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1. Introduction

It is a remarkable fact (i.e. theorem of ZFC and the existence of some large cardinals) that if ¢ and  are two IT,(NS)
sentences in the language of set theory, both of which can individually be forced to hold in the structure (Hy,, €, NS) (NS
denotes the ideal on nonstationary subsets of w1 ), then their conjunction can also be forced to hold in this structure. Indeed
Woodin has constructed a canonical model P, where the IT, theory over (Hy,, €, NS) is maximal (cf. [13]). In this model
Cantor’s Continuum Hypothesis (CH) is false. The question of whether the IT, theory can be maximized over structures
(Hy,, €, NS) satisfying CH, is a major obstacle to further progress on the Continuum Hypothesis. This is closely related to
the question of whether there are forcing axioms analogous to the Proper Forcing Axiom (PFA) or Martin’s Maximum (MM)
that are consistent with CH.

Specifically, there is the test question of Shelah and Woodin given below asking whether the above-mentioned
remarkable fact still holds if we take the conjunctions of ¢ and ¥ with CH: Let IT,(NS) denote the collection of all IT,
sentences in the language of set theory (i.e. of the form Vx3y ¢(x, y) where ¢ has no unbounded quantifiers) with the
added unary predicate NS.

Question 1. Are there IT,(NS) sentences ¢ and v such that both

(1) (Hy,, €,NS) ="¢ A CH  and
(2) (Hy,, €,NS) ="y A CHY

can be forced, yet provably (Hy,, €, NS) ="¢ A ¢y — —CH™?

Woodin has conjectured a positive answer, which would indicate that the IT,(NS) theory over Hy, cannot be maximized for
models of CH, and thus there are “disjoint” IT,-rich models of CH.
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There has been much work done on maximizing the IT, theory in the presence of CH, where the idea to show that some
‘strong’ IT, statement is consistent with CH. A major breakthrough in this line of research was the Abraham-Todorcevi¢
P-ideal dichotomy (x) that implies many well-known IT, consequences of PFA, and yet was shown to be consistent with CH
([2]). In the present paper, we push the boundary of maximizing the IT, theory over CH, by proving that the strengthening
(*c)w, (see below) of (%), is consistent with CH. (Technically speaking, () is a variant of (x), but once we can obtain a
model of (x.) with CH we can easily obtain (x) simultaneously, whereas the converse is false.)

We believe there are good indications that (x),,, is strong enough to serve as one of the two /7, (NS) statements in giving
a positive answer to Question 1. In particular, there is Example 3, which tells us that in an iterated forcing construction, given
a P-ideal 4 where the second alternative of (x.) fails, depending on the initial stages of the iteration, we may or may not
be able to force the first alternative while at the same time making sure we do not add reals. And this suggests serious
difficulties in obtaining a forcing axiom consistent with CH that would imply ().

Consider now the following dichotomy of Eisworth, based on the P-ideal dichotomy ().

(xc) For every ordinal 6 of uncountable cofinality, every o-directed downward closed (i.e. under subsets) subfamily { of
([6]%, C*) has either
(1) aclosed uncountable subset of 6 locally in £,
(2) astationary subset of # orthogonal to J{,

where C C 6 is locally in 4 means [C]% C ¢, and S < @ is orthogonal to 4 means S N x is finite for all x € 4. For
some fixed ordinal 6, (x;)y denotes the restriction of (x.) to 8. The original principle (x) is also a dichotomy, where in
the first alternative (1), “closed uncountable” is weakened to “uncountable”; and the second alternative (2) is strengthened
to the existence of a countable decomposition of 6 into pieces orthogonal to {. Other similar variations are possible such as
the principle (x;) studied in [3] (actually this is a weakening of (x.) optimal with respect to permitting the existence of a
nonspecial Aronszajn tree).

The main result of this research is that (), is consistent with CH.

Theorem 1. (x),,, is consistent with CH relative to ZFC.

This answers Shelah’s question [10, Question 2.17]. The methods here can also be modified in the straightforward manner
to obtain the consistency of the unrestricted principle (x.) with CH relative to a supercompact cardinal.

It was already known that (*.) is consistent with the failure of CH. The following theorem is due to Eisworth, at least in
the case 6 = w1, and is proved in [4].

Theorem 2. PFA implies (x.).

The principle (x) is already very powerful with applications to uncountable objects appearing in other areas of
mathematics such as measure theory. The principle (x.) moreover brings into play the most significant structural property
of Hy,, as compared to Hy, ; thus, unlike (), it is not a /T, statement (i.e. without the predicate NS). Let us briefly consider
a couple of examples of how such principles are applied to combinatorial objects.

Example 1. As demonstrated in [2], to any tree 7 = (T, <;) we can associate the ideal 7+ of all countable subsets x of T
perpendicular to the tree, i.e. every node has at most finitely many predecessors in x. Then, for example, if 7 has all levels
countable then 7 is a P-ideal. And 7 has an uncountable set orthogonal to it iff 7 has an uncountable branch.

Example 2. IfX = (x5 : § < 6 with cof(§) = w) is a sequence where each x5 C § is a cofinal subset of order type o, then
we can associate an ideal X+ of all countable y C @ orthogonal to %, i.e. x; N y is finite for all 8. Then X is a P-ideal, with no
orthogonal subset of 6 of order type w?. And X is a club-guessing sequence, in the weak sense, iff it has no closed unbounded
subset of 0 locally in X*. See e.g. [4], [8, Ch. XVIII, Problem 1.9].

Let us mention some of the challenges that need to be overcome to prove Theorem 1. First of all, it is known that (x¢) e,
negates the relatively weak consequence of <> that there is a club-guessing sequence on w; (see Example 2, [4]). Therefore,
we cannot use a-proper forcing to obtain Theorem 1. Moreover, (x)., implies that all Aronszajn trees are special [4], and
thus there are significant difficulties in using Shelah’s theory in [8, Ch. XVIII, Section 2] that he developed for negating club
guessing with CH. We use his newest NNR (no new reals) iteration theory from [9], called parameterized properness, which
was developed in order to obtain the negation of club-guessing sequences together with all Aronszajn trees being special
simultaneously with CH. This involved devising new techniques for constructing the properness parameters. We also discuss
the possibility of using the NNR iteration theory in [8, Ch. XVIII, Section 2] (cf. Section 4.4).

We say that two families #, 4 C [6]™0 are orthogonal, written # L { if x Ny is finite forallx € # andy € 4. The
following example can be obtained by a straightforward construction of an (w1, w{) gap in ([w1]%0, C*).

Example 3 (<). There exist two o-directed subfamilies # and £ of ([w;]%°, €*) such that ## L { and neither has a
stationary set orthogonal to it.

It follows from this (see [9]) that we cannot obtain a model of ()., + CH by a straightforward iteration, where at each
stage a club is forced locally inside a P-ideal with no stationary subset of w; orthogonal to it. The above example shows that
we will run into the so-called “disjoint clubs”.



J. Hirschorn / Annals of Pure and Applied Logic 157 (2009) 161-193 163

Many forcing notions, such as Cohen forcing and random forcing, can be represented as sets of reals that have simple
definitions. This fact has been well used to obtain results in the descriptive set theory of the reals. For example, in [7, Section
5] the simplicity of the representations of random forcing and amoeba forcing as sets of reals, respectively, is used (rather
spectacularly) to construct a nonmeasurable 23‘ -set of reals from some real computing w over L. The property of being
simply definable as a set of reals is particularly useful in the iteration of such forcing notions. Judah-Shelah gave a systematic
treatment of these forcing notions in [5], where they are named Souslin forcing, with the emphasis on the iteration of Souslin
forcing notions.

In overcoming the “disjoint clubs” obstacle by constructing a properness parameter suitable for our iteration, we entered
an analogous situation but in the realm of third order arithmetic, instead of the second order realm of set theory of the reals.
We used the fact that our forcing notions can be represented as simply definable subsets of & (w;) to establish nice properties
of their iterations. For example, we were able to show that our forcing notions, which have cardinality 21, satisfy properties
such as commutativity, of both their iterations and their generic objects (analogous to the fact that if  is a random real over
V and s is a random real over V[r] then r is a random real over V|[s]).

1.1. Terminology

We use standard order theoretic notation and terminology. Thus for a family & of subsets of some fixed set S, we let
1 ¥ denote the downwards closure in the inclusion order, i.e. | ¥ = [, #(x). The definition of the upwards closure 1 ¥
is symmetric. When want to take the downwards closure with respect to some other quasi-ordering < of £ (S), we write
J(F, <). For example, we will consider the almost inclusion quasi-ordering C*, where x C* y means that x \ y is finite. A P-
ideal is an ideal that is also o -directed in the C*-ordering; furthermore, a P-ideal on some specified set S is always assumed
to contain every finite subset of S. A subset A C Q of a quasi-order (Q, <) is cofinal if every q € Q hasana € Awithq < a.
While a subset A C P of a strict partial order (P, <) is cofinal if every p € P has ana € A with p < a, e.g. we will consider
cofinal subsets of some structure (M, €).

A subfamily of # C [S]™° is called cofinal if it is cofinal in the inclusion ordering, i.e. for all a € [S]™° there exists b € #
with a C b. It is closed if whenever ag € a; C - - - is a sequence of elements of #¢ then so is | a, € #, and stationary if
it intersects every closed set.

We write g > p for g extends p, i.e. carries more information than p. This is clearly more natural than, the perhaps more
common, q < p, especially in the context of a-properness and more generally parameterized properness (cf. Definition 11).
As usual, Gen(M, P) denotes the family of ideals G C P that are generic over M, while gen(M, P) is the set of all (M, P)-
generic elements of P. And Gent (M, P) is the subfamily of all G € Gen(M, P) that have a common extension in P, and
gent (M, P) is set of all completely (M, P)-generic elements q of P, meaning q extends some member of D for every dense
D C PinM.Everyq € gent (M, P) uniquely determines a member of Gen™ (M, P), namely {p € PN\ M : p < q}, which we
denote as Gp[M, q]. Complete properness has the same formulation as properness using countable elementary submodels,
but with (M, P)-generic replaced by completely (M, P)-generic. Thus a forcing notion is completely proper iff it is proper
and adds no new reals. For more about proper forcing see e.g. [1].

Unless otherwise stated, for some function f and some subset X € dom(f), we write f[X] for the image {f (x) : x € X} of
X under f. Hopefully this will not cause confusion, because we also use square brackets for generic interpretations.

n<w

2. Parameters for properness

Although the following definition looks slightly different, it is almost the same as the definition of a “reasonable
parameter” from [9, Section 1]. The main difference is that we only require cofinality in H; (cf. (ii)); indeed, it is noted
in Remark 1.10(2) of that article that this is sufficient.

Definition 4. For a regular cardinal A, a A-parameter for properness is a pair (ol, D) for which there exists a sequence of
regular cardinals /i = (iq : @ < w1) with g > Aand H,,, € Hy, forall < B, such that

(i) A is an w1 sequence where A, C [Hua]RO is stationary for all « < w1, and for every M € A,
(a) M < H,,,

(b) (1 [, A [a) €M,

A is called the skeleton of the parameter, and the rank function on h_r)n A= A, 1s defined by

o<y
M e cA’rank(M)- (1)
We use the notation 4, = [, _, e-

(ii) ForallM € «, if rank(M) = 0 then ©(M) = {0}; and if rank(M) > 0 then © (M) is a nonempty collection of subsets of
A <rankv) N M so that for each element X € ©(M), every £ < rank(M) and every a € M N H, has a K € X such that
(a) rank(;() > £,
(b) X NK € D(K),
(c) a eK.

Proposition 5. rank(M) < w; N M.
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Proof. By (i(b)). O

Proposition 6. rank(K) < rank(M) for allK € h_r)n AN M.

