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Abstract

In this paper, we consider Girsanov transforms of pure jump type for discontinuous

Markov processes. We show that, under some quite natural conditions, the Green functions of

the Girsanov transformed process are comparable to those of the original process. As an

application of the general results, the drift transform of symmetric stable processes is studied

in detail. In particular, we show that the relativistic a-stable process in a bounded C1;1-smooth

open set D can be obtained from symmetric a-stable process in D through a combination of a

pure jump Girsanov transform and a Feynman–Kac transform. From this, we deduce that the

Green functions for these two processes in D are comparable.
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1. Introduction

Suppose that fX ;Px; xAEg is a symmetric strong Markov process on a state space
E and that Kt is a martingale additive functional of X : Let Mt be the Doleans–Dade
exponential of Kt; that is, Mt is the unique solution of the following stochastic
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differential equation:

dMt ¼ Mt�dKt with M0 ¼ 1:

Then Mt is a nonnegative local martingale and thus is a supermartingale
multiplicative functional of X : Let Ft be the s-field generated by fXs; sptg: Then
Mt uniquely determines a family of probability measures fQx; xAEg on FN

by dQx ¼ Mt dPx onFt; which is called a Girsanov transform by Mt: Let Yt denote
the process Xt under this family of new measures fQx; xAEg: It can be shown
that Y is a strong Markov process. When Xt is a Brownian motion in Rn and

Kt ¼
R t

0 bðXsÞ dXs for some Rn-valued function b; the corresponding Girsanov

transform Mt is given by

Mt ¼ exp

Z t

0

bðXsÞ dXs �
1

2

Z t

0

jbðXsÞj2 ds

� �

and the process Y obtained from X via Mt is a diffusion process in Rn with

infinitesimal generator 1
2 Dþ b 
 r: Thus, in the case of Brownian motion, the effect

of a Girsanov transform is perturbing the generator of the process by a drift term.
The effect of a Girsanov transform on the generator of X in the general case has
been investigated in a recent paper [7] by Chen et al.
In [12], Cranston and Zhao derived sufficient conditions on the drift function b so

that the Green functions and harmonic measures in a bounded Lipschitz domain for
1
2
D and 1

2
Dþ b 
 r are comparable. They proved the above result by showing that the

conditional expectation of Mz is bounded between two positive numbers, where z is
the lifetime of the conditional Brownian motion in D: In this paper, we are going to
establish an analogue to the result of Cranston and Zhao for pure jump Girsanov
transforms of discontinuous Markov processes.
Studying Girsanov transforms for discontinuous processes in depth is important

both in theory and in application. It is well known (see, e.g., [20,28]) that many
physical and economic systems should be and in fact have been successfully modeled
by discontinuous processes, such as stable processes. A symmetric a-stable process in
Rn with 0oao2 is a Lévy process whose transition density pðt; y � xÞ relative to the
Lebesgue measure is uniquely determined by its Fourier transformR
Rn eix
xpðt; xÞ dx ¼ e�tjxja : Its infinitesimal generator is the fractional Laplacian Da=2

:¼ �ð�DÞa=2: Stable processes are now widely used in physics, operations research,
queuing theory, mathematical finance and risk estimation. In some physics
literatures (e.g., [21]), these processes are called Lévy flights, and they have been
applied to a wide range of very complex physics issues, such as turbulent diffusion,
vortex dynamics, anomalous diffusion in rotating flows, and molecular spectral
fluctuations. Another class of discontinues processes that arises from the study of
relativistic Hamiltonian system in physics, and the references therein is the family of
relativistic a-stable processes (cf. [4,24,25]). A relativistic a-stable process is a Lévy

process in Rn with infinitesimal generator m � ðm2=a � DÞa=2; where m40 is the mass
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of a relativistic particle. A relativistic a-stable process Y is intimately related to

symmetric a-stable process X : We show in this paper that the part process Y D of

Y in a bounded C1;1-smooth open set D (that is, D is a finite union of bounded

C1;1-domains that are separated from each other by a positive distance) can be

obtained from the part process X D of X in D through a combination of a pure jump
Girsanov transform and a Feynman–Kac transform. From this, we can show that

the Green function of Y D is comparable to that of X D:
In this paper, we will in fact investigate pure jump Girsanov transforms of a much

larger class of discontinuous Markov processes which may not be symmetric and to
show that, under some quite natural conditions, the Green functions of the Girsanov
transformed process are comparable to those of the original process. Note that when
X is a purely discontinuous process, for instance when X is a symmetric a-stable
process or a relativistic a-stable process, it can be shown that there is no continuous
martingale additive functional of X : Thus, any martingale additive functional Kt of
X is a pure jump martingale. So the Girsanov transform Mt of X can only be of pure
jump type. We call a pure jump Girsanov transform of a discontinuous process X as
a drift transform of X : The effect of a drift transform on the process X is perturbing
the jumping and killing measures of X : Now let us lay out the general setting of this
paper.
Let E be a Lusin space (i.e., a space that is homeomorphic to a Borel subset of a

compact metric space) and BðEÞ be the Borel s-algebra on E; and let m be a s-finite
measure on BðEÞ with supp½m ¼ E: Let X ¼ ðO;M;Mt;Xt;Px; xAEÞ be a Borel
standard process on E which is transient in the sense of Getoor [16]. Here, a
Borel standard process on the Lusin space E is a strong Markov process satisfying
the following conditions: (i) it is right continuous, (ii) it has no branching points,
(iii) its resolvents map Borel functions into Borel functions and (iv) it is quasi-left
continuous on ð0; zÞ; where z is the lifetime of the process. The shift operators
yt; tX0; satisfy Xs 3 yt ¼ Xsþt identically for s; tX0: Adjoined to the state space
E is an isolated point @eE; the process X retires to @ at its ‘‘lifetime’’ z :¼ infftX0 :
Xt ¼ @g: Denote E,f@g by E@: The transition semigroup fPt; tX0g of Xt is
defined by

