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We introduce and study the class of amenable ergodic group actions which
occupy a position in ergodic theory parallel to that of amcnable groups in group
theory. We apply this notion to questions about skew products, the range (i.e.,
Poincaré flow) of a cocycle, and to Poisson boundaries.

INTRODUCTION

In this paper we introduce a new notion of amenability for ergodic group
actions and use it to give a partial solution to a problem in ergodic theory
concerning skew products. We also show how the notion can be used to generalize
a result about Poisson boundaries of random walks on groups. Amenable ergodic
actions occupy a position in ergodic theory parallel to that of amenable groups
in group theory, and one therefore expects the notion to be applicable in diverse
situations. Greenleaf [7] has also introduced a notion of amenability which,
although related, is quite different from ours. (See Section 4.) We hope the
parallel between our results and results from group theory will justify our
terminology. We also remark that from Mackey’s virtual subgroup point of view
[11] what we will be considering are amenable virtual subgroups of locally
compact groups.

There are a variety of different equivalent conditions defining amenability
for groups. The condition on which we shall concentrate is the fixed point
property. Thus, a group G is amenable if every continuous affine action of &G
on a compact convex set has a fixed point. An affine action is, of course, just a
homomorphism into the group of affine automorphisms. There is a strong
parallel between homomorphisms in group theory and cocycles in ergodic
theory. In fact, for transitive actions the study of cocycles essentially reduces
to the study of homomorphisms of the stability group. Thus, we are led to
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consider cocycles into groups of affine automorphisms and some technicalities
aside, we will call a G-space S amenable if every cocycle into a group of affine
homeomorphisms has a fixed element. Here, a fixed element is no longer a
single point, but rather a Borel function from S into the compact convex set.
With this definition of amenability the class of amenable ergodic actions behaves
quite similarly to the class of amenable groups. In particular, many of the usual
combinatorial properties still hold, and the parallel becomes more pronounced
if one phrases everything in terms of virtual subgroups. We remark that in the
transitive case, the action will be amenable if and only if the stability groups
are amenable.

A well-known and useful construction in ergodic theory is the skew product
construction. If S is an ergodic G-space and o: § X G — H is a cocycle into
a locally compact group, then one can define a G-action on S x H by (s, h)g =
(sg, hofs, g)). If G = Z, the group of integers, the action is determined by an
invertible transformation 7. A cocycle is determined by the function f(s) =
afs, 1), and the skew product takes the possibly more familiar form T'(s, ) =
(Ts, hf(s)). It is a natural problem, raised for example by Mackey [11], to start
with a given ergodic G-space S and ask for which groups H can one find a
cocycle so that the skew product action on S X H is also ergodic. Even for
actions of the integers, the answer is unknown. If S is a Z-space with a finite
invariant measure, then it is known that for any of the following types of groups,
such a cocycle will exist: compact [15, 18]; countable discrete abelian [15];
connected nilpotent Lie [19]; discrete finitely generated nilpotent (use {19,
Theorem 3.6}, induction, and the fact that a subgroup of a finitely generated
nilpotent group is finitely generated); and any finite product of any of these
types [19]. All of these groups are amenable, and it follows from this paper
that amenability is actually a necessary condition. More generally, we show
that any ergodic action (even without invariant measure) of an amenable group
is amenable, and that if «: § X G — H with S amenable and § X H ergodic,
then H must be amenable.

A further generalization of this result is related to a generalization of the flow
built under a function construction. If a: § x G— H is a cocycle, one can
form an H-space X called the range of o [11] (or the Poincaré flow [5]) which
reduces to the flow built under f(s) = ofs, 1) if G =2, H =R, and f is
positive. As every R-flow arises in this way, it is natural to ask which G-actions
are the range of a cocycle on a Z-space. It follows from [19] that if there is
a cocycle «: S X Z— H with an ergodic skew product, then every H-action
is the range of a cocycle on some Z-space. Here, we establish the result that the
range of any cocycle of an amenable action must also be an amenable action.
In particular, this excludes the possibility that an action of a non-amenable
group with finite invariant measure is the range of a cocycle on a Z-space.
We remark that this also provides a large collection of amenable actions of
non-amenable groups.
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If u is a probability measure on G, p defines a random walk on G,
and Furstenberg has associated a space to (G, p), called the Poisson boundary,
which enables one, for example, to obtain integral representation theorems for
the harmonic functions of the random walk. For y étalée, we present a different
construction of the Poisson boundary which shows that it appears as the range
of a naturally defined cocycle of a (semi-group) action of the non-negative
integers. A modification of the proof of the result described in the preceding
paragraph then shows that the Poisson boundary with a naturally defined
invariant measure class is an amenable ergodic G-space. It follows in particular
that if G is transitive on a Poisson space of an étalée measure (a situation which
occurs in many important cases) the stability groups must be amenable.

The organization of this paper is as follows. Section 1 presents definitions,
some preliminary technical material, and deals with amenability in the transitive
case. In Section 2 we show that actions of amenable groups and extensions of
amenable actions are also amenable. Section 3 deals with the range of a cocycle
and skew products. Section 4 concerns amenable pairs, a generalization of
Eymard’s notion of the conditional fixed point property [4]. We also point
out here a connection with Greenleaf’s definition of amenability. Section 5 is
devoted to the Poisson boundary.

The author wishes to thank J. Feldman and C. C. Moore for discussion on
the results of this paper.

1. DEFINITIONS AND PRELIMINARIES

We begin by describing the concept of amenability and proving some useful
auxilliary results. We shall throughout take G to be a second countable locally
compact group, S a standard Borel space, and u a probability measure on S.
We suppose that there is a right Borel action of G on S and that p is quasi-
invariant and ergodic under G. Suppose that M is a Borel group (i.e., a group
with a Borel structure compatible with the group operations.) A Borel function
a8 X G— M is called a cocycle if for all g, he G, ofs, gh) = ofs, g) a(sg, h)
for almost all 5. The study of cocycles is playing an increasingly significant role
in many aspects of ergodic theory. (See [5], [16] and the references in these
papers as examples.) If S is a point, a cocycle is nothing but a Borel homo-
morphism G — M and many properties of homomorphisms have natural
analogues as properties of cocycles for general S. Mackey has formalized this
analogy in his notion of virtual groups [11], in which an ergodic G-space is
considered as a virtual subgroup of G and the cocycles on S X G as the homo-
morphisms of this virtual group. (Although it is not necessary for a reading of
this paper, the author feels that the virtual subgroup viewpoint is very suggestive.)
Amenable groups can be characterized by the properties of a certain class of
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homomorphisms, namely the existence of fixed points in affine actions on
compact convex sets. We now generalize this notion to group actions.

We first establish some preliminary facts. Let E be a separable Banach space
and Iso(E) the group of isometric isomorphisms of E.

Lemma 1.1.  With the strong operator topology Iso(E) is a separable metrizable
group and the induced Borel structure is standard.

