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ABSTRACT

If (X, 4, p) is a finite measure space and f is in L! (X, u), then the ¢(Lt, L*™)-
closure of the set 4 (f) of all measurable functions equimeasurable with f is shown
to be the set to which g belongs if and only if there is a function equimeasurable
with f which majorizes g (in the sense of the Hardy-Littlewood-Polya preorder
relation) on the non-atomic part of X and which equals g on the union of the atoms
of X. If p is a saturated Fatou Banach function norm and L2 (X, u) is universally
rearrangement invariant such that L™ C L2 C L1, then for all f in L2 the o(L®, L¢’)-
closure of 4 (f) is shown to be the same as the o (L1, L™)-closure of A4 (f).

1. INTRODUCTION

In answer to a question of W. A. J. Luxemburg, J. V. Ryff [10; 9, p. 97,
Theorem 2] has shown that the weak closure of the equimeasurable
rearrangements of F € L1[0, 1] is the same as the orbit 2 of F under the
semigroup of all doubly stochastic operators on L1[0, 1]. The set 2 has
also been characterized [9, Theorem 8] as those functions in I! which
are majorized by F using a preorder relation introduced by Hardy,
Littlewood, and Polya in [5; 6]. This preorder relation and a related one
have proved useful in investigations in rearrangement invariant Banach

* Partial results on the problem considered in this paper appeared in the author’s
doctoral thesis written under the direction of W. A. J. Luxemburg at California
Institute of Technology in 1970 while supported by an NSF Fellowship.
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function spaces [8; 1], such as in proving interpolation theorems in these
spaces [7; 11].

Actually, Luxemburg asked for the weak closure of the rearrangements
of an L! function on an arbitrary finite measure space, especially one
which has atoms. Our answer to this more general question will also
involve the preorder relation mentioned above.

2. PRELIMINARIES

In the following, (X, A4, u) is a measure space of finite total measure
a=u(X); M(X,u) is the set of all extended real valued measurable
functions on X; 1g denotes the characteristic function of £ C X; {-du
denotes integration over the set X ; R denotes the real numbers; m denotes
Lebesgue measure on R; and R denotes the extended real numbers. If f
is a function and Z is a set contained in the domain of f, then f|E denotes
the restriction of f to E. When necessary, (Xi, 41, p1) also denotes a
finite measure space with ui(X1)=u(X)=a.

Functions fe M(X, u) and ge M(Xy, m1) are called equimeasurable
(written f ~g) if u(f~[a, b])=pui(g[a, b]) for all closed intervals [a, b]
of R (80 @, b= +00 or —oo is allowed), in which case u(f-1[B]) = u1(g-[B1)
for all Borel sets B of R as well. For each f e M(X, u) there is a unique
right-continuous decreasing function &y on [0, &] such that f ~ &, [3, p. 28,
Theorem 4.2]. The function & is called the decreasing rearrangement of f.

Recall that a set 4 € A is called an atom of (X, A, u) if ADBed
implies u(B)=0 or u(4d-B)=0. (X, A4, u) is called non-atomic if it has
no atoms. A finite (or o-finite) measure space can have at most countably
many atoms, and each member of M(X, ) is essentially constant on each
atom [3, section 5]. We will denote by 4 the union of the at most countably
many atoms of (X, A, u). The set Xo=X — 4 is then called the non-atomic
part of X, because (X, A N Xo, u) is non-atomic.

A map ¢: X — R is called measure preserving (m.p.) if u(c-1[B])=m(B)
for all Borel sets B. If (X, A, u) is non-atomic, then for any set £ A
and any interval J with m(J)=u(E), there is a measure preserving map
c: B —>J [4, p. 385, Lemma 3.2].

(2.1) rEmma. If X ig non-atomic, and I is a union of at most a countable
number of intervals, and u(X)=m(l)<oo, then there is a m.p. o: X — I.

PROOF. Since I= |Jnz1 In, there are pairwise disjoint X, such that
X = Un>1 X» and u(Xn)=m(Is). For each n there is a m.p. o5: Xy - In.
Define ¢ =0, on X,,. Il

We now define two preorder relations introduced by Hardy, Littlewood
and Polya in [6]. If fe M(X,, s1) and ge M (X, u), then g << f means
fre L{X1, ), g- € LM(X, p) and f} 5, < [} &; for all 0<t<a, while g < f
means g << f and i §;= i dr. Observe that g << f and f<< g if and
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only if g < f and f <g if and only if g ~ f. The preorder relation <<
can also be characterized as follows (see [2, p. 1326, Cor. 1.8]).

(2.2) ProPOSITION. For f+eL1 (X1, m1) and gt e LY(X, u) we have g << f
if and only if [(g—t)ytdu< | (f—t)*dus for all t e R. I

The following may be proved in a straight-forward manner using (2.2).