Pt f ðxÞ :¼ Ex½ f ðXtÞ ¼ Ex½ f ðXtÞ; toz:

(Here and in the sequel, unless mentioned otherwise, we use the convention that a
function defined on E takes the value 0 at the cemetery point @:)

Suppose we now have another transient Borel standard process X̂ ¼
ðX̂ t; #Px; xAEÞ on E which is a strong dual of X with respect to the measure

m: That is, the semigroup fP̂ tgtX0 of X̂ is the dual in L2ðE;mÞ to the semigroup

fPtgtX0 of X :

Z
E

f ðxÞPtgðxÞmðdxÞ ¼
Z

E

gðxÞP̂ t f ðxÞmðdxÞ for all f ; gAL2ðE;mÞ:
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Furthermore for each a40; the resolvent fUag and fÛ ag are related as follows: a
potential density Gaðx; yÞ can be chosen to be BðEÞ �BðEÞ measurable and satisfy

(a) Uaðx; dyÞ ¼ Gaðx; yÞmðdyÞ; Û aðx; dyÞ ¼ Gaðy; xÞmðdyÞ;
(b) x-Gaðx; yÞ is a-excessive for X ; y-Gaðx; yÞ is a-excessive for X̂ :

When a ¼ 0; we will drop the subscript and write G for G0: In particular,

Ex

Z z

0

f ðXsÞ ds

� �
¼
Z

E

Gðx; yÞ f ðyÞmðdyÞ

for all measurable fX0 and Gðx; yÞ is called the Green function of X : Throughout
this paper, the process X is assumed to be m-irreducible in the sense that if a
measurable set A has positive m-measure then Px½TAoN40 for all xAE; where
TA ¼ infft40;XtAAg is the first hitting time of A: Note that the irreducibility
condition holds if and only if Gðx; yÞ40 for all x and y: The ‘‘if’’ part is obvious. For
the ‘‘only if’’ part, fix y0 and observe that B :¼ fx : Gðx; y0Þ40g is finely open and
nonempty. Thus, mðBÞ40 because m is a reference measure. By the irreducibility
assumption, PxðTBoNÞ40 for all x: But, Bc; being the zero set of an excessive
function, is absorbing; consequently, PxðTBoNÞ ¼ 0 for all xABc: It follows that

Bc ¼ |:
We call a positive measure m on E a smooth measure of X if there is a positive

continuous additive functional (PCAF in abbreviation) A of X such thatZ
E

f ðxÞmðdxÞ ¼ m lim
tk0

Em

1

t

Z t

0

f ðXsÞ dAs

� �
ð1:1Þ

for any Borel fX0: Here mlimtk0 means the quantity is increasing as tk0: The
measure m is called the Revuz measure of A: Throughout this paper, all additive
functionals should be understood in the strict sense, that is, in the sense of
Blumenthal and Getoor [3]. Since X is assumed to have a Green function, any
m-polar set is polar. When X admits a strong dual, a PCAF having bounded
1-potential in the sense of [15] with an exceptional set can be uniquely refined into a
PCAF in the strict sense. This can be shown by using the same argument as that of
the proof of Theorem 5.1.6 of Fukushima et al. [15]. Therefore, Fitzsimmons and
Getoor [14] gives a one-to-one correspondence between smooth measures with
bounded 1-potentials and PCAFs in the strict sense with bounded 1-potentials. Note
that by Revuz [26] for a PCAF A of X having bounded 1-potential with Revuz
measure m;

Ex½Az ¼
Z

E

Gðx; yÞmðdxÞ:

Under the above assumptions on the process X ; one can easily show that every
excessive function of X is Borel measurable. By the assumed irreducibility we know
that if an excessive function h of X is not identically zero then h is positive
everywhere. For any excessive function h of X that is finite m-a.e. on E and not
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identically zero, let Eh ¼ fxAE : hðxÞoNg and

phðt; x; dyÞ ¼ 1

hðxÞ pðt; x; dyÞhðyÞ; t40; x; yAEh: ð1:2Þ

Then ph is a transition probability and determines a Borel standard process X h on Eh

with lifetime zh (see [13,22, Proposition 2.2]), which is called Doob’s h-transformed

process of X : The process X h is standard because it is locally absolutely continuous
with respect to the standard process X : By setting points of E\Eh to be absorbing

states for X h; it was shown in Proposition 5.4 of Getoor and Glover [17] that X h and

X̂ are in strong duality on E with respect to the measure hm: For any xAE; we are

going to use Ph
x and Eh

x; respectively, to denote the probability and expectation with

respect to the h-conditioned process starting from x: Note that by (1.2), X h has
Green function

Ghðx; yÞ :¼ Gðx; yÞ
hðxÞ ð1:3Þ

with respect to the measure hm:
As is noted in Chen [6], a PCAF of X with Revuz measure m (with respect to the

reference measure m) is a PCAF of X h with Revuz measure hm (with respect to the
reference measure hm).
When hð
Þ ¼ Gð
; yÞ for some yAE; we will use Py

x and Ey
x; respectively, to denote

the probability and expectation for the h-conditioned process starting from x: In this

case, the lifetime zh will be denoted as zy and X h as X y:
Let ðN;HÞ be a Lévy system for X (cf. [2,29, Theorem 47.10]); that is, Nðx; dyÞ is a

kernel on ðE;BðEÞÞ and Ht is a PCAF of X with bounded 1-potential such that for
any nonnegative Borel function f on E � E that vanishes on the diagonal and is
extended to be zero off E � E;

Ex

X
spt

f ðXs�;XsÞ
 !