Proof. By (i). O

Proposition 7. Forall M € li)n A with rank(M) > 0, ©(M) is closed under supersets in & (A <rankoy N M).
Proof. A simple induction on rank(M). O

The properness parameter is often utilized through the following game. It is a simplification of the game in [9,
Definition 1.5], that appears to serve the same purpose. In any case, the two games are equivalent for the properness
parameters we will be using (cf. Definition 16).

Definition 8. Let (J{, D) be a properness parameter. For each M € li_n)w\) of positive rank, the Chooser Game (M) =
E)(,/i, D)(M) is defined as follows. It is a two player game of length w, where the challenger moves first against the chooser.
On the kth move (setting X_1 = A rankauy N M):

e The challenger plays X C X;_1 in ©®(M).
e The chooser plays Ky € X, and Y, C X in D (Kp).

The chooser wins the game if Uk<w Yr U {K,} € ©(M). Otherwise the challenger wins.

We say that the chooser has a global winning (nonlosing) strategy in the game D(ﬂ,, D) if the chooser has a winning
(nonlosing) strategy in the game o (A, ®)(M) forall M € h_r)n A with rank(M) > 0.

Note that the chooser always has a valid move:
Lemma9. Every X € ®(M) hasaY C X in®(M) such thatY NK € D(K) forallK € Y.

Proof. The proof is by induction on rank(M). For each a € M N H, and each § < rank(M), there exists K,z € X with
a € Kee, X N Kge € D(Kqe) and rank(Kqe) > &. Then by the induction hypothesis, there exist Yoz € X N Kge in D (Kq¢) such
that Yo NJ € D()) forallJ € Yoe. Now Uyeninp, Ue <rankany Yag U {Kag} is in ©(M) and satisfies the desired conclusion, by
Proposition 7. O

Example 10. The present example corresponds to a standard parameter in [9]. Given a skeleton A for a properness
parameter, define ©(M) by recursion on rank(M) as follows. Let (M) = {0} if rank(M) = 0, and ©(M) consist of all
subsets of A _anka) N M satisfying (ii) otherwise. Condition (i) on the skeleton ensures that ®(M) # @ forall M € 11_[1)1 A,

and thus this does indeed define a parameter for properness. The chooser has a global winning strategy in the corresponding
Chooser Game, because given M € ll_r)n A of positive rank, if (a, : n < w) enumerates M NH; and lim,_,,, &, + 1 = rank(M)

(cf. Remark 17), then playing K;, with ag, ..., a, € K, and rank(K,) > &, (and Y, arbitrary) defines a winning strategy for
the chooser in the game o (A, ©)(M).

The following definition is the case « = g of Shelah [9, Definition 2.8].

Definition 11. Let (05;, D) be a A-parameter for properness. A poset P is proper for the parameter (oi, D) or (E, D)-proper
if P € H, ! and there exists a € H, such thatforallM € h_r)n A witha, P € M:
(p) forallp € PN M and all X € ©(M), there is an (M, P)-generic extension q of p such that

M(q) NX € DM), (2)
where M(q) = {M € [H,]" : q € gen(M, P)}.
Note that Eq. (2) is trivial when rank(M) = 0.
Example 12. Suppose P is an a-proper forcing notion with #(P) € H,.Then P is (:/Z, D)-proper for every A-parameter for

properness.

2.0.1. Tails

Definition 13. For any X € © (M), a tail of X is a subset of the form {K € X : a € K} wherea € M N H;.
Proposition 14. The intersection of two tails of X is itself a tail of X.

Proposition 15. ForallX € D(M) and all] € ll_IT)l A N M, there exists a tail Y of X such thatK ¢ ] forallK € Y.

Any ‘reasonable’ parameter has each © (M) closed under taking tails, but this is not a requirement.

T [9] it is required that in fact #(P) € H,. Although it is harmless to ask for this, we have left it out.
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2.1. Properness parameters for shooting clubs

When forcing a club subset of 6, if p is generic over M then p forces that sup(6 N M) is in the club. This explains why
a-properness is unsuitable for purposes such as destroying a club-guessing sequence, because it can be used to guess the
generic club in the ground model. The following class of properness parameters is designed to handle this difficulty by
putting restrictions on these suprema. For any family M, the trace of the suprema of M on 0 is

trsup, (M) = {sup(@ NM) : M € M}. (3)

Definition 16. Suppose 6 is an ordinal of uncountable cofinality and A is a skeleton of a A-parameter for properness for
some A.ForeachM € ll_r)n A, let there a countable family £2(M) C £ (0) (normally, 2(M) C £ (6NM)).ForeachM € ll_I‘)l‘l A,

Do (:X))(M) = Do (M) is defined by recursion on rank(M). If rank(M) = 0 then define Do (M) = {}; otherwise, it is defined
as the family of subsets of A _ranky N M containing a subset of the form

X =JX UKy (4)

n<w

where

(i) Ko € Kq € s s cofinal in (M N H,, €) with lim,_, , rank(K,) + 1 = rank(M),
(ii) X, € Do (A)(Ky) forall n,
(iii) every x € £2(M) has a tail Y of X with trsup, (Y) C x.

Condition (iii) is a geometrical restriction on the trace of the suprema.

Remark. The limit in condition (i) has its usual topological meaning. Thus for any f : @ — On, lim,_,,, f(n) = « iff every
¢ <ahasak < wsuchthatf(n) € (¢, «] foralln > k. Also, lim sup,_, ,, f (n) should be interpreted as lim,_, ., sup;-, f (i).

Lemma 18. When rank(M) > 0, D, (M) is closed under taking tails.

Proof. The proof is by induction on rank(M). Suppose X € D, (M) satisfies (i)-(iii), and let Y = {K € X : a € K} be a tail
of X for some a € M N H,. Condition (i) holds because K, € Y for all but finitely many n; condition (ii) holds for Y by the
induction hypothesis; and condition (iii) is by Proposition 14. O

Proposition 19. If X € Do (M), andY € X and Y C X (K € Y) satisfy

(@) Y € Da(K),
(b) foralla € M N H, and all ¢ < rank(M), there exists K € Y with a € K and rank(K) > &,

then Y U gy YX € Do (M).
Proposition 20. (,K», D) is a properness parameter whenever Do (M) # @ forall M € 11_1‘1)‘1 A.

An arbitrary mapping §2 may fail to define a properness parameter, i.e. the D, (M) may be empty for some M. We provide
a general construction to avoid this.

Definition 21. Amap A : ll_I‘I)l A — P([01%) is said to instantiate §2 if every M € ll_H)l A with rank(M) > 0, every finite
AC (M), everyy € A(M),everya € M N H, and every § < rank(M) hasaK € A oy N M such that
(i) a € K,
(ii) rank(K) > &,
(ili) sup(@ NK) e yN (A,
(iv) yn(A e AK).

Remark. In all of our applications of instantiations, we will have A(M) = 12 (M) for all M, and thus we can omit the ‘y’
in (iii) and (iv) in the verification. See e.g. Example 24.

Lemma 23. Ifthere exists a map instantiating 2, then (a&, D) is a A-properness parameter, i.e. © o (M) # @ forall M € ll_II)l A.

Proof. Assume that A instantiates $2. We proceed by induction on rank(M), with the induction hypothesis that for all
y € A(M), there exists X € Do (M) with trsup(X) C y. Suppose M € A, wherea > 0,andy € A(M).Let (x, : n < w)
enumerate 2(M), letting x, = 6 N M in case 2(M) = @. Let (a, : n < w) enumerate M N H,, and fix a sequence &, < «
(n < w)such that limsup,_, , & + 1 = «. We recursively choose K,;1 > K; in A, N M with a, € K, rank(K,) > &,,
sup(0NK,) € yN ﬂ?zo x;andy N ﬂ?:o x; € A(Kp,). This is possible by (i)-(iv). And for each n, there exists X;, € D (K,) with
trsup(X;) CyN ﬂ?zo x; by the induction hypothesis. Then putting X = (,_,, Xa U {Kx}, conditions (i)~(iii) of Definition 16
are clearly satisfied, i.e. X € ®o (M), and also tr sup(X) < y, completing the induction. O
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Example 24. Suppose & C {M e [H,]¥ : M < H,} is stationary, and A is a skeleton of a A-properness parameter with
MNH, € gforallM € li_r)nA. Suppose # C [A]™ has no stationary orthogonal set. If yy, € | # (M € &) satisfies x C* yy

forallx € ¢ N M, then defining £2 : lim A — [[6]F0]=R0 by
M) = {ym \ s : s C ypy is finite}, 5)
we have that (E, D) is a A-properness parameter. This is instantiated by A, where A(M) = 12 (M) for all M.

Proof. We apply Lemma 23. Thus given M € A, with @ > 0, a nonempty finite A C 2(M),a € M N H, and § < «, we
need to show that there exists K € A, N M satisfying (i)-(iv).

Put 8 = (K € A¢ : a € K}.Since 8 € M and B stationary, trsup(8) € M is a stationary subset of 6. Thus there
exists § € trsup(B) N[ )ANM by elementarity, since ¢ has no stationary orthogonal set. And by elementarity, we can find
K € 8 N M with sup(@ N K) = §, and hence K satisfies (i)-(iii). Condition (iv) is satisfied because yy C* yy. O

Proposition 25. Assume that §2 does define a properness parameter in Definition 16. Then the chooser has a global winning
strategy in the game O (A, D).

Proof. It is immediate from the definition of ®,(M) and the payout of the game, that the chooser wins so long as
lim,,_, , rank(K;) + 1 = rank(M) and (K, : n < w) is cofinal in M N H,, where (K;, Y;;) denotes the chooser’s nth move. The
chooser can guarantee this in the obvious manner. O

2.1.1. Direction constraints

In addition to the limitations imposed on the trace of the suprema, we shall want additional control over the ‘direction’
in which the members of each © (M) can grow. This simply means that we want the set in Eq. (4) to be contained in some
subfamily of ll_T)l‘l A, but what is more, this family lives in some forcing extension (and is thus ‘imaginary’).

Definition 26. Let Z be a collection of pairs of the form (P, B), where Pisa forcing notion and B is a P-name for a subset
of h_rr)l . Then we define subfamilies Do (Z)(M) = Do (A; Z)(M) € D (A)(M) by recursion on rank(M) as follows. If

rank(M) = O then CDQ(%; Z)(M) = {{}; otherwise, it is the family of all members of Qg(ﬁ)(M) such that the set X in
Eq. (4) additionally satisfies

(iv) everyp e PN M hasaq € gen(M, P,p)andatailY C X suchthatq | Y C B,
forall (P, B) € ZNM.

Lemma 27. When rank(M) > 0, Do (Jt:; Z)(M) is closed under taking tails.

Proof. By Lemma 18. O

Typically, we have B a subset of the models over which Gp is generic, in which case we automatically have that P is
2 (A; Z)-proper.

Corollary 28. Suppose thati)_q(.;); Z) is a properness parameter, i.e. D g (K; Z)(M) # @ forallM € 11_11)’1 A If (P, B) € Z and
PlFF8cCc{Me lim 4 : Gp € Gen(M, P)}, then P is Do (A; Z)-proper.

We generalize Lemma 23 to the present setting.

Lemma 29. Assume that for every M € 11_n>1 4 with rank(M) > 0, every (P, 8) € ZNM hasa qPM£ (p) € gen(M, P, p) for each

p € PN M, such that every finite A € £2(M), every finite sequence (Py, By), . . ., (Pm—1, Bm_1) in ZNM, all finite 0; € P,N M
(i=0,...,m—1)everyae MNH, and every § < rank(M) has aK € A _rankmy N M satisfying

(i) a, (Po, Bo), - - - (Pm—1, Bu-1) €K,
(ii) rank(K) > &,
(iii) sup(d NK) € A
(iv) N A € 12(K),
(v) qPM,-,ﬁi(p) I K € B forallp € O;foralli=0,...,m—1,
)

(vi) @) , (0) = g 5 (p)forallp € O;foralli=0,...,m—1.

