvalues of γ0 must be ±i, for θ1
2 �= 0 we have b = ± 1

2 , and without loss of gener-

ality we choose b = 1
2 . Then we get Ca

b = 0. From SUSY transformation δÂGY = 0, we have

γ0θ
a
b = i(Sa

cθ
c
b − θa

cS
c
b), Ra

bθ
b
a = 0. (3.14)

Then we get

(Ra
c − Sa

c)θ
c
b = θa

c(R
c
b − Sc

b), (3.15)

and this leads to Ra
b = Sa

b .
In summary we have the GY type 1/3 BPS Wilson loop (3.8) with Ra

b = Sa
b = diag( 1

2 , − 1
2 ), 

and the preserved supersymmetries are

γ0θ
1
2 = iθ1

2, γ0θ
2
1 = −iθ2

1, θ1
1 = θ2

2 = 0. (3.16)

This is just the Wilson loop that was constructed in [8]. Here we show that it is the only kind 
of BPS GY type Wilson loops along timelike infinite straight lines, up to some R-symmetry 
transformations.

3.1.2. DT type Wilson loop
Along xμ = τδ

μ
0 we construct the DT type Wilson loop

WDT =P exp

(
−i

∫
dτLDT(τ )

)
, LDT =

(
A f̄1

f2 Â

)
,

A =AGY + M
jb

ia φiaφ̄jb|ẋ|, f̄1 = ζ̄iaψ
ia|ẋ|, (3.17)

Â = ÂGY + Nia
jbφ̄iaφ

jb|ẋ|, f2 = ψ̄iaη
ia|ẋ|.

We want the Wilson loop to preserve the supersymmetries (3.16). From variations of A and Â
we get

M
jb

ia = N
jb

ia, ηiaḡ1 = M
ic

jb θa
cφ

jb, g2ζ̄ia = −M
jb

ic θc
aφ̄jb. (3.18)

From variations of f̄1 and f2 we have

ζ̄i1γ0 = iζ̄i1, ζ̄i2γ0 = −iζ̄i2, γ0η
i1 = iηi1, γ0η

i2 = −iηi2,

ḡ1 = ζ̄iaγ0θ
a
bφ

ib, M
jb

ia φiaφ̄jbḡ1 = ḡ1M
ia

jb φ̄iaφ
jb, (3.19)

g2 = −φ̄ibθ
b
aγ0η

ia, M
ia

jb φ̄iaφ
jbg2 = g2M

jb
ia φiaφ̄jb.

Then we get the parameterizations

ζ̄i1 = ᾱi ζ̄ , ζ̄ α = (1, i), ζ̄i2 = γ̄i μ̄, μ̄α = (−i,−1),

ηi1 = ηβi, ηα = (1,−i), ηi2 = νδi, να = (−i,1), (3.20)
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as well as

ηiaζ̄jcγ0θ
c
b = M

ic
jb θa

c, M
jb

ia ζ̄kdγ0θ
d
c = M

jb
kc ζ̄idγ0θ

d
a, (3.21)

θb
cγ0η

jcζ̄ia = M
jb

ic θc
a, M

ia
jb θc

dγ0η
kd = M

kc
jb θa

dγ0η
id .

We have four classes of solutions, and all of them must satisfy

M
j2

i1 = M
j1

i2 = ᾱiδ
j = γ̄iβ

j = 0,

M
j1

i1 = 2iγ̄iδ
j , M

j2
i2 = 2iᾱiβ

j . (3.22)

Class I
In the first solution we have

γ̄i = δi = 0. (3.23)

Here ᾱi and βi are free complex parameters. Now we have

LB = 2iᾱiβ
j

(
φi2φ̄j2

φ̄j2φ
i2

)
, LF =

(
ᾱi ζ̄ψi1

ψ̄i1ηβ
i

)
,

� =
(

ᾱiφ
i2

βiφ̄i2

)
, κ = 2i, Q = ζ̄ P 1

2 + P 2
1η, (3.24)

and this makes that WDT − WGY = QV .

Class II
In the second solution we have

ᾱi = βi = 0. (3.25)

Now we have

LB = 2iγ̄iδ
j

(
φi1φ̄j1

φ̄j1φ
i1

)
, LF =

(
γ̄i μ̄ψi2

ψ̄i2νδi

)
,

� =
(

γ̄iφ
i1

δi φ̄i1

)
, κ = 2i, Q = μ̄P 2

1 + P 1
2ν. (3.26)

Class III
In the third solution we have

βi = δi = 0. (3.27)

Now we have

LB = 0, LF =
(

ᾱi ζ̄ψi1 + γ̄i μ̄ψi2

0

)
,

� =
(

ᾱiφ
i2 + γ̄iφ

i1

0

)
, κ = −2i, Q = ζ̄ P 1

2 + μ̄P 2
1. (3.28)
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Class IV
In the fourth solution we have

ᾱi = γ̄i = 0. (3.29)

Now we have

LB = 0, LF =
(

0
ψ̄i1ηβ

i + ψ̄i2νδi

)
,

� =
(

0
βiφ̄i2 + δi φ̄i1

)
, κ = −2i, Q = P 2

1η + P 1
2ν. (3.30)

3.2. Circle in Euclidean space

We consider circular BPS GY and DT type Wilson loops in Euclidean space.

3.2.1. GY type Wilson loop
We get the 1/3 BPS GY type Wilson loop along the circle xμ = (cos τ, sin τ, 0)

WGY = TrP exp

(
−i

∮
dτLGY(τ )

)
, LGY =

(AGY

ÂGY

)
, (3.31)

AGY = Aμẋμ + Ra
bσ

b
a|ẋ|, ÂGY = Âμẋμ + Ra

bσ̂
b
a|ẋ|,

with Ra
b = diag(−i/2, i/2), and the preserved supersymmetries are

ϑ1
2 = iγ3θ

1
2, ϑ2

1 = −iγ3θ
2
1, θ1

1 = θ2
2 = ϑ1

1 = ϑ2
2 = 0. (3.32)

3.2.2. DT type Wilson loop
We construct the DT type Wilson loop along xμ = (cos τ, sin τ, 0)

WDT = TrP exp

(
−i

∮
dτLDT(τ )

)
, LDT =

(
A f̄1

f2 Â

)
,

A =AGY − 2(γ̄iδ
jφi1φ̄j1 + ᾱiβ

jφi2φ̄j2)|ẋ|,
Â = ÂGY − 2(γ̄iδ

j φ̄j1φ
i1 + ᾱiβ

j φ̄j2φ
i2)|ẋ|, (3.33)

f̄1 = (ᾱi ζ̄ψ1a + γ̄i μ̄ψ2a)|ẋ|, ζ̄ α = (eiτ/2, e−iτ/2), μ̄α = (eiτ/2,−e−iτ/2),

f2 = (ψ̄i1ηβ
i + ψ̄i2νδi)|ẋ|, ηα = (e−iτ/2, eiτ/2), να = (−e−iτ/2, eiτ/2).

We want the Wilson loop to preserve the supersymmetries (3.32). We have four classes of solu-
tions, and all of them must satisfy

ᾱiδ
j = γ̄iβ

j = 0. (3.34)

Class I
In the first solution we have

γ̄i = δi = 0. (3.35)

Here ᾱi and βi are free complex parameters. Now we have
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LB = −2ᾱiβ
j

(
φi2φ̄j2

φ̄j2φ
i2

)
, LF =

(
ᾱi ζ̄ψi1

ψ̄i1ηβ
i

)
,

� = eiτ/2
(

ᾱiφ
i2

βiφ̄i2

)
, κ = −2e−iτ , (3.36)

Q = ā(P 1
2 + iγ3S

1
2) + (P 2

1 + S2
1iγ3)b, āα = (1,0), bα = (0,1),

and this makes that WDT − WGY = QV .

