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ABSTRACT 

If (X, A, p) is a. kite measure space and j is in Ll (X, ,u), then the a(L1, Loo)- 
closure of the set A(j) of all measurable functione equimeaaurable with j is shown 
to be the set to which g belongs if and only if there is a function equimeaeurable 
with j which major&es g (in the sense of the Hardy-Littlewood-Polye preorder 
relation) on the non-atomic part of X and which equals g on the union of the atoms 
of X. If e is a saturated Fatou Banach function norm and D’(X, p) is universally 
rearrangement invariant such that Loo C LQ C Ll, then for all j in LQ the a(LQ, LQ’)- 
closure of A (j) is shown to be the same as the o(L1, Loo)-closure of A (j). 

1. INTRODUCTION 

In answer to a question of W. A. J. Luxemburg, J. V. RylI [lo ; 9, p. 97, 
Theorem 21 has shown that the weak closure of the equimeasurable 
rearrangements of F E Ll[O, l] is the same as the orbit Q of F under the 
semigroup of all doubly stochastic operators on Li[O, 11. The set Q has 
also been characterized [9, Theorem 31 as those functions in Li which 
are majorized by F using a preorder relation introduced by Hardy, 
Littlewood, and Polya in [5; 61. This preorder relation and a related one 
have proved useful in investigations in rearrangement invariant Banach 

* Partial results on the problem considered in this paper appeared in the author’s 
doctoral thesis written under the direction of W. A. J. Luxemburg at California 
Institute of Technology in 1970 while supported by an NSF Fellowship. 
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function spaces [8; 11, such as in proving interpolation theorems in these 
spaces [7; 111. 

Actually, Luxemburg asked for the weak closure of the rearrangements 
of an Li function on an arbitrary finite measure space, especially one 
which has atoms. Our answer to this more general question will also 
involve the preorder relation mentioned above. 

2. PRELlNINARIF3 

In the following, (X, li, p) is a measure space of finite total measure 
a = p(X) ; WC pu) is the set of all extended real valued measurable 
functions on X; lE denotes the characteristic function of E C X; j.dp 
denotes integration over the set X; R denotes the real numbers; m denotes 
Lebesgue measure on R; and R denotes the extended real numbers. If f 
is a function and E is a set contained in the domain off, then flE denotes 
the restriction of f to E. When necessary, (Xl, & ~1) also denotes a 
finite measure space with ,~i(Xr) =p(X) =a. 

Functions f E M(X, ,u) and g E M(X1, ,ui) are called equimeasurable 
(written f N g) if ,a(f-l[a, b]) =pl(g-l[a, b]) for all closed intervals [a, b] 
of a (so a, b= +oo or - 00 is allowed), in which case ,o(f-l[B]) =pr(g-l[B]) 
for all Bore1 sets B of R as well. For each f E M(X, ,u) there is a unique 
right-continuous decreasing function C& on [0, a] such that f N 8, [3, p. 28, 
Theorem 4.21. The function 8f is called the decrea&ng rearrangement of f. 

Recall that a set A E II is called an atom of (X, /l, 1~) if A 1 B E A 
implies ,u(B) = 0 or ,u(A -B) = 0. (X, (1, ,u) is called non-atomic if it has 
no atoms. A Unite (or a-finite) measure space can have at most countably 
many atoms, and each member of M(X, ,u) is essentially constant on each 
atom [3, section 5-j. We will denote by A the union of the at most countably 
many atoms of (X, d, p). The set X0=X-A is then called the non-atomic 
part of X, because (X0, n n X0, 1~) is non-atomic. 

A map u: X -+ R is called measure preserving (m.p.) if ,u(u-l[B])=m(B) 
for all Bore1 sets B. If (X, A, ,u) is non-atomic, then for any set E E A 
and any interval J with m(J)=p(E), there is a measure preserving map 
CT: E --f J [4, p. 386, Lemma 3.21. 

(2.1) Lx=. If X is non-atomic, and I is a union of at most a countable 
number of intervals, and p(X) =m(I) <CQ, then there ie a m.p. c: X + I. 

PROOF. Since I = lJn>l In, there are pairwise disjoint X, such that 
x= Un>l X, and p(X,) = m(ln). For each n there is a m.p. 0%: Xn + In. 
Define u= c,, on X,. II 

We now define two preorder relations introduced by Hardy, Littlewood 
and Polya in [S]. If f E M(XI,,U~) and g E M(X, ,u), then g << f means 
f-’ E L1(Xl, ,N), g+ E Ll(X, p) and Jk 8, <fi 8, for all 06 t(a, while g < f 
means g<< f and ~$=~8,. Observe that g<< f and f<< g if and 
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only if g < f and f < g if and only if g N f. The preorder relation < < 
can also be characterized as follows (see [2, p. 1326, Cor. 1.81). 