Proof. 'That Iso(E) is a separable metric group can be seen exactly as in the
first paragraph of [14, Lemma 8.34]. Next, note that with the strong operator
topology L,(E), the unit ball in the space of bounded linear maps on E, is
metrizable by a complete separable metric. To see that the Borel structure on
Iso(E) is standard, it suffices to show that Iso(E) is a Borel subset of L,(E).
Let{f;} be a countable dense subset of E; , the unit ball in E. Then an isometry T’
is in Iso(E) if and only if each f; € range(T'). Now f € range(T') if and only if for
all n there exists § such that || Tf; — fll < 1/n. Thus

Iso(E) = (N (U gT | WTH — il < ;11—;) NA{T | T is an isometry}.
i on \j
Since the set of isometries is closed in L,(E), it follows that Iso(E) is Borel.

CoroLLARY 1.2. The Borel structure on Iso(E) is the smallest such that all
maps T — Tf are Borel, fc E.

Let E* be the dual space of Eand E;* the unitball in the dual. Then E,* is a
compact convex set when endowed with the o(E*, E) topology, and since E is
separable, E;* is also metrizable. We denote by <, > the dual pairing of E*
and E. For T € L,(E), we have an adjoint map T* € L,(E*).

Lemma 1.3, The map Iso(E) X Ei* — E*, defined by (T, X)— T*(A) is
continuous.

Proof. Let T,,— T and A, — X. Then for fe E,

SHTof — T + K4 — A T

As n— o0, both terms — 0.

Letting H(E,*) be the group of homeomorphisms of E,* with the topology
of uniform convergence, Lemma 1.3 implies that the induced map Iso(E) —
H(E;*) is continuous and hence Borel.

Now suppose that S is a standard Borel space and for each s € .S we have a
non-empty compact convex subset 4, C E;*. Then {4} will be called a Borel
field of compact convex sets if {(s, ) | Ae 4} is a Borel subset of S X E;*.
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We are now ready to define an amenable ergodic action. With all notation as
above, suppose o: S X G — Iso(E) is a Borel cocycle. Then there is an induced
adjoint (Borel) cocycle a*: S X G — H(E,*) defined by o*(s, g) = (s, g)"V)*.
A Borel field of compact convex sets {4} is called «a-invariant if for each g,
a*(s, o)A, == A, for almost all s.

DerFINITION 1.4, If S is an ergodic G-space, S is called amenable if for
every separable Banach space E, cocycle a: S X G — Iso(E}), and «-invariant
Borel field {4}, there is a Borel function ¢: S — E,* such that ¢(s) € 4, a.e.
and for each g, o™*(s, g) p(sg) = @(s) a.e. We will then call ¢ an a-invariant
section in {A}.

If Sis a point, « becomes a Borel (and hence continuous [14, Lemma 8.28])
homomorphism G — Iso(E), and amenability of the G-space S means that
every compact convex G-invariant subset of E;* contains a fixed point. Aside
from the restriction we have made regarding the separability of E, this is the
condition of G being amenable. We now deal with the separability hypothesis.

PropositioN 1.5. Let G be locally compact and second countable. Suppose
that for every separable Banach space E, continuous homomorphism G — lso(E),
and G-invariant compact convex set A C E\*, there is a point in 4 left fixed by G.
Then G is amenable.

Proof. It suffices to show that the hypothesis of the proposition is true for
arbitrary (not just separable) Banach spaces. Since G is separable, we can find a
collection of separable G-invariant closed subspaces £, C E, g l, where [ is
some index set, such that (J£, = E. Let ¢,: E* — E,* be the restriction
map and A, = p,(A). Thus A, is a compact convex G-invariant set, and since

E, is separable, the set of fixed points F, C 4, is non-empty and closed. For each
G vy 05 €1, the subspace Ea1 e E"n C E will also be separable, and
hence there is a fixed point in %l-uc"(A) where R (B, 4+ E, )"
Denoting this set of fixed points by F, ..., , it is clear that

(@0 (Fopena,) N A) C ((f) P NF, ) N 4)

and hence this latter intersection is non-empty. By the finite intersection
property, it follows that (), ¢,(F,) N A is nonempty. If A is a point in this
intersection, A is invariant when restricted to each E,, and since {) E, = E,
it follows that A is G-invariant.

CorOLLARY 1.6. The trivial G-space {e} is amenable if and only if G is an
amenable group.
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The ergodic actions with the simplest orbit structure are the essentially
transitive ones. We now examine what amenability means in this case, generalizing
Corollary 1.6. We preface this with a technical lemma which will be of general
use.

Lemma 1.7. If {4} is a Borel field of compact convex sets, then there is a
countable collection of Borel functions a; : S — E* such that for all s in a conull
Borel set, A, = {a(s)|{ =1, 2,...}. Conversely, given Borel functions a;, then
s—{afs)|1=1,2,...} defines a Borel field of compact convex sets if each of
these sets is convex.

Proof. (i) If {4} is Borel, let 4 = {(s, x) | x€ A}, so that AC S x E*
is Borel. Fix a metric on E;* and for each n choose a 1/n-dense subset of E,*,
say %,%,..., Xx(n - et B =S X B(x;" 1/n) CS X E*, so that B, is Borel.
Letting p: S X E,* — S be projection, p(B;* N A) will be analytic. By the von
Neumann selection theorem, there is a Borel set S;» C p(B» N A) with the
same measure as p(B,” N A), and a Borel section of the projection S;»— B* N 4.
Note that | J; S;” is a conull Borel set for each #. Combining these sections with
just a small amount of finesse, we see that we can obtain, for each #, a finite set
of Borel functions #;%(s) such that {a;,%(s)}; are 2/n-dense in 4, for 5 in a conull
Borel set. As n is arbitrary, the first assertion of the lemma follows easily.

(i) We note that xe{;,.—(?)} if and only if x € (), J; B(ay(s), 1/n). Thus

{(s;x) | we A} = (YU (s, %) | « € Blays), 1/n)}

and so it suffices to see that each of the latter sets are Borel. But this follows
from the fact that the map S X E;* — R, (s, ®) — (5, ai(s), x) > d(a,(s), x) is
Borel.

CoroLLary 1.8. If «, 8: S X G—1Iso(E} are equivalent, then every o
invariant Borel field {4} has an a-invariant section if and only if every B-invariant
field has a B-invariant section.

Proof. Let T:S—1Iso(E) be such that T(s)afs, g) T(sg)™* = B(s, g) for
each g and almost all s. Suppose every B-invariant field has a B-invariant section,
and let {4} be an o-invariant field. Then it foilows from Lemma 1.7 that
s — T*(s)714, agrees a.e. with a Borel field of compact convex sets, and this
field will be B-invariant. If ¢ is a S-invariant section in T%#(s)~! A4, (a.e.), then
T*(s) ¢(s) will be an o-invariant section in 4 (a.e.).

Tueorem 1.9. Let HC G be a closed subgroup. Then G/H is an amenable G
space if and only if H is amenable.

580/27[3-6
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Proof. (i) Suppose H is amenable. Let E be a separable Banach space and
a: GIH X G — Iso(E) a cocycle. By [14, 8.24-8.28 and particularly the proof
of Lemma 8.24], o 1s equivalent to a strict cocycle B with the following property:
if A: G — Iso(E) is defined by Ag) = B([e], g), then S(G/H x G) =: N(H). We
remark that 8 can be expressed in terms of A by B([£], &) - P([e]k. g)
B({el, kY * B(le], kg) == A(k)! A(kg). We also note that if ke H and g € G, then
Ahg) == Mh) Mg) from the cocycle identity. In particular A H is a Borel
homomorphism. We let A*(g) = S*({e], g).

