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Abstract

SupposeM is a noncompact connected PL 2-manifold and letH(M)0 denote the identity
component of the homeomorphism group ofM with the compact-open topology. In this paper we
classify the homotopy type ofH(M)0 by showing thatH(M)0 has the homotopy type of the circle
if M is the plane, an open or half open annulus, or the punctured projective plane. In all other cases
we show thatH(M)0 is homotopically trivial. 2000 Elsevier Science B.V. All rights reserved.
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1. Introduction

Hamstrom [4] classified the homotopy types of the identity components of homeomor-
phism groups of compact 2-manifoldsM. In this paper we treat the case whereM is non-
compact. SupposeM is a PL 2-manifold andX is a compact subpolyhedron ofM. We de-
note byHX(M) the group of homeomorphismsh ofM onto itself withh|X = id, equipped
with the compact-open topology, and byH(M)0 the identity component ofH(M). LetR2

denote the plane,S1 the unit circle andP2 the projective plane. The following is the main
result of this paper.

Theorem 1.1. SupposeM is a noncompact connected(separable) PL 2-manifold andX
is a compact subpolyhedron ofM. Then

(i) HX(M)0 ' S1 if (M,X) ∼= (R2,∅), (R2,1 pt), (S1 × R1,∅), (S1 × [0,1),∅) or
(P2 \ 1 pt,∅),

(ii) HX(M)0' ∗ in all other cases.
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Corollary 1.1. If M is a connected(separable) 2-manifold andX is a compact
subpolyhedron ofM with respect to some triangulation ofM, thenHX(M)0 is an `2-
manifold.

In [14] we obtained a natural principal bundle connecting the homeomorphism group
and the embedding space (cf. Section 2). In this paper we will seek a condition under which
the fiber of this bundle is connected (Section 3). The contractibility and the ANR property
of HX(M)0 in the compact case will then imply the similar properties of embedding
spaces and in turn the corresponding properties ofHX(M)0 in the noncompact case. Corol-
lary 1.1 follows immediately from the characterization of`2-manifolds and this enables us
to determine the topological type itself ofHX(M)0 by the homotopy invariance of infinite-
dimensional manifolds.

In a succeeding paper we will investigate the subgroups ofHX(M)0 consisting of PL
and Lipschitz homeomorphisms from the viewpoints of infinite-dimensional topological
manifolds.

2. Preliminaries

Throughout the paper we follow the following conventions: Spaces are assumed to
be separable and metrizable, and maps are always continuous. WhenA is a subset of a
spaceX, the notations FrX A, clX A and IntX A denote the frontier, closure and interior
of A relative toX (i.e., IntX A = {x ∈ A | A contains a neighborhood ofx in X} and
FrX A= clX A \ IntX A). On the other hand, whenM is a manifold, the notations∂M and
IntM denote the boundary and interior ofM as a manifold. WhenN is a 2-submanifold of
a 2-manifoldM, we always assume thatN is a closed subset ofM and FrN = FrM N is a 1-
manifold transversal to∂M. Therefore we have IntN = IntM N ∩ IntM and FrM N ⊂ ∂N .
A metrizable spaceX is called an ANR (absolute neighborhood retract) if any map
f :B→X from a closed subset of a metrizable spaceY has an extension to a neighborhood
U of B. If we can always takeU = Y , thenX is called an AR (absolute retract). ANRs are
locally contractible and ARs are exactly contractible ANRs (cf. [7]). Finally`2 denotes the
separable Hilbert space{(xn) ∈R∞:

∑
n x

2
n <∞}.

In [14] we investigated some extension property of embeddings of a compact 2-
polyhedron into a 2-manifold, based upon the conformal mapping theorem. The result
is summarized as follows: SupposeM is a PL 2-manifold andK ⊂ X are compact
subpolyhedra ofM. Let EK(X,M) denote the space of embeddingsf :X ↪→ M with
f |K = id, equipped with the compact-open topology. We consider the subspace of
proper embeddingsEK(X,M)∗ = {f ∈ EK(X,M): f (X ∩ ∂M)⊂ ∂M, f (X ∩ IntM) ⊂
IntM}. Let EK(X,M)∗0 denote the connected component of the inclusioniX :X ⊂M in
EK(X,M)∗.

Theorem 2.1. For everyf ∈ EK(X,M)∗ and every neighborhoodU of f (X) in M, there
exists a neighborhoodU off in EK(X,M)∗ and a mapϕ :U→HK∪(M\U)(M)0 such that
ϕ(g)f = g for eachg ∈ U andϕ(f )= idM .
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Corollary 2.1. For any open neighborhoodU ofX in M, the restriction map

π :HK∪(M\U)(M)0→ EK(X,U)∗0, π(f )= f |X,
is a principal bundle with fiberG ≡HK∪(M\U)(M)0∩HX(M), where the groupG acts on
HK∪(M\U)(M)0 by right composition.

Proposition 2.1. EK(X,M) andEK(X,M)∗ are ANRs.

Next we recall some fundamental facts on homeomorphism groups of compact 2-
manifolds.