Then D, (Js; Z) is a properness parameter.
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Proof. We establish the lemma by induction on rank(M), with the induction hypothesis that there exists X € Do (Z)(M)
such that ql’ﬁ’fﬁ(p) (p € P; N M) from the hypothesis of the lemma witnesses Definition 26(iv) for X, for all (P, 8) € Z N M.

Suppose then that M € li_r)nA with « = rank(M) > 0. Let (>.<,1 : n < w) enumerate £2(M), letting x, = 6 N M in
case (M) = @, let (a, : n < w) enumerate M N H;, let (P,, B, : n < w) enumerate Z N M, and let (p,;; : i < w)
enumerate P, N M for each n. Fix a sequence &, < rank(M) (n < ) such thatlimsup,_,, &, + 1 = «. We recursively choose
Kny1 3 Ky in A_y N M with ay, (Po, Bo), - - - » (Pa, Bn) € Kn, & < 1ank(Ky), sup(® N K,) € o [oXi € 192(Kn)
and qPMi,ﬁ.- ) IF K, € B; and qPM,'.:TS’,- (py) > qﬁfﬁi (py) foralli,j = 0, ..., n. This is possible by (i)-(vi). And for each n,
there exists X, in D (Z)(K;,) as in the induction hypothesis. Furthermore, by going to a tail of X;;, we may assume that
trsup(X,) < ﬂ?:o x; and that qu:i;,i (i) |- Xn € B for all i,j=0,...,n.Then puttingX = | J. __ X, U{K,}, conditions (i)-
(iii) of Definition 16 are clearly satisfied. And for condition (iv), given (P, 8) € ZNM andp € PNM, say (P, 8) = (P;, 8;) and
P = Dij qllg.-l.,u@i ) I+ Unzmax(i,j) X, U{K,} € ;. This proves that X € D (Z)(M) is as needed, completing the induction. O

n<w

2.2. The iteration

Notation 30. Let & C [H, ™. For a poset P with P € H,, if G C P is a generic ideal over V, in V[G] we define
E[G] ={M[G]:M € & P e Mand G € Gen(V, P)}. (6)

Proposition 31. Let P be a forcing notion that adds no new w-sequences of ground model elements (e.g. P completely proper). If
& C [H]M is closed and cofinal then so is €[G].

A A-properness parameter (A:, D) can be interpreted in a forcing extension V[G] by some forcing notion P € H;, as (53, ¢)
where 8, = 44[G] foralla < w; and ¢(M[G]) = D(M) forallM € ll_H)l A with M[G] € ll_rl)l B. Thus when we say that
P | rQ is (gi, D)-proper”, we mean that V[G] = rQ[G] is (53, &)-proper.

Let us now address the issue of “long properness”. The following is essentially [9, Definition 1.8(c)], but without the
requirement of complete properness.

Definition 32. Let (J\:, D) be a A-properness parameter. A countable support iteration (P¢ : § < §) is called long ©-proper
if P; € H; and there exists a € H,, such that forall M € h_r)n A witha, Ps € M, forall £ < § in M, if

(i) q € gen(M, Py),
(i) X =M@ NM e DM),
(iii) p is a Ps-name such that
(@ qlFpePsnM,

(b) g I-p1&eGp,
then there exists r € gen(M, Ps) such that

(iv)ri1é=gq
(v) M) NX € DM),
(i) 7 |- p € G,
The following lemma says that the iteration is long ©-proper when each iterand is ©-proper. It is proved in [9, page 17,
“Proof of clause (c)”].

Lemma 33. Assume that the chooser has a global winning strategy in the game o(D). Suppose (P, QE : & < §) is a countable
support iteration such that Pz |- "Qz is ©-proper™ for all ¢ < 8. Then (P: : § < §) is long D-proper.

Although [9] is the first place we read the phrase “long properness”, it is a familiar concept used for example in the proof
of the preservation of properness under countable support iterations. Indeed Lemma 33 corresponds to the “Properness
Extension Lemma” of [ 1, Lemma 2.8] and the “a-Extension Property” of [1, Lemma 5.6].

The following is a simplified, and somewhat weakened, version of [9, Main Claim 1.9], which is the basic NNR iteration
theorem for parameterized properness.

Theorem 3 (Shelah). Let (e/i, D) be a properness parameter, where the chooser has a global winning strategy in the game o (D).
Suppose (P:, Qz : & < §) is a countable support iteration such that

(@) Pe |- Qg is ®-proper for all ¢ < §,
(b) Pe |- Qg: is D-complete for all ¢ < 4.

Then the limit Py of the iteration does not add new reals.
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We do not refer to the following strengthening of Theorem 3 as a “theorem” because, unlike Theorem 3, it does not stand
alone in the sense that the needed hypothesis is preserved at limits. That is, there is no conclusion from the hypothesis that
the limit Py is ©s-proper for some properness parameter (4, ©;); although in our application of Lemma 34 this will be the
case. In fact Lemma 34 below is in the same spirit as the fact that an iteration of proper D-complete forcings of length less
than w? adds no new reals.

Lemma 34. Let (CE, Dg 1 & < 5) be a sequence of properness parameters such that the chooser has a global winning strategy in
the game (D) for all § < 8. Suppose that (Pz, Qg : & < §) is a countable support iteration satisfying

(a) Pgis 101'1g D¢-proper forall§ < g,
(b) P: |- Q¢ is D-complete for all§ < 6.

Then the limit Py does not add new reals.

Proof (Sketch of Proof). The proof is based on Abraham’s proof in [1, Section 5] of Shelah’s fundamental NNR iteration
theorem that countable support iterations of forcing notions that are both a-proper and D-complete do not add new reals.

There is a function E that is implicitly assumed to exist in e.g. the proof in [8, Ch. V, Section 7], and is thankfully made
explicit in [1]. It takes arguments of the form (M, 1\71 (Pe, Qg : &€ < y),G,p) as input, where M < H, is countable
containing (P, QE € < ), M = (M, : n < a) is an e-tower of countable elementary submodels with My = M,
G € Gen(M, Py, p | o) N M; for some yy < y inM and p € P, N M. The value E(M, M (P, Q& : & < y),G, p) returned
is an element H € Gen(M, P,, p) extending G, i.e.p | yo € Gforall p € H. The whole point of introducing E is that it is
definable from some parameters, and thus the generic output by E can be found inside a suitable elementary submodel.

Itis then shownin[1, Lemma 5.21] that if the tower M is hlgh enough, if (P, Qg & < y)isacountable support iteration
of a-proper and D-complete forcing notions, and if G € Gen* (M, P,,) is also generic over all members of the tower, then
EM, 1\71, (Pe, Q§ :& < y),G,p) is completely generic over M, proving that P,, does not add new reals.

By making the corresponding changes to the definition of E, the exactly analogous proof works for iterations (P, Qg & <
y) of D- complete forcmg notions that are long ®-proper for some properness parameter (A D); we obtain a completely
generic E(M, M (Pe, Qg & < y), G, p) whenever the range of M is in D(N) for some N € h_r)n A of big enough rank.

Now consider the iteration from the hypothesis of the lemma. By the hypotheses (a) and (b), for every y < 3§,
E(M, M (P, Qg ¢ < y),G,p) is completely generic for all suitable M and G To show that Ps does not add reals, we
want to find a completely (M, Ps)-generic ideal. Although we cannot take E(M, M (P, Qg & <9),G, p) since we do not
have a ©;, we can still go through the proof of [1, Lemma 5.21] to obtain complete genericity, by using M=M""M"-.
where &y < &; < --- iscofinalind "M,Ng € Ny € --- in ll_n)] A are of big enough rank, and the range of M" is in De, (Nn)
foralln < w. O

3. The forcing notions

In the context of an ordinal 6 of uncountable cofinality, ¥ will always denote a regular cardinal ¥ > (|6|¥0)"; and in the
context of a cardinal «, we let A denote a regular cardinal that is sufficiently large, by which we mean A > |H.|T = (2<%)*.
Thus in the most important case & = w;, taking « and A to be the least sufficiently large regular cardinals and assuming CH
and 2% = R, (e.g. assuming GCH),

0l=8  c=®")T=8 A=W =N, (7)

Definition 35. Let S be a set. For two families # C # C £(S), we let
35 (F) ={x C 6 :1xN F iscofinal in (3¢, C*)}, (8)

i.e. the set of all x such that {y € & : x C y} is C*-cofinal in #. We write d(J) for d (#), and we write ¢ € 945 (F) to
indicate that {«} € 95 (F).

Proposition 36. 0 (F) C | F whenever F is nonempty.

3.1. Forcing notion for shooting clubs

The following forcing notion is equivalent to the forcing notion R(#, C(] #)) from [3]. Thus the forcing notion in
Definition 37 is a special case of a more general class of forcing notions studied there. Many of the main results here, with
the exception of the new result in Lemma 59, follow from the general theory developed in [3]. We will provide direct proofs
for most of the results.

Definition 37. For some ordinal # of uncountable cofinality, let # < [6]™ be nonempty. Then define @ (#) to be the poset
consisting of all pairs p = (x, Xp) where

(i) x, € 9(H) is a closed subset of 6,
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(ii) X is a countable family of subsets of # with
Xp € 0x(3) forall g € X,
ordered by g extends p if

(i.ii) Xq 2 X, (i.e. x; end-extends x, with respect to the ordinal ordering),
(iv) Xq 2 Xp.

For an ideal G C @ (), we write C; = |, Xp- And we write Og 4, for the condition (4, ).

peG
Our poset forces the following desired result.

Proposition 38. Q(#) |- “C%(m is locally in #™.

Proof. By Proposition 36. O

Lemma 39. Suppose § C # is cofinal in (#, C*). Then Q(#) | "y € F# Cémm \ yislocally in g

Proof. Observe that the set of all p € @(#) containing X € X, of the form X, = {xUy : x € g} forsomey € | H is
dense. That is, given p € Q(H), (xy, Xp U {Ky,}) € Q(H) since x, € dx(Ky,). O

Proposition 40. The class @ is provably equivalent to a Ag-formula.

Proposition 41. If p and q are two conditions in Q(#) such that x;, E x, and every § € Xq hasa X C g in Xp, then
Q) / ~sep Eq=<p

Proposition 42. p and q are compatible in Q(#) iff x, and x, are comparable under end-extension and x, U x; € 04 (g) for all
g € %, U X,

The following game is equivalent to the game Ogen(M,y, #, C(} #), p) from [3, Definition 3.11], except for the
requirement that pg = p. It is used to establish the various properties of our forcing notion.

Notation 43. For a centered subset C of some forcing notion P, we let (C) denote the ideal on P generated by C.

Definition 44. Forany M < H,, with # C [#]™ nonempty andin M, fory € [#]% and p € @Q(#) N M, we define the game
Ogen(M, y, #, p) with players Extender and Complete of length w. Extender plays first and on move 0 must play po so that

® Do =P.
On Extender’s (k + 1)th move:

e Extender plays py+1 € @(#) N M satisfying
(1) pr+1 extends py,

() Xy \ % S ¥\ Uio s
On Complete’s kth move:
e Complete plays a finite s, C y.
This game has three possible outcomes, determined as follows:

(i) Extender loses (i.e. Complete wins) if (py : k < w) ¢ Gen(M, Q(¥)),
(i) the game is drawn (i.e. a tie) if (p, : k < w) € Gen™ (M, Q(#)),
(iii) Extender wins the game if (py : k < w) € Gen(M, @(#)) but (ii) fails.
The game Ogen(M, y, #, p) is especially interesting for us because a draw in this game corresponds precisely with
complete genericity.