(2.3) ProPoSITION. Let f+e LY (X1, m1) and gt € LA(X, u).
() If g <f and flE1 < g|E where E1e€ Ay and E € A, then
(i) gl X-E <flX:-E,
(ll) glx_E—l—hIE < f]-Xl—El'i‘hllEl whenever h]E < h]_lE]_.
(2) Suppose P, Qe A are disjoint, and P, QL€ A1 are disjoint. If
gIP < fIPy and gIQ < fIQs, then
(i) glPVUQ <fIPLU @y,
(ii) glpug < flpyug,.
(8) Let E€ A and Eve Ay. If u(E)=p(E), then glB < f|Ey if and only
if gl < flg,.
(4) If fa, f € LM X1, pa) and gn, g€ LN(X, p) and fn — f, gn — g tn Lr-norm
and gn < fn for each n, then g < f.
The above results are also true if < is replaced throughout by <<.

PROOF. The straightforwardness of the proof may be illustrated by
proving part (1.i). Hence let f and g satisfy the hypotheses of (1.i). Then
(91X —Eyr =g X —E € L{X, p),

and similarly for f, and

§ (g=tydu= [ (g—tytdu— [ (g—t)ydu
X E

X

< § (—tydm— § (f—tydm
By

-

= I (f - t)+d1u1,

X,°F,
because f|E, < g|E implies
S t=trdm< § gty
1

Similarly, § fdm= [ gdp. I
Xy~Ey b8

(2.4) comorrarY. ULetf,ge LY(X, u). If flA=g|A, then g < { if and only

if 91Xo < f1 Xo. I

3. THE WEAK CLOSURE OF A(f)
If f e LY(X, ), it is known that the set 2(f)={ge M(X, p): g < f} is
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a convex, ¢(L1, L®)-compact subset of L [8, p. 134, Theorem 15.3] and
that the set A(f)={ge M(X, u): g ~ f} is contained in the set of all
extreme points of 2(f) [3, p. 156. W. A. J. Luxemburg has asked that
the weak closure of A(f) be determined [8, p. 142, problem 2], and J. V.
Ryff has given the following answer [10]: If F e L'(0, 1), then

QF)={G@eM(0,1):G <F}
18 the weak closure of

A(F)={G € M(0,1): @ ~ F}.

(3.1) TEEOREM. If fe IMX, u), then the o(Lt, L™)-closure of A(f) is the
set Z(f) to which g belongs if and only if there is an b ~ f such that g| Xo < h|Xo
and g|lA=h|4.

PROOF. The proof consists of showing that A(f) is dense in Z(f), and
that Z(f) is closed. For the first part, let g € Z(f), so there is an f' ~f
such that g|Xo < f|Xo and g|4=f'|4A. Let h e L®(X, u). Then

Johdue{ J fhdu:f" <f1Xo}={] f'hdp: |" ~f|Xo}

[3, p. 81, Theorem 13.4, and p. 85, Theorem 13.8], so there is an
f" € M(Xo, p) such that f" ~f on X, and (x,f"h du= [x,gh du. Since
" ~f on X, if f* is extended to A by defining f|4=f'|4, then
f"~f ~Ff, and

[ fhdp= § fhdu+ § fhdu= f ghdu+ § ghdu= { ghdp.
x X, 4 X, 4 X

Thus A(f) is dense in Z(f).

For the rest, let {g.} be a net in Z(f) with g« — g weakly. Let hs ~ f
such that g«|Xo < hs|Xo and g.|4 =hs|A. Let B be an atom of (X, 4, u).
Then for each index «, k« is constant on B, and

0< p(B) < p(hz*(hal B)) = (-1 (hal B)).

Also, for any two indices «, 8, f(hs|B) N fL(hs|B)=9 whenever hsB+#
#hg|B. Since u(X) is finite, it follows that {h«|B} is finite. But k.|B — g|B,
so for some index &g, &> g implies hs|B=g|B. Let A1, A, As, ... be the
at most countably many atoms of (X, A, u), where if there are only
finitely many atoms, say N, then 4;=0 for ¢>N. Then there is an in-
creasing sequence {on}n>1 such that «>x, implies ha|dy=ha,|dr=g|A4x,
k=1, ..., n.

Now for each n, ks |41V ... U Ag=gl41 U ... U 44, and ks, ~f~;,
8o for each value ¢ of g on 4,

(41U .. U 4) O g 1[]) <m(87 [1)).
Hence u(4 N g1[t]) <m(d7 '[t]). Thus there are disjoint intervals {Jn}n>1
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with d; constant on each J, such that m(Ja)=pu(4s) and &|Jn=g|4s.
Define Jo=[0, a[ — Un=1J4, whence m(Jo)=pu(Xo). Now Jy is a union
of at most a countable number of intervals, so there is & m.p. ¢: Xo — Jj.
Define h|Xo=0;00|Xo and h|An=0¢Js. Then h~d ~f and hld=
=07l Un=1Jn=g|4. But ¢ < f ~hksog <h. Then g|Xo < 2| Xy by (2.4),
s0 g € (). I

(3.2) REMARK. In view of (2.4), the weak closure of A(f) can also be
described as those members of Q2(f) which equal a rearrangement of f
on the union of the atoms.