Fact 2.1. If N is a compactPL 2-manifold andY is a compact subpolyhedron ofN , then
HY (N) is an ANR([8,9], cf. [14, Lemma 3.2]).

Lemma 2.1 ([4], [12, §3]).SupposeN is a compact connectedPL 2-manifold andY is a
compact subpolyhedron ofN .

(i) If (N,Y ) 6∼= (D2,∅), (D2,0), (S1× [0,1],∅), (M,∅), (S2,∅), (S2,1 pt), (S2,2 pts),
(T2,∅), (K2,∅), (P2,∅), (P2,1 pt), thenHY (N)0' ∗.

(ii) If A is a nonempty compact subset of∂N , thenHY∪A(N)0' ∗.
(iii) If (N,Y )∼= (D2,∅), (D2,0), (S1×[0,1],∅), (M,∅), (S2,1 pt), (S2,2 pts), (P2,1 pt),

(K2,∅), thenHY (N)0' S1.

Proof. In [12] the PL-homeomorphism groups of compact 2-manifolds was studied in the
context of semisimplicial complex. However, using Corollary 2.1 and the results in [4], we
can apply the arguments and results in [12, §3] to our setting.

(i) Let L be a small regular neighborhood of the unionY1 of the nondegenerate
components ofY and let Y0 = Y \ Y1. SinceHY (N)0 deforms intoHL∪Y0(N)0

∼=
HFrL∪Y0(cl(N \L))0, we may assume thatY1 ⊂ ∂N . This case follows from [4] and [12,
§3].

(ii) Let ∂+N denote the union of the components of∂N which meetA. ThenHY∪A(N)0
strongly deformation retracts ontoHY∪∂+N(N)0, and the latter is contractible by the
case (i). 2

3. Relative isotopes on 2-manifolds

In Corollary 2.1 we have a principal bundle with a fiberG ≡ HX(M) ∩HK(M)0. In
this section we will seek a sufficient condition which impliesG =HX(M)0. SupposeM is
a 2-manifold andN is a 2-submanifold ofM. In [2] it is shown that (i) two homotopic
essential simple closed curves in IntM and two proper arcs homotopic rel ends inM
are ambient isotopic rel∂M, (ii) every homeomorphismh :M→M homotopic toidM is
ambient isotopic toidM . Using these results or arguments we will show that if, in addition,
h|N = idN thenh is isotopic toidM rel N under some restrictions on disks, annuli and
Möbius bands components (i.e., the pieces which admit global rotations). We denote the
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Möbius band, the torus and the Klein bottle byM, T2 andK2, respectively. The symbol
#X denotes the number of elements (or cardinal) of a setX.

Theorem 3.1. SupposeM is a connected2-manifold,N is a compact2-submanifold ofM
andX is a subset ofN such that

(i) M 6= T2, P2,K2 or X 6= ∅,
(ii) (a) if H is a disk component ofN , then#(H ∩X)> 2,

(b) if H is an annulus or Möbius band component ofN , thenH ∩X 6= ∅,
(iii) (a) if L is a disk component ofcl(M \N), thenFrL is a disjoint union of arcs or

#(L∩X)> 2,
(b) if L is a Möbius band component ofcl(M \N), thenFrL is a disjoint union of

arcs orL∩X 6= ∅.
If ht :M → M is an isotopyrelX such thath0|N = h1|N , then there exists an isotopy
h′t :M→M relN such thath′0= h0, h′1= h1 andh′t = ht (06 t 6 1) onM \K for some
compact subsetK ofM.

Corollary 3.1. Under the same condition as in Theorem3.1, we haveHN(M) ∩
HX(M)0=HN(M)0.

First we explain the meaning of the conditions (ii) and (iii) in Theorem 3.1. Suppose
h ∈ HN(M) andh is isotopic toidM relX. In order thath is isotopic toidM rel N , it
is necessary thath does not Dehn twist along the boundary circle of any disk, Möbius
band and annulus component ofN . This is ensured by the condition (ii) in Theorem 3.1
(Fig. 1(a)). However, this is not sufficient because a union of some components ofN

and cl(M \ N) may form a disk, a Möbius band or an annulus. The condition (iii) in
Theorem 3.1 is imposed to prevent Dehn twists around these pieces (Fig. 1(b)). This
condition is too strong (we can replaceX by Y = {a1, b1}), but it is simple and sufficient
for our purpose.

We proceed to the verification of Theorem 3.1. We need some preliminary lemmas.
Throughout this section we assume thatM is a connected 2-manifold andN is a 2-
submanifold ofM. WhenG is a group andS ⊂G, 〈S〉 denotes the subgroup ofG generated
by S.

We will use the following facts from [2].