¼Ex

X
spt

f ðXs�;XsÞ1fsozg

 !

¼Ex

Z t

0

Z
E

f ðXs; yÞNðXs; dyÞ dHs

� �
ð1:4Þ

for every xAE: The Revuz measure for H will be denoted as mH : If X is further
assumed to be special, that is, if XT is sð,nMTn

Þ-measurable whenever fTng is an

increasing sequence of stopping times with limit T ; then the above Lévy kernel
Nðx; dyÞ can be extended to a kernel on ðE@;BðE@ÞÞ such that for any nonnegative
Borel function f on E � E@ vanishing on the diagonal and any xAE;

Ex

X
spt

f ðXs�;XsÞ
 !

¼ Ex

Z t

0

Z
E@

f ðXs; yÞNðXs; dyÞ dHs

� �
: ð1:5Þ
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We note that a pure jump Girsanov transform (see (2.7)) is a Feynman–Kac
transform driven by a discontinuous additive functional. So the conditional gauge
theorem proved in Chen [6] and Chen and Song [10] can be applied to study the
relation between the Green functions of the original process and those of the process
transformed by a pure jump exponential local martingale.
The content of this paper is organized as follows. In Section 2, we show that under

some natural assumptions the conditional expectation of the pure jump exponential
martingale is uniformly bounded between two positive numbers. This shows that the
Green function of the transformed process is comparable to the Green function of
the original process. In Section 3, we apply the results of Section 2 to the relativistic
symmetric a-stable process. We show that the relativistic symmetric a-stable process
in a bounded C1;1-smooth open set D can be obtained from the symmetric a-stable
process in D through a combination of a pure jump Girsanov transform and a
Feynman–Kac transform. We further show that the Green functions of these two
processes are comparable.
In this paper, we use ‘‘:¼’’ as a way of definition, which is read as ‘‘is defined to

be’’. For functions f and g; notation ‘‘fEg’’ means that there exist constants
c24c140 such that c1gpfpc2g:

2. Pure jump Girsanov transforms

We first recall the following definitions from Chen [6], which extend those in Chen

and Song [9,10]. For a signed measure m; we use mþ and m� to denote its positive and
negative parts, respectively. Let d :¼ fðx; zÞAðE � EÞ : Gðx; zÞ ¼ Ng and Ez :¼
fxAE : Gðx; zÞoNg for zAE:

Definition 2.1. Suppose that n is a signed smooth measure. Let nþ and n� denotes its

positive and negative part, and let jnj ¼ nþ þ n�:
(1) The measure n is said to be in the class KNðXÞ if for any e40; there is a Borel

set K ¼ KðeÞ of finite jnj-measure and a constant d ¼ dðeÞ40 such that for all
measurable set BCE with jnjðBÞod;

sup
xAE

Z
ðE\KÞ,B

Gðx; yÞjnjðdyÞoe:

(2) The measure n is said to be in the class K1ðXÞ if there is a Borel set K of finite
jnj-measure and a constant d40 such that

b1ðnÞ :¼ sup
BCK : jnjðBÞod

sup
xAE

Z
ðE\KÞ,B

Gðx; yÞjnjðdyÞo1:

(3) The measure n is said to be in the class SNðXÞ if for any e40 there is a Borel
subset K ¼ KðeÞ of finite jnj-measure and a constant d ¼ dðeÞ40 such that for all
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measurable sets BCE with jnjðBÞod;

sup
ðx;zÞAðE�EÞ\d

Z
ðE\KÞ,B

Gðx; yÞGðy; zÞ
Gðx; zÞ jnjðdyÞpe: ð2:1Þ

(4) The measure n is said to be in the class S1ðXÞ if there is a Borel set K of finite
jnj-measure and a constant d40 such that

b2ðnÞ :¼ sup
BCK :jnjðBÞod

sup
ðx;zÞAðE�EÞ\d

Z
ðE\KÞ,B

Gðx; yÞGðy; zÞ
Gðx; zÞ jnjðdyÞo1:

(5) A function q is said to be in the class KNðX Þ; K1ðX Þ; SNðX Þ; or S1ðXÞ; if
nðdxÞ :¼ qðxÞmðdxÞ is in the corresponding spaces.