Now suppose that {43} is a B-invariant Borel field of compact convex sets
in I, *, so that *([£], £)4[1, == Ay for each g and almost all k. Then for each g,
we have A(kg)A[,1 = A*(k)A[, a-e., and hence, using Fubini’s theorem,
A (R)A[ == A a.c. where 4 is a fixed compact convex set. If he H, we have
M(hR) Ay = A ae., that is A¥(h) A*(R)A[y = A ae. This clearly implies
A¥(BYA = A for all i Since H is amenable, there is a fixed point v € 4, and
since (s, £) € A(H), it follows that ¢(s) == x is a B-invariant section. To show
that G/H is an amenable G space, it suffices to show that x € 4, for almost all 4.
But this follows since Apy = A*(k)™14 a.e.

(ii) Conversely, suppose G/H is an amenable G-space. Let A: H — Iso(£).
Then there is a strict cocycle a: G/H X G — Iso(E) such that «(G/H x G) =
A(H) and of[e], #) = A(h) for he H. Let A C E;* be a compact convex set and
A, = A for all 5. Choose an a-invariant section g(s) € 4. Then for each g and
almost all &, «*([e], k) p([Rlg) = o*([e], k) ¢([£]), so that for some xe A,
a*([e], k) o([k]) = x a.e. If he H, «*([e], hk) o([hk]) = x for almost all %, that is
A¥(h) a*([e], &) ¢([k]) == x. It follows that A*(k)x = x and hence by Proposition
1.5 that H is amenable.

The reader conversant with Mackey’s virtual subgroup viewpoint will
recognize that Theorem 1.9 shows that Definition 1.4 is a reasonable definition
of an amenable virtual subgroup. This will be reinforced in the succeeding
sections, where we exhibit many similarities between the notions of amenability
for ergodic actions and for groups.

2. AcTioNs OF AMENABLE GROUPS AND EXTENSIONS OF AMENABLE ACTIONS

In this and following sections, we examine how the property of amenability
behaves under various natural operations in ergodic theory, and in the process
provide a wealth of examples of amenable ergodic actions.

THEOREM 2.1. Let G be an amenable group and (S, p) and ergodic G-space.
Then S is an amenable G-space.

We remark that in light of Theorem 1.9, this result is a generalization of the
fact that a closed subgroup of an amenable group is amenable. In Mackey’s
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language, a virtual subgroup of an amenable group is amenable. The converse
of Theorem 2.1 is not true as we shall see below. A condition under which the
converse assertion will hold is given in Section 4. We begin the proof by collecting
some properties of vector-valued functions.

Let E be a separable Banach space and let

LX(S, E) = {f: S — E | f measurable and f ) dpe < w!.

We identify functions which agree on a conull set. We recall that f: S E is
measurable if and only if 8 o f: S — C is measurable for all § € F* [2, p. 149].
Then LY(S, E) is a separable Banach space [3, p. 587]. Recall that A: S — E* is
called weakly measurable if s — (A(s), x) is measurable for all xe E. If A is
weakly measurable, then s — || A(s){] is measurable [3, 8.15.3]. We let L=(S, £*) =
{A: 8§ — E*| X weakly measurable and || A(s)l| € L=(S)}. Then L=(S, E*) is a
Banach space under the essential sup norm [3, p. 578). If feLX(S, E) and
AeL=(S, E¥), we define <}, ) = fs <A(s), f(s)) dufs). For each A this defines
an element X of LI(S, E)* and A — A is an isometric isomorphism of L=(S, E*)
with (LY(S, E))* [3, 8.18.2]. Thus the closed unit ball in L=(.S, E¥) is a compact
metrizable space with the o(L=(S, E*), LY(S, E)) topology. We denote this
ball by L,*(S, E*).

Now suppose {4} is a Borel field of compact convex subsets of £;*. Let

= A eL™(S, EX) | Xs)e 4, a.e)

ProposiTION 2.2, B is a closed convex subset of L,°(S, E¥).

Proof. Since E is separable, it is easy to see that there is a countable set of
hyperplanes in E* that strictly separates points in E,* from compact convex
sets in £y *. For example, we may take as hyperplanes the zeroes of the functions
frdd) = <A, x,> — g where {x,} is a countable dense set in £ and g is rational.
Now suppose A;€ B, A;— AeL,*(S, E*), and A(s)¢ 4, on a set of positive
measure. For each # and ¢, let

an = {S es |fnq(As) <0 and fnq(’\(s)) > 0}

Then | ) S, has positive measure. If 4 = {(s, ¥) € S x E,* {xe 4} and p, , p,
are the projections of S X E;* on S and E,* respectively, then

S — Spe = Pu(frg ° o) ([0, 00)) N ‘4) Y (frg o ) ((HOO’ 0]).

Since 4 is Borel, the first set in the union is analytic, and it follows that S, 18
measurable for all #, g. It follows that S,, has positive measure for some #, ¢.
Define fe LY(S, E) by

Xy if se8,

=100 it ses..
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Then
A fr = J.S M)y %0y dp < i Shq)

since A; € B. On the other hand,
W= [ w0 dn > gu(Sna).

Thus we cannot have <A;, f> - (A, f> and the proposition follows.
We now turn to the proof of Theorem 2.1.

Proof of Theorem 2.1. Suppose a: S X G-—Iso(E) is a cocycle and {4} is
a o-invariant Borel field. Let r(s, g) be the Radon-Nikodym cocycle of the
action of G on §, i.e., a positive Borel function such that for each g, du(sg) =
r(s, g) du(s). For g € G, define T(g) acting on LS, E) by (T(g)f)(s) =
7(s, 8} ofs, £) f(sg). Then

| T@F1 = [ (s, ) 1 Fs2)l dus)
— [ 7, &) 1 £ (s, ) dils) = 1 £l

so that T'(g) is a representation of G by isometric isomorphisms on LY(S, E).
To see that T'is continuous, it suffices to show that f € LY(S, E) and A e L=(S, E*)
implies

g O T@F> = [ Q) r(s, 2) ols, £) flsg)) duls)

is measurable, which it is by Fubini’s theorem. We have an induced adjoint
action T*(g) = (T(g))* on LY(S, E)* = L*(S, E*), and one readily verifies
that this is defined by (T*(g)A)(s) = a*(s, g) A(sg). Since {4} is a-invariant, it
follows that the set B of Proposition 2.2 is a non-empty compact convex G-
invariant set, and amenability of G implies the existence of A€ B such that
T*(g)A = A for all g. But then it is clear that A is an a-invariant section in {4 }.

CoroLLARY 2.3. If G is a countable discrete group acting freely on (S, u) and
the ergodic equivalence relation defined by the action is hyperfinite [5], then S
is an amenable G-space.

Proof. If the action is hyperfinite, the equivalence relation is given by an
action of the integers. Cocycles of the G action will then correspond to cocycles
of the Z-action: if a: S X G —Iso(E), let B: S X Z— Iso(E) be f(s, n) =
ofs, g(s, n)) where g(s, n) € G is such that s - g(s, #) == 5 - #n. Then an a-invariant
section, which exists by Theorem 2.1, will also be S-invariant.