Fact 3.1.
(0) ([2, Theorem 1.7])If a simple closed curveC inM is null-homotopic, then it bounds

a disk.
(1) ([2, Theorem 3.1])Supposeα andβ are proper arcs inM. If they are homotopic

relative to end points, then they are ambient isotopic relative to∂M.
(2) ([2, Theorem 4.2])Let C be a simple closed curve inM, which does not bound a

disk or a Möbius band. Letα ∈ π1(M,∗) be represented by a single circuit ofC and
let α = βk, k > 0. Thenα = β .
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(a)

(b)

Fig. 1.h cannot Dehn twistL. (a)N =N1∪N2, cl(M \N)= L andX = {a, b}, (b)N =N1∪N2,
cl(M \N)= L∪L1∪L2 andX = {a1, a2, b1, b2}.

(3) ([2, Lemma 4.3])
(i) If M 6= P, thenπ1(M) has no torsion elements.
(ii) SupposeM 6= T2, K2. If α,β ∈ π1(M) andαβ = βα, thenα,β ∈ 〈γ 〉 for some

γ ∈ π1(M).
(4) ([2, p. 101, lines 5–10])If M 6= P2 and every circle component ofFrN is essential

in M, then the inclusion induces a monomorphismπ1(N,x)→ π1(M,x) for every
x ∈N .

(5) SupposeM is compact,X is a closed subset of∂M, X 6= ∅ andh :M→M is a
homeomorphism withh|X = idX .
(i) ([2, Theorem 3.4])If M = D2 or M and h|∂M : ∂M → ∂M is orientation

preserving, thenh is isotopic to idM relX.
(ii) ([2, Proof of Theorem 6.3])If M 6= D2 andh satisfies the following condition

(∗), thenh is isotopic to idM relX:
(∗) h`' ` rel end points for every proper arc̀: [0,1]→M with `(0), `(1) ∈

X (we allow that̀ (0)= `(1) whenX is a single point).

Comments. (4) Consider the universal coveringπ : M̃→M. By Fact 3.1(3i)π−1(FrM N)
is a union of real lines, half rays and proper arcs. IfM = P2, thenN = P2.

(5ii) M is a disk withk holes,̀ handles (a handle= a torus with a hole) andm Möbius
bands. The assertion is easily verified by the induction onn = k + `+m, using Fact 3.1
(1) and (5i), together with the following remarks:

(a) When #X> 2, we haveh`' ` rel. end points even if̀(0)= `(1).
(b) If h is (ambient) isotopic toh1 rel.X, thenh1 also satisfies the condition (∗).
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(c) SinceM 6=D2, from the condition (∗) it follows that for every componentC of ∂M,
we haveh(C)= C andh preserves the orientation ofC.

(d) LetC1, . . . ,Cp be the components of∂M which meetX. Thenh is isotopic rel.X
to h1 such thath1= id on eachCi . Furthermore,h1 satisfies (∗) for

⋃
i Ci .

We also need the following remarks.

Fact 3.2. SupposeM is a connected2-manifold andC is a circle component of∂M. If
either(i) C 6= ∂M or (ii) M is noncompact, thenC is a retract ofM.

Comments. (ii) Take a half lay ` connectingC and ∞, and consider the regular
neighborhoodN of C ∪ `. Since∂N is a real line we can retractM ontoN and then
ontoC.

Fact 3.3. SupposeM is a compact2-manifold, {Mi} is a finite collection of compact
connected2-manifolds such thatM =⋃i Mi andIntMi ∩ IntMj = ∅ (i 6= j).

(i) If M is a disk, then someMi is a disk.
(ii) If M is a Möbius band, then someMi is a disk or a Möbius band.
(iii) If M is an annulus, then someMi is a disk or an essential annulus inM. (If N

is a disk withr holes inM (r > 2), then there exists a diskD ⊂ IntM such that
D ∩N = ∂D ⊂ ∂N .)

Lemma 3.1. SupposeM 6=K2, C is a simple closed curve inM which does not bound a
disk or a Möbius band inM, x ∈ C andα ∈ π1(M,x) is represented byC. If β ∈ π1(M,x)

andβk = α` for somek, ` ∈ Z \ {0}, thenβ ∈ 〈α〉.

Proof. Attaching∂M × [0,1) to ∂M ⊂M, we may assume that∂M = ∅. Take a covering
p : (M̃, x̃)→ (M,x) such thatp∗π1(M̃, x̃)= 〈α,β〉 ⊂ π1(M,x).

If M̃ is noncompact, then by [2, Lemma 2.2] there exists a compact connected
2-submanifoldN of M̃ such thatx̃ ∈ N and the inclusion induces an isomorphism
π1(N, x̃)→ π1(M̃, x̃). Since∂N 6= ∅, it follows thatπ1(N, x̃) ∼= 〈α,β〉 is a free group,
so it is an infinite cyclic group〈γ 〉. By Fact 3.1(2)γ = α±1, soβ ∈ 〈α〉.

SupposeM̃ is compact. Since rankH1(M̃) = 0 or 1 andπ1(M̃) 6= 1, it follows that
M̃ ∼= P2 or K2 andM is closed and nonorientable. If̃M ∼= K2 so χ(M̃) = 0, then
χ(M)= 0 andM ∼=K2, a contradiction. Therefore,̃M ∼= P2 andχ(M̃)= 1, soχ(M)= 1
andM ∼= P2. We haveπ1(M)= 〈α〉. 2

Note that ifM =K2 andα,β are represented by the center circles of two Möbius bands,
thenα2= β2, butβ /∈ 〈α〉.