(3.3) THEOREM. S£Af) is the o(Ll, L*™®)-closure of A(f) for all fe LMX, u)
if and only if (X, A, u) s non-atomic or X is an atom.

PROOF. If X is non-atomiec, then Z(f)=£0(f), so the result follows
from (3.1).

If X is an atom, then A(f)={f}=9(f).

Suppose then that X is not an atom, and (X, 4, u) is not non-atomic.
Then X =4; U Az where 4; and 4, are disjoint sets of positive measure,
and X has an atom B. Let f=(2)14,+ La,,let b=(1/a) § f du=1+ pu(41)/u(X)
(so 1<b<2), and let g=(b)lx so g (f) [3, p. 63, Theorem 10.2.v].
If h e A(f), then h=(2)1p,+ 15, where u(Bi)=pu(4y), =1, 2, and By, By
are disjoint [3, p. 12, Theorem 2.2], so

§ (9—1)1p du=bu(B)—2u(B1 N B)—u(Bx N B).

Since B is an atom, and B; and B, are disjoint, exactly one of u(B1 N B)
and u(B; N B) equals u(B) and the other equals zero. Hence

| § (9—k)1p du|>u(B) min (b—1, 2—b)>0,
8o A(f) is not dense in £(f). I

The sets 2(f) and A(f) play an important role in the theory of rearrange-
ment invariant Banach function spaces, where £(f) is known to be compact
and when X is non-atomic to be the closed convex hull of 4(f) in a certain
associated weak topology. Thus it is natural to determine the closure of
A(f) in this weak topology. The reader is referred to [8] and [3, Chapters V
and VI] for definitions of concepts and basic results of this theory.

In what follows, ¢ will denote a saturated Fatou function norm on
M(X, u) such that L™ C L? C L! and such that L? is universally rearrange-
ment invariant (u.r.i.). Then the same is true for L* and L% [3, p. 93,
and p. 97, Theorem 16.5.1], where as usual, ¢’ and ¢" denote the first
and second associate function norms on M(X, u). The L° and L% are
known to be a dual pair, where each g in L? corresponds to the linear
functional Fy: f1— { fgdu [3, p. 92, Theorem 15.4].
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(3.4) PprorosiTION. For all f in L°, the o(L% L%)-closure of any set
8 C 2(f) 18 the same as the o(Lt, L™®)-closure of 8.

PROOF. Since fis in L%, Q(f) C L° [3, p. 97, Theorem 16.5.iii] and Q(f)
is g-bounded [3, p. 106, Lemma 17.1]. Hence let M >0 be such that
o(g) < M for all g in Q(f). Let 8=a(L, L*)-closure of S, and °§=o(L?, L¥)-
closure of 8. Then (L, L*®) on L? = ¢(L%, L®) C o(L%, L¥), 50 § is o(L*, L¥')-
closed, and thus S C 8. It remains to show the reverse inclusion 8 C¢S.

Let go be in S. Then there is a net {gs} in S with g. — go in o(L!, L*).
If h is in L* and g is in L%, let Fau(g)= [ gh du. It suffices to show that
Fiu(gs) > Fn(go) for all b in L¥. Hence let & be in L% and let £¢>0. If
L¥ = L, there is nothing to prove, so suppose L* % L. Then the Banach
dual of L is L* [4, p. 390, Prop. 5.1], 80 ¢'(fs) | 0 whenever f, | 0
pointwise everywhere [3, p. 93]. It follows that there is a simple function
v such that o'(h—v)<e. Then for all g in £(f) (so in particular, for all
g in 8),

[Fn(g) — Folg)| =1 § (h—v)g du|<o(g)e’(h—v)<Me

[3, p. 92, Theorem 15.4]. Now there is an «p such that &> implies
| Fo(ga) — Fu(go)| <e&. Hence for «> o,

|Fn(ge) — Fn(go)| < |Fn(ge) — Fo(ge)| + | Fo(ga) — Folgo)| +
+ | Fo(go) — Fn(go)l < Me+e+ Me.

Thus Fp(gs) = Fn(go). I

(3.5) THEOREM. If ¢ is a saturated Fatou Banach function norm and L°
is u.r.., then for all f in L? the o(L®, L% )-closure of A(f) is the same as the
a(L1, L*®)-closure of A(f). I
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