Class II
In the second solution we have

ᾱi = βi = 0. (3.37)

Now we have

LB = −2γ̄iδ
j

(
φi1φ̄j1

φ̄j1φ
i1

)
, LF =

(
γ̄i μ̄ψi2

ψ̄i2νδi

)
,

� = eiτ/2
(

γ̄iφ
i1

δi φ̄i1

)
, κ = −2e−iτ , (3.38)

Q = ā(P 2
1 − iγ3S

2
1) + (P 1

2 − S1
2iγ3)b, āα = (1,0), bα = (0,1).

Class III
In the third solution we have

βi = δi = 0. (3.39)

Now we have

LB = 0, LF =
(

ᾱi ζ̄ψi1 + γ̄i μ̄ψi2

0

)
,

� = eiτ/2
(

ᾱiφ
i2 + γ̄iφ

i1

0

)
, κ = 2e−iτ , (3.40)

Q = ā(P 1
2 + iγ3S

1
2 + P 2

1 − iγ3S
2
1), āα = (1,0).

Class IV
In the fourth solution we have

ᾱi = γ̄i = 0. (3.41)

Now we have

LB = 0, LF =
(

0
ψ̄i1ηβ

i + ψ̄i2νδi

)
,

� = eiτ/2
(

0
βiφ̄i2 + δi φ̄i1

)
, κ = 2e−iτ , (3.42)

Q = (P 1
2 − S1

2iγ3 + P 2
1 + S2

1iγ3)b, bα = (0,1).
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4. ABJM theory

The ABJM theory [10] is an N = 6 superconformal CSM theory, with gauge group U(N) ×
U(N) and levels (k, −k). There are matter fields φI , ψI , with I = 1, 2, 3, 4 being the index of 
SU(4) R-symmetry. The SUSY transformations of ABJM theory are [33–36]

δAμ = 2π

k

(
φI ψ̄J γμεIJ + ε̄IJ γμψJ φ̄I

)
,

δÂμ = 2π

k

(
ψ̄J γμφI ε

IJ + ε̄IJ φ̄I γμψJ
)

,

δφI = iε̄IJ ψJ , δφ̄I = iψ̄J εIJ , (4.1)

δψI = γ μεIJ DμφJ + ϑIJ φJ − 2π

k
εIJ

(
φJ φ̄KφK − φKφ̄KφJ

)
− 4π

k
εKLφKφ̄IφL,

δψ̄I = −ε̄IJ γ μDμφ̄J + ϑ̄IJ φ̄J + 2π

k
ε̄IJ

(
φ̄J φKφ̄K − φ̄KφKφ̄J

)
+ 4π

k
ε̄KLφ̄KφI φ̄

L.

The definitions of covariant derivatives are

DμφJ = ∂μφJ + iAμφJ − iφJ Âμ,

Dμφ̄J = ∂μφ̄J + iÂμφ̄J − iφ̄J Aμ. (4.2)

We have SUSY parameters εIJ = θIJ + xμγμϑIJ and ε̄IJ = θ̄IJ − ϑ̄IJ xμγμ, with constraints

θIJ = −θJI , (θIJ )∗ = θ̄IJ , θ̄IJ = 1

2
εIJKLθKL,

ϑIJ = −ϑJI , (ϑIJ )∗ = ϑ̄IJ , ϑ̄IJ = 1

2
εIJKLϑKL. (4.3)

Symbol εIJKL is totally antisymmetric with ε1234 = 1. The supercharges are defined as

δ = i

2
(θ̄IJ P IJ + ϑ̄IJ SIJ ) = i

2
(P̄IJ θIJ + S̄IJ ϑIJ ), (4.4)

with the constraints

P IJ = −P JI , (P IJ )∗ = P̄IJ , P̄IJ = 1

2
εIJKLP KL,

SIJ = −SJI , (SIJ )∗ = S̄IJ , S̄IJ = 1

2
εIJKLSKL. (4.5)

In Euclidean space, the SUSY transformations (4.1) and definitions of supercharges (4.4) still 
apply, but the constraints for the SUSY parameters and supercharges are

θIJ = −θJI , θ̄IJ = 1

2
εIJKLθKL, ϑIJ = −ϑJI , ϑ̄IJ = 1

2
εIJKLϑKL,

P IJ = −P JI , P̄IJ = 1

2
εIJKLP KL, SIJ = −SJI , S̄IJ = 1

2
εIJKLSKL. (4.6)

4.1. Straight line in Minkowski spacetime

We consider BPS GY and DT type Wilson loops along timelike infinite straight lines in 
Minkowski spacetime.
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4.1.1. GY type Wilson loop
A general GY type Wilson loop along the line xμ = τδ

μ
0 takes the form

WGY =P exp

(
−i

∫
dτLGY(τ )

)
, LGY =

(AGY

ÂGY

)
,

AGY = Aμẋμ + 2π

k
RI

J φI φ̄
J |ẋ|, ÂGY = Âμẋμ + 2π

k
S J

I φ̄I φJ |ẋ|. (4.7)

The SUSY transformation δAGY = 0 leads to

γ0θ
IJ = −iRI

KθKJ , θ̄IJ γ0 = −iRK
I θ̄KJ . (4.8)

Taking complex conjugate of the second equation we get

γ0θ
IJ = −iR†I

KθKJ , (4.9)

with the matrix R† being the hermitian conjugate of R, i.e. R†I
J = (RJ

I )
∗. We define

R = B + iC, B = R + R†

2
, C = −i

R − R†

2
, (4.10)

with B and C being hermitian matrices, i.e. B = B† and C = C†. Then we have

γ0θ
IJ = −iBI

KθKJ , CI
KθKJ = 0. (4.11)

We use SU(4) transformation of the R-symmetry to make the hermitian matrix B diagonal

BI
J = diag(b1, b2, b3, b4), (4.12)

with b1, b2, b3, and b4 being real. Then we get

γ0θ
IJ = −ibI θ

IJ , (4.13)

with no summation of index I in the right-hand side. Note that the eigenvalues of the matrix γ0
can only be ±i. Without loss of generality, we suppose

γ0θ
12 = iθ12, θ12 �= 0, (4.14)

and then using θ12∗ = θ34 we have

γ0θ
34 = −iθ34, θ34 �= 0. (4.15)

We get b1 = b2 = −1, b3 = b4 = 1, and then we have

θ13 = θ14 = θ23 = θ24 = 0. (4.16)

Then we get CI
J = 0, i.e. that RI

J is a hermitian matrix. The SUSY transformation δÂGY = 0
leads to

γ0θ
IJ = −iS I

K θKJ , θ̄IJ γ0 = −iS K
I θ̄KJ , (4.17)

from which we get

(RI
K − S I

K )θKJ = 0, (RK
I − S K

I )θ̄KJ = 0. (4.18)

We get S J
I = RJ

I .
In summary, we have the GY type 1/6 BPS Wilson loop (4.7) with RI

J = S I
J =

diag(−1, −1, 1, 1), and the preserved supersymmetries are
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γ0θ
12 = iθ12, γ0θ

34 = −iθ34,

θ13 = θ14 = θ23 = θ24 = 0. (4.19)

This is just the Wilson loop that was constructed in [11–13]. Here we show that this is the only 
form of GY type BPS Wilson loop along a timelike straight line, up to some SU(4) R-symmetry 
transformation. Especially, we do not require that RI

J or S J
I is a hermitian matrix a priori, and 

we show that it is the result of supersymmetric invariance.