Proposition 45. Let p; denote Extender’s kth move in the game Ogen (M, y, #, p). Then the game results in a draw iff (py : k <
w) € Gen™ (M, Q(H), p).

Proposition 46. At the end of the game Ogen (M, y, #, p), for every k < w,

k

U %en \ 20 Sy \ s 9)

n<w i=0

Proposition 47. Suppose @ is a nonlosing strategy for Complete in the game Dgen (M, y, #, p). Then Complete does not lose if it
plays s, 2 @ (Py), where Py is the position after Extender’s kth move.



170 J. Hirschorn / Annals of Pure and Applied Logic 157 (2009) 161-193

Proof. This is by general principles. If Complete plays as in the hypothesis, then it is restricting Extender’s moves. Since the
outcome of the game is determined solely on Extender’s sequence of moves, this is beneficial to Complete. O

Similarly:

Proposition 48. Forally C z, if @ is a nonlosing strategy for Complete in the game Ogen (M, z, #, p) then Py — @ (P) Nyisa
nonlosing strategy for Complete in the game Ogen (M, y, #, ).

Before proceeding, recall that whenever (#, C*) is o -directed, the ideal of noncofinal subsets of # forms a o-ideal, i.e. is
closed under countable unions (see e.g. [3, Lemma 2.2]).

Lemma 49. Suppose H is a o -directed subfamily of [#]¥° with no stationary orthogonal set. For every countable M < H, with
H € M,if g C [0]% in M is cofinal in (¥, C*), then sup(8 N M) € dz(J).

Proof. Let Z be the set of all @ < 6 such that « ¢ 95(g). Supposing towards a contradiction that the lemma fails,
sup(f N M) € Z, and thus Z is stationary because Z € M. By the assumption on #, Z is not orthogonal to #, say x € [Z]"0
withx C y forsomey € J.Since {z € § : y C* z} is cofinal in (J#¢, C*) as J¢ is directed, there must exist a finite s C x
suchthat{z € ¢ : x \ s C z} is cofinal because # is o-directed. We have now arrived at the contradiction that @ € d%(g)
forallw € z\s. O

The following corollary implies that @ (#) forces a closed cofinal subset of 8, although it remains to show that Q(#)
does not collapse X;.

Corollary 50. Assume # is as in Lemma 49. For every & < 6,
D = {p € Q(F) : max(x,) > &} (10)
is a dense subset of Q ().

Proof. Given p € @(#), find a countable elementary M < H, with #, p, & € M, set § = sup(é N M). For each ¢ € X, let
Kg ={y € g :x, Cy}. Each Ky is cofinal as x, € d5(g), and thus by Lemma 49, § € 95 (Ky) forall § € X,. This implies
that x, U {8} € 35 (g) forall g € X,, and therefore g = (x, U {8}, X)) € Q(H). Since § > &, the proof is complete. O

Corollary 51. If #¢ C [0]™0 is o -directed under C* and has no stationary orthogonal set, then Q(#) |- C¢. 00 is a closed cofinal
subset of 6.

Terminology 52. Henceforth, we let ¢(8, #) abbreviate the statement: # is a o-directed subfamily of ([#]™0, €*) with no
stationary orthogonal set.

Corollary 53. Assume ¢ (6, #). Let # € M < H,,y € [8]% and p € @(#) N M, and let p; denote Extender’s kth move in the
game Ogen (M, y, #, p). Suppose that Extender does not lose the game. Then the following are equivalent:

(a) The game Ogen(M, y, #, p) is drawn.
(b) (Uk<w Xpi U {sup(9 N M)}s Uk<w xpk) € @(‘;f)
(©) Urco X U {sup(®@ N M)} € 35 (9) for all § € Xq.

Proof. Put § = sup(¢ N M). By Corollary 50, for every § < 6 in M, D € M (cf. Eq. (10)) is dense, and thus x,, € D; for
some k since Extender did not lose. Hence | J,_,, Xp, is unbounded in §.

(a)— (b): {px : k < w} has a common extension, say q, by Proposition 45. Since we must have § € x,, and obviously
Ukew X S Xg. it clearly follows that the pair defined in (b) is a condition of @ (#).

The implication (b)— (c) is trivial by definition; the implication (c)— (b) is because the set is closed; and the
implication (b) — (a) is an immediate consequence of Proposition 45. O

Lemma 54. Let # C [0]% be o-directed. Suppose M < H,, is countable with 3 € M, andy € [6]™ satisfies x C* y for all
x € #NM.Theneveryp € @(#) M and every dense D C @(#) in M, has an extension q of pin DN M such that x; \ x, < y.

Proof. Suppose to the contrary that there isno g > pin D N M with x; \ x, C y. Define ¥ as the setof all K € [H]® for
which there exists yx € [0]%° such that Xp € Yk, thereisnoq > pin D withxq C yk,and x C* yi forallx € # N K. Then
F e M.

Take K € [H,]¥ N M. Since {z € # : Xp C z} is cofinal by condition (i) of the forcing notion, and since # is o -directed,
there exists z € # N M such thatx, € zand x C* z for all x € # N K. Then there exists a finite s C z \ x, such that
z\s C yUx,.There canbenoq > pinDwithx; C z\ s, because otherwise by elementarity we could find suchaqg € DN M,
contradicting our supposition. Hence yx = z \ s witnesses thatK € .

By elementarity, we have proved that # = [H]¥, and thus § = {yx : K € F} C H is cofinal in (#, C*) with
Xp € 05 (g). Hence

q=(xp, Xp U{g}) € Q). (11)

Since D is dense, there exists ¢ > q in D. But then x; € 94(4), and in particular x; C y for some K € F, contradicting the
choice of yx. O
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Corollary 55. Let # be a o -directed subfamily of ([0]¥°, C*). Suppose M < H, with # € M,y € []% and p € Q(#) N M. If
x C* yforallx € # N M, then Extender has a nonlosing strategy in the game Ogen (M, y, ¢, p).

Proof. Let (Dy : k < ) enumerate all of the dense subsets of @(#) in M. Suppose the position in the game is
(pos So), - - -, (px, Sk) after the kth move. By the assumption on y,

k
xg*y\Usi forallx € ## N M. (12)
i=0

On move k + 1, by Lemma 54, Extender can thus play piy1 > prin D, N M such thatx,, ., \ x, Sy \ Ui si- Clearly then
(pr : k < w) € Gen(M, Q(#)). O

Lemma 56. Assume (6, #).Let M < H,, be a countable elementary submodel with # € M, lety € [#]%° andletp € Q(#)NM.
Ifx C* y for allx € # N M, then Complete has a nonlosing strategy in the game Ogen(M, y, H, p).

Proof. Suppose that x C* y for all x € # N M. Then since # is o-directed, we can find z € # such that x C* z for all
x € # N M. Therefore, by Proposition 48, replacing y with y N z we can assume thaty € | #.

Set § = sup(6 N M). At the end of the game Ogen (M, y, #, p), where Extender has played py on its kth move, we will set
Xg = Uy—w Xp, U {8}. The aim of the Complete’s strategy is to ensure that x, € 9 (g) forall § € X,,, forallk < w.

We know that | J,_,, Xp, will be countable, and thus we can arrange a diagonalization (g : k < ) in advance, and since
the X, 's will be increasing with k, we can also insist that . € X, for all k. After Extender plays p, on move k, we take care
of some gy € X, according to the diagonalization. Set

Ki = {2 € J: Xp, C 2} (13)
Then X is C*-cofinal in # because x,, € 9 (gJ«) by the definition of the poset. Thus as p, € M, by Lemma 49,

K,=1{z€e Xy:8€z} (14)
is cofinal too.

Claim 56.1. There exists a finite s, C y such thaty \ sy € 35 (X}).

Proof. Sincey € | #, and # is directed, {z € X : y C* z} is cofinal. It then follows from the fact that # is o -directed that
there exists a finite sp C y suchthaty \ sy € 3% (X;). O

Complete plays sy as in the claim on its kth move. This describes the strategy for Complete.

If Extender loses then Complete wins, and thus we may assume that Extender does not lose. Putx; = J,_,, x5, U {8} and
Xq = Ug—w Xp,- It remains to show that the game is drawn, and thus it suffices to show that x, € 35(g) forall ¢ € X, by
Corollary 53.Butevery § € X, appears as g for some k, and thus as |, _, X5, \Xp, < ¥\ Sk by Proposition46,y\sx € 9 (X})
implies that {y € Jx : X, C y} is cofinal by Eqgs. (13) and (14), proving X4 € 9 (Jx). O

The following lemma implies that our poset does not collapse ;.

Lemma 57. Assume that # is a o -directed subfamily of ([61%0, C*) with no stationary orthogonal set (i.e. p(6, #)). Then Q(¥)
is completely proper.

Proof. Let M < H, be countable with # € M. Since # is o -directed there exists y € # such thatx C* y forallx € # N M.
Let p € @Q(#) N M be given. Then the hypotheses of Corollary 55 and Lemma 56 are satisfied. Therefore both Extender and
Complete have nonlosing strategies in the game Ogen(M, y, #, p). The game is played with both Extender and Complete
playing according to their respective strategies. Since the game results in a draw, there exists ¢ € gen™ (M, @(¥), p) by
Proposition 45. This proves that @ (#¢) is completely proper. O

Terminology 58. We let ¢, (M, ¥, y) abbreviate the statement: x C* y for allx € # N M.

Lemma 59. Let (01, Dg) be a A-properness parameter determined by 2 : h_n)a A — [[01%]=N0 (cf Definition 16). Assume
@@, H). Ifevery M € li_r)n,A, of positive rank with # € M hasay € (M) N | H satisfying ¢.(M, #,y), then Q(H) is
(e/i, D g )-proper.

Proof. This is proved by induction on rank(M), where M is from the set of all M € 11_11)1 A with # € M. The induction

hypothesis is that for all p € @Q(#) N M, and all X € D, (M), for every yy € | J¢ satisfying ¢, (M, #, yy) and moreover
ym € £2(M) when rank(M) > 0, and every finite t C yy, there exists ¢ € gen(M, Q(J¢), p) such that M(q) N X € Do (M)
and

X\ X C (ym \ ©) U {sup(6 N M)}. (15)

This will in particular entail that @(#) is proper for the desired parameter, because by the hypothesis on §2 there always
exists such a yy; and hence a = # will witness that (p) holds.
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For the base case rank(M) = 0, it suffices to show that every p € @(#) N M and every z € [6]"0 satisfying ¢, (M, #, z)
have an (M, @(#))-generic extensionq > p withxg\x, € zU{sup(6NM)}. And Extender and Complete both have nonlosing
strategies in the game Ogen (M, z, #, p) by Corollary 55 and Lemma 56. After the game is played according to these respective
strategies, with py denoting Extender’s kth move, we obtain q € gent (M, @(¥), p) withxq = |J,_,, Xp, U {sup(6 N M)} by
Corollary 53. And then x; \ x, € z U {sup(6 N M)} by Proposition 46 with k = 0 since py = p.

Suppose now that rank(M) > 0 with # € M, and we are givenp € Q(H#) "M, X € Do(M) andyy € (M) N | H
satisfying ¢, (M, #, yu) and a finite t C yy. By going to a subset of X, we can assume that X N K € D, (K) for allK € X by
Lemma 9. Moreover, since yy € £2(M), by going to a tail of X, we can assume that

trsupy,(X) C ym \ t. (16)

Let (ai : k < w) enumerate M N H, and let (& : k < w) satisfy lim,_,, & + 1 = rank(M).