AMENABLE ERGODIC ACTION GROUPS 359

This corollary serves to “explain’’ an example of A. Connes showing that a
free hypetfinite action need not be the action of an amenable group. It is the
action that must be amenable. We remark that the fact that for a finite type free
hyperfinite action the group must be amenable [5, Proposition 1.4.5] then
follows from Proposition 4.4 below.

We recall that if (X, p) and (Y, v) are ergodic G-spaces, X is called an extension
of Y if there is a Borel map p: X — Y such that p,u is in the same measure
class as v, and the induced map of Boolean algebras p*: B(Y, v) — B(X, ) is
a G-map. The following result generalizes Theorem 2.1 and reduces to the
latter when Y is a point.

TraeOREM 2.4. If X is an extension of Y and Y is an amenable G-space,
then X is an amenable G-space.

Proof. We can assume v = p,u and by the the ergodicity assumption,
we have, modulo null sets, X = Y x I, where I is the unit interval, p: X - Y
is projection, and p = v X m where m is 2 probability measure on 1. Using [10]
and [16, Proposition 2.1], we can reduce to the following situation. (X, p) and
(Y, v) are ergodic G-spaces, X C Y x I is conull and Borel, x = v X m, and
the projection p: X — ¥ 1s a G-map. Denote the projection X — 1 by p,.
Let E be a separable Banach space, a: X X G — Iso(E), and {4,} an a-invariant
field in E\*. Let F = LY(I, m, E), so that F is also a separable Banach space,
with dual L=(1, m, £*). Define 8: ¥ x G — L,(F), the unit ball in the bounded
linear operators of F by

(B(y, )t) = 1(1, 3, &) 2, 3, 8) f(:(8, ¥)2)),

where 7 1s the Radon—Nikodym cocycle of X X G. As in the proof of Theorem
2.1 we see that B is Borel. Let 8(y, g): I — 1 be 0(y, g){t) = p{¢, ¥)g), so that
8(y, g) is defined m-almost everywhere for almost all y. Then it is straightforward
to check that 6(y, g} = 8(yg, gY). Now d(v x m){{t, y)g) = r(t, 3, 2)
d(v X m)(t, y), so that for each g and almost all y, we have dm(0(y, g)t) =
r(t, v, g) dm(t). We now claim that for each g, 8(y, g) € Iso(F) for almost all v.
We have

18 &)1 = [ r(t, 3, &)1 1Oy, 1)) dme),
and replacing ¢ by 6(y, g)~t, we obtain
| 76 £ 30 £ 1F O 710, 3, &) dm)

which for each g and almost all y, = [, || f(2)l| dm(t) by the cocycle identity for 7.
Furthermore, for each g and almost all ¥, 8(y, g) is invertible and hence is in
Iso(F). Changing B on a suitable conull set, we can then assume that8: ¥ X G —
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Iso(F) is Borel, and one readily checks that 8 is a cocycle. For y € Y, let B, C F,*
be defined by B, = {@: I — E* | ¢(t) € Ay, for almost all #}. By Proposition
2.2., B, is a compact convex set. Suppose we knew that {B,} is a Borel field.
(We shall show this momentarily.) The a-invariance of {4} is readily seen to
imply the S-invariance of B, . Amenability of ¥ then implies the existence of a
B-invariant Borel section A: ¥ —F,* such that A(y)e B, a.e. Let A(t, y) -
A »)(2)- It is straightforward to check that A is an a-invariant measurable section
X —> E;* proving the amenability of X. It remains only to show that {B,} is
Borel.

et K={fil->1if=3% 9:X4,), where g; are rational and {4} is a finite
partition of I into intervals with rational endpoints. Thus K is countable. The
fact that B, is Borel follows from Lemma 1.7 and the following lemma, whose
routine proof we omit.

Lemma 2.5, If a,:1-— E* are Borel and A, = {Ei(_t)}i s convex, then
functions of the form ;. fi(t) at), where f;c K and Y. f|(t) = 1, are dense in
B={I—-E*|Nt)eA;ae} We recall that E;* and BCLYI, EY* are
given the weak-x-topology.

For a certain type of extension, a converse to Theorem 2.4 is available. If
a: S X G— K is a cocycle, we can form the skew product action of G on
S X, K/H, where HC K is a closed subgroup. (See [16] or the beginning of
Section 3 below.)

ProposiTioN 2.6. If K is compact and S x, K[H is ergodic and an amenable
G-space, then S is an amenable G-space.

Proof. Let y: 8 X G—Iso(E) be a cocycle, {4,} a y-invariant Borel field
in E;*. Define (s, x, g) = (s, g), so that 8:S X, K/H x G—Iso(E) is a
cocycle. Then A, = A, defines a B-invariant field and amenability of
S X, K/H implies the existence of a S-invariant section ¢: S X K/H — E;* in
{A(e.0)- Let (s) = [ (s, x) dx. Then ¢ is Borel, and since for almost all s,
(s, x) € 4, for almost all x, it follows that (s) € 4, a.e. Finally, for almost all s,

v¥(s, &) ¥lsg) = B*(s, % &) [ oleg, ) dx
— B*(s, % 2) | #lg, xB(s, g)) d

- J‘ @(s, x) dx = ¢(s).

3. AMENABILITY AND THE RANGE OF A COCYCLE

In this section we present the applications, mentioned in the introduction, of
amenability to the question of ergodicity of skew products and more generally
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to the range of a cocycle. If S is an ergodic G-space, and a: S X G— H is a
cocycle, there is an induced action of G on S X H defined by (s, h)g =
(sg, ha(s, £)). (We note that if o is not a strict cocycle then this only defines a
near action; however there is an action which agrees with it a.e. for each g
[16, Proposition 3.2]). We often denote S X H by § x, H when it is endowed
with this action. For a given S x G, it is natural to ask for which groups H is
there a cocycle o for which S x, H is ergodic. (See [11] for example.) Some
positive results are found in {15}, [18], [19].

TueoreM 3.1. Suppose S is an amenable G-space, «: S X G—>H is a
cocycle, and S », H is ergodic, Then H is an amenable group.

Proof. Let E be a separable Banach space, n: H— Iso(E) a continuous
representation, and 4 C E}* compact, convex, and H-invariant. It suffices to
see that 4 contains a fixed point (Proposition 1.5). Let 8 = 7o «, so that
B: S x G — Iso(E) is a Borel cocycle. By amenability of S, there is a B-invariant
Borel section ¢: S— A4, that is for each g, B*(s, £) p(sg) = ¢(s) a.e. Define
0: S x H— Aby (s, h) = 7*(h) ¢(s). (Recall that #*(h) = (m(h)~1)*.) Then &
is Borel and for each g, & and almost all s,

0(sg, hos, g)) = m*(h) 7 (als, £)) @(sg) = =¥(h) p(s) = 6(s, h)-

By the ergodicity of S x, H, 6(s, h) is essentially constant, so on a conull set
we have 7*(h) ¢(s) = 7*(k) (t). In particular, for at least one %, w*(h) ¢(s) =
w*(h) (t) for 5, ¢ in a conull set, s0 ¢(s) = @(t) == a. But then n*(h)a = n*(k)a
for £, k in a conull set. Thus, the set of points in H that leaves a invariant is a
conull subgroup of H, and hence must be H itself. This completes the proof.