Lemma 3.2. SupposeC is a circle component of∂M, x ∈ C and α ∈ π1(M,x) is
represented byC. If M 6= D2, M or S1 × [0,1] \ A (A is a compact subset ofS1 × {1}),
then there exists aγ ∈ π1(M,x) such thatγαn 6= αnγ for anyn ∈ Z \ {0}.
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Proof. By the claim below we have aγ ∈ π1(M,x) \ 〈α〉. If γαn = αnγ for somen 6= 0,
then by Fact 3.1(3ii)αn, γ ∈ 〈β〉 for someβ ∈ π1(M,x) andαn = βk for somek ∈ Z.
Sinceα 6= 1 andM 6= P2, by Fact 3.1(3i)k 6= 0. Hence by Lemma 3.1β ∈ 〈α〉 soγ ∈ 〈α〉,
a contradiction. 2
Claim. SupposeM is a connected2-manifold,C is a circle component of∂M, x ∈ C and
α ∈ π1(M,x) is represented byC. If π1(M,x)= 〈α〉, thenM ∼=D2 or S1× [0,1] \A for
some compact subsetA of S1× {1}.

Proof. First we note thatM does not contain any handles or Möbius bands. In fact ifH is
a handle or a Möbius band inM, then we can easily construct a retractionr :M → H

which mapsC homeomorphically onto∂H (Fact 3.2), and we have the contradiction
π1(H)= 〈r∗α〉. In particular, ifM is compact thenM is a disk or an annulus.

SupposeM is noncompact. It follows that∂M contains no circle components other
thanC. In fact if C′ is a circle in∂M \ C, then we can joinC andC′ by a proper arc
A in M and by Fact 3.2 we have a retractionM→ C ∪ A ∪ C′, a contradiction. We can
writeM =⋃∞i=1Ni , whereNi is a compact connected 2-submanifold ofM, C ⊂ IntM N1,
Ni ⊂ IntM Ni+1 and each component of cl(M \Ni) is noncompact. We will show that each
N =Ni is an annulus. This easily implies the conclusion.

Let C1, . . . ,Cm be the components of∂N \ C. By the above remarkCj 6⊂ ∂M, soCj
meets a component of cl(M \ N). Let N ′ be a submanifold ofN obtained by removing
an open color of eachCj from N . It follows thatN ′ ∼= N , FrN ′ is the union of circles
C′j associated withCj ’s, eachC′j is contained in some componentLj of cl(M \ N ′),
cl(M \N ′)=⋃j Lj , and eachLj is noncompact. SinceM contains no handles or Möbius
bands (so no one point union of two circles), it follows thatLj ∩ L′j = ∅ (j 6= j ′) and
Lj ∩ N ′ = C′j . By Fact 3.2N ′ is a retract ofM, soπ1(N

′, x) = 〈α〉. This implies that
N ∼=N ′ is an annulus. 2

The next lemma is a key point in the proof of Theorem 3.1. In [2, Lemma 6.1] the
condition “the loopht (x) is null-homotopic inM” is achieved by rotatingx alongC.
However, this process does not keep the condition “isotopic relN ”.

Lemma 3.3. SupposeC is a circle component ofFrN which does not bound a disk or
a Möbius band inM, h :M → M is a homeomorphism withh|N = idN and ht :M →
M (0 6 t 6 1) is a homotopy withh0 = h, h1 = idM . If the following conditions are
satisfied, then for anyx ∈C the loopm= {ht (x): 06 t 6 1} is null-homotopic inM:

(i) M 6= T2, P2,K2,
(ii) each circle component ofFrN is essential inM,
(iii) each component ofN 6∼=D2,M, S1× [0,1] \A (A⊂ S1× {1}, compact).

Proof. Let α = {`} ∈ π1(M,x) be represented byC and letβ = {m} ∈ π1(M,x). The
homotopyht` implies thatαβ = βα. SinceM 6∼= T2,K2, by Fact 3.1(3ii)〈α,β〉 ⊂ 〈δ〉
for someδ ∈ π1(M,x). SinceC does not bound a disk or a Möbius band, by Fact 3.1(2)
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Fig. 2. The loops̀ ,m andn in Lemma 3.3.

δ = α±1 soβ = αk for somek ∈ Z. Let α1 = {`} ∈ π1(N,x). By Lemma 3.2 there exists
a γ = {n} ∈ π1(N,x) such thatγαi1 6= αi1γ for any i ∈ Z \ {0} (Fig. 2). The homotopy
htn implies thatγβ = βγ in π1(M,x). Sinceπ1(N,x)→ π1(M,x) is monomorphic by
Fact 3.1(4),γαk1 = αk1γ in π1(N,x) so thatk = 0 andβ = 1 in π1(M,x). 2
Lemma 3.4. SupposeN 6= ∅, cl(M \N) is compact, each component ofFrN is a circle,
h :M→M is a homeomorphism such thath|N = idN andh is homotopic to idM . If the
following conditions are satisfied, thenh is isotopic to idM relN :

(i) M 6= T2, P2,K2,
(ii) each componentC of FrN does not bound a disk or a Möbius band,
(iii) each component ofN 6∼= S1× [0,1] \A (A⊂ S1× {1}, compact).