(2.2) PROPOSITION. Por f+ ELl(X1, ~1) and g+ eLl(X, p) we have g < < f 
if and only if J (g- t)+d,u< J (f - t)+d,ul for all t E R. II 

The following may be proved in a straight-forward manner using (2.2). 

(2.3) PROPOSITION. Let f+ E Ll(X1, ,ul) and g+ E Ll(X, ,u). 
(1) If g < f and f [El < glE where El E 111 and E E A, then 
(i) glx-E <fl&--&, 

(ii) glx-sfhls < flX1-El+hl~El whenever hlE <A&?&. 
(2) Suppose P, Q E A are disjoint, and PI, &I E AI are disjoint. If 
g/P < flpl and glQ < flQ1, then 
(i) glp u Q < flh u &I, 

(ii) glPU Q < flPIUQl. 

(3) Let E E A and El E Al. If p(E) =,w(&), then glE < flEl if and only 
if g1.E < fle,. 
(4) If fn, f E -WXl, pl) md gn, 9 E .WX, p) ma? fn --f f, !$a + g in .Ll-?wmt 
anA gn < f,, for each n, then g < f. 

The above results are also true if < is replaced throughout by <<. 

PROOF. The straightforwardness of the proof may be illustrated by 
proving part (Ii). Hence let f and g satisfy the hypotheses of (1.i). Then 

(SIX-E)+=g+JX-E E D(X, /!A), 

and similarly for f, and 

,s, (g-t)+@= J (g-t)+@- 5 b-t)+G 

g s (f-0+&Q- Bs, (f-t)+& 
Xl 

== & (f -t)+4% 
11 

because fl& < glE implies 

d (f -t)+&a< J (9-t)++. 

Sim~=Wx .JJ II 
1 1 

f 44 = =JE g a~. 

(2.4) COROLLARY. Let f, g E Ll(X, p). If flA =glA, then g < f if and only 
if slX0 < flx0. II 

3. THE WEAK CLOSURE OF d(f) 

If f E D(X, p), it is known that the set G(f) = {g E M(X, p): g < f} is 
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a convex, a(L1, LOD)-compact subset of JY [S, p. 134, Theorem 15.31 and 
that the set d(f) = (g E M(X, ,M) : g N /> is contained in the set of all 
extreme points of G(f) [3, p. 156. W. A. J. Luxemburg has asked that 
the weak closure of d(f) be determined [8, p. 142, problem 21, and J. V. 
Rytf has given the following answer [lo] : If P E D( 0, 1 ), then 

O(P)={GEM(O, 1): Q <P> 

is the weak closure of 

d(F) = {cl E M(0, 1) : B - P}. 

(3.1) THEOREM. If f E L1(X, p), then the a(D, P)-closure of O(f) &B the 
set Z(f) to which g belongs if and only if there is an h - f such that g[Xo < hlXo 
and glA -hIA. 

PROOF. The proof consists of showing that d(f) is dense in Z(f), and 
that Z(f) is closed. For the first part, let g E Z(f), so there is an f’ N f 
such that glX0 < f’lXo and glA =f’l.4. Let h E P(X, ,u). Then 

[3, p. 81, Theorem 13.4, and p. 86, Theorem 13.81, so there is an 
f” E M(Xe, p) such that f” - f’ on X0 and jx,, f”h dp = Jx, gh dp. Since 
f” -f’ on X0, if f” is extended to A by defining f”jA=f’lA, then 
f”-f’-f, and 

S f”hG= d f”hh+ ,s f”W= g Wp+ ,s shG= I sh+ 
X 

Thus d(f) is dense in Z(f). 
For the rest, let {g&} b e a net in Z(f) with gS + g weakly. Let ha - f 

such that g&IX0 < h,lXo and g,lA=&,IA. Let B be an atom of (X, II, ,u). 
Then for each index 01, h, is constant on B, and 

Also, for any two indices a, @, /-l(halB) n f-l(hplB)=(b whenever h,(i?# 
fh6lB. Since p(X) is finite, it follows that {h,jB} is finite. But h,lB --f SIB, 
so for some index 0~0, a> 1x0 implies TL,IB=gIB. Let AI, AZ, Aa, . . . be the 
at most countably many atoms of (X, II, p), where if there are only 
finitely many atoms, say N, then At = (b for i>N. Then there is an in- 
creasing sequence (oL~}~~I such that 01> OI% implies h,lAk = h,JA, = gIAx, 
k= 1, . . . . n. 

Now for each n, h,,lAl U . . . U A,=glAr U . . . u A,,, and ha,, -f N df, 
so for each value t of g on A, 

,a((& u . . . u 4 n p[tl) <m(dt’[tl). 
Hence ,u(A n g-l[t]) <m(&‘[t]). Thus there are disjoint intervals (Jn}n,r 
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with Sf constant on each J, such that m(Jn) =p(&) and B,jJn=gjAn. 
Define JO= [0, a[ - lJn,l J,, whence m(Jo)=p(Xo). Now JO is a union 
of at most a countable number of intervals, so there is a m.p. C: X0 -+ Jo. 
Define hlXo=d~oalXo and hlAn=c$jJn. Then h-81-N and +4= 
=&I Un>l Jn=gIA. But g < f -h so g < h. Then g/X0 < h[Xo by (2.4), 
so 9 E Z(f). II 

(3.2) REMARK. In view of (2.4), the weak closure of d(f) can also be 
described as those members of Q(f) which equal a rearrangement of f 
on the union of the atoms. 