The game Ogen (M, yum \ £, #, p) shall be played with (py, sx) denoting the kth move. Since ¢, (M, #, yu \ t), Complete
has a nonlosing strategy in this game, which it plays by. After the kth move has been played, we can find K; € X such that
ag, px € Ky, rank(Ky) > &, and moreover

k
sup(6 NKy) ¢ Usi. (17)
i=0

Since yx, € | #, we can find a finite u, C yg, such that yx, \ ux € ym. Now by the induction hypothesis, there exists
Dk+1 > Pr in gen(Ky, @(F)) such that

Y = M(pr+1) N X € Do Ky, (18)
and X, \ X, S (vi \ (Uf:o st Ut Uw)) U {sup(® NK)} S ym \ (ULO si U t) U {sup(® N Ky)}. Then in fact

Xt \ %, € ym \ (U s U t) by (16) and (17), and thus py. 1 is a valid move for Extender.

At the end of the game, since (K : k < w) is cofinal in M N H; and each py. is (K, Q(¥#))-generic, it follows that the
ideal (py : k < w) is in Gen(M, Q(#)), and thus Extender does not lose. Since Complete also does not lose, the conditions
{px : k < w} have a common extension g. Now | J,_,, Y« U{Ki} € M(q) NX, and clearly | J,_,, Y U{Ki} € Do(M). Moreover
we can assume that x; = (J,_,, Xp, U {sup(6 N M)} by Corollary 53, and thus x; \ x, < (ym \ t) U {sup(6 N M)}, completing
the induction. O

For definitions of D-completeness we refer the reader to [3] and/or [1]. In the present paper we say that a poset is D-
complete, if it has a simply definable X{-complete completeness system. To avoid a complicated proof we only prove that
Q(#) has a simply definable Xy-complete completeness system. If an &{-complete system is desired, one can use the notion
of a forward strategy introduced there; in particular, Lemma 60 can be obtained as an application of [3, Lemma 3.39].

Lemma 60. Let # C [0]™ be o -directed with no stationary orthogonal set (i.e. ¢(#, #¢)). Then Q(#) is D-complete.

Proof (Proof for R¢-completeness). The completeness system receives as input a countable M < H,, a family # C [6]™ in
M and p € Q(J¢) N M. We fix a suitably definable way of coding

e asubsety; of 6 N M,
e a partial function ®; on M with ®;(a) € [ N M]<™ for all a € dom(&;),

by subsets Z C M. The second order formula ¢ defining the family of subsets of Gen(M, @(#¢), p) is given by Tif
(a) x C* y; forallx € ¢,
there exists? a sequence (p : k < w) of conditions in @(#) and a sequence (s : k < w) of finite subsets of & such that

(b) (p«, si) is valid for move k of the game Ogen (M, yz, H#, p),
(€)@= ((po. $0). - - - » (Pk—1, Sk—1), Px) € dom(P;) and s D Pz (a)".

Thus the family coded by some Z € M is
9z = {G € Gen(M, @(#),p) : M = ¢(G, Z; #, p)}. (19)

First we verify Rg-completeness. Let Zy, ..., Z,_1 be given subsets of M. We can assume without loss of generality
that condition (a) holds for all j = 0,...,n — 1. The game Ogen (M, ﬂ;‘;ol Yz, H, p) is played with (py, sx) being the

kth move. By condition (a), x C* ﬂ':ol Yz for all x € # N M, and hence by Corollary 55 Extender has a nonlosing

strategy in this game, which it plays by. For eachj = 0,...,n — 1, we recursively choose for each k < o, tj so that
ajk = ((po, tio)s - - s (Pr—1, tj(k,l))) is a valid position in the game Ogen (M, Yz, H, p); its definition is tj, = q>zj(a,-,<). On move

2 Note that this is a second order quantifier, so that e.g. the sequence (py : k < w) need not be an element of M.
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k, Complete plays s, = (U]'.:J tjk) N ﬂf;ol Yz, which ensures that Extender’s move py 1 in the former game is also a valid

move in each of the games Dgen(M,ij, H,p)(j=0,...,n—1).LetG = (p : k < w). Then G € Gen(M, Q(H#), p) because
Extender does not lose. And thus for each j, M |= ¢(G, Z;; #, p) as witnessed by (po, tjo), (p1, tj1), - . . ; hence, ﬂ]”;O‘ 9z #0
as wanted.

For D-completeness, it remains to find a Z € M such that §; C Gen"™ (M, @(#), p). However, choosing any y € [6]%
satisfying ¢.(M, #,y), Complete has a nonlosing strategy & in the game Ogen (M, y, #, p) by Lemma 56. Find Z € M such
thaty; = y and @; = &. Now suppose that G € G, witnessed by (px : k < w) and (s; : k < w). Then by (b) and (c), and
Proposition 47, Complete does not lose the game Ogen (M, y, #, p) where (pi, yx) is played on move k. Since Complete does
not lose, and we already know that G € Gen(M, @ (#)), we must have G € Gen™ (M, @(#)). O

In the case & = wy, assuming CH, our poset @ (#) clearly has the X,-cc and thus does not collapse cardinals. However,
if we want to avoid using an inaccessible cardinal, we need that iterated forcing constructions using our poset also have
the N,-cc, which is not in general preserved under countable support iterations. The usual approach in this situation is to
use the properness isomorphism condition, and apply the theory from [8, Ch. VIII, Section 2]. By the properness isomorphism
condition, we mean the X,-pic there; and there is a theorem that under CH, a countable support iteration of length at most
w,, of posets satisfying the &X,-pic has the RX,-cc. As an alternative to using Lemma 61, one can always iterate up to a strongly
inaccessible cardinal u since our posets will all have the u-cc.

We will not give the actual definition of the properness isomorphism condition here, but instead refer the reader to either
Shelah’s book, [3] or [1]. We also do not provide a proof of the following lemma, because as is usual with this property, it is
a straightforward modification of the proof of properness. One can also obtain Lemma 61 by applying [3, Corollary 3.54.1].

Lemma 61. Assume that # is a o-directed subfamily of ([w;]¥0, C*) with no stationary orthogonal set (i.e. (w1, #)). Then
Q(H) satisfies the properness isomorphism condition.

3.2. Forcing notion for shooting non-clubs
The following is perhaps the most natural forcing notion for forcing an uncountable set locally in some o -directed
subfamily of ([S]*0, C*), for some set S.

Definition 62. For # C £(S), let R(H) be the poset consisting of all pairs p = (x,, X,) where

(i) X € 3(H0),
(ii) X is a countable family of cofinal subsets of (#, C*) with

X, € 0x(g) forallg € X, (20)

ordered by g extends p if

(i.ii) Xq 2 Xp,
(iv) Xq 2 Xp.

For anideal G € R(JH), we write X¢ = |, X, We write 0 for the condition (4, ¥).

peCG
Proposition 63. R(¥#) |- VXQRW) is locally in | #™.
Proposition 64. The class R is provably equivalent to a Ag-formula.

Proposition 65. If p and q are two conditions in R(#) such that x, C x, and every § € Xgq hasa X C g in Xp, then
R(H) / ~sep =q=<p.

The only significant difference between Definition 62 and the forcing notion called “R(#)” in |3, Definition 3.1], which
is itself very closed based on the original forcing notion from [2], is that condition (iii) is not required to be end-extension
as in @(#). This weakens the compatibility relation as follows.

Proposition 66. p and q are compatible in R(H) iff x, Uxq € 05 (F) forall § € X, U Xq.

Condition (iii), however, leaves many properties unaffected. For example, the following facts can be established with
exactly the same proofs as in [3]. Assume for now that # is a o-directed subfamily of ([S]¥, C*), where S is some
uncountable set.

Lemma 67. R(#) is a-proper.
Note that, unlike with Q(#), we do not need any additional requirements on # for properness as in Lemma 57.
Lemma 68. R(F) is D-complete.

Lemma 69. R (F) satisfies the properness isomorphism condition.
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Lemma 70. If S cannot be decomposed into countably many pieces that are orthogonal to F#, then R(¥) forces thatXﬁmm is
uncountable.
The following is established in [3].

Lemma 71. Let 6 be an ordinal of uncountable cofinality, and let # be a o -directed subfamily of ([0], C*). Let S C 6 be
stationary. If S has no stationary subset orthogonal to J¢, then R(#¢) forces that X, | o N S is stationary.

4. Absolute antichains

Suppose # is a subfamily of [#]¥0. Suppose that W is an outer model of V. Since @ and R are considered as classes, we
can interpret @(#) and R(F) in W. And by Propositions 40 and 64, respectively, we have

Q) ca#)” and RH)' < ROV, (21)

and thus for O = @, R, ©O(#)" is a suborder of O (#)" (recall that P is a suborder of Q whenP C Q andp <p q <> p <q ¢
for all p, q € P). Since (x, U x4, X, U X) is a common extension of any two compatible conditions p and g, it follows that
‘p L q'is absolute between V and W, for either forcing notion. Here we are interested in having @ (#)" generically included
in O (#)" - see Definition 72 where we obtain an approximation to this property - and therefore we are interested in the
upwards absoluteness of "A is a maximal antichain of @ (#)™ for both classes of forcing notions ® = @, R.

This is a familiar scenario. The concept of Souslin forcing was introduced in [5], concerning a certain class of forcing
notions that can be represented as definable subsets of the reals, or more generally, definable over (Hy,, €). These Souslin
forcing notions can thus be interpreted in any outer model, and they enjoy many nice absoluteness properties, which are
particularly useful in the iteration of Souslin forcing notions. For example, the maximality of antichains of Souslin ccc forcing
notions is upwards absolute. In our case, say for 6 = w; and assuming CH, our forcing notions are X,-cc and representable as
subsets of # (1), and simply definable over (Hy,, €) by Propositions 40 and 64, respectively; and we also want to establish
the upwards absoluteness of antichains. However, in the present case we shall rely on combinatorial arguments rather
than absoluteness results of second order arithmetic. In the process, we shall observe that R(#) and @ (#) have very nice
properties, such as commutativity, that are typically associated with certain Souslin forcing notions.

4.1. Embeddings

We write P < Q to specify that a forcing notion P generically embeds into a forcing notion Q, which as usual we mean
that for all G € Gen(V, Q), V[G] = "Gen(V, P) # @7, i.e. every generic for Q induces a generic for P. A generic embedding
between two forcing notions has the usual meaning, i.e. they are called complete embeddings in [6, Ch. VII, Section 7]. We
write P = Q to indicate that P and Q are isomorphic as forcing notions, i.e. P < Q and Q < P. Recall that P < Q iff there
exists a generic embedding e : P / ~s, — Q, where the separative quotient is indicated in the domain. Also recall that
when P is a suborder of Q, the inclusion map i : P — Q is a generic embedding iff ifA] is a maximal antichain of Q for every
maximal antichain A of P. We want to generalize the notion P < Q, where Q is allowed to be outside of some universe.
Definition 72. Let M be a model (typically transitive), and let P and Q be forcing notions with P € M. We say that P
generically embeds into Q over M if for all G € Gen(V, Q), V[G] = "Gen(M, P) # (7. We write P <) Q. We say that P is
generically included in Q over M if P is a suborder of Q that generically embeds over M. We write P 4\/1 Q.Ande:P — Qs
a generic embedding over M if it is order preserving, i.e. ¢ > p implies e(q) > e(p), q L p implies e(q) L e(p) and for every
maximal antichain A of P in M, e[A] is a maximal antichain of Q.

ThusV =P <y QiffV =P < Q™.

Proposition 73. P <§w Q iff the inclusion map i is a generic embedding over M.

Notation 74. For a separative poset P, let P denote its completion.

Lemma 75. Let M be a transitive model of enough of ZFC. Then P <y Q iff there existse : P — Q / ~ep Such that e is a generic
embedding over M.