If we assume thath is isotopic to idM , then the condition (iii) is weakened to the
condition:

(iii) ′ each component ofN 6∼= S1× [0,1], S1× [0,1).

Proof. Let ht :h ' idM be any homotopy and letL1, . . . ,Lm be the components of
cl(M \ N). By Lemma 3.3 the loopht (x) ' ∗ in M for any x ∈ FrN =⋃j FrLj . We
must find an isotopyh|Lj ' idLj rel FrLj .

Let f : [0,1] → Lj be any path withf (0), f (1) ∈ FrLj . The homotopyhtf yields
a contraction of the loophf · ht (f (1)) · f−1 · (ht (f (0)))−1 in M. Since ht (f (0)),
ht (f (1))' ∗, it follows thathf · f−1' ∗ in M. Sinceπ1(Lj )→ π1(M) is monomorphic
by Fact 3.1(4), the loophf · f−1 ' ∗ in Lj , and the desired isotopy is obtained by
Fact 3.1(5ii). 2

Fig. 3 illustrates an original idea to prove Lemma 3.4 and Theorem 3.1: Consider the
loopm = n1f n2f

−1 (f−1 is the inverse path off ). Any isotopyht : idM ' h rel{a, b}
induces a homotopyhtm: m ' n1(hf )n2(hf )

−1 in M \ {a, b}. Modify the homotopy
htm to simplify the intersection of the image ofhtm and FrN , and obtain a homotopy
F :S1 × [0,1] → M \ {a, b} shown in Fig. 3. The homotopiesF |A1 in N1 andF |A2 in
N2 \ {a, b} imply thatki = 0 (i = 1,2), and the homotopyF |B1 in L implies thatf ' hf
rel end points inL as required.
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Fig. 3.

Proof of Theorem 3.1. We can assume thatX is a finite set, since there exists a finite
subsetY of X such that(M,N,Y ) satisfies the conditions (i)–(iii) in Theorem 3.1.
Replacinght by h−1

1 ht , we may assume thath1= idM .
(I) The case whereM is compact: LetN1, . . . ,Nn be the components ofN and

L= cl(M \N). LetK1, . . . ,Kp be the components ofL which are disks or Möbius bands
and letL1, . . . ,Lq be the remaining components. For eachj we can write

∂Lj =
(
k(j)⋃
i=1

A
j
i

)
∪
(
`(j)⋃
i=1

B
j
i

)
∪
(
m(j)⋃
i=1

C
j
i

)
,

whereAji ’s are the circle components of FrLj , B
j
i ’s are the components of∂Lj which

contain some arc components of FrLj andCji ’s are the remaining components of∂Lj .

We choose disjoint collarsEji of Aji and Fji of Bji in Lj and setÂji = ∂Eji \ Aji ,
B̂
j
i = ∂F ji \Bji and

L′j = cl

(
Lj \

(
k(j)⋃
i=1

E
j

i

)
∪
(
`(j)⋃
i=1

F
j

i

))
,

N ′ =N ∪
(

p⋃
k=1

Kk

)
∪
(

q⋃
j=1

[(
k(j)⋃
i=1

E
j
i

)
∪
(
`(j)⋃
i=1

F
j
i

)])
.

Note that

FrN ′ =
q⋃
j=1

[(
k(j)⋃
i=1

Â
j
i

)
∪
(
`(j)⋃
i=1

B̂
j
i

)]
⊂ IntM.

SinceH∂ (D)'H∂ (M)' ∗ by Fact 3.1(5i), we can isotopeh0 relN to anh′ ∈HN ′(M).
By the construction(M,N ′,X,h′) satisfies the following conditions:
(1) N ′ is a 2-submanifold ofM, every component of FrN ′ is a circle andX ⊂ IntM N ′.
(2) h′|N ′ = idN ′ andh′ is isotopic toidM relX.
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(3) SupposeC is a component of FrN ′. If C bounds a diskD then #(D ∩X)> 2, and
if C bounds a Möbius bandE thenE ∩X 6= ∅.

(4) If H is an annulus component ofN ′ thenH ∩X 6= ∅.
To see (3) first note thatM is the union of compact 2-manifoldsNi ’s, Eji ’s, Fji ’s, Kk ’s

andL′j ’s, which have disjoint interiors. SupposeG is a compact connected 2-manifold in

M with ∂G ⊂ FrN ′. SinceG ⊂ IntM and eachFji meets∂M, it follows thatG is the

union ofNi ’s, Eji ’s, L′j ’s andKk ’s contained inG. SinceEji is an annulus andL′j ∼= Lj
is not a disk or a Möbius band, from Fact 3.3 it follows that (i) ifG is a disk, thenG
contains a disk which is someNi orKk with Kk ⊂G⊂ IntM, so #(G ∩X)> 2, (ii) if G
is a Möbius band, thenG contains a disk or a Möbius band which is someNi orKk with
Kk ⊂G⊂ IntM, soG∩X 6= ∅.