(3.3) THEOREM. Q(f) is the o(L1, Lw)-closure of d(f) for all f E Li(X, p) 
if and only if (X, A, p) is non-atomic cw X is an atom. 

PROOF. If X is non-atomic, then Z(f)=Q(f), so the result follows 
from (3.1). 

If X is an atom, then d(f)=(f}=ln(f). 
Suppose then that X is not an atom, and (X, A, ,u) is not non-atomic. 

Then X= A1 u AZ where Al and AZ are disjoint sets of positive measure, 
and X has an atom B. Let f = (2) 1~~ + 1 ~,,let b= (l/a) Jf ap= 1 +&&)/p(X) 
(so l<b<2), and let g=(b)lx so g E Q(f) [3, p. 63, Theorem 10.2.v]. 
If h E d(f), then F,= (2)lgls ls, where ,u(&) =&4(), i= 1, 2, and &, Ba 
are disjoint [3, p. 12, Theorem 2.21, so 

j (g-IE)lga~=b~(B)-21U(B1 n B)-~~(B~ n B). 

Since B is an atom, and BI and Bz are disjoint, exactly one of p(B1 n B) 
and ,u(Bz n B) equals p(B) and the other equals zero. Hence 

I J (g-h)lgd~l>~(B)min(b-l, 2-b)>% 

so d(f) is not dense in Q(f). II 

The sets Q(f) and d(f) play an important role in the theory of rearrange- 
ment invariant Banach function spaces, where S(f) is known to be compact 
and when X is non-atomic to be the closed convex hull of A (f) in a certain 
associated weak topology. Thus it is natural to determine the closure of 
O(f) in this weak topology. The reader is referred to [8] and [3, Chapters V 
and VI] for definitions of concepts and basic results of this theory. 

In what follows, g will denote a saturated Fatou function norm on 
M(X, p) such that L” C .Le C IJ and such that Lp is universally rearrange- 
ment invariant (u.r.i.). Then the same is true for Le’ and L*” [3, p. 93, 
and p. 97, Theorem 16.5.i], where as usual, g’ and g” denote the first 
and second associate function norms on N(X, ,u). The LQ and Le’ are 
known to be a dual pair, where each g in Le’ corresponds to the linear 
functional Fg: f I+ J fg dp [3, p. 92, Theorem 15.41. 
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(3.4) PROPOSITION. For all f in lie, the o(Le, LB’)-closure of any set 
8 CQ(f) is the same as the o(D,~5~)-closure of 8. 

PROOF. Since f is in Le, In(f) C Le [3, p. 97, Theorem 16.6.iii] and Q(f) 
is e-bounded [3, p. 106, Lemma 17.11. Hence let 1M>O be such that 
g(g) GM for all g in Q(f). Let g= a(L1, La)-closure of 8, and e8= a(L4, Le’)- 
closureof AS’. Then a(L1, Loo) on Lp = a(LQ, Lao) C u(LQ, Lp’), so I.!? is u(LQ, Le’)- 
closed, and thus “8 C 8. It remains to show the reverse inclusion 8 C ‘8. 

Let go be in 8. Then there is a net {g&} in 8 with ga + go in u(L1, L”). 
If h is in L4’ and g is in L4, let Fh(g) = J gh d,u. It suffices to show that 
Fh(g,) + Fh(go) for all h in Le’. Hence let h be in L4’ and let E> 0. If 
L4’=Loo, there is nothing to prove, so suppose Le’#Lw. Then the Banach 
dual of Le’ is Le” [4, p. 390, Prop. 5.11, so e’(f%) 4 0 whenever fn 4 0 
pointwise everywhere [3, p. 931. It follows that there is a simple function 
w such that $(h- w) cc. Then for all g in Q(f) (so in particular, for all 
9 in a, 

I-h(g) -FtddI = I S (h-Q 64 gee'@--v) dfe 

[3, p. 92, Theorem 16.41. Now there is an or0 such that a>oro implies 
IFv(g,)-F’,(go)/ <e. Hence for OC>OCO, 

IF&4 -Fdgo)l <IF&4 -F&M + IF&4 -F&o)1 + 
+ IF&o) -Ft,(go)l <Jf-e+~+Jfe. 

Thus F&s) --f F&o). II 

(3.6) THEOREM. If e is a durated Fatou Banach function norm and Le 
is u.r.i., then for all f in Le the u(L4, Le’)-closure of A(f) is the same as the 
a(D, Lw)-closure of A(f). II 
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