Proof. Ife : P — Q / ~p is a generic embedding over M,and G € Gen(V, Q / ~p), then e~ ![G] < P is downwards closed
and upwards linked (i.e. pairwise compatible), and intersects every maximal antichain of P in M. It thus follows from the
well-known facts that e~'[G] generates a member of Gen(M, P). Thus P <y Q / ~eep = Q.

Conversely, if P <) Q then there is a Q-name G for a member of Gen(M, P). Thene : P — Q / ~sep defined by

e(p) = lIp € Gl| (22)
is a generic embedding over M. O
Proposition 76. Suppose that P, Q € M and M is a model of enough of ZFC. Ife : P — Q is a generic embedding over M, and
H € Gen(M, Q), thene"'[H] € Gen(M, P).
Recall the following basic fact.
Proposition 77. Ife : P — Q is a generic embedding, then every q € Q has a p, € P such that e(p’) is compatible with q for all
ey
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Lemma 78. Let P and Q be separative forcing notions with P € M, where M is a transitive model of enough of ZFC. Ife : P — Q
is a generic embedding over M, thensoise : P / ~cp — Q / ~sep given by e([p]) = [e(p)].

Proof. First we observe that if P / ~¢p = p > qthenQ / ~sp = e(p) > e(q). For suppose to the contrary that
Q / ~sep = e(p) # e(q). Then there exists r > e(p) in Q that is Q-incompatible with e(q). In M, let A be a maximal
antichain with ¢ € A. Then since e[A] is a maximal antichain, there exists ¢ € A such that e(q’) is Q-compatible with r.
Ifqg L gthenq' L pasP /~sp = p > q,and hence e(q’) L e(p) implies e(q’) L r.But then g’ € Aimplies ¢ = g,
contradicting thate(q) L r.

The preceding observation obviously implies that e is well defined and order preserving. That & preserves maximal
antichains follows immediately from the fact that p L q implies [p] L [g]. O

Proposition 79. Let P and Q be separative forcing notions with P € M, where M is a transitive model of enough of ZFC. If
e : P — Q is a generic embedding over M, thensoise : P — Q given by e(p) = A{e(p) : p € P,p > p}.

The notion of a projection is used in [1] as a map from Q into P witnessing P < Q. We weaken the requirements on
projections here for brevity, but only use them as inverses of generic embeddings (noting that it would have been better to
do it the former way).

Definition 80. We say that 7 : Q — P is a projection if 7 is an order preserving surjection.

Definition 81. Let « be a cardinal. A forcing notion P is said to be « -semicomplete if every A C P of cardinality |A| < «, with
an upper bound in P, has a minimal upper bound in P. It is semicomplete if it is k-semicomplete for all cardinals «.

In the case were P is a poset (and not just a quasi-order), minimal upper bounds are suprema. Then semicomplete is precisely
the order theoretic notion of a complete semilattice. Also note that complete semilattices always have a minimum element,
namely \/ @. Recall that a poset P is pointed if it has a minimum element, which denote as Op.

Example 82. Q(#) and R(H) are both complete semilattices. f A € R(H) and a < p for all a € A, then clearly
VA = (Ugen Xas Uaen Xa). Similarly for @(3¢), but taking the closure of | J,, Xa.

Definition 83. Recall that a subset A of a poset P upwards order closed if whenever B C A is nonempty, if a = \/ B exists
when taken in P, then a € A.

The above notion is not to be confused with an upwards closed subset, also called an upper set.
Recallthate : P — qis an order embedding between to quasi-orders if it is both order preserving and reflecting, i.e.p < q
iffe(p) < e(q) for all p, q € P. For a poset, this means that e is isomorphic to its range.

Lemma 84. Suppose that P is a pointed poset and Q is a complete semilattice. Ife : P — Q is an order embedding with an
upwards order closed range, then it has a projection w : Q — P for a left inverse, given by

m(@)=\/{peP:ep) <q. (23)

Proof. To check that the supremum always exists, takeqg € Q.PutA = {p € P : e(p) < q}.In the case A = {4, the supremum
is Op. Otherwise, since q is an upper bound of e[A], a = \/ e[A] = \/peA e(p) exists in Q since it is a complete semilattice;
and then since e[P] is upwards order closed, there exists p’ € P such that e(p’) = a. Then p’ is an upper bound of A since e
is order reflecting. And if r € P is an upper bound of A, then e(r) is an upper bound of e[A] since e is order preserving, and
thus e(p’) = a < e(r) implies p’ < r, proving that p’ is the least upper bound.

It is clear that 7 is an order preserving left inverse of e. (And obviously 7 is a surjection when it is a left inverse.) O

Example 85. Now let us see how this applies to say @(#). Let W be a transitive outer model of V which has the same
countable sequences of ordinals as V. @(#) is a complete semilattice in V, and thus, in W, @(#)" is also a complete
semilattice by the assumption on W, because in Example 82 we showed that the suprema are given by countable unions
which thus remain in V. The fact that suprema remain in V, also implies that @(#)" is upwards order closed in @(#)".
Therefore, Lemma 84 applies in W to the identity mappingi : @Q(#)" — @(#)Y, yielding a projection 7 : Q(#)V —
Q(#)V in W that is the identity on @(#)". Exactly analogous facts hold for R (#).

Notation 86. For any map e : P — Q let e* be the corresponding mapping of P-names to Q-names (cf. e.g. [6, Ch. VII, 7.12]).
Proposition 87. Let P C Q. Ifi: P — Q is the inclusion map then i* is an inclusion map.

Proposition 88. Let M < H, with P, Q € M. Suppose thate : P — Q is a generic embedding in M> and that Eq. (23) defines
7 :Q — Pasaleftinverse ofe. If ¢ € gen(M, Q), then (q) € gen(M, P); and if g € gen™ (M, Q), then 7 (q) € gen™ (M, P).

3 Not over M.



176 J. Hirschorn / Annals of Pure and Applied Logic 157 (2009) 161-193

Lemma 89. Let M < H; with P, Q € M and X sufficiently large and regular. Suppose that e : P — Q is a generic embedding in

M and Eq. (23) defines a left inverse w : Q — P of e, ¢(vo, ..., vy_1) is a formula which is absolute for transitive models of ZFC
andXo, ..., X,_1 € M are P-names. Then for all ¢ € gen(M, Q) m(q) € gen(M, P) and
(@) |- oo, ... xn—1) Iff q |- @(e"(Xo), ..., € (Xn-1)). (24)

Proof. Seee.g.[6,Ch. VI, 7.13]. O
Next we recall some basic forcing facts on maximal antichains and generic embeddings.

Proposition 90. For A C P « Q, let A / P be the P-name {q : (p,q) € A p € Gp) for a subset of Q. Then the following are
equivalent:

(A) ACPx Q is a maximal antichain. )
(b) P | A/ P is a maximal antichain of Q.

Proposition 91. Suppose R | Q < P.ThenP /Q = (R« P) / (Rx Q).

Remark. Both sides of the equivalence in Proposition 91 are R * Q—names, and thus the equivalence should of course be
interpretedasRxQ | P /Q = (RxP) / (R* Q). We shall apply the equivalent statement

R+xP=ZRxQ (P /Q). (25)

Notation 93. For a forcing notion P and p € P, we let P, denote the principle filter {q € P : q¢ > p}.

Proposition 94. Assume Q |- P <y R.Then P < Q * R. Moreover if Q has a minimum element 0g and Q |- "é : P — Risa
generic embedding over V7, then p > (0q, é(p)) defines a generic embedding; hence, if A C P is a maximal antichain then

(Q*R) /P = ]_[(Q*Ré(p)) / Py. (26)

peA

Proof. Let G € Gen(V, P) and H € Gen(V[G], R[G]). In V[G][H], Gen(V, P) # ¥, because P <y R[G]. Hence P < Q %R by
definition. It is immediate from Proposition 90 that the defined mapping is a generic embedding. O

The following lemma is well known, at least for the case M = V.
Lemma 95. Let (P:, Qg 1€ < a)and (Pg, Qé : &€ < ) both be iterated forcing constructs with resulting forcing notions P, and
P, respectively; and let M be a transitive model of enough of ZFC. If P <f\4 Pé forallé < o, then P, 45\/1 P,

Definition 96. When we say that a forcing notion P is densely included in a forcing notion Q, we mean that P is a predense
suborder of Q.

Proposition 97. If P is a suborder of Q and P = Q then P is densely included in Q.
Lemma 98. Let (P;, Qg 1 & < a)and (Pé, Qé : & < ) both be iterated forcing constructs with resulting forcing notions P, and
P, respectively. If P; is densely included in P; for all§ < a, then P, = P,,.

The next lemma is important for computing quotients.

Lemma 99. Let O and P Q be forcing notions such that 0 < P = Q. Suppose that for all G € Gen(V, 0), there exists
f:(PxQ)/G— Psuch that

(@) fp,q =p
(b) (0", q) € (P*Q)/Gforallp > f(p,q)
©) f(p,q,q and (f(Y',q), q") are (P x Q)-compatible whenever f (p, q) and f (p’, ¢') are compatible.

Then (P Q) / 0 = P.

Proof. Let G € Gen(V,0).LetD = {(f(p,q),q) : (0, q) € (P * Q) / G}. Then D is a dense subset of (P % Q) / G by (a)

and (b). And by (b) and (c), for all (p Q0. @.,4) € (PxQ) /G, (f(p 9, q) is (P x Q) / G-compatible with (f(p’, ¢'), )
iff f(p, ¢) is P-compatible with f(p’, ¢). Therefore, for all (p, ), (p’, ¢") € D, (p, §) and (p/, ¢') are (P x 0) / G-compatible
iff p and p’ are compatible. Hence, (p, §) + p is an isomorphism between D / ~, and P / ~p. Thus, as D is dense,

(P x 0) [/ G) [/ ~sep =D [ ~cep =P [ ~sep. Since G is arbitrary, this proves that O |- (P % Q) / O = P,asrequired. O

4.2. Analysis of Q(#) and R(FH)

To obtain generic embeddings of e.g. @(#)" into @(#)", we shall analyze the maximal antichains of @(#) and R (#).
Clearly, if A € @(#) is a maximal antichain then 7[A] = {x, : p € A} must be predense in (#, C); however, it need not
form an antichain. For example, suppose that # is a P-ideal (and thus closed under addition of finite sets), y € dx(g) is
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closed and countable, and @« > max(y) is not in d () but X is a C*-cofinal subset of # with @ € 9% (X). Then (y, {4})
and (y U {«}, {K}) are incompatible conditions of @(#) even thoughy C y U {«}. Indeed, in analyzing the sets 7 [A], the
difficulty is when y is in the set and we want to determine whether some z  y is also present in 77 [A].

For any # C [6]%, the following auxiliary family of countable subsets of # allows us to analyze the maximality of
antichains in @(#¢) and R (#).
Definition 100. Let S be a set, and # < £ (S). Define a subcollection ¥ (#) C [#]=0 of all Z € [#]=%0 for which there
exists y € J# such that every finite s C y has a finite A; € Z such that

Uz \Acy\s. (27)

In particular, whenever # is an ideal, | JZ € # forallZ € ¥ (J¢).
Lemma 101. Let # be a o-directed subfamily of ([S]Y°, C*). Then ¥ (¥) is a P-ideal on #.