4.1.2. DT type Wilson loop
We want a DT type Wilson loop that preserves the same supersymmetries (4.19). A general 

DT type Wilson loop is [9]

WDT =P exp

(
−i

∫
dτLDT(τ )

)
, LDT =

(
A f̄1

f2 Â

)
,

A =AGY + 2π

k
MI

J φI φ̄
J |ẋ|, f̄1 =

√
2π

k
ζ̄Iψ

I |ẋ|, (4.20)

Â = ÂGY + 2π

k
N J

I φ̄I φJ |ẋ|, f2 =
√

2π

k
ψ̄I η

I |ẋ|.

From variations of A and Â we have

MI
J = N I

J ,

√
2π

k
MJ

KφJ θKI = ηI ḡ1,

√
2π

k
MJ

Kφ̄K θ̄J I = −g2ζ̄I . (4.21)

From variations of f̄1 and f2 we have

ζ̄1,2γ0 = iζ̄1,2, ζ̄3,4γ0 = −iζ̄3,4, γ0η1,2 = iη1,2, γ0η3,4 = −iη3,4,

ḡ1 = −
√

2π

k
ζ̄I γ0θ

IJ φJ , MI
J ζ̄Lγ0θ

LK = MK
J ζ̄Lγ0θ

LI , (4.22)

g2 =
√

2π

k
θ̄IJ γ0η

I φ̄J , MI
J θ̄KLγ0η

L = MI
Kθ̄JLγ0η

L.

We make the parameterizations

ζ̄1,2 = ᾱ1,2ζ̄ , ζ̄ α = (1, i), ζ̄3,4 = γ̄3,4μ̄, μ̄α = (−i,−1),

η1,2 = ηβ1,2, ηα = (1,−i), η3,4 = νδ3,4, να = (−i,1). (4.23)

Then equations (4.21) become

MI
KθKJ = −ηJ ζ̄Kγ0θ

KI , MK
I θ̄KJ = −θ̄KI γ0η

Kζ̄J . (4.24)

We find four classes of solutions, and all of them satisfy

MI
J = 2i

⎛
⎜⎜⎝

ᾱ2β
2 −ᾱ2β

1

−ᾱ1β
2 ᾱ1β

1

γ̄4δ
4 −γ̄4δ

3

−γ̄3δ
4 γ̄3δ

3

⎞
⎟⎟⎠ , (4.25)

ᾱ1,2δ
3,4 = γ̄3,4β

1,2 = 0.



512 H. Ouyang et al. / Nuclear Physics B 910 (2016) 496–527
Class I
In the first solution we have

γ̄3,4 = δ3,4 = 0. (4.26)

Note that there are four free complex parameters ᾱ1,2 and β1,2.
Now we have

LB = 2π

k
MI

J

(
φI φ̄

I

φ̄J φI

)
, LF =

√
2π

k

(
ζ̄Iψ

I

ψ̄I η
I

)
,

� =
√

2π

k

(
ᾱ2φ1 − ᾱ1φ2

β2φ̄1 − β1φ̄2

)
, κ = 2i, Q = ζ̄ P 12 + P̄12η. (4.27)

This shows that the difference between the DT type Wilson loop and GY type Wilson loop is 
Q-exact.

We wonder if there can be more preserved supersymmetries than (4.19) for the DT BPS 
Wilson loop, at least for some special values of the parameters ᾱ1,2 and β1,2. We solve the 
equations (2.14) of the Wilson loop with general SUSY transformation parameters θIJ and θ̄IJ . 
From variations of f̄1 and f2 we get

γ0ᾱI θ
IJ = iᾱI θ

IJ , ḡ1 = −i

√
2π

k
ζ̄ θIJ ᾱI φJ ,

βI θ̄IJ γ0 = iβI θ̄IJ , g2 = i

√
2π

k
θ̄IJ ηβI φ̄J . (4.28)

Then from variations of A and Â we get

γ0θ
IJ + iUI

KθKJ = 2ᾱKβJ θKI , θ̄IJ γ0 + iUK
I θ̄KJ = 2ᾱJ βKθ̄KI . (4.29)

We define αI = ᾱ∗
I and β̄I = βI∗. Using the fact that θ12 = θ34∗, θ13 = −θ24∗ and θ23 = θ14∗, 

we can show that equations (4.29) are equivalent to

ᾱ1β
1 + ᾱ2β

2 = −i, γ0θ
12 = iθ12,

γ0θ
13 = −(i + 2ᾱ1β

1)θ13 − 2ᾱ2β
1θ23,

γ0θ
23 = −2ᾱ1β

2θ13 + (i + 2ᾱ1β
1)θ23, (4.30)

(ᾱ1β
1 + β̄1α

1)θ13 + (ᾱ2β
1 + β̄2α

1)θ23 = 0,

(ᾱ1β
2 + β̄1α

2)θ13 − (ᾱ1β
1 + β̄1α

1)θ23 = 0.

Note that when an equation is satisfied, for consistency so is its complex conjugate. When there 
is SUSY enhancement for the Wilson loop, there must be nonvanishing solution for at least one 
of θ13 and θ23, and this requires that∣∣∣∣ ᾱ1β

1 + β̄1α
1 ᾱ2β

1 + β̄2α
1

ᾱ1β
2 + β̄1α

2 −(ᾱ1β
1 + β̄1α

1)

∣∣∣∣ = −(ᾱ1β
1 + β̄1α

1)2 − |ᾱ1β
2 + β̄1α

2|2 = 0. (4.31)

This leads to

ᾱ1β
1 + β̄1α

1 = ᾱ1β
2 + β̄1α

2 = 0. (4.32)

Then we get the solution
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βI = − i

ᾱJ αJ
αI , ᾱI �= 0. (4.33)

It can be checked that supersymmetries are enhanced to 1/2 BPS, and the preserved supersym-
metries are

γ0ᾱI θ
IJ = iᾱI θ

IJ , γ0εIJKLαJ θKL = −iεIJKLαJ θKL. (4.34)

Note that the two equations are consistent, since they are complex conjugates of each other. In 
this case we have

UI
J = δI

J − 2iᾱJ βI = δI
J − 2ᾱJ αI

ᾱKαK
. (4.35)

The Wilson loop is global SU(3) R-symmetry invariant. When ᾱ2 = 0, it is just Wilson loop that 
was constructed in [9].

So for general parameters the Wilson loop with (4.26) is 1/6 BPS, and the preserved super-
symmetries are (4.19). When there is also (4.33), the Wilson loop is enhanced to 1/2 BPS, and 
the preserved supersymmetries are (4.34).

Class II
In the second solution the calculation is parallel to that of the first one. We have

ᾱ1,2 = β1,2 = 0, (4.36)

and the Wilson loop is 1/6 BPS and preserves the supersymmetries (4.19). Now we have

LB = 2π

k
MI

J

(
φI φ̄

J

φ̄J φI

)
, LF =

√
2π

k

(
ζ̄Iψ

I

ψ̄I η
I

)
,

� =
√

2π

k

(
γ̄4φ3 − γ̄3φ4

δ4φ̄3 − δ3φ̄4

)
, κ = 2i, Q = μ̄P 34 + P̄34ν. (4.37)

We want to find if there is SUSY enhancement for the Wilson loop with (4.36). From varia-
tions of f̄1 and f2 we get

γ0γ̄I θ
IJ = −iγ̄I θ

IJ , ḡ1 = i

√
2π

k
μ̄θIJ γ̄I φJ ,

δI θ̄IJ γ0 = −iδI θ̄IJ , g2 = −i

√
2π

k
θ̄IJ νδI φ̄J . (4.38)

From variations of A and Â we get

γ0θ
IJ + iUI

KθKJ = 2γ̄KδJ θKI , θ̄IJ γ0 + iUK
I θ̄KJ = 2γ̄J δK θ̄KI . (4.39)

We define γ I = γ̄ ∗
I and δ̄I = δI∗. We can show that equations (4.39) are equivalent to

γ̄3δ
3 + γ̄4δ

4 = i, γ0θ
12 = iθ12,

γ0θ
13 = (i − 2γ̄3δ

3)θ13 − 2γ̄4δ
3θ14,

γ0θ
14 = −2γ̄3δ

4θ13 − (i − 2γ̄3δ
3)θ14, (4.40)

(γ̄3δ
3 + δ̄3γ

3)θ13 + (γ̄4δ
3 + δ̄4γ

3)θ14 = 0,

(γ̄3δ
4 + δ̄3γ

4)θ13 − (γ̄3δ
3 + δ̄3γ

3)θ14 = 0.
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For the existence of nonvanishing solution for at least one of θ13 and θ14, we have∣∣∣∣ γ̄3δ
3 + δ̄3γ

3 γ̄4δ
3 + δ̄4γ

3

γ̄3δ
4 + δ̄3γ

4 −(γ̄3δ
3 + δ̄3γ

3)

∣∣∣∣ = −(γ̄3δ
3 + δ̄3γ

3)2 − |γ̄3δ
4 + δ̄3γ

4|2 = 0. (4.41)

This leads to

γ̄3δ
3 + δ̄3γ

3 = γ̄3δ
4 + δ̄3γ

4 = 0. (4.42)

Then we get the solution

δI = i

γ̄J γ J
γ I , γ̄I �= 0. (4.43)

It can be checked that supersymmetries are enhanced to 1/2 BPS, and the preserved supersym-
metries are1

γ0γ̄I θ
IJ = −iγ̄I θ

IJ , γ0εIJKLγ J θKL = iεIJKLγ J θKL. (4.44)

At present we have

UI
J = −δI

J − 2iδI γ̄J = −δI
J + 2γ I γ̄J

γ̄Kγ K
. (4.45)

The Wilson loop is global SU(3) R-symmetry invariant.

Class III
In the third solution we have

β1,2 = δ3,4 = 0. (4.46)

The Wilson loop is 1/6 BPS Wilson loop and preserves the supersymmetries (4.19). Now we 
have

LB = 0, LF =
√

2π

k

(
ζ̄Iψ

I

0

)
,

� =
√

2π

k

(
ᾱ2φ1 − ᾱ1φ2 + γ̄4φ3 − γ̄3φ4

0

)
,

κ = −2i, Q = ζ̄ P 12 + μ̄P 34. (4.47)

For the Wilson loop with (4.46), we have f2 = g2 = 0 and so δA = δÂ= 0. This leads to

γ0θ
IJ = −iRI

KφKJ , θ̄IJ γ0 = −iRK
I φ̄KJ . (4.48)

The solution is (4.19). So there is no SUSY enhancement for this solution.

Class IV
The fourth solution is like the third one. We have

ᾱ1,2 = γ̄3,4 = 0, (4.49)

and the 1/6 BPS Wilson loop that preserves the supersymmetries (4.19). Now we have

1 Please distinguish the gamma matrix γ0 from the complex parameters γ̄I , γ I .



H. Ouyang et al. / Nuclear Physics B 910 (2016) 496–527 515
LB = 0, LF =
√

2π

k

(
0

ψ̄I η
I

)
,

� =
√

2π

k

(
0

β2φ̄1 − β1φ̄2 + δ4φ̄3 − δ3φ̄4

)
, (4.50)

κ = −2i, Q = P̄12η + P̄34ν.

For the Wilson loop with (4.49), we have f̄1 = ḡ1 = 0 and so δA = δÂ = 0. This leads to the 
supersymmetries (4.19). There is no SUSY enhancement for this solution.

In [26], exactly 1/3 BPS Wilson loops in ABJM theory were anticipated to exist. However 
we do not find 1/3 BPS DT type Wilson loops within the Wilson loops at least preserving super-
symmetries (4.19).

4.2. Circle in Euclidean space

We consider circular BPS GY and DT type Wilson loops in Euclidean space.

4.2.1. GY type Wilson loop
In Euclidean space, one can construct the circular 1/6 BPS GY type Wilson loop along xμ =

(cos τ, sin τ, 0)

WGY = TrP exp

(
−i

∮
dτLGY(τ )

)
, LGY =

(AGY

ÂGY

)
,

AGY = Aμẋμ + 2π

k
RI

J φI φ̄
J |ẋ|, ÂGY = Âμẋμ + 2π

k
RI

J φ̄J φI |ẋ|. (4.51)

with RI
J = diag(i, i, −i, −i). The preserved supersymmetries are

ϑ12 = iγ3θ
12, ϑ34 = −iγ3θ

34,

θ13 = θ14 = θ23 = θ24 = 0, (4.52)

ϑ13 = ϑ14 = ϑ23 = ϑ24 = 0.

4.2.2. DT type Wilson loop
We also construct the DT type Wilson loop along xμ = (cos τ, sin τ, 0)

WDT = TrP exp

(
−i

∮
dτLDT(τ )

)
, LDT =

(
A f̄1

f2 Â

)
,

A = Aμẋμ + 2π

k
UI

J φI φ̄
J |ẋ|, f̄1 =

√
2π

k
(ᾱI ζ̄ + γ̄I μ̄)ψI |ẋ|,

Â = Âμẋμ + 2π

k
UI

J φ̄J φI |ẋ|, f2 =
√

2π

k
ψ̄I (ηβ

I + νδI )|ẋ|, (4.53)

UI
J =

⎛
⎜⎜⎝

i − 2ᾱ2β
2 2ᾱ2β

1

2ᾱ1β
2 i − 2ᾱ1β

1

−i − 2γ̄4δ
4 2γ̄4δ

3

2γ̄3δ
4 −i − 2γ̄3δ

3

⎞
⎟⎟⎠ ,

ᾱI = (ᾱ1, ᾱ2,0,0), ζ̄ α = (eiτ/2, e−iτ/2), βI = (β1, β2,0,0), ηα = (e−iτ/2, eiτ/2),

γ̄I = (0,0, γ̄3, γ̄4), μ̄α = (eiτ/2,−e−iτ/2), δI = (0,0, δ3, δ4), να = (−e−iτ/2, eiτ/2).
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Similar to the case in Minkowski spacetime, we have four classes of solutions that make this 
DT type Wilson loop 1/6 BPS, and the preserved supersymmetries are (4.52). All of them must 
satisfy

ᾱI δ
J = γ̄I β

J = 0. (4.54)

Class I
In the first solution we have

γ̄I = δI = 0. (4.55)

Now we have

LB = 2π

k
MI

J

(
φI φ̄

I

φ̄J φI

)
, LF =

√
2π

k

(
ᾱI ζ̄ψI

ψ̄I ηβ
I

)
,

� =
√

2π

k
eiτ/2

(
ᾱ2φ1 − ᾱ1φ2

β2φ̄1 − β1φ̄2

)
, κ = −2e−iτ , (4.56)

Q = ā(P 12 + iγ3S
12) + (P̄12 + S̄12iγ3)b, āα = (1,0), bα = (0,1).

This shows that the difference between the DT type Wilson loop and GY type Wilson loop is 
Q-exact. When

βI = i

ᾱJ αJ
αI , ᾱI �= 0, (4.57)

the Wilson loop becomes 1/2 BPS, and the preserved supersymmetries are

ᾱI ϑ
IJ = iγ3ᾱI θ

IJ , εIJKLαJ ϑKL = −iγ3εIJKLαJ θKL. (4.58)

Class II
In the second solution we have

ᾱI = βI = 0. (4.59)

Now we have

LB = 2π

k
MI

J

(
φI φ̄

J

φ̄J φI

)
, LF =

√
2π

k

(
γ̄I μ̄ψI

ψ̄I νδI

)
,

� =
√

2π

k
eiτ/2

(
γ̄4φ3 − γ̄3φ4

δ4φ̄3 − δ3φ̄4

)
, κ = −2e−iτ , (4.60)

Q = ā(P 34 − iγ3S
34) + (P̄34 − S̄34iγ3)b, āα = (1,0), bα = (0,1).

When

δI = − i

γ̄J γ J
γ I , γ̄I �= 0, (4.61)

the Wilson loop is 1/2 BPS, and the preserved supersymmetries are

γ̄I ϑ
IJ = −iγ3γ̄I θ

IJ , εIJKLγ J ϑKL = iγ3εIJKLγ J θKL. (4.62)
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Class III
In the third solution we have

βI = δI = 0. (4.63)

Now we have

LB = 0, LF =
√

2π

k

(
(ᾱI ζ̄ + γ̄I μ̄)ψI

0

)
, κ = 2e−iτ ,

� =
√

2π

k
eiτ/2

(
ᾱ2φ1 − ᾱ1φ2 + γ̄4φ3 − γ̄3φ4

0

)
, (4.64)

Q = ā(P 12 + iγ3S
12 + P 34 − iγ3S

34), āα = (1,0).

There is no SUSY enhancement for this solution.

Class IV
In the fourth solution we have

ᾱI = γ̄I = 0. (4.65)

Now we have

LB = 0, LF =
√

2π

k

(
0

ψ̄I (ηβ
I + νδI )

)
, κ = 2e−iτ ,

� =
√

2π

k
eiτ/2

(
0

β2φ̄1 − β1φ̄2 + δ4φ̄3 − δ3φ̄4

)
, (4.66)

Q = (P̄12 + S̄12iγ3 + P̄34 − S̄34iγ3)b, bα = (0,1).

There is no SUSY enhancement for this solution.

5. N = 4 orbifold ABJM theory

The calculation for the Wilson loops in N = 4 orbifold ABJM theory is very similar to the 
case of ABJM theory. It will be brief in this section.

Orbifolding the ABJM theory with gauge group U(rN) × U(rN) and levels (k, −k)

by Zr , one gets the N = 4 CSM theory with gauge group U(N)2r and Chern–Simons levels 
(k, −k, · · · , k, −k) [22]. We get the SUSY transformations of the N = 4 orbifold ABJM theory 
from those of ABJM theory

δφ
(2�+1)
i = iε̄iı̂ψ

ı̂
(2�+1), δφ

(2�)

ı̂
= −iε̄iı̂ψ

i
(2�),

δφ̄i
(2�+1) = iψ̄(2�+1)

ı̂
εiı̂ , δφ̄ı̂

(2�) = −iψ̄(2�)
i εiı̂ ,

δA(2�+1)
μ = 2π

k

[(
φ

(2�+1)
i ψ̄

(2�+1)

ı̂
− φ

(2�)

ı̂
ψ̄

(2�)
i

)
γμεiı̂

+ ε̄iı̂γμ

(
ψı̂

(2�+1)φ̄
i
(2�+1) − ψi

(2�)φ̄
ı̂
(2�)

)]
,
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δÂ(2�)
μ = 2π

k

[(
ψ̄

(2�−1)

ı̂
φ

(2�−1)
i − ψ̄

(2�)
i φ

(2�)

ı̂

)
γμεiı̂

+ ε̄iı̂γμ

(
φ̄i

(2�−1)ψ
ı̂
(2�−1) − φ̄ı̂

(2�)ψ
i
(2�)

)]
,

δψi
(2�) = γ μεiı̂Dμφ

(2�)

ı̂
+ ϑiı̂φ

(2�)

ı̂
− 2π

k
εiı̂

(
φ

(2�)

ı̂
φ̄

j

(2�−1)φ
(2�−1)
j

+ φ
(2�)

ı̂
φ̄

ĵ

(2�)φ
(2�)

ĵ
− φ

(2�+1)
j φ̄

j

(2�+1)φ
(2�)

ı̂
− φ

(2�)

ĵ
φ̄

ĵ

(2�)φ
(2�)

ı̂

)
− 4π

k
εjĵ

(
φ

(2�+1)
j φ̄i

(2�+1)φ
(2�)

ĵ
− φ

(2�)

ĵ
φ̄i

(2�−1)φ
(2�−1)
j

)
,

δψı̂
(2�+1) = −γ μεiı̂Dμφ

(2�+1)
i − ϑiı̂φ

(2�+1)
i + 2π

k
εiı̂

(
φ

(2�+1)
i φ̄

j

(2�+1)φ
(2�+1)
j

+ φ
(2�+1)
i φ̄

ĵ

(2�+2)φ
(2�+2)

ĵ
− φ

(2�+1)
j φ̄

j

(2�+1)φ
(2�+1)
i − φ

(2�)

ĵ
φ̄

ĵ

(2�)φ
(2�+1)
i

)
− 4π

k
εjĵ

(
φ

(2�+1)
j φ̄ı̂

(2�+2)φ
(2�+2)

ĵ
− φ

(2�)

ĵ
φ̄ı̂

(2�)φ
(2�+1)
j

)
, (5.1)

δψ̄
(2�)
i = −ε̄iı̂γ

μDμφ̄ı̂
(2�) + ϑ̄iı̂ φ̄

ı̂
(2�) + 2π

k
ε̄iı̂

(
φ̄ı̂

(2�)φ
(2�+1)
j φ̄

j

(2�+1)

+ φ̄ı̂
(2�)φ

(2�)

ĵ
φ̄

ĵ

(2�) − φ̄
j

(2�−1)φ
(2�−1)
j φ̄ı̂

(2�) − φ̄
ĵ

(2�)φ
(2�)

ĵ
φ̄ı̂

(2�)

)
+ 4π

k
ε̄j ĵ

(
φ̄

j

(2�−1)φ
(2�−1)
i φ̄

ĵ

(2�) − φ̄
ĵ

(2�)φ
(2�+1)
i φ̄

j

(2�+1)

)
,

δψ̄
(2�+1)

ı̂
= ε̄iı̂γ

μDμφ̄i
(2�+1) − ϑ̄iı̂ φ̄

i
(2�+1) − 2π

k
ε̄iı̂

(
φ̄i

(2�+1)φ
(2�+1)
j φ̄

j

(2�+1)

+ φ̄i
(2�+1)φ

(2�)

ĵ
φ̄

ĵ

(2�) − φ̄
j

(2�+1)φ
(2�+1)
j φ̄i

(2�+1) − φ̄
ĵ

(2�+2)φ
(2�+2)

ĵ
φ̄i

(2�+1)

)
+ 4π

k
ε̄j ĵ

(
φ̄

j

(2�+1)
φ

(2�)

ı̂
φ̄

ĵ

(2�)
− φ̄

ĵ

(2�+2)
φ

(2�+2)

ı̂
φ̄

j

(2�+1)

)
.

Here � = 0, 1, · · · , r − 1. There are no summations of � here, and would not be summations of �
later unless it is pointed out explicitly. Here i, j, · · · = 1, 2 and ı̂, ĵ , · · · = 1̂, ̂2 are indices of the 
SU(2) × SU(2) R-symmetry. We have definitions of covariant derivatives

Dμφ
(2�)

ı̂
= ∂μφ

(2�)

ı̂
+ iA(2�+1)

μ φ
(2�)

ı̂
− iφ(2�)

ı̂
Â(2�)

μ ,

Dμφ
(2�+1)
i = ∂μφ

(2�+1)
i + iA(2�+1)

μ φ
(2�+1)
i − iφ(2�+1)

i Â(2�+2)
μ ,

Dμφ̄ı̂
(2�) = ∂μφ̄ı̂

(2�) + iÂ(2�)
μ φ̄ı̂

(2�) − iφ̄ı̂
(2�)A

(2�+1)
μ , (5.2)

Dμφ̄i
(2�+1) = ∂μφ̄i

(2�+1) + iÂ(2�+2)
μ φ̄i

(2�+1) − iφ̄i
(2�+1)A

(2�+1)
μ .

We have SUSY parameters εiı̂ = θiı̂ + xμγμϑiı̂ and ε̄iı̂ = θ̄iı̂ − ϑ̄iı̂x
μγμ with constraints

(θ iı̂ )∗ = θ̄iı̂ , θ̄iı̂ = εij εı̂ĵ θ
j ĵ , (ϑiı̂ )∗ = ϑ̄iı̂ , ϑ̄iı̂ = εij εı̂ĵ ϑ

j ĵ . (5.3)

Symbols εij and εı̂ĵ are antisymmetric with ε12 = ε1̂2̂ = 1. The supercharges are defined as

δ = i(θ̄iı̂P
iı̂ + ϑ̄iı̂S

iı̂ ) = i(P̄iı̂θ
iı̂ + S̄iı̂ϑ

iı̂ ), (5.4)

with the constraints

(P iı̂ )∗ = P̄iı̂ , P̄iı̂ = εij εı̂ĵ P
j ĵ , (Siı̂ )∗ = S̄iı̂ , S̄iı̂ = εij εı̂ĵ S

j ĵ . (5.5)
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In Euclidean space, the SUSY transformations (5.1) and the definitions of supercharges (5.4)
still apply, but the constraints become

θ̄iı̂ = εij εı̂ĵ θ
j ĵ , ϑ̄iı̂ = εij εı̂ĵ ϑ

j ĵ , P̄iı̂ = εij εı̂ĵ P
j ĵ , S̄iı̂ = εij εı̂ĵ S

j ĵ . (5.6)

5.1. Straight line in Minkowski spacetime

We consider BPS GY and DT type Wilson loops along timelike infinite straight lines in 
Minkowski spacetime.

5.1.1. GY type Wilson loop
There is GY type Wilson loop along the line xμ = τδ

μ
0

W
(�)
GY =P exp

(
−i

∫
dτL

(�)
GY(τ )

)
, L

(�)
GY =

(
A(2�+1)

GY
Â(2�)

GY

)
,

A(2�+1)
GY = A(2�+1)

μ ẋμ + 2π

k
(R

i
(�) jφ

(2�+1)
i φ̄

j

(2�+1) + R
ı̂

(�) ĵ
φ

(2�)

ı̂
φ̄

ĵ

(2�))|ẋ|, (5.7)

Â(2�)
GY = Â(2�)

μ ẋμ + 2π

k
(S

(�) j

i φ̄i
(2�−1)φ

(2�−1)
j + S

(�) ĵ

ı̂
φ̄ı̂

(2�)φ
(2�)

ĵ
)|ẋ|.

The Poincaré SUSY transformation δA(2�+1)
GY = 0 leads to

γ0θ
iı̂ = −iR i

(�) j θ
j ı̂ , γ0θ

iı̂ = −iR ı̂

(�) ĵ
θ iĵ ,

θ̄iı̂γ0 = −iR j

(�) i θ̄j ı̂ , θ̄iı̂γ0 = −iR ĵ

(�) ı̂
θ̄iĵ . (5.8)

Taking complex conjugates of the last two equations we have

γ0θ
iı̂ = −iR† i

(�) j θ
j ı̂ , γ0θ

iı̂ = −iR† ı̂

(�) ĵ
θ iĵ , (5.9)

with R† i
(�) j = (R

j

(�) i)
∗ and R† ı̂

(�) ĵ
= (R

ĵ

(�) ı̂
)∗. We define

B
i

(�) j = R
i

(�) j + R
† i
(�) j

2
, C

i
(�) j = −i

R
i

(�) j − R
† i
(�) j

2
,

B
ı̂

(�) ĵ
=

R
ı̂

(�) ĵ
+ R

† ı̂

(�) ĵ

2
, C

ı̂

(�) ĵ
= −i

R
ı̂

(�) ĵ
− R

† ı̂

(�) ĵ

2
, (5.10)

and then we get

γ0θ
iı̂ = −iB i

(�) j θ
j ı̂ , C

i
(�) j θ

j ı̂ = 0,

γ0θ
iı̂ = −iB ı̂

(�) ĵ
θ iĵ , C

ı̂

(�) ĵ
θ iĵ = 0. (5.11)

We use SU(2) × SU(2) R-symmetry rotation and make

B
i

(�) j = diag(b
(�)
1 , b

(�)
2 ), B

ı̂

(�) ĵ
= diag(b

(�)

1̂
, b

(�)

2̂
). (5.12)

Then we have

γ0θ
iı̂ = −ib(�)

θ iı̂ , γ0θ
iı̂ = −ib(�)

θ iı̂ , (5.13)
i ı̂
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with no summation of indices on the right-hand sides of the two equations. Without loss of 
generality we choose

γ0θ
11̂ = iθ11̂, θ11̂ �= 0. (5.14)

Using θ11̂∗ = θ22̂, we get

γ0θ
22̂ = −iθ22̂, θ22̂ �= 0. (5.15)

This leads to that b(�)
1 = −b

(�)
2 = −1 and b(�)

1̂
= −b

(�)

2̂
= −1. Furthermore, we have θ12̂ =

θ21̂ = 0. Then we get C i
(�) j

= C
ı̂

(�) ĵ
= 0. The SUSY transformation δÂ(2�)

GY = 0 leads to

γ0θ
iı̂ = −iS(�) i

j θj ı̂ , γ0θ
iı̂ = −iS(�) ı̂

ĵ
θ iĵ ,

θ̄iı̂γ0 = −iS(�) j

i θ̄j ı̂ , θ̄iı̂γ0 = −iS(�) ĵ

ı̂
θ̄iĵ . (5.16)

Then we get

(R
i

(�) j − S
(�) i

j )θj ı̂ = 0, (R
ı̂

(�) ĵ
− S

(�) ı̂

ĵ
)θ iĵ = 0,

(R
j

(�) i − S
(�) j

i )θ̄j ı̂ = 0, (R
ĵ

(�) ı̂
− S

(�) ĵ

ı̂
)θ̄iĵ = 0, (5.17)

and we get S(�) i

j
= R

i
(�) j

and S(�) ı̂

ĵ
= R

ı̂

(�) ĵ
.

In summary, we have the GY type 1/4 BPS Wilson loop (5.7) with S
(�) i

j = R
i

(�) j =
diag(−1, 1) and S(�) ı̂

ĵ
= R

ı̂

(�) ĵ
= diag(−1, 1), and the preserved supersymmetries are

γ0θ
11̂ = iθ11̂, γ0θ

22̂ = −iθ22̂, θ12̂ = θ21̂ = 0. (5.18)

This is just the 1/4 BPS Wilson loop that was constructed in [25,26].

5.1.2. DT type Wilson loop
We want a DT type Wilson loop that preserves the same supersymmetries as these of the GY 

type 1/4 BPS Wilson loop (5.18). A general DT type Wilson loop is

W
(�)
DT =P exp

(
−i

∫
dτL

(�)
DT(τ )

)
, L

(�)
DT =

(
A(2�+1) f̄

(�)
1

f
(�)
2 Â(2�)

)
,

A(2�+1) =A(2�+1)
GY + 2π

k
(M

i
(�) jφ

(2�+1)
i φ̄

j

(2�+1) + M
ı̂

(�) ĵ
φ

(2�)

ı̂
φ̄

ĵ

(2�))|ẋ|,

Â(2�) = Â(2�)
GY + 2π

k
(N

(�) j

i φ̄i
(2�−1)φ

(2�−1)
j + N

(�) ĵ

ı̂
φ̄ı̂

(2�)φ
(2�)

ĵ
)|ẋ|, (5.19)

f̄
(�)
1 =

√
2π

k
ζ̄

(�)
i ψi

(2�)|ẋ|, f
(�)
2 =

√
2π

k
ψ̄

(2�)
i ηi

(�)|ẋ|.

From SUSY variations of A(2�+1) and Â(2�), we get

M
i

(�) j = N
(�) i

j = 0, M
ı̂

(�) ĵ
= N

(�) ı̂

ĵ
, (5.20)√

2π
M

ı̂

(�) ĵ
φ

(2�)

ı̂
θ iĵ = −ηi

(�)ḡ
(�)
1 ,

√
2π

M
ı̂

(�) ĵ
φ̄

ĵ

(2�)θ̄iı̂ = g
(�)
2 ζ̄

(�)
i .
k k
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From variations of f̄ (�)
1 and f (�)

2 we get

ζ̄
(�)
1 γ0 = iζ̄ (�)

1 , ζ̄
(�)
2 γ0 = −iζ̄ (�)

2 , γ0η
1
(�) = iη1

(�), γ0η
2
(�) = −iη2

(�),

ḡ
(�)
1 = −

√
2π

k
ζ̄

(�)
i γ0θ

iı̂φ
(2�)

ı̂
, M

ı̂

(�) ĵ
ζ̄

(�)
i γ0θ

ik̂ = M
k̂

(�) ĵ
ζ̄

(�)
i γ0θ

iı̂ , (5.21)

g
(�)
2 =

√
2π

k
θ̄iı̂γ0η

i
(�)φ̄

ı̂
(2�), M

ı̂

(�) ĵ
θ̄
ik̂

γ0η
i
(�) = M

ı̂

(�) k̂
θ̄iĵ γ0η

i
(�).

We make the parameterizations

ζ̄
(�)
1 = ᾱ(�)ζ̄ , ζ̄ α = (1, i), ζ̄

(�)
2 = γ̄ (�)μ̄, μ̄α = (−i,−1),

η1
(�) = ηβ(�), ηα = (1,−i), η2

(�) = νδ(�), να = (−i,1). (5.22)

Equations (5.20) become

M
ı̂

(�) ĵ
θ iĵ = ηi

(�)ζ̄
(�)
j γ0θ

j ı̂ , M
ĵ

(�) ı̂
θ̄iĵ = θ̄j ı̂γ0η

j

(�)ζ̄
(�)
i , (5.23)

from which we have

M
1̂

(�) 1̂
= 2iᾱ(�)β(�), M

2̂
(�) 2̂

= 2iγ̄ (�)δ(�),

M
1̂

(�) 2̂
= M

2̂
(�) 1̂

= ᾱ(�)δ(�) = γ̄ (�)β(�) = 0. (5.24)

We have four classes of solutions.

Class I
In the first solution we have

γ̄ (�) = δ(�) = 0. (5.25)

We have the DT type 1/4 BPS Wilson loop that preserves the supersymmetries (5.18), and there 
are two free complex parameters ᾱ(�) and β(�). Now we have

L
(�)
B = 4π i

k
ᾱ(�)β(�)

(
φ

(2�)

1̂
φ̄1̂

(2�)

φ̄1̂
(2�)φ

(2�)

1̂

)
,

L
(�)
F =

√
2π

k

(
ᾱ(�)ζ̄ψ1

(2�)

ψ̄
(2�)
1 ηβ(�)

)
,

�(�) = −
√

2π

k

(
ᾱ(�)φ

(2�)

1̂

β(�)φ̄
1̂
(2�)

)
, κ = 2i, Q = ζ̄ P 11̂ + P̄11̂η. (5.26)

This shows that difference between the DT type Wilson loop and GY type Wilson loop is 
Q-exact.

We search for SUSY enhancement of the DT type BPS Wilson loop. One of the consequences 
of SUSY invariance of the Wilson loop is that

γ0θ
iı̂ = −iR i

(�) j θ
j ı̂ , θ̄iı̂γ0 = −iR j

(�) i θ̄j ı̂ , (5.27)

from which we have

γ0θ
1ı̂ = iθ1ı̂ , γ0θ

2ı̂ = −iθ2ı̂ , ı̂ = 1̂, 2̂. (5.28)
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From [37] we know that the only possibility of SUSY enhancement in the present case is that 
when

ᾱ(�)β(�) = −i, (5.29)

and supersymmetries are enhanced to 1/2 BPS. The preserved supersymmetries are (5.28). This 
is just the ψ1-loop that was constructed in [25,26].

Class II
In the second solution we have

ᾱ(�) = β(�) = 0. (5.30)

We have the DT type 1/4 BPS Wilson loop that preserves the supersymmetries (5.18). Now we 
have

L
(�)
B = 4π i

k
γ̄ (�)δ(�)

(
φ

(2�)

2̂
φ̄2̂

(2�)

φ̄2̂
(2�)φ

(2�)

2̂

)
,

L
(�)
F =

√
2π

k

(
γ̄ (�)μ̄ψ2

(2�)

ψ̄
(2�)
2 νδ(�)

)
,

�(�) = −
√

2π

k

(
γ̄ (�)φ

(2�)

2̂

δ(�)φ̄
2̂
(2�)

)
, κ = 2i, Q = μ̄P 22̂ + P̄22̂ν. (5.31)

When

γ̄ (�)δ(�) = i, (5.32)

supersymmetries are enhanced to 1/2 BPS. The preserved supersymmetries are also (5.28). This 
is just the ψ2-loop that was constructed in [26]. The ψ1-loop and ψ2-loop have the same pre-
served supersymmetries.

Class III
In the third solution we have

β(�) = δ(�) = 0. (5.33)

Now we have

L
(�)
B = 0, L

(�)
F =

√
2π

k

(
ᾱ(�)ζ̄ψ1

(2�) + γ̄ (�)ν̄ψ2
(2�)

0

)
,

�(�) = −
√

2π

k

(
ᾱ(�)φ

(2�)

1̂
+ γ̄ (�)φ

(2�)

2̂
0

)
, (5.34)

κ = −2i, Q = ζ̄ P 11̂ + μ̄P 22̂.

There is no SUSY enhancement in the present case.

Class IV
In the fourth solution we have

ᾱ(�) = γ̄ (�) = 0. (5.35)
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Now we have

L
(�)
B = 0, L

(�)
F =

√
2π

k

(
0

ψ̄
(2�)
1 ηβ(�) + ψ̄

(2�)
2 νδ(�)

)
,

�(�) = −
√

2π

k

(
0

β(�)φ̄
1̂
(2�) + δ(�)φ̄

2̂
(2�)

)
, (5.36)

κ = −2i, Q = P̄11̂η + P̄22̂ν.

There is no SUSY enhancement in the present case.

5.2. Circle in Euclidean space

We consider circular BPS GY and DT type Wilson loops in Euclidean space.

5.2.1. GY type Wilson loop
In Euclidean space we have the 1/4 BPS circular GY type Wilson loops along xμ =

(cos τ, sin τ, 0)

W
(�)
GY = TrP exp

(
−i

∮
dτL

(�)
GY(τ )

)
, L

(�)
GY =

(
A(2�+1)

GY
Â(2�)

GY

)
,

A(2�+1)
GY = A(2�+1)

μ ẋμ + 2π

k
(R

i
(�) jφ

(2�+1)
i φ̄

j

(2�+1) + R
ı̂

(�) ĵ
φ

(2�)

ı̂
φ̄

ĵ

(2�))|ẋ|, (5.37)

Â(2�)
GY = Â(2�)

μ ẋμ + 2π

k
(R

i
(�) j φ̄

j

(2�−1)φ
(2�−1)
i + R

ı̂

(�) ĵ
φ̄

ĵ

(2�)φ
(2�)

ı̂
)|ẋ|,

with R i
(�) j = R

ı̂

(�) ĵ
= diag(i, −i). The preserved supersymmetries are

ϑ11̂ = iγ3θ
11̂, ϑ22̂ = −iγ3θ

22̂, θ12̂ = θ21̂ = ϑ12̂ = ϑ21̂ = 0. (5.38)

5.2.2. DT type Wilson loop
Along xμ = (cos τ, sin τ, 0) we construct the circular DT type Wilson loop

W
(�)
DT = TrP exp

(
−i

∮
dτL

(�)
DT(τ )

)
, L

(�)
DT =

(
A(2�+1) f̄

(�)
1

f
(�)
2 Â(2�)

)
,

A(2�+1) =A(2�+1)
GY − 4π

k
(ᾱ(�)β(�)φ

(2�)

1̂
φ̄1̂

(2�) + γ̄ (�)δ(�)φ
(2�)

2̂
φ̄2̂

(2�))|ẋ|,

Â(2�) = Â(2�)
GY − 4π

k
(ᾱ(�)β(�)φ̄

1̂
(2�)φ

(2�)

1̂
+ γ̄ (�)δ(�)φ̄

2̂
(2�)φ

(2�)

2̂
)|ẋ|, (5.39)

f̄
(�)
1 =

√
2π

k
(ᾱ(�)ζ̄ψ1

(2�) + γ̄ (�)μ̄ψ2
(2�))|ẋ|, ζ̄ α = (eiτ/2, e−iτ/2), μ̄α = (eiτ/2,−e−iτ/2),

f
(�)
2 =

√
2π

k
(ψ̄

(2�)
1 ηβ(�) + ψ̄

(2�)
2 νδ(�))|ẋ|, ηα = (e−iτ/2, eiτ/2), να = (−e−iτ/2, eiτ/2).

To make it preserve the supersymmetries (5.38), we have four classes of solutions, and all of 
them satisfy

ᾱ(�)δ(�) = γ̄ (�)β(�) = 0. (5.40)
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Class I
In the first solution we have

γ̄ (�) = δ(�) = 0. (5.41)

Now we have

L
(�)
B = −4π

k
ᾱ(�)β(�)

(
φ

(2�)

1̂
φ̄1̂

(2�)

φ̄1̂
(2�)φ

(2�)

1̂

)
,

L
(�)
F =

√
2π

k

(
ᾱ(�)ζ̄ψ1

(2�)

ψ̄
(2�)
1 ηβ(�)

)
,

�(�) = −
√

2π

k
eiτ/2

(
ᾱ(�)φ

(2�)

1̂

β(�)φ̄
1̂
(2�)

)
, κ = −2e−iτ , (5.42)

Q = ā(P 11̂ + iγ3S
11̂) + (P̄11̂ + S̄11̂iγ3)b, āα = (1,0), bα = (0,1).

When

ᾱ(�)β(�) = i, (5.43)

supersymmetries are enhanced to 1/2 BPS. The preserved supersymmetries are

ϑ1ı̂ = iγ3θ
1ı̂ , ϑ2ı̂ = −iγ3θ

2ı̂ , ı̂ = 1̂, 2̂. (5.44)

This is just the circular ψ1-loop.

Class II
In the second solution we have

ᾱ(�) = β(�) = 0. (5.45)

Now we have

L
(�)
B = −4π

k
γ̄ (�)δ(�)

(
φ

(2�)

2̂
φ̄2̂

(2�)

φ̄2̂
(2�)

φ
(2�)

2̂

)
,

L
(�)
F =

√
2π

k

(
γ̄ (�)μ̄ψ2

(2�)

ψ̄
(2�)
2 νδ(�)

)
,

�(�) = −
√

2π

k
eiτ/2

(
γ̄ (�)φ

(2�)

2̂

δ(�)φ̄
2̂
(2�)

)
, κ = −2e−iτ , (5.46)

Q = ā(P 22̂ − iγ3S
22̂) + (P̄22̂ − S̄22̂iγ3)b, āα = (1,0), bα = (0,1).

When

γ̄ (�)δ(�) = −i, (5.47)

supersymmetries are enhanced to 1/2 BPS. The preserved supersymmetries are also (5.44). This 
is just the circular ψ2-loop.
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Class III
In the third solution we have

β(�) = δ(�) = 0. (5.48)

Now we have

L
(�)
B = 0, L

(�)
F =

√
2π

k

(
ᾱ(�)ζ̄ψ1

(2�) + γ̄ (�)ν̄ψ2
(2�)

0

)
,

�(�) = −
√

2π

k
eiτ/2

(
ᾱ(�)φ

(2�)

1̂
+ γ̄ (�)φ

(2�)

2̂
0

)
, κ = 2e−iτ , (5.49)

Q = ā(P 11̂ + iγ3S
11̂ + P 22̂ − iγ3S

22̂), āα = (1,0).

Class IV
In the fourth solution we have

ᾱ(�) = γ̄ (�) = 0. (5.50)

Now we have

L
(�)
B = 0, L

(�)
F =

√
2π

k

(
0

ψ̄
(2�)
1 ηβ(�) + ψ̄

(2�)
2 νδ(�)

)
,

�(�) = −
√

2π

k
eiτ/2

(
0

β(�)φ̄
1̂
(2�) + δ(�)φ̄

2̂
(2�)

)
, κ = 2e−iτ , (5.51)

Q = (P̄11̂ + S̄11̂iγ3 + P̄22̂ − S̄22̂iγ3)b, bα = (0,1).

6. Conclusion and discussion

In this paper, we have constructed novel BPS Wilson loops along infinite straight lines and 
circles in several three-dimensional quiver superconformal CSM theories, especially the novel 
DT type BPS Wilson loops in ABJM theory and N = 4 orbifold ABJM theory. There are several 
free complex parameters in these Wilson loops. There are SUSY enhancements at special values 
of the parameters for the DT type BPS Wilson loops in ABJM theory and N = 4 orbifold ABJM 
theory. The construction here can be generalized for DT type BPS Wilson loops along circles. 
We also notice that our construction of DT type BPS Wilson loops in N = 4 orbifold ABJM 
theory should be easily generalized to the one of similar Wilson loops in N = 4 necklace quiver 
theory with gauge group 

∏2r
i=1 U(Ni) and Chern–Simons levels (k, −k, · · · , k, −k).

For the 1/6 BPS DT type Wilson loops in ABJM theory and 1/4 BPS DT type Wilson loops 
in N = 4 orbifold ABJM theory, there are infinite degeneracies. We have an infinite number of 
Wilson loops along the same curve that preserve the same supersymmetries. In the spirit of [26], 
it is possible that not all of these Wilson loops are BPS quantum mechanically.2 If it is the case 
one should find how the degeneracies are lifted. If it is not the case, one should identify their 
gravity duals.

2 Recently it was found [38] that such degeneracies, at the level of vacuum expectation values, for the previously-
constructed half BPS Wilson loops, the ψ1- and ψ2-loops, in N = 4 orbifold ABJM theory are not lifted at two-loop 
level in the perturbation expansion. Possibility of lift at three-loop level was also discussed there.
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Note added in proofreading. Recently in [39], it was found that degeneracy of vacuum ex-
pectation values of half-BPS ψ1- and ψ2-loops, mentioned in the footnote of this section, is lifted 
at three loops. And strong evidences were given that the average of these two Wilson loops are 
half-BPS quantum mechanically.
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