As for (4),H is the union ofNi ’s E
j
i ’s, Fji ’s andKk ’s contained inH , andH contains

at least oneNi , which is a disk withr holes. Ifr 6 1 then by the assumptionNi ∩X 6= ∅.
If r > 2 then we can find a diskD in IntH such thatD ∩Ni = ∂D ⊂ ∂Ni (Fact 3.3(iii)).
SinceD ⊂ IntN ′ ⊂ IntM, D is a union ofNi ’s andKk ’s and we can conclude that it
coincides with someKk(⊂ IntM), which meetsX. These imply (4).

It remains to show thath′ is isotopic toidM relN ′ under the conditions (1)–(4).
(i) WhenX ⊂ IntN ′, we can apply Lemma 3.4 to the triple(M \X,N ′ \X,h′|M\X). To

verify the condition (iii) in Lemma 3.4, note that (a) each component ofN ′ \X takes of the
formH \X for some component ofH of N ′, and, in particular, (b) ifH \X ∼= S1× [0,1),
thenH is a disk and #H ∩X > 2, a contradiction. Thereforeh′|M\X is isotopic toidM\X
rel N ′ \X. Extending this isotopy overM by idX we have the required isotopyh′ ' idM
relN ′.

(ii) In the case whereX 6⊂ IntN ′, let C = ∂N ′ ∩ ∂M and consider(M̃ =M ∪C C ×
[0,1], Ñ =N ′ ∪C C × [0,1],X, h̃), whereh̃ is the extension ofh′ by idC×[0,1]. Then (a)
X⊂ Int Ñ and(M̃, Ñ,X, h̃) satisfies (1)–(4), and (b) an isotopy ofh̃ to idM̃ rel Ñ restricts
to an isotopy ofh′ to idM relN ′. (Alternatively, we can modify the isotopy ofh′ to idM rel
X to an isotopy relX ∪ V , whereV is a neighborhood ofX ∩ ∂M in M. We can replace
X so thatX ⊂ IntN ′.) This completes the proof of the case (I).

(II) The case whereM is noncompact: Choose a compact connected 2-submanifolds
L0 andL of M such thatht (N) ⊂ IntM L0 (0 6 t 6 1) andL0 ⊂ IntM L. Let N1 =
N ∪ cl(L \ L0). SinceN1 is a subpolyhedron ofL with respect to some triangulation
of L (cf. [2]), by Corollary 2.1 we have the principal bundle:H(L)0→ E(N1,L)

∗
0. Let

ft ∈ H(L)0, f1 = idL, be any lift (= extension) of the pathet ∈ E(N1,L)
∗
0 defined by

et |N = ht |N andet = id on cl(L \L0).
We can apply the case (I) to(L,N1,X1, ft ),X1=X∪cl(L\L0). For the condition (iii)

in Theorem 3.1, whenE is a component of cl(L \N1)= cl(L0 \N), (a) if E ∩ FrL0= ∅,
thenE is a component of cl(M \N) and (b) ifE∩FrL0 6= ∅, thenE contains a component
of FrL0 and FrL0 ⊂ cl(L \ L0) ⊂ X1 (it also follows that FrLE is not connected since
E ∩ FrN 6= ∅, so ifE is a disk or a Möbius band, then FrLE is a disjoint union of arcs).

Therefore we have an isotopykt :L→ L rel N1 such thatk0 = f0, k1 = idL. We can
extendft andkt toM by id. The required isotopyh′t is defined byh′t = ktf−1

t ht . 2
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Proof of Corollary 3.1. Let G1 denote the unit path-component of a topological group
G. Theorem 3.1 impliesHN(M) ∩ HX(M)1 = HN(M)1. WhenM is compact, from
Fact 2.1 it follows thatHK(M)0 = HK(M)1 for any compact subpolyhedronK of M.
SinceX can be replaced by a finite subsetY of X as in the above proof, we have
HN(M)∩HX(M)0⊂HN(M)∩HY (M)0=HN(M)0. The noncompact case follows from
the same argument when we will show thatHK(M)0 is an ANR (Propositions 4.1, 4.2) in
the next section.

4. The homotopy types of the identity components of homeomorphism groups of
noncompact 2-manifolds

In this final section we will prove Theorem 1.1 and Corollary 1.1. Below we assume that
M is a noncompactconnected PL 2-manifold andX is a compact subpolyhedron ofM.
We setM0 = X and write asM =⋃∞i=0Mi , where for eachi > 1 (a)Mi is a nonempty
compact connected PL 2-submanifold ofM andMi−1⊂ IntM Mi , (b) for each component
L of cl(M \Mi), L is noncompact andL ∩Mi+1 is connected and (c)M1 ∩ ∂M 6= ∅ if
∂M 6= ∅. Taking a subsequence, we have the following cases:

(i) eachMi is a disk,
(ii) eachMi is an annulus,
(iii) eachMi is a Möbius band, and
(iv) eachMi is not a disk, an annulus or a Möbius band.