Definition 2.2. Suppose F is a bounded function on E � E vanishing on the diagonal

d and off E � E: It is always extended to be zero off E � E: Define mF ðdxÞ :¼
ð
R

E
Fðx; yÞNðx; dyÞÞmHðdxÞ:

(1) We say that F belongs to the class JNðXÞ if the measure mjF j belongs to

KNðX Þ:
(2) F is said to be in the class ANðX Þ if for any e40 there is a Borel subset

K ¼ KðeÞ of finite mjF j-measure and a constant d ¼ dðeÞ40 such that for all

measurable set BCK with mjF jðBÞod;

sup
ðx;wÞAðE�EÞ\d

Z
ðK\BÞc�ðK\BÞc

Gðx; yÞ jFðy; zÞjGðz;wÞ
Gðx;wÞ Nðy; dzÞmHðdyÞpe: ð2:2Þ

(3) F is said to be in the class A2ðXÞ if FAANðXÞ and if the measure mjF j is in

SNðX Þ:

The main improvement of these new classes over those in Chen and Song [9,10], as
was explained in Chen [6], is that they include measures that are not absolutely
continuous with respect to the reference measure m and the gauge and conditional
gauge theorems still hold. In particular, the Revuz measure mH of H in the Lévy
system ðN;HÞ for X needs not to be absolutely continuous with respect to m: From
Chen [6], we know that KNðX ÞCK1ðXÞ; SNðXÞCKNðXÞ; S1ðX ÞCK1ðXÞ and
ANðX ÞCJNðX Þ: It follows from [6] that for any nAK1ðXÞ we have U jmj is bounded.
Therefore, for any measure mAK1ðX Þ we can uniquely associate an additive
functional in the strict sense.
It is easy to see from the definition that if FAANðXÞ satisfies

inf
x;yAE

Fðx; yÞ4� 1;

then lnð1þ Fðx; yÞÞ is also in ANðXÞ:
Although the above definitions for various Kato classes look complicated, they in

fact arise quite naturally. For example, the Kato class KNðX Þ is a genuine extension
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of the class of Green-tight measures introduced by Zhao [30] for Brownian motion in
Rn (see [6]). We now give some concrete conditions for functions to be in classes
KNðX Þ; SNðX Þ and ANðX Þ; respectively, when X is a symmetric a-stable process in
a bounded C1;1-smooth open set.

Example 1. Suppose that X is a killed symmetric a-stable process on a bounded C1;1

open set DCRn for some aAð0; 2Þ: The process X is a Hunt process, which is in
particular a special standard process. So it has a Lévy system ðN;HÞ in the sense of

(1.5), where Ht ¼ t; Nðx; dyÞ ¼ Aðn;�aÞjx � yj�ðnþaÞ
dy on D and Nðx; @Þ ¼

Aðn;�aÞ
R

Dc jx � yj�ðnþaÞ
dy: Here,

Aðn;�aÞ ¼
jajGðnþa

2
Þ

21�apn=2Gð1� a
2
Þ: ð2:3Þ

It follows from the 3G-estimate in Chen and Song [8] as well as in Chen [5] and
Corollary 4.2 in Chen and Song [9] that a Borel function q on D is in SNðXÞ and
hence in KNðXÞ if

jqðxÞjpf ðxÞ þ cdDðxÞ�b for almost every xAD;

where c and b are positive constants such that boa; and fX0 is a function on D such
that

lim
r-0

sup
xARn

Z
Bðx;rÞ-D

f ðyÞjx � yja�n
dy ¼ 0: ð2:4Þ

Here dDðxÞ denotes the Euclidean distance between x and Dc: It is easy to see that
condition (2.4) is satisfied if fALpðDÞ for some p4d=a: It is illustrated in Example 2
of Chen and Song [10] that if F is a bounded function on D � D satisfying the
inequality

jFðx; yÞjpCjx � yjb; x; yAD ð2:5Þ

for some constants b4a and C40; then FAANðXÞ: In fact, such a function F is also
in the class A2ðXÞ; as the functionZ

D

jFðx; yÞjNðx; dyÞpAðn;�aÞ
Z

D

Cjx � yj�nþðb�aÞ
dy

is bounded on D and therefore is in the class SNðXÞ: &

For a smooth measure m associated with a continuous additive functional Am and a
Borel function F on E � E that vanishes along the diagonal, define

eAmþF ðtÞ ¼ exp A
m
t þ

X
0ospt

FðXs�;XsÞ
 !

; tX0:
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As mentioned previously, the continuous additive functional A
m
t of X can be

regarded as the continuous additive functional of X w with Revuz measure Gð
;wÞm:
We recall the following results from Chen [6] established there as Theorems 2.13, 3.8
and 3.10, respectively.

Theorem 2.1. (1) (Gauge Theorem) Assume that mAK1ðX Þ and FAJNðXÞ: Then the

gauge function gðxÞ :¼ Ex½eAmþF ðzÞ is either bounded on E or identically infinite on E:
(2) (Conditional Gauge Theorem) Suppose that mAS1ðXÞ and FAANðX Þ: Then the

conditional gauge function ðx;wÞ/Ew
x ½eAþF ðzwÞ is either bounded or identically

infinite on ðE � EÞ\d:
(3) (Equivalence Theorem) Suppose that mAS1ðXÞ and FAANðXÞ: Then the

following are equivalent.
(3a) The gauge function x/Ex½eAmþF ðzÞ is bounded on E;
(3b) The conditional gauge function ðx;wÞ/Ew

x ½eAmþF ðzwÞ is bounded on

ðE � EÞ\d;
(3c) There is some xAE and a Borel set BCE with 0omðBÞoN such that

Ex

Z z

0

eAmþF ðtÞ1BðXtÞ dt

� �
oN:

Note that for mAS1ðX Þ and FAANðX Þ;

sup
ðx;wÞAðE�EÞ\d

Ew
x A

jmj
zw þ

X
0osozw

jFðXs�;XsÞj
" #

oN

(see [6]) and therefore by Jensen’s inequality

inf
ðx;wÞAðE�EÞ\d

Ew
x ½eAmþF ðzwÞ40: ð2:6Þ

Suppose that F belongs to A2ðXÞ with

inf
x;yAE

Fðx; yÞ4� 1:

Using the Lévy system, we see that

t/
X

0ospt

FðXs�;XsÞ �
Z t

0

Z
E

FðXs; yÞNðXs; dyÞ dHs

is a local martingale. Its Doleans–Dade exponential is (cf. [18, Theorem 9.39])

Mt ¼ exp �
Z t

0

Z
E

FðXs; yÞNðXs; dyÞ dHs

� �Y
spt

ð1þ FðXs�;XsÞÞ

¼ exp
X
spt

lnð1þ FðXs�;XsÞÞ �
Z t

0

Z
E

FðXs; yÞNðXs; dyÞ dHs

 !
: ð2:7Þ
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Mt is a nonnegative local martingale. Mt is called a pure jump Girsanov transform of
X : In this paper, we are concerned with this pure jump Girsanov transform of X : It
follows from (2.7) that Mt is a Feynman–Kac transform by a discontinuous additive
functional. The latter is the subject of recent work of Chen and Song [10] and
Chen [6].
The local martingale Mt is obviously a nonnegative supermartingale multiplicative

functional of X : Let Y be the strong Markov process obtained from X through the
pure jump Girsanov transform M; that is, the transition semigroup of Y is given by

Qt f ðxÞ :¼ Ex½Mt f ðXtÞ:

Theorem 2.4 of Chen and Song [10] suggests that the infinitesimal generator of the
semigroup of Y takes the form of

f/LY f ðxÞ :¼ Lf ðxÞ þ
Z

E

ð f ðyÞ � f ðxÞÞFðx; yÞNðx; dyÞ
� �

mHðdxÞ;

where L is the infinitesimal generator for the semigroup of X : We like to point out
that if X is a symmetric Borel standard process and FAA2ðXÞ is symmetric, then the
Girsanov transformed process Y is symmetric with respect to the measure m as well.
We are going to use the recent results in Chen [6], some of which are summarized

in Theorem 2.1, to show that the Green function GY of Y is comparable to that of X :

Theorem 2.2. For FAA2ðXÞ with

inf
x;yAE

Fðx; yÞ4� 1;

there is a constant c41 such that

c�1pEy
x½Mzy pc

for all ðx; yÞAðE � EÞ\d: Therefore, the Green function GY ðx; yÞ ¼ Ey
x½Mzy Gðx; yÞ of

Y is comparable to Gðx; yÞ:

Proof. As lnð1þ FÞAANðX Þ and mjF jASNðXÞ; we have by Theorem 2.1(2) that

uðx; yÞ :¼ Ey
x½Mzy  is either bounded or identically infinite on ðE � EÞ\d: However, as

Ex½Mzp1 for xAE; we have by Theorem 2.1(3) Ey
x½Mzy  is bounded from above on

ðE � EÞ\d: By (2.6), this function is also bounded from below by a positive constant.

That GY ðx; yÞ :¼ Ey
x½Mzy Gðx; yÞ is the Green function of Y is a consequence of

Lemma 3.9 of Chen [6]. &

The mixture of a pure jump Girsanov transform and a Feynman–Kac transform
can also be handled similarly.
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Theorem 2.3. Suppose that FAA2ðXÞ with

inf
x;yAE

Fðx; yÞ4� 1

and that a continuous additive functional A of X is in S1ðX Þ: Let Kt ¼ Mt expðAtÞ;
where Mt is the exponential martingale in (2.7) determined by F : Then uðx; yÞ :¼
Ey

x½Kzy  is either bounded or identically infinite. If Ex½KzoN for some xAE; then u is

bounded.

Proof. Note that by (2.7),

Kt ¼ exp
X

0ospt

lnð1þ FðXs�;XsÞÞ �
Z t

0

Z
E

FðXs; yÞNðXs; dyÞ dHs þ At

 !
: ð2:8Þ

Let n denote the signed Revuz measure of At: As lnð1þ FÞAANðXÞ and jnj þ mjF j is

in S1ðXÞ; we have by Theorem 2.1(2) that u is either bounded or identically infinite
on ðE � EÞ\d: If Ex½KzoN for some xAE; then by Theorem 2.1(3), uðx; yÞ is

bounded on ðE � EÞ\d: &

If the process X is special standard and has killing inside E; that is,
PxðXz�AE; zoNÞ40 for any xAE; the above two theorems can be proved by

using Theorem 2.1(2) only (i.e., without using the equivalence in Theorem 2.1(3)).
The above killing condition is equivalent to that the killing measure kðdxÞ :¼
Nðx; @ÞmHðdxÞ is nontrivial. We will just present an alternative proof for Theorem
2.3. The alternative proof for Theorem 2.2 goes along the same lines. First, we give
an interpretation of the y-conditioned process X y; which may be of independent
interest.