Theorem 3.1 implies a well-known result about random walks, and can in
fact be viewed as a generalization of this fact. If v is a probability measure on G,
v defines, for each g € G, a G-valued stochastic process, X, , the random walk
starting at g at time 0, with independent increments all having distribution v [6].
We will call the random walk recurrent if for each 4 C G with positive Haar
measure P(X,, € 4 for infinitely many n | X, = g) == 1 for (Haar) almost all g.

CorOLLARY 3.2. If G has a recurrent random walk, then G is amenable.

Proof. 'The Haar measure dg is an invariant measure for the random walk
and one can form the space of (2-sided) sample sequences of this process with
“initial distribution’” dg. The recurrence assumption implies that the shift on
the sample sequences is ergodic [9]. However, [18] shows that this space is
isomorphic to a special type of skew product. Namely, if we let S = [1", (G, »)
with the shift transformation and «: S X Z — G the cocycle with ofs, 1) equal
to evaluation of the zero coordinate, then the space of sample sequences is
isomorphic to S X, G. Ergodicity then implies that G must be amenable.

The reader is referred to Section 5 for further applications to random walks.
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We now wish to examine the situation in which S x, H is not ergodic.
There is an action of H on S x, H defined by (s, b))k, = (s, bg'h;). This
commutes with the near action of G, so that the induced Boolean actions of G
and H on B(S x, H) commute. Let B,C B(S x, H) be the o-algebra of
G-invariant sets modulo 0. Then H acts irreducibly on B, and by Mackey’s
point realization theorem [10], there is an essentially unique ergodic H-space X
such that B, and B(X) are isomorphic as Boolean H-spaces. The H-space X
is called the range of the cocycle «. (See [11] for a discussion.) When S x, H
is an ergodic G-space, X reduces to a point. The following is a generalization
of Theorem 3.1.

Tueorem 3.3. If S is an amenable G-space and o: S X G—> H is a cocycle,
then the range of o is an amenable H-space.

We remark that for G = Z, the group of integers, any function f: § — H
defines a cocycle with ofs, 1) = f(s). Hence, Theorem 3.3 provides us with an
abundance of amenable actions of non-amenable groups. The proof of Theorem
3.3 is similar in spirit to that of Theorem 3.1 but the technical difficulties are
significantly greater. To facilitate the discussion, we shall preface the proof by
collecting some notions and facts from [13]. In [13] Ramsay works in a more
general framework than we shall require, and we quote his results specified to
our situation.

If S,C S is a conull Borel subset of the ergodic G-space S, let Sy*G =-
{(5,8)|5€Sy, sgeSy}. Then Sy % G is called the inessential contraction of
S X G based on S,. We note that for each g, {s|(s, g) € Sy x G} is conull
in 8 If a: S X G-—>M is a cocycle with values in the standard Borel
group M, « is called strict on Sy % G if (s, g), (sg, h) € S, * G implies afs, gh) ~=
ofs, g) ofsg, k).

Lemma 34. Ifa: S X G— M is a cocycle, there is a cocycle B: S x G — M
such that for each g, B(s, g) = ofs, g) ae., and B is strict on some inessential
contraction Sy x G.

Proof. By [13, Theorem 5.1] there is a cocycle 8 such that 3 is strict on an
inessential contraction and B(s, g) = a(s, g) a.e. Arguing as in the proof of
[16, Lemma 3.6], we see that for each g, the equality holds for almost all s.

If S, =G is an inessential contraction of S and X, « H is an inessential
contraction of the H-space X, by a strict homomorphism from S, « G to
to X, * H we mean a pair of Borel maps (g, 8) where 8: Sy * G — H is a strict
cocycle, q: S,— Xy, q(s)B(s, g) = q(sg) for all (s, g)e Sy * G, and (g(s),
B(s, £)) € X, = Hfor all (s, g) € S, * G. We further require that £ C X negligible
implies ¢7Y(E) is null. (We recall that £ is negligible if the saturation £ - H i1s
null. For countable H, F negligible and E null are equivalent, but this of course
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is far from true for general H.) We will write (g, 8) for the map Sy X G — X, H
defined by (g, B)(s, &) = (g(s); B(s, £))-

LemMA 3.5, Suppose a: S X G — H is a cocycle and let X be the range of «,
so that X is an H-space. Then there is a conull set Sy C S, a measure class preserving
H-equivariant function p: Sy X H— X, and a cocycle & S X G— H such
that for all g, &(s, &) = ofs, g) ae., and (P, 3): Sy« G — X X H is a strict
homomor phism where p(s) = p(s, e).

Proof. 'This follows from the proof of [13, Theorem 7.8]. (The statement of
[13, Theorem 7.8] is actually somewhat weaker than Lemma 3.5, but the proof
in fact shows the stronger statement. The point is that the “similarity’’ condition
in the statement of [13, Theorem 7.8] is actually shown by proving equality a.e.)

B {(p,a): S, «G— X x H is a strict homomorphism and #: S§;— H is
Borel, then (g, B): Sy * G — X x H will also be a strict homomorphism where
g(s) = B() 6(s)* and B(s, g) — 6(5) &ls, &) 6(s8)"

Lemma 3.6. Let o be a cocycle and choose Sy, p, and & as in Lemma 3.5.
Suppose Xy C X is conull Borel. Then there is a conull Borel set S; C S, and a
Borel function 0: S) — H such that (q, B)(S; x G) C X, = H.

Proof. This is just [13, Lemma 6.6]. However, as we shall need to examine
the proof with some care at a later point, we present Ramsay’s proof in our
notation and framework. We let u be the measure on S and v the measure on X.
Let Z == {(s5, )e X X H{xe Xy h}. Then Z is Borel and since p(.S,) is not
negligible, the projection of Z onto X is v -+ p,(u) conull. By the von Neumann
selection theorem, we can choose a Borel function A: X — H such that (x, A(x)) € Z
for (v + pa(u))-almost all x. Let 6(s) = A(p(s)). Then there is a conull Borel
set §; C S, such that f(s) 0(s) 1€ X, forse S, . Furthermore, if s, sg € S, ,

P(s) 0(s)1(6(s) s, £) 8(sg) ™) = Blsg) B(sg) ' € X,

and so (g, B}(S; * G) C X, x H.
One further lemma we shall use is [13, Lemma 5.2].

Lemma 3.7, IfFCS X G contains a conull Borel set, and (s, g,), (sg; , g.) € F
implies (s, £18,) € F, then F contains an inessential contraction of S x G.

We are now ready to turn to the proof of Theorem 3.3.