Proof. Assume that J is o -directed. To verify that ¥ (#) is o -directed, let Z, (n < w) enumerate a subset of ¥ (J#), with
Yn € J witnessing Z, € ¥ (#) for eachn < w. Since # is o-directed, there exists z € # withy, C* z foralln < w. Choose
finite subsets t, C S (n < w) so that

(28) yn \ ty C z,
(29) Upncowtn 2 2,

and put s, = y, N U?:o t; for each n. Let A, be the finite subset from Eq. (27) so that ( JZ, \ A5, € ¥n \ S» C z. Putting
Y =U,0Zn \As Zy CF Y foralln < w.And Y € W (¥), because for any finite u C z, we can find n so that u C U?:O ti,
and then U(Y \ Ui Ayim,) C z \ u, where each Ay, is from Eq. (27) withy := y;and Z := Z,.

Moreover, ¥ (#) is obviously downwards closed, and it is an ideal because # is directed. O

Lemma 102. Let # be a downwards closed o -directed subfamily of [S]¥0. Then for X C #, the following are equivalent:

(a) There exists a countable decomposition of KX into pieces orthogonal to ¥ (J¢).
(b) There exists a countable family X of cofinal subsets of (#, *) such that X N mgex 05 (F) C {4}

Proof. (a) — (b): Let X = |J,_,, £n with each £, L ¥ (#). Observe that every y € J¢ has a finite s,, C y such that
L\ syn) NLy € {B): Otherwise, letting (o : k < w) enumerate y, there exists zy € £, with @ # z, C y \ {ao, ..., o} for
allk < w, and then {z; : k < @} € [£,]¥0 N W (H), contrary to the fact that £, L ¥ (#). Now for eachn, let ¢, = {y \ Syn
y € #}.Then every g, is a cofinal subset of # as # is downwards closed, and X N[, _,, 95 (Fn) S K N (e, 1 Fn S (7).

(b)— (a): Let X = {Jo, 1, - . - } be asin(b). Since J is o -directed, the noncofinal subsets of # form a o -ideal; therefore,
eachnand eachy € # has afinite s, C y suchthaty \ s,, € 95%(Z,). Then putting X, = {y \ $yn : y € H} (n < w) we
get KX N (o, +Kn € {#}. Foreachn, let £, = X \ | X,.Then X \ {#} = |, ., £n, and each £, L ¥ (H), because X,
is cofinal, and hence if there were a Z € [£,]Y N ¥ (#) witnessed by some y € #, then for any z € X, withy C* z we
arrive at the contradiction that £, N |z # @. O

Notation 103. Forany 8§ C »(0) andx C 0, denote 8y = {y € 4§ : x E y} and 8} = {y \ x : y € 8«}. Analogously, we denote
S =\x:yesdNtxf(BNtx={yesd:xy})

Proposition 104. If # is a P-ideal then #[y) and H, are both P-ideals for all x.

Remark. # and #, may fail to be o-directed if # is not a P-ideal, even if # is o-directed.

Next we see how to ‘freeze’ a maximal antichain A, so that the statement "A is a maximal antichain of @ ()™ is upwards
absolute.
We are assuming, until Section 4.2.1, that # is a P-ideal on 6.

Corollary 106. Let A be a maximal antichain of Q(#), and suppose W D V is an outer model with ([81%0)V = ([8]%)W. If for
every x € ¥, either

(a) thereexists in V, a countable decomposition of 7 [A](x into pieces orthogonal to ¥ (#[x)), Or
(b) there does not exist in W, a countable decomposition of 7 [A]}y) into pieces orthogonal to ¥ (#y)),

then A is a maximal antichain of Q(#)".

Proof. In W: We have already observed that A is an antichain of @(#)", and hence it remains to establish its maximality.
By assumption, x, € V forallp € @(#)W.Fixp € @(#)", and take any p € Q(#)" with x; = x,,.

Case 1. x4 C x, for some q € A compatible with p.

Then from the definition of @(#), x, € 35 (g) forall § € X, and conversely this proves that p is also compatible with g, as
required.

Case 2. There is no q € A compatible with p such that x; E x,,.
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Observe that, in V, there is no countable decomposition of 7 [Al[x, into pieces orthogonal to ¥ (#y,)): For if there was, then
by Lemma 102, and also Proposition 104 using the fact that J¢ is a P-ideal, there would be a countable family X of cofinal
subsets of #jy,) with 7[Alix,) N (Nyex 3, () S {#): thenp’ = (%0, Xp U {{x, Uy 1 y € g} : § € X}) is a condition
of @(#) extending p. Since we are in Case 2, by maximality in V there would exist ¢ € A compatible with p’ with x, T x,.
However, this would entail that Xg \ X, € 7 [Alp,) N (Nyex 93¢, (), contradicting the fact that x, \ x, # ¢.

Therefore, by the hypothesis of the corollary, in W there can be no countable decomposition of 7[A]},) into pieces
orthogonal to ¥ (#y,)). Therefore, Lemma 102 implies that

ALyt N ) B3y (Frp)) # 9, (30)

FeXp

say y is in the intersection. Then y € 7[A](x,) means that there exists g € A such thatx, T x; and y = x; \ x,. And Eq. (30)
implies that x; € d%(g) forall § € X, and thus q is compatible with p as required, because x, C x;. O

Next we establish the analogous result for R(F¢).

Corollary 107. Let A be a maximal antichain of R(#), and suppose W D V is an outer model with ([61%0)" = ([8]%)". If for
every x € ¥, either

(a) there exists in V, a countable decomposition of w[A] ) into pieces orthogonal to ¥ (#y)), or
(b) there does not exist in W, a countable decomposition of m [A]x, into pieces orthogonal to ¥ (Hy)),

then A is a maximal antichain of R(#)".

Proof. In W: We have already observed that A is an antichain of R (#)", and hence it remains to establish its maximality.
By assumption, x, € V forallp € R(#)".Fixp € R(#)", and take any p € R(H)" with x = x,,.

Case 1. x4 C x, for some q € A compatible with p.

Then applying Proposition 66 to p and q, x, € 9% (g) forall § € X4, and conversely this proves that p is also compatible
with g, as required.

Case 2. There is no q € A compatible with p such that x; C x,.

Observe that, in V, there is no countable decomposition of 7 [A](x,) into pieces orthogonal to ¥ (#,)): For if there was, then
by Lemma 102 there would be a countable family X of cofinal subsets of #x,) with [A](x,) N ﬂ;,lex a]((xp) (9) € {#}; then
p = (xp, Xp U {{xp Uy:yeg}l: g e X}) is a condition of R (#) extending p. Since we are in Case 2, by maximality in V
there would exist g € A compatible with p’ withx, ¢ x,. However, this would entail that x \x, € 7[Alx,) N[ ex Dty (F)»

contradicting the fact that x; \ x, # #.
Therefore, by the hypothesis of the corollary, in W there can be no countable decomposition of [A],) into pieces
orthogonal to ¥ (H,x,))- Therefore, Lemma 102 implies that

7 [Aley N () sty Fe) # 9, (31)

geXp

say y is in the intersection. Then y € m[A],) means that there exists ¢ € A such thatx, € x; andy = x, \ x,. And Eq. (31)
implies that x; € d4(g) forall § € X, and thus it follows from Proposition 66 that q is compatible with p, as required. O

Corollary 108 (V |= (x)). Suppose that W D V is an outer model with ([81%)" = ([6]%)W. Then @ (#)" <v @(#)" (and
R(H)Y <v R(FH)W) via the inclusion map. Furthermore, in the case 8 = w-, we can weaken the assumption to CH + (CIP

Proof. Lemma 101 and Corollary 106. In the case & = w1, under CH, [A] has cardinality at most X, for every antichain
A O

In particular, if #¢ has no stationary orthogonal set, so that @ (#) is completely proper and thus adds no new countable
subsets of @, then assuming (%), @Q(#) |- Q(#)" <y Q@(H). Note that this is weaker than the statement Q(#) |-
Q(H#)Y < @(#), that would in particular imply @(#) x @Q(#) is proper by Lemma 57, because @ (#) (in particular) forces
that # has no stationary orthogonal set. This latter property, that is the square being proper, is the essence behind Shelah’s
NNR theory in [8, Ch. XVIII, Section 2]. We have thus been led to the following notion.

Definition 109. Let C be some class. Suppose that P is a forcing notion definable from some parameter a. We say that P(a)
is C-frozen over a transitive model M > P(a) of (enough of) ZFC, if for every outer model N D M satisfying

(i) N = Gen(M, P(@)™) # &7,
(ii) M = &N,

we have N = "P(o)M <i, P(@)"™.
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In other words, in every outer model N extending some generic extension of M by P and preserving €, P(a)™ generically
embeds via the identity into P(a)N over M.

Example 110. (x) implies that @ (#) is [#]¥0-frozen over V, for any o-directed # C [6]™ with no stationary orthogonal
set. In fact, Corollary 108 says that this is true for every outer model preserving [#]¥0, and not just those also satisfying (i).

To obtain a model of (), with CH it is necessary (at least in our approach) that for every forcing notion appearing
in our iteration, of the form @ (#), the property that "A is a maximal antichain of @(#¢)™ is upwards absolute for forcing
extensions derived in various ways from the iteration (of course this will be made precise). Note that this entails preserving
maximal antichains at every stage, because once the maximality of an antichain is lost it can never be restored.

So far we have demonstrated that it is possible to freeze antichains of @(#¢) by forcing uncountable sets locally in the
appropriate ¥ (). In fact, one can prove that @ (#) itself forces an uncountable set locally in each of the required ¥ (H{y)),
and similarly for R (#). Thus we can strengthen Example 110 by eliminating (x), as follows, although it should be noted
that () cannot be eliminated from Corollary 108.

Corollary 111. If # is a P-ideal on 0 with stationary orthogonal set then @ (#) is [8]70-frozen over V. Similarly, R (#) is [#]%°-
frozen over V for all P-ideals F¢ on 6.

However, this approach cannot even handle two-stage iterations. By this we mean that it may not be possible to freeze
all antichains of say R(#) * R(4). This is in spite of Corollary 111: For suppose A C R(F#) x R(4) is a maximal antichain.
Let G x H € Gen(V, R(J¢) » R({)). Then applying Corollary 111 in V[G], A / G (cf. Proposition 90) is frozen, which means
that A / G is a maximal antichain of R(4[G]) in every outer model of V[G] preserving [#]™°. This does not however mean
that the maximality of A is preserved because outer models of V need not contain G. What is needed, is an R (#¢)-name for
an uncountable set locally in lI/(i(x)), and we believe that this is generally impossible to obtain.

What has been achieved in this section with Corollaries 106 and 107, is that the problem of preserving the maximality
of antichains of @(#) and R(H#) has been reduced to preserving the property that certain P-ideals have no countable
decompositions of their underlying set into pieces orthogonal to them.

4.2.1. Products of P-ideals
Notation 112. Let (#; : i € I) be an indexed family where each #; is a family #¢; C P (S;) of subsets of some fixed set S;. Define

®Jf,-:{]_[x(i):&e]_[ﬂ,-}, (32)
iel iel iel
where | | denotes the coproduct, i.e. disjoint union. Notice that Q),; # S P ([ [i¢; Si)-

Definition 113. Let (X; : i € I) be an indexed family of sets, where each set has a zero 0; € X;. Forx € []
supp(X) = {i € I : x(i) # 0;}. The X-product of (X; : i € I) has the usual meaning:

Z (1_[ Xl-> = {?c € HX,— : supp(X) is countable} . (33)

iel iel

ier Xi» Write

Notation 114. Suppose that #; € P (S;), and moreover that § € ¥, for alli € I. Taking 0; = @ for all i € I, we extend the
X -product notation as follows

Z(@J&):{Ux(i):?(éi(l_[]&)}. (34)
iel iel iel
Proposition 115. Let #; C [S;]™ foreveryi € I. Then Y (®).; #i) < [L1ie Si]™.
Proposition 116. Let #,, . .., #,_1 be a finite sequence of o -directed subfamilies of ([S;]¥, C*) foreachi = 0,...,n — 1.
Then ®?=_01 H; is a o -directed subfamily of([]_[fz_ol Si¥o, ©).