Theorem 2.4. Assume further that X is a special standard process. Then for any MN-
measurable function FX0 and xAD; we have

Ex½FjXz� ¼ EXz�
x ½F on fXz�AE; zoNg:

Proof. Using the monotone class theorem, we may assume that F is of the form
F ¼ Ft1ftozg; where Ft is Mt-measurable and bounded. Clearly,

Ey
x½F ¼

1

Gðx; yÞ Ex½FtGðXt; yÞ; toz:

So Ey
x½F is Borel measurable in y; for every fixed x and F: We need to show that for

any Borel subset A of E;

Ex½F;Xz�AA; zoN ¼ Ex½EXz�
x ½F;Xz�AA; zoN: ð2:9Þ
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The right-hand side of (2.9), by (1.5) and Fubini theorem, is equal toZ
A

Gðx; yÞEy
x½FkðdyÞ

¼
Z

A

Ex½GðXt; yÞFt; tozkðdyÞ

¼ Ex Ft

Z
A

GðXt; yÞkðdyÞ
� �

; toz
� �

¼ Ex½FtPXt
ðXz�AA; zoNÞ; toz

¼ Ex½F;Xz�AA; zoN

which is the left-hand side of (2.9). &

Second Proof for Theorem 2.3. (under the extra assumption that the process X is
special standard and has killings inside E). If Ex½KzoN; then by (2.9),Z

E

Gðx; yÞEy
x½Kzy kðdyÞ ¼ Ex½Kz;Xz�AE; zoNoN

and therefore there is some ðx; yÞAðE � EÞ\d such that uðx; yÞoN: This implies that
u has to be bounded by Theorem 2.1(2). &

3. Applications to relativistic stable processes

In this section, we will first apply the main results of the previous section to the

case where the underlying process X is a symmetric a-stable process X D in a

bounded C1;1 open set D; aAð0; 2Þ: The process X D is special standard, in fact a
Hunt process, so all the results, including Theorem 2.4, of the previous section

apply. We show that relativistic a-stable processes in D can be obtained from X D

through a Feynman–Kac transform of the form (2.8). We then use it to get sharp

estimates for Green functions of relativistic a-stable processes in a bounded C1;1

open set.
Let X be a symmetric a-stable process on Rn with nX2 and 0oao2: The process

X is transient and it has Green function

Gðx; yÞ ¼ Aðn; aÞjx � yja�n;

where Aðn; aÞ is given by (2.3) with �a in place of a there, that is,

Aðn; aÞ ¼
aGðn�a

2
Þ

21þapn=2Gð1þ a
2
Þ:
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It is well known that the Dirichlet form ðE;FÞ associated with X is given by

Eðu; vÞ ¼ 1

2
Aðn;�aÞ

Z
Rn

Z
Rn

ðuðxÞ � uðyÞÞðvðxÞ � vðyÞÞ
jx � yjnþa dx dy;

F ¼ uAL2ðRnÞ :
Z
Rn

Z
Rn

ðuðxÞ � uðyÞÞ2

jx � yjnþa dx dyoN

( )
: ð3:1Þ

Here and in the rest of this section dx stands for the Lebesgue measure on Rn:
Let Cap denote the 1-capacity associated with the process X (or equivalently,

with the Riesz potential kernel Aðn; aÞjx � yja�n). A function u is said to be
quasi-continuous if there exists for any e40 an open set U such that CapðUÞoe
and ujUc is continuous. It is known (cf. [15]) that every function u in F admits a

quasi-continuous version. We will always use its quasi-continuous version in the
sequel.

For any open set D; let X D be the symmetric a-stable process X killed upon

leaving D: The Dirichlet form associated with X D is ðE;FDÞ; where

FD ¼ fuAF : u ¼ 0 on Dc except for a set of zero capacityg: ð3:2Þ

Let E1 :¼ Eþ ð
; 
ÞL2ðRn;dxÞ: Then FD is in fact the E1-closure of CN

c ðDÞ; the

space of smooth functions with compact support in D (cf. [15]). Note that for any

u; vAFD;

Eðu; vÞ ¼
Z

D

Z
D

ðuðxÞ � uðyÞÞðvðxÞ � vðyÞÞJðx; yÞ dx dy þ
Z

D

uðxÞvðxÞkDðxÞ dx;

where

Jðx; yÞ ¼ 1

2
Aðn;�aÞ 1

jx � yjnþa

and

kDðxÞ ¼ Aðn;�aÞ
Z

Dc

1

jx � yjnþa dy:

The process X D has Lévy system ðN;HÞ where Nðx; dyÞ ¼ Aðn;�aÞjx � yj�ðnþaÞ
dy

on D and Nðx; @Þ ¼ kDðxÞ; and Ht ¼ t:

It is well known that X D has a continuous symmetric Green function GDð
; 
Þ;
which is defined on D � D except along the diagonal such that for any Borel
measurable function fX0;

Ex

Z tD

0

f ðXsÞ ds

� �
¼
Z

D

GDðx; yÞ f ðyÞ dy:
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When D is a bounded C1;1 open set, sharp bounds on the Green function GD have
been established in Chen and Song [8], Kulczycki [23] and Chen [5]:

GDðx; yÞEmin
1

jx � yjn�a;
da=2D ðxÞda=2D ðyÞ

jx � yjn

( )
for x; yAD: ð3:3Þ

Recall that dDðxÞ denotes the Euclidean distance between x and Dc: Here for two
functions f ; g; fEg means there are constants c24c140 such that c1gpfpc2g:
Using the Lévy system, one easily deduces (cf. [19]) that

PxðXtD�AAÞ ¼
Z

A

GDðx; yÞkDðyÞ dy for any measurable ACD:

Suppose that FAA2ðX Þ is symmetric with

inf
x;yAE

Fðx; yÞ4� 1

and that m is a signed measure in S1ðXÞ: Let Am be the continuous additive functional

of X D with Revuz measure m: As we already saw in Example 1, a bounded function
F satisfying condition (2.5) is in A2ðXÞ: Define