Proof of Theorem 3.3. Let E be a separable Banach space, y: X x H —
Iso(E) a Borel cocycle and {4,} a y-invariant Borel field of compact convex sets
in E;*. By Lemma 3.4, we can assume y is strict on some inessential contraction
X, x H. For each k we have y*(x, h)4,,, = A, a.e. We claim that this identity
holds on an inessential contraction of X. By Lemma 1.7, we can choose Borel
functions a, : X — E;* such that {a,(x)} = A, for xe X, C X, , a conull Bore]
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set. Then if x, xhe X,, we have y*(x, k)4, = A, if and only if y*(x, k)
axh) e A, for all ¢ and y*(x, k)™ ax) € A,y, for all i. For each 7, the map
X, « H— X X E/* < H, (x, h) — (x, y*(x, k) a/(xh), k) is Borel and injective
so the image is Borel. Thus, the projection onto X' x H of this image intersected
with {(x, a, l)e X x E;* x H|ae 4,} is a conull analytic subset of X x H.
But this set is precisely {(x, &) € X, « H | y*(x, h) a,(xh) € 4,}. Hence, for each 7
there is a conull Borel set in X % H so that y*(x, &) a,(xh) € -, on this set.
A similar argument shows that on a conull Borel set y*(x, &)1 a,(x)e 4, ,
and taking the intersection over all 7, we see that F - {(x, h)e X, « [ |
y*(x, h)A,;, = A4,) contains a conull Borel set. Now if (x, #) € F and («h, k) € F,
then

Y*(x, hk)‘4(rh/c = 7*(& h) 7*(xh, k)A(rh)k == V*(v", h)Aa‘h - ;‘{a' .

(Recall y is strict on .\, x H.) Hence by Lemma 3.7, there is an inessential
contraction X, * H CF. For x in a conull Borel subset of X, x/ € .\ for almost
all A. Call this set X, . Then again, for x in a conull Borel subset of .\, , xk € X
for almost all k€ H. Call this set X,. Then if x € X,,, we have v, xh, xhk c X,
for almost all (h, k)e H < H.

Recall that we have the cocycle a: S X G — H. Then there is a conull Borel
set .5; C.S and a strict homomorphism (g, 8): S; x G — X, «+ H satisfving the
conditions of Lemma 3.6. We let p, &, and 8 be defined as in that lemma. Let
8 = yo(q, B), so that 6: S} x G— Iso(E). Then 8 is a cocycle which is strict
onS; * G. Let A, == 4,y . Then {4} is a Borel field of compact convex sets and

8% (s, @A = v*(q(s), Bs, ) Aqs0)
= y*(q(s), B(s, &) Aa(a8s.00
- Aq(s) .

That is, {4} is a 8-invariant field. Hence there is a -invariant section ¢: S — E *.
Now K = {(s, g) € S; x G| §*(s, g) p(sg) = ¢(s)} is Borel conull, and if (s, g,),
(sg1, £2) € K, then (s, g18,) € K. It follows by Lemma 3.7 that K contains an
inessential contraction and hence, by relabelling, we may assume 3*(s, g)

o(sg) = o(s) for all (s, g) € S; + G.
Now define : S; x H— E;* by (s, h) = y*(q(s), )1 g(s). Suppose
(s, £) € S; * G. Then for almost all 4,

$(sg, hB(s, 8)) — v*(q(sg), Bls, &))" p(sg)
= y*(g(s), By y™(g(sg) B(s, &), B(s, &))" e(s2)
= y¥(g(s), A1) y*g(s), B(s, 8)) #(sg)
== y*(g(s), 7 1)t @ls) = Yls, k).
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Now let w(s, h) = (s, h0(s)™). Then for (s, g) €S, = G, and almost all #,

w(sg, hals, g)) = Y(sg, hals, g) b(sg)™)
= (sg, hO(s)™* B(s, £))
= (s, hO(s) 1) = w(s, A).
In other words, w is essentially G-invariant on S X, H, and hence there is a
map o: X — E;* such that o(p(s, 1)) = w(s, k) a.e.

We now show that ¢ is a y-invariant section. We claim first that y*(x, h)
a(xh) = o(x) a.e. Now for s&€ S|, q(s)ht = P(s) 8(s)"Yh" = p(s, #6(s)). Hence
the map (s, &) — g(s)h~! is measure class preserving. Thus, it suffices to show
that

Yk, k) o(g(s)eth) = o(g(s)k™)  ace.

This is equivalent to the following almost everywhere equalities:

7*(g(s)k, B) o(B(s) 6(s) kA1) = o(B(s) 6(s) %)
YT, B) o(p(s, BRO(s))) = o(p(s, kH(s)))
y*g()k™2, h) w(s, hRO(s)) = w(s, kO(s))
Y¥(O)R, B) §(s, hk) = (s, k)
7 gk, B) y*(g(s), KHR) @(s) = y*(g(s), K1) 9(s)
YHa(s) A7) y*(@()R, B) y*(g(s), BT 6(s) = o(s)-

Since ¢(s) € X, for s € S, , the cocycle identity will hold for almost all (s, &, &),
and the equation becomes @(s) = ¢(s). Thus, we have shown y*(x, k) o(xh) =
a(x) for almost all (x, ). Now consider

Hy = {h| y*(x, k) o(xh) = o{x) for almost all x}.

Then H, is conull and one readily checks that it is closed under multiplication.
Hence, Hy == H, and we conclude that o is a y-invariant section.

To show that X is amenable, it remains only to show that o(x) € 4, a.e., and
for this it suffices to show that o(p(s, k)) € Ay, ) a-€. But

o(p(s, B)) = (s, hO(s)™) = y*(q(s), B(s)™")™ o(s).
Now for almost all 5, ¢(s) € Ay(,) , and for almost all (s, k),
7*(g(s), 8(s) A1) 9(s) € Ao = Apan—t = Apism -

This completes the proof.
We shall see in Section 4 that this theorem implies that if the range has finite
invariant measure and S is amenable, then H must be amenable.
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4. AMENABLE PAIRs

In [4], Eymard introduced the notion of the conditional fixed point property
for a pair (H, G) where H is a closed subgroup of G. This is the condition that
if G acts affinely and continuously in a compact convex set, and if there is a
fixed point for H, then there is a fixed point (not necessarily the same point)
for G. He relates this notion to the concept of amenable action introduced by
Greenleaf [7] (i.e., the existence of a G-invariant mean on UCB(G/H)), and
then generalizes many known results about amenable groups to amenable pairs.

We now introduce the concept of an amenable pair (S, G) where S is an
ergodic G-space.

DeriniTION 4.1.  If Sis an ergodic G-space, we call (S, G) an amenable pair
if for every continuous homomorphism =: G — Iso(E), E a separable Banach
space, and G-invariant compact convex set 4 C E,*, the existence of an a-
invariant section ¢: S — A4 (where ofs, g) == n(g)) implies the existence of a
G-fixed point in 4.

ProposiTiON 4.2. If S = GJH, then (G/H, G) is an amenable pair if and
only if (H, G) has the conditional fixed point property of Eymard described above

[4, p. 11].

Proof. (i) Suppose (H, G) has the conditional fixed point property. If
m: G— Iso(E) and ¢ is an a-invariant section, it suffices to show there is an
H-fixed point. For each g and almost all %, #(g) ¢([klg) = ¢([£]), or =(ke)
o([k]g) = m(k) @([£]). It follows that for almost all &, =(k) ¢([k]) = a, for some
ac A.If he H, we have n(hk) ¢([k]) = a a.e., which clearly implies #(h)a = a
for all A.