We can do better with P-ideals:
Lemma 117. Let (J; : i € I) be an indexed family of P-ideals for some arbitrary I. Then Z(@iel Jli) is a P-ideal.
Proof. Let (y, : n < w) be an enumeration of members of (&), £i), say eachy, = [ [;; (i) for some X, € 3" ([Ti; 4i)-
ThenJ = J,_, supp(X,) is countable, say | = {iy : k < w}. For eachi € J, since {; is o-directed, there exists z; € {; such

thatx, (i) C* z; foralln < w. Hence, as J; is a P-ideal, |, X, (i) Uz; € J; for every finite A C w. Therefore, w € Z(]_[iel 1,-),
where supp(w) C ] is given by

neA

k—1
w(iy) = (i) Uz, (35)
n=0

for each k < w. And clearly y, €* [ [;, w(i) foralln < w. O
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Lemma 118. Suppose that H,, ..., H,_1 are o-directed with each #; C [S;]¥0, and each S; uncountable. Let | be the set of all
i=0,...,n—1forwhichS; has no countable decomposition into pieces orthogonal to J;. Then ﬂ(@?;(} Jt’,-) forces that there

exists X C ]_[f;ol Si locally in ®?;01 H; such that X N S; is uncountable for all i € J. Similarly for X' -products of P-ideals.
Proof. Essentially the same as for Lemma 70. O

Proposition 119. Let ¢, . .., #,_1 be afinite sequence with each #¢; C P (S;). Then (Hy®- - - H,_1, C*) is order isomorphic
to Hy X - -+ X FHy_q1 with the product order obtained from (J;, C*).

Recall the notion from [12], where a map f : D — E between two directed posets is called convergent if every e € E has
ad € Dsuchthatf(a) > eforalla > d. Notice that f is convergent iff it maps cofinal subsets of D to cofinal subsets of E. We
say that D is cofinally finer than E, written E < D, if there exists a convergent map from D into E. It was established by Tukey
(in [12]) that E < D is equivalent to the existence of a map g : E — D that maps unbounded subsets of E to unbounded
subsets of D. Then < is a quasi-ordering of the class directed posets, which we refer to as the Tukey order. For two directed
quasi-orders A and B, we use the same definition of convergent maps. Then the existence of a convergent map from A into B
is equivalent to the existence of a convergent map from the poset A / ~,sm into the poset B / ~asym, i.€. the antisymmetric
quotient. Thus the Tukey ordering < also makes sense between directed quasi-orders. The notation D = E indicates that D
is cofinally equivalent to E, i.e. D < E and E < D. Then = is an equivalent relation, and the equivalence classes are called
cofinal types.

A basic result on this is as follows.

Lemma 120 (Tukey). For any finite sequence Dy, ..., D,_1 of directed sets, Dy X - -- X Dy_1 is their least upper bound in the
Tukey order.

Example 121. 1, w, w1, @ x w; and [w{]=0 are five distinct cofinal types, where the first four orders are given by the
€ relation and [w;]<"° is ordered by C. It is proved in [11] that: PFA implies that these five are the only cofinal types of
cardinality at most &1, while on the other hand, CH implies that there are 2" many cofinal types of cardinality &;.

Example 122 (CH). If # C [w;]¥0 and (#, C*) is o -directed, then (#, C*) is of cofinal type either 1 or w;. It has cofinal type
1iff (#, C*) has a maximal element.

Proposition 123. If D is a directed set and k < D for some infinite cardinal k (ordered by €), then no bounded subset of « can
be mapped onto a cofinal subset of D.

Proof. If f : kK — D maps a bounded subset of ¥ onto a cofinal subset of D, then for any convergent g : D — «, g o f maps
a bounded subset of ¥ onto a cofinal subset of «, which is impossible if « is an infinite cardinal. O

Lemma 124. For any finite sequence ¥, . . ., #,_1 where each J; is a directed subfamily of ([S;]°, C*), ®?;01 Jt; is the <-least
upper bound of the sequence, under the almost inclusion order.

Proof. By Proposition 119 and Lemma 120. O
Corollary 125. If 7 and 4 are C*-directed subfamilies of [S]™ and [T, respectively, and 4 < ¢, then # = ¥# ® J.
Proof. Since # ® J is the least upper bound of ¢ and 4 by Lemma 124. O

We need something more specific.

Lemma 126. Suppose that # and 4 are directed subfamilies of ([S]™, C*) and ([T]¥0, C*), respectively, and both # and 4 have
cofinal type k for some infinite cardinal «. Then every cofinal X C # ® { has a cofinal subset £ < K such that for every cofinal
subset g Cw[L]={xe€ H:xUye Lforsomey e 1}, (F§ ® L) N Lis cofinalin # Q J.

Proof. Since # ® 4 = « by Lemma 124, there is a convergent map g : k — # ® J. For each @ < «, since X is cofinal we
can find x, L y, € X such that

g(o) C* Xy Ly, (36)

We claim that £ = {x, L1 y, : @ < k} satisfies the conclusion: £ is cofinal because g is convergent. Suppose § C 7 [L] is
cofinal. Then ¢ is cofinal in J¢ as w[£] is by Proposition 119. Thus § = {x, : « € A} for some cofinal A C «, because g[B]
is noncofinal for all bounded B C « by Proposition 123 as« < #.And (3 ® ) N L D {x, Ly, : « € A}, which is cofinal
by (36) since g is convergent. O

Lemma 127. Let # and {4 be o-directed subfamilies of ([S]™0, C€*) and ([T, C*), respectively. If both # and 4 have cofinal
type k for some infinite cardinal k., then R(F#) generically embeds into R(H ® J).



J. Hirschorn / Annals of Pure and Applied Logic 157 (2009) 161-193 181

Proof. Definee : R(H) — R(H @ {) by e(p) = (x,, Y,) where
Yp =19 ®4:d € X} (37)

Given a maximal antichain A C R(#), we need to show that e[A] is a maximal antichain of R(# ® 1). Takeq € R(H ® ).
Writex;, =yl z(y € #,z € {1). Foreach X € Xg, apply Lemma 126 to the cofinal set {w € X : x; C w} to obtain a
cofinal subset .£ 4 as in the conclusion of that lemma. Then clearly

q =, {wlLxl: K € Xg}) (38)

is a condition of R(#). Hence there must be p € A compatible with q'. Forall § € X, x, Uy € 9%(g), and therefore
XpUXg =% U U2z) € 0pgy(F ® 4);and forall X € Xg, §x = {x € w[Lx] : x, Uy C x} is cofinal, and therefore
(Fx ®4) N Ly is cofinal, which implies that x, Uxq € dxgs(K), becausex, U (yLlz) C wforallw € Lx withm(w) € Jx.
This proves that e(p) is compatible with q, as required. O

Remark. We do not believe that there is any analogue of Lemma 127 for @. This embeddability of R(F¢) is the primary
reason we are interested in the forcing notion R (#) when we are only trying to force clubs with the forcing notion @ (4).
For example, it figures in the analysis of properties of the forcing notion @ ({) in Corollary 132. There is also a secondary use
of the forcing notion R (#) in Section 5 where it is used to force stationary sets.

Corollary 129 (CH). Let # and i be o-directed subfamilies of ([w;]¥0, €*). If 4 has no countable decomposition of w; into
orthogonal pieces, then R (F) forces that 4 has no countable decomposition of w; into orthogonal pieces.

Proof. Let # and 4 be as in the hypothesis. By Lemma 118, R(# & {) forces that there is an uncountable X C w1 locally in
J (meaning uncountable in the forcing extension, i.e. R(# ® 1) does not collapse 81). In particular, R(H# ® {) forces that
there is no countable decomposition of w; into pieces orthogonal to {. By CH and Example 122, we know that both # and
J are of cofinal type either 1 or wq, and by the hypothesis we know further that 4 = w,. In the case # = 1, R(#) is the
trivial forcing notion and thus the conclusion of the corollary is trivial. Assume then that # = { = w; in the Tukey order.
Then by Lemma 127, R(H#) < R(H ® {), and thus R(FH) cannot introduce a countable decomposition of w; into pieces
orthogonal to {. O

Corollary 130 (CH). Let # and 4 be o -directed subfamilies of ([w1]¥0, €*), with 4 moreover a P-ideal. Then R(#) |- R(4)Y
<l R(1); hence, R(1) < R(H) x R(J).

Proof. Let G € Gen(V, R(#)), and set W = V[G]. In V, let A be a maximal antichain of R(4). Then for all x € 4, if 7[A] )
has no countable decomposition, in V, into pieces orthogonal to ¥ ({(), then by Corollary 129 with { := ¥ ({()), which
is o-directed by Proposition 104 and Lemma 101, 7 [A] () has no countable decomposition, in W, into pieces orthogonal to
W (L) Therefore, A is a maximal antichain of R(1)" by Corollary 107.

R(L) < R(FH) » R(4) is immediate from Proposition 94. O

Corollary 131 (CH). Let # and 4 be o -directed subfamilies of ([w1]™°, C*), with 4 moreover a P-ideal. Then R(#) | Q(4)V
<, @(1); hence, Q(4) < R(H) * Q(4).

Proof. This is the same as the proof of Corollary 130 but using Corollary 106. O

Corollary 132 (CH). Let # and 4 be o-directed subfamilies of ([w1]70, C*), with 4 moreover a P-ideal. Suppose # has no
countable decomposition of w into orthogonal pieces. If R (F) forces that { has no stationary orthogonal subset of w1, then @({4)
forces that #¢ has no countable decomposition of w1 into orthogonal pieces.

Proof. By Corollary 131, @(4) < R(H) * Q(L). Now, if R(F) forces that £ has no stationary orthogonal set, then
R(H) » Q(1) is proper by Lemmas 57 and 67, and hence does not collapse ¥X;. Therefore, by our assumption on #,
R(H) = Q(4) forces that there exists an uncountable set locally in | #¢. Thus @({) cannot force a countable decomposition
of w; into pieces orthogonal to #. O

Corollary 133 (CH). Let 4 be a P-ideal on w;. Suppose that R(F) forces that there is no stationary subset of w orthogonal to
4, for every o-directed subfamily J¢ of ([cp]]NO, C*) having no countable decomposition of w; into orthogonal pieces. Then for
every P-ideal § on w1, @(4) |- R($)Y <y R(F); hence, R(F) < QL) *» R(F).

Proof. Let G € Gen(V, @(4)), and set W = V[G]. In V, let A be a maximal antichain of R(g). Then forall x € ¢, if 7[A] )
has no countable decomposition, in V, into pieces orthogonal to ¥ (Jx)), then by Corollary 132 with # := ¥ (g ), which
is o-directed by Proposition 104 and Lemma 101, 7w [A](,) has no countable decomposition, in W, into pieces orthogonal to
¥ (g x). Therefore, A is a maximal antichain of R($)Y by Corollary 107. O

Similarly:

Corollary 134 (CH). Let 4 be a P-ideal on w;. Suppose that R(F) forces that there is no countable decomposition of w, into
pieces orthogonal to 4, for every o -directed subfamily # of ([w; 180, ©*) having no countable decomposition of w; into orthogonal
pieces. Then for every P-ideal § on w1, Q(4) |F Q(9)Y <, @(); hence, Q() < Q(1) * Q(F).
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In Corollaries 130, 131, 133 and 134, all four permutations of R({) (Q({)) in the extension by R(#) [Q(#)] have
been considered. The next step is to consider iterations. It is immediate from two applications of Corollary 130, that
R(FH)* R |- R(G)Y <y R($).But this begs the question of whether

R(P) | [RH) « R <, [RH) * R