Kt ¼ exp
X

0ospt

lnð1þ FðX D
s�;X D

s ÞÞ �
Z t

0

Z
D

FðX D
s ; yÞNðX D

s ; dyÞ ds þ A
m
t

 !
: ð3:4Þ

Let

Qt f ðxÞ :¼ Ex½Kt f ðX D
t Þ; t40;

with the convention that f ð@Þ ¼ 0: Then by Theorem 4.8 of Chen and Song [10], Qt is

a strongly continuous semigroup in L2ðD; dxÞ whose associated quadratic form

is ðQ;FDÞ; where

Qðu; vÞ ¼
Z

D

Z
D

ðuðxÞ � uðyÞÞðvðxÞ � vðyÞÞð1þ Fðx; yÞÞJðx; yÞ dx dy

þ
Z

D

uðxÞvðxÞkDðxÞ dx �
Z

D

uðxÞvðxÞmðdxÞ for u; vAFD: ð3:5Þ

Let Py
x and Ey

x denote the probability and expectation for the GDð
; yÞ-process of X D

starting from x: By Lemma 3.9 of Chen [6], for Borel function fX0;

Ex

Z
N

0

Kt f ðX D
t Þ dt

� �
¼
Z

D

GDðx; yÞEy
x½Kzy  f ðyÞ dy;
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and so the semigroup Qt has Green function Vðx; yÞ :¼ GDðx; yÞEy
x½Kzy : If

Ex½KtD
oN for some xAD; then by Theorem 2.3 and (2.6),

Vðx; yÞEGDðx; yÞ: ð3:6Þ

Now we apply the above to relativistic a-stable processes in D: A relativistic a-
stable process Y ¼ ðYt;Qx; xARnÞ in Rn is a Lévy process whose characteristic
function is given by

e�tððjxj2þm2=aÞa=2�mÞ; xARn;

where m40 is a constant. In other words, Y has infinitesimal generator m � ð�Dþ
m2=aÞa=2: It is clear that Y is symmetric with respect to the Lebesgue measure dx on
Rn and that when the parameter m degenerates to 0; Y becomes a symmetric a-stable
process on Rn: Let ðQY ;DðQY ÞÞ be the Dirichlet space of Y :Using Fourier transform

f̂ ðxÞ :¼ ð2pÞ�n=2 R
Rn eix
yf ðyÞ dy; it follows from Example 1.4.1 of Fukushima et al.

[15] that

DðQY Þ ¼ uAL2ðRn; dxÞ :
Z
Rn

jû ðxÞj2ðjxj2 þ m2=aÞa=2 � mÞ dxoN

� �
;

QY ðu; vÞ ¼
Z
Rn

uðxÞ %̂v ðxÞðjxj2 þ m2=aÞa=2 � mÞ dx:

Here %z denotes the complex conjugate of a complex number z: The Dirichlet space
ðE;FÞ for the symmetric a-stable process X can also be characterized similarly by

using Fourier transforms, only with jxja in place of ðjxj2 þ m2=aÞa=2 � m above. Thus,
there is a constant c ¼ cðmÞ41 such that

c�1E1ðu; uÞpQY
1 ðu; uÞpc E1ðu; uÞ ð3:7Þ

and so DðQY Þ ¼ F: Here QY
1 ðu; uÞ :¼ QY ðu; uÞ þ

R
Rn uðxÞ2 dx: As noted in Bakry [1]

and Ryznar [27], like symmetric stable processes, relativistic a-stable processes can be
obtained from Brownian motions through subordinations. Using subordinations, it
is easy to deduce the Lévy measure nðxÞ dx for Y whose density is given by

nðxÞ ¼ a
2Gð1� a

2
Þ

Z
N

0

ð4puÞ�n=2
e�

jxj2
4u e�m2=auu�ð1þa

2Þ du;

(see [27]). Using change of variables twice, first with u ¼ jxj2v then with v ¼ 1=s; we
have

nðxÞ ¼ a
2nþ1pn=2Gð1� a

2Þ

Z
N

0

ðjxj2vÞ�ð1þnþa
2

Þ
e�

1
4v
�m2=ajxj2vjxj2 dv

¼ a
2nþ1pn=2Gð1� a

2
Þ

1

jxjnþa

Z
N

0

v�ð1þnþa
2

Þe�
1
4v
�m2=ajxj2v dv
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¼ a
2nþ1pn=2Gð1� a

2
Þ

1

jxjnþa

Z
N

0

s
nþa
2

�1e�
s
4
�m2=ajxj2

s ds

:¼ a
2nþ1pn=2Gð1� a

2Þ
1

jxjnþa Iðm1=ajxjÞ;

where

IðrÞ ¼
Z

N

0

s
nþa
2

�1e�
s
4
� r2

s ds:

Using the change of variable t ¼
ffiffi
s

p

2
� rffiffi

s
p ; we have

IðrÞ ¼ e�r

Z
N

0

s
nþa
2

�1e
�ð
ffiffi
s

p

2
� rffiffi

s
p Þ2

ds

¼ e�r

Z
N

�N

2ðt þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t2 þ 2r

p
Þnþaffiffiffiffiffiffiffiffiffiffiffiffiffiffi

t2 þ 2r
p e�t2 dt

and therefore

IðrÞEe�r 1þ r
nþa�1

2

� �
near r ¼ N:

Since Ið0Þ ¼ 2nþaGðnþa
2
Þ; a

2nþ1pn=2Gð1�a
2
Þ Ið0Þ ¼ Aðn;�aÞ: Defining cðrÞ ¼ IðrÞ=Ið0Þ; we

have from the above that

nðxÞ ¼ Aðn;�aÞjxj�n�a cðm1=ajxjÞ ð3:8Þ

with

cðrÞEe�r 1þ r
nþa�1

2

� �
near r ¼ N: ð3:9Þ

On the other hand,

cðrÞ ¼ Ið0Þ�1
Z

N

0

s
nþa
2

�1e�
s
4
� r2

s ds

is a smooth function of r2 and so

cðrÞ ¼ 1þ c00ð0Þ
2

r2 þ oðr4Þ near r ¼ 0: ð3:10Þ

The Lévy measure n determines the jumping measure J1 of Y :

J1ðx; yÞ ¼ 1
2
nðx � yÞ ¼ 1

2
Aðn;�aÞjx � yj�ðnþaÞ cðm1=ajx � yjÞ:

As the Dirichlet space ðQY ;FÞ for Y has no continuous part and killing part, so by
Beurling–Deny decomposition it is uniquely determined by its jumping part (cf. [15])
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and thus

QY ðu; uÞ ¼
Z
Rn

Z
Rn

ðuðxÞ � uðyÞÞ2J1ðx; yÞ dx dy:

Suppose that D is a bounded C1;1 open set in Rn: Let Y D be the relativistic a-stable
process Y killed upon exiting D: Then (cf. [15]) the Dirichlet form corresponding to

Y D is ðQY ;FDÞ: For any uAFD;

QY ðu; vÞ ¼
Z

D

Z
D

ðuðxÞ � uðyÞÞðvðxÞ � vðyÞÞJ1ðx; yÞ dx dy

þ
Z

D

uðxÞvðxÞkY
DðxÞ dx for u; vAFD

with

kY
DðxÞ ¼ 2

Z
Dc

J1ðx; yÞ dy:

It follows from (3.8) and (3.9) that J1ðx; yÞpJðx; yÞ on Rn � Rn: Moreover, we have
from (3.8)–(3.10),

J1ðx; yÞ
Jðx; yÞXc40 and

J1ðx; yÞ
Jðx; yÞ � 1

����
����pCjx � yj2 on D � D ð3:11Þ

for some positive constants c ¼ cðD; a;mÞ and C ¼ CðD; a;mÞ: Therefore, the

function qðxÞ :¼ kDðxÞ � kY
DðxÞ satisfies the condition

0oqðxÞpC

Z
Dc

1

jx � yjnþa�2 dy

pC

Z
fy : jy�xj4dDðxÞg

1

jx � yjnþa�2 dy

¼C dDðxÞ2�a:

Using the 3G theorem for Green function of X D (cf. [8]), it is easy to see that

qASNðX DÞ: Let Fðx; yÞ ¼ J1ðx;yÞ
Jðx;yÞ � 1: Then from (3.11) we see that on ðD � DÞ\d; F is

nonpositive and satisfies

inf
x;yAD

Fðx; yÞXc � 1 and jFðx; yÞjpCjx � yj2 on D � D

for some constant C40: So by Example 1 in the previous section we know

FAA2ðX DÞ and lnð1þ FÞAANðX DÞ: By (3.3) we also have qASNðX DÞ (see [9]).
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Define

Kt ¼ exp
X

0ospt

lnð1þ FðX D
s�;X D

s ÞÞ �
Z t

0

Z
E

FðX D
s ; yÞNðX D

s ; dyÞ ds

 

þ
Z t

0

qðX D
s Þ ds

�
:

We claim that Y D can be obtained from X D through the Feynman–Kac transform
by the multiplicative functional Kt: For this, define a semigroup Qt by

Qt f ðxÞ :¼ Ex½Kt f ðX D
t Þ; xAD:

It follows from (3.5) that the quadratic form associated with Qt is exactly the

Dirichlet space ðQY ;FDÞ of Y D and therefore Qt is the semigroup of Y D: Note that

the killing intensity kY
D of Y D is bounded from below by a positive constant so it

follows that

inf QY ðu; uÞ: uAFD with

Z
D

uðxÞ2 dx ¼ 1

� �
40:

This implies that
R
N

0 Qt dt is a bounded operator in L2ðD; dxÞ and so for any Borel

subset BCE with 0omðBÞoN;Z
N

0

Qt1BðxÞ dt ¼ Ex

Z
N

0

Kt 1BðX D
t Þ dt

� �
oN for m-a:e: xAE:

Thus, by Theorem 2.1(3) and (3.6), the Green function GY
D of Y D is comparable to

that of X D: Therefore, we have established the following result.

Theorem 3.1. For any bounded C1;1 open set D in Rn; there is a constant

C ¼ CðD; a;mÞ40 such that

C�1GDðx; yÞpGY
D ðx; yÞpCGDðx; yÞ; x; yAD:

From (3.3) we immediately get the following sharp estimates on GY
D :

Theorem 3.2. For any bounded C1;1 open set D in Rn; there is a constant

C ¼ CðD; a;mÞ40 such that

C�1min
1

jx � yjn�a;
da=2D ðxÞda=2D ðyÞ

jx � yjn

( )
pGY

D ðx; yÞpC min
1

jx � yjn�a;
da=2D ðxÞda=2D ðyÞ

jx � yjn

( )
:
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When D is a bounded C1;1-domain, Theorem 3.2 is the main result of Ryznar [27],
which was proved in a different way there.
By using an argument similar to that in Chung and Zhao [11], it can be shown that

GY ðx; yÞ is continuous on ðD � DÞ\d:
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