In (ii) the inclusionMi ⊂Mi+1 is essential, otherwise a boundary circle ofMi bounds a
disk component in cl(M \Mi), and it contradicts the condition (b).

Lemma 4.1. In the cases(i)–(iii) it follows that
(i) (a) ∂M = ∅⇒M ∼=R2,

(b) ∂M 6= ∅⇒M ∼=D \A, whereA is a nonempty0-dimensional compact subset
of ∂D;

(ii) (a) ∂M = ∅⇒M ∼= S1×R1,
(b) ∂M 6= ∅⇒

(b)1 M ∼= S1× [0,1),
(b)2 M ∼= S1 × [0,1) \ A, whereA is a nonempty0-dimensional compact

subset ofS1× {0},
(b)3 M ∼= S1 × [0,1] \ A, whereA is a nonempty0-dimensional compact

subset ofS1× {0,1};
(iii) (a) ∂M = ∅⇒M ∼= P2 \ 1 pt,

(b) ∂M 6= ∅⇒M ∼=M \A, whereA is a nonempty0-dimensional compact subset
of ∂M.

In the case (ii)(b)3 we may further assume thatM1 meets bothS1× {0} andS1× {1}.
We choose a metricd onM with d 6 1 and metrizeHX(M) by the metricρ defined by

ρ(f,g)=
∞∑
i=1

1

2i
sup
x∈Mi

d
(
f (x), g(x)

)
.
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We separate the following two cases:
(I) (M,X)∼= (R2,∅), (R2,1 pt), (S1×R1,∅), (S1× [0,1),∅), (P2 \ 1 pt,∅).

(II) (M,X) is not case (I).
Case(II): First we treat case (II) and prove the following statements:

Proposition 4.1. In case(II) , we have(1)HX(M)0' ∗ and(2)HX(M)0 is an ANR.

We use the following notation: For eachj > 1 let Uj = IntM Mj andLj = FrM Mj ,
and for eachj > i > k > 0 letHk,j = HMk∪(M\Uj )(M)0, U ik,j = EMk(Mi,Uj )

∗
0 and let

πik,j :Hk,j → U ik,j denote the restriction map,πik,j (h)= h|Mi .

Lemma 4.2.
(1) Hk,j ∼=HMk∪Lj (Mj )0 is an AR.
(2) The mapπik,j :Hk,j → U ik,j is a principal bundle with the structure groupHk,j ∩
HMi (M)

∼= Gik,j ≡HMk∪Lj (Mj )0 ∩HMi∪Lj (Mj ) (under the restriction map).

(3) U ik,j is an open subset ofEMk (Mi,M)
∗
0, clU ik,j ⊂ U ik,j+1 and EMk (Mi,M)

∗
0 =⋃

j>i U ik,j .

Proof. The statement (1) follows from Fact 2.1 and Lemma 2.1(ii), and (2) follows from
Corollary 2.1. For (3), note thatEMk(Mi,M)

∗
0 is path connected (Proposition 2.1) and each

f ∈ EMk(Mi,M)
∗
0 is isotopic to the inclusionMi ⊂M in a compact subset ofM. 2

Lemma 4.3. In case(II) , for eachj > i > k > 0, (a)Gik,j is an AR,(b) the restriction map

πik,j :Hk,j → U ik,j is a trivial bundle and(c) U ik,j is also an AR.

Proof. Once we show that (∗) Gik,j =HMi∪Lj (Mj )0, then (a) the fiberGik,j is an AR by
Fact 2.1 and Lemma 2.1(ii), so (b) the principal bundle has a global section and it is trivial
and (c) follows from Lemma 4.2(1). It remains to prove (∗).

(1) The cases (i)(a), (ii)(a), (iii)(a), (ii)(b)1 and (iv) (under the condition (II)): We
can apply Theorem 3.1 to(M̃j =Mj ∪Lj Lj × [0,1], M̃i =Mi ∪Lj Lj × [0,1], M̃k =
Mk ∪Lj Lj × [0,1]). We can verify the conditions (ii) and (iii) in Theorem 3.1 as follows:
(ii) By the assumption(Mi,X) 6∼= (D,∅), (D,1 pt), (S1× [0,1],∅), (M, ∅) for eachi > 1.
(iii) If H is a component of cl̃Mj

(M̃j \M̃i)= clM(Mj \Mi), thenH contains a component
of Lj . (Also,H meets bothMi andLj (if H ∩ Lj = ∅ thenH is a compact component
of cl(M \Mi), a contradiction.), so Fr̃Mj

H is not connected. Hence ifH is a disk or a
Möbius band, then Fr̃Mj

H is a disjoint union of arcs.) By Corollary 3.1 (Compact case) it

follows thatHM̃k
(M̃j )0 ∩HM̃i

(M̃j )=HM̃i
(M̃j )0 and this implies (∗).