(ii) Conversely, suppose (G/H, G) is amenable. Let E be a separable
Banach space, m: G — Iso(E), and ae 4 C E;* an H-fixed point. There is a
strict cocycle 8: G/H x G —> Iso(E) such that 8 is equivalent to «, the equivalence
is implemented by elements of #(G), and B(G/H x G)C=(H) [14, 8.23-8.27].
It follows that ({k]) = a is a B-invariant section, and hence there exists an
a-invariant section in A. Therefore G has a fixed point in 4. The case of £
nonseparable follows by an argument similar to Proposition 1.5.

PropositioN 4.3. (i) If G is amenable, (S, G) is an amenable pair for every
G-space S.
(il If S is an amenable G-space and (S, G) is an amenable pair, then G is
amenable.

When S is a transitive G-space, amenability of (S, G) is equivalent to the
existence of a G-invariant mean on L=(S) [4, p. 28] which is in turn equivalent
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to the existence of a G-invariant mean on CB(S), the continuous bounded
functions on S [7, Theorem 3.3]. When S is not transitive, the latter equivalence
is no longer implied.

ProposiTION 4.4. If there is a G-invariant mean on L*(S) (in particular if S
has a finite G-invariant measure), then (S, G) is an amenable pair.

Proof. Let w: G— Iso(E) be a continuous representation, ofs, g} = #(g),
and A C E;* a G-invariant compact convex set. Suppose ¢: S — 4 is an «-
invariant section. Then one can form, as in [4, p. 8], [ @(s) dm(s) = a € 4,
where m is a G-invariant mean on L=(S). Since =(g) acts affinely on E;*, we have
by [4, p. 9], m(g)a = [s7(g) (s) dm(s) = [ n(g) ¢(sg) dm by G-invariance,
= [p(s) dm = a.

CoroLLARY 4.5. Ifa: S x G — His a cocycle and S is an amenable G-space,
then the existence of an H-invariant mean on L*°(X), where X is the range of a,
implies that H is amenable.

Proof. Theorem 3.3 and Proposition 4.4.
A partial converse to Proposition 4.4 is provided by the following.

PROPOSITION 4.6. Suppose S is a compact metric space, G acts continuously
on S and p is quasi-invariant and ergodic. If (S, G) is an amenable pair, then there
is a G-invariant probability measure on S.

Proof. Let E = C(S), ACE,* the set of probability measures and =(g)
translation by g in E. For each s € S, let ¢(s) be the Dirac measure at 5. Then ¢
is Borel and clearly n*(g) g(sg) = @(s). Hence @ is an a-invariant section, and so
there is a G-fixed point in 4.

ExamrLe 4.7. Suppose 8: G-~ H is a continuous homomorphism with
dense range. Then H is an amenable group if and only if (H, G) is an amenable
pair, where H is the G-space defined by 6.

Proof. 1f H is amenable, there is a G-invariant mean on L*(H), so (H, G) is
amenable by Proposition 4.4. Conversely, suppose (H, G) is an amenable pair;
let =m: H— Iso(E) and 4 C E;* compact, convex, and H-invariant. Since 6(G)
is dense in H, it suffices to show there is a point in 4 fixed by G. Let ofh, g) =
m(6(g)). Choose ae A4 and let g(h) = =*(h)'a. Then ofh, g) p(h8(g)) = o(k),
so that ¢ is an «-invariant section. By the amenability of (H, G), there is a
point left fixed by G, completing the proof.

CoroLLaRrY 4.8. If 8: G— H has dense range and H is an amenable group
and an amenable G-space, then G is amenable.

580(27/3-7
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We remark that dense embeddings of groups are the ‘“normal virtual sub-
groups” [17], and Corollary 4.8 can be viewed as the virtual group analogue
of the statement that if an amenable normal subgroup has an amenable quotient,
then the entire group is amenable. This last statement is of course also a conse-
quence of Corollary 4.8.

We remark that one can also define amenable pairs of G spaces (X, Y), where X
is an extension of Y, by a conditional invariant section property. We shall not
pursue this here however.

5. AN APPLICATION TO Po1ssoN BOUNDARIES

For any random walk on a group G, Furstenberg has shown how to embed G
in a larger space G U P in such a way that almost every path of the random
walk in G converges to a unique point of P, and every bounded harmonic
function on G has an essentially unique representation as a certain type of
integral over P. P is called the Poisson boundary and can be used as well for a
study of the harmonic functions on homogeneous spaces of G. In a special case,
the theory reduces to the classical theory of the Poisson integral representation
for harmonic functions in the unit disk. In this section, we present a different
method for constructing the Poisson boundary, at least when the law of the
walk is étalée, showing it can be obtained by a slight modification of the range
construction for a cocycle. A small modification of the proof of Theorem 3.3
will then enable us to show that the Poisson boundary, with a certain naturally
defined measure class, is an ergodic amenable G-space.

Let p be any probability measure on G. Let Q = []°. G, 2, = [], G, and
r: Q - Q, the projection. Give @ and @, the product measures 7 = [, p
and 7, == [Tg p- Let T: 2 — Q be the shift, (Tw)(i{) = w(i + 1), and T, the
shift on {2, defined by the same formula. Define a: 2, — G by a(w) == «(0),
which we also consider as a function defined on 2. Then, as we indicated in
Corollary 3.2 (see [18] for details), if we let X = 2 x, G with the product
measure 3 X dg, then the skew product transformation 7' is isomorphic to the
shift on the space of sample sequences of the (2-sided) random walk. If we let 4
be the range of «, then Borel functions on A4 will correspond to invariant functions
on the sample sequence space of the 2-sided walk. Harmonic functions on G
are in correspondence with the invariant functions on the 1-sided random walk,
and so we proceed to construct the range of the 1-sided shift. Thus, if we let
B,C B(f2, x G) be the Boolean subalgebra of Ty-invariant elements (where
To(o, &) = (Tyw, go(w)), then B, becomes a Boolean G-space, and hence is
1somorphic to B(P, m) where (P, m) is an ergodic G-space [10]. By discarding
a T-invariant Borel null set in 2, we will have a G-map p: ;! x G — P which
preserves measure class and induces the Boolean isomorphism p*(P) =~ B, .
Now p o T, and p are both G maps from £, x G — P which induce the same
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map of Boolean algebras. Hence, they agree on a conuli G-invariant Borel set
in Q! X G, which we will continue to denote £,! X G. Thus, we now have
that p is Ty-invariant and G-equivariant. Let v be the measure on P defined by
v = (poi)y (p) where i: Qi — Q! X G is given by {(w) = (w, €). We note
that the measure class of m can be recovered from v by m = [ (v - g) dé(g) where
¢ is any probability measure in the class of Haar measure. We recall that a
measure p on G is called étalée if the convolution power p* has a non-singular
component with respect to Haar measure, for some .

THeoReM S5.1. (P, v) is a boundary of (G, u) [6, Definition 3.4] and if n
is étalée, (P, v) is the Poisson boundary [6, Theorem 3.1].

Thus, this theorem says that the Poisson boundary is the “‘range’’ of a naturally
defined cocycle of a semi-group action (of the non-negative integers).