(2) The cases (i)(b), (ii)(b)3 and (iii)(b): SinceM1∩∂M 6= ∅ andM1 meets bothS1×{0}
andS1 × {1} in the case (ii)(b)3, it follows that cl(Mj \Mi) is a disjoint union of disks,
thusHMi∪Lj (Mj )=HMi∪Lj (Mj )0 by Fact 3.1(5-i). This implies (∗).

(3) The remaining case (ii)(b)2: It follows that (a) cl(Mj \Mi) is a disjoint union of
disksDk and an annulusH and (b)Dk ∩Mi is an arc,Dk ∩Lj is a disjoint union of arcs
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( 6= ∅) andH ∩Mi , H ∩Lj are the boundary circles ofH . SinceN =Mi ∪ (⋃k Dk) is an
annulus andN ∩Lj 6= ∅, from Theorem 3.1 it follows thatHMk∪Lj (Mj )0∩HN∪Lj (Mj )=
HN∪Lj (Mj )0. Eachf ∈ Gik,j is isotopic relMi ∪ Lj to f ′ ∈ HN∪Lj (Mj ). Sincef ′ is
isotopic to id relMk ∪ Lj , it follows thatf ′ ∈HN∪Lj (Mj )0 and sof ∈HMi∪Lj (Mj )0.
This completes the proof.2
Lemma 4.4. In case(II) , for eachi > k > 0,

(a) EMk(Mi,M)
∗
0 is an AR,

(b) the restriction mapπ :HMk(M)0→ EMk(Mi,M)
∗
0 is a trivial principal bundle with

fiberHMi (M)0,
(c) HMk (M)0 strongly deformation retracts ontoHMi (M)0.

Proof. By Lemma 4.3(c) eachU ik,j (j > i) is an AR. Thus by Fact 4.2(3)EMk(Mi,M)
∗
0 is

also an AR and it strongly deformation retracts onto the single point set{Mi ⊂M}. Hence
the principal bundle

Gik ≡HMk(M)0 ∩HMi (M)⊂HMk (M)0→ EMk(Mi,M)
∗
0

is trivial andHMk(M)0 strongly deformation retracts onto the fiberGik . In particular,Gik is
connected andGik =HMi (M)0. 2
Proof of Proposition 4.1(1). By Lemma 4.4(c), for eachi > 0 there exists a strong
deformation retractionhit (06 t 6 1) ofHMi (M)0 ontoHMi+1(M)0. A strong deformation
retractionht (06 t 6∞) of HX(M)0 onto{idM} is defined as follows:

ht (f )= hit−ihi−1
1 · · ·h0

1(f ) (f ∈HX(M)0, i > 0, i 6 t 6 i + 1)

h∞(f )= idM.

Since diamHMi (M)06 1/2i→ 0, the maph :HX(M)0× [0,∞]→HX(M)0 is continu-
ous.

(In the cases (i), (ii) and (iii), the same conclusion follows from Lemma 2.1(i), (ii) by
taking the end compactification ofM.) 2

For the proof of Proposition 4.1(2), we will apply Hanner’s criterion of ANRs:

Fact 4.1 [6]. A metric spaceX is an ANR iff for anyε > 0 there is an ANRY and maps
f :X→ Y andg :Y →X such thatgf is ε-homotopic to idX .

Proof of Proposition 4.1(2). By Lemma 4.4(b) and Proposition 4.1(1) for eachi > 1 we
have the trivial principal bundle

HMi (M)0⊂HX(M)0 π→ EX(Mi,M)
∗
0 withHMi (M)0' ∗.

It follows that π admits a sections, and the mapsπ is fiber preserving homotopic to
idHX(M)0 over EX(Mi,M)

∗
0. Since each fiber ofπ has diam6 1/2i , this homotopy is a

1/2i-homotopy. SinceEX(Mi,M)
∗
0 is an ANR (Proposition 2.1), by Fact 4.1HX(M)0 is

also an ANR. 2
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Case(I): The next statements follow from Lemma 2.1(iii) and Fact 2.1 by taking the end
compactification ofM.

Proposition 4.2. In case(I), we have(1)HX(M)0' S1 and(2)HX(M)0 is an ANR.

Theorem 1.1 follows from Propositions 4.1, 4.2, and Corollary 1.1 now follows from the
following characterization of̀2-manifold topological groups.

Fact 4.2 [1]. A topological group is aǹ 2-manifold iff it is a separable, non-locally
compact, completely metrizable ANR.

Proof of Corollary 1.1. SinceM is locally compact and locally connected,H(M) is a
topological group andHX(M) is a closed subgroup ofH(M). SinceM is locally compact
and second countable,H(M) is also second countable. A complete metricρ onH(M) is
defined by

ρ(f,g)= d∞(f, g)+ d∞
(
f−1, g−1),

d∞(f, g)=
∞∑
n=1

1

2n
sup
x∈Mn

d
(
f (x), g(x)

)
for f,g ∈ H(M), whered is a complete metric onM with d 6 1. SinceHX(M)0 ∼=
HX(M)0 × s [3], HX(M)0 is not locally compact. Finally, by Propositions 4.1, 4.2
HX(M)0 is an ANR. This completes the proof.2
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