Proof. First, we construct a P-valued p-process in the sense of [6, p. 16].
Define z,, : 2,1 — P by z,(w) = p(TFw, €), where w = (x,, %y ,...). It is clear
that z, is a function of x;, j > k, and since T preserves measure on £,
z, all have the same distribution. By invariance of p, and the fact that it is a
G-map, we have

2t = P(To w, ) = p(Ty'w, €) = 3,

verifying that 2, is a u-process. (The difference between our relation 2, %' = 2
and Furstenberg’s condition (d) on [6, p. 16] is only a matter of converting from
a right to a left action on P.) Since v is the common distribution of 2, , it follows
that (P, v) is a boundary [6, Definition 3.4].

For any bounded measurable function ¢ on P, there corresponds a harmonic
function h, on G defined by h,(g) = [ ¢(gz)dv(z) (where, to conform to
Furstenberg’s notation, we write the G-action on the left: gz = z¢1)
Equivalently, 2.(g) :_[901 (p o pXw, g) dw. To see that (P, v) is the Poisson
boundary it suffices to see that every bounded harmonic function can be so
represented [6, Theorem 3.1]. But for any bounded harmonic #, there is a
bounded function H on the sample sequence space of the 1-sided walk, invariant
under the I-sided shift, for which A(g) = E,(H) [12, Proposition 1.4.2]. Now
the proof of [18, Theorem 3] shows that the map

P: 2y x Gy, (Yo, )(n) = gw(0) + w(n—1)

intertwines T, and the shift on 2, , and that ®(z, x £) = P, for any probability
measure £ on G, where P, is the probability measure for the random walk with
law p and initial distribution ¢. Thus H o @ is invariant on £, X, G and

Me) = E(H) = [ (Ho®)dey x 3) = [ (Ho D)o, g) do
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Since H o @ is invariant, there is a function ¢: P— C such that Ho @ = @o P
on a conull set. Thus, for almost all g, A(g) = [ (p o p) dw. If p is étalée, every
harmonic function is continuous [1, p. 23], and hence two harmonic functions
agreeing almost everywhere must be identical.

THEOREM 5.2. If u is a measure on a group H, then the boundary (P, m)
constructed above is an amenable ergodic H-space.

Proof. Recall we have o: 2 — H and A4 is the range of « considered as a
cocycle. We clearly have that P is a factor of 4, and after discarding some
H-invariant conull Borel sets, we have a commutative diagram of measure class
preserving Borel H-maps:

Q@ xH-"%4
rxid t
r() x H—2>P

where ', 7(§') are Borel, conull, and shift invariant, and p, p, are invariant
under the shifts. Suppose y,: P x H —Iso(E) is a cocycle and {4} is a v,-
invariant field in E;*. Let y be the restriction of y, to 4 x H, i.e., ¥(a, k) =
yo(t(a), h). In the proof of Theorem 3.3 a y-invariant section ¢ was constructed.
To prove Theorem 5.2, it suffices to show that in the proof of Theorem 3.3,
o can be chosen so that it actually factors (modulo 0) te a function on P, and in
the notation of the proof of Theorem 3.3, it suffices to see that w: ' x H — E*
factors to a function on 7(§2') x H. We have

(s, k) = y*(pls) 8(s)7, ()™ ls)
= 2™ (U(P(s)) 6(s)7, B()A) ! ().

Now t(p(s)) factors to r(£2'), so it suffices to see that we can choose g(s) and 8(s)
so that they factor to r(£').

The map 6(s) is constructed in the proof of Lemma 3.6, where X, is the
conull Borel set constructed in the proof of Theorem 3.3. Since the cocycle y is
the restriction of y, which is defined on P x H, it is straightforward to check that
X, can be chosen to be #-1(P,) for some conull Borel PyC P. Then the map
A: A — H in the proof of Lemma 3.6 can be chosen so as to factor to a map on P,
and hence 8(s) factors to a map on »(22').

The map ¢: Q2 — E;* was chosen in the proof of Theorem 3.3 to be an
invariant section in {4} of the cocycle

[y = (@ B)I(s; m) = volt(B(s) O(s) ", B(s) &(s, m) B(sm) 7).

Recall that we knew such a section existed by the amenability of the Z-space £,
which in turn followed from the fact that Z is amenable (Theorem 2.1). In the
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proof of that theorem, ¢ was chosen to be a fixed point under the induced action
of Z on L=(£2', E*). For n 22 0, (y = (g, B))(s, ») factors to a function on r(£2'), and
hence under the induced Z-action on L=(82', E*), L=(r(8'), E*) CL=(2', E*)
will be invariant under Z+, the non-negative integers. Since Z+ is an amenable
semi-group, there will be a Z+-invariant section in 4, , and this section will then
also be Z-invariant. Thus, we can choose @ so that it factors to 7(£2'), completing
the proof.

CoROLLARY 5.3. If w is étaleé, the Poisson boundary with its natural quasi-
tnvariant measure, is an amenable ergodic H-space.

In many important cases, H is transitive on the Poisson boundary.

CorOLLARY 5.4. If H is transitive on the Poisson boundary of an étalée
probability measure, then the stability groups are amenable.

Proof. Corollary 5.3 and Theorem 1.9.

6. ConNcLUDING REMARKS

(a) When E = C(X) for X a compact metric space, the condition of
amenability ensures the existence of relatively invariant measures for certain
extensions whose fiber is X. More precisely, suppose ¥ and ¥ x X are Borel
G-spaces, that the projection p: ¥ X X — Y is a G-map, and that X is compact
metric. For each y and g, the action defines a map {y} X X — {yg} X X which
can be identified with a map «(y, g): X — X. Suppose further that these maps
are homeomorphisms. Suppose that v is a quasi-invariant measure on Y such
that (Y, v) is an amenable ergodic G-space. Then there is a probability measure u
on Y x X that is relatively invariant over v. That is, one of the two following
equivalent conditions holds: (i) if p = _[@ py dv is a decomposition over the
fibers of p, then for each g and almost all y, a(y, gy 1y = pyy ; and (ii) if
r: Y X G — R is the Radon-Nikodym cocycle of Y, then 7 defined by
#y, %, g) = r(y, g) is the Radon-Nikodym cocycle of ¥ x X,

To see this, by amenability it suffices to show that the induced cocycle

B: ¥ X G—Iso(C(X)), (B(3, &) )x) = f(Ay, g))

is Borel. But for this it suffices to see that if A € M(X), then (¥, g) — [ f((y, g)x)
dA(x) is Borel. Since (y, g, x) — oy, g)x is Borel, this follows.

(b) One can also define the notion of amenability for a countable ergodic
equivalence relation R on a space S using the cohomology of such an object [5]
just as we have used the cohomology of S x G. If R = R, for some amenable
action of a countable discrete group G, then R will be amenable. Amenability
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of

R implies amenability of S; if the action of G is free, but this is not true if

the freeness condition is dropped.

(c) There are many other known properties of groups related to amena-

bility and to amenable pairs [4], [8], and one can try to extend these notions and
results to our framework. In some cases this is easy, in others it seems more
difficult. It would be interesting to determine just how much of the theory does

€x

10.

11.
12.

13.
14.

15.

16.

17.
18.

19.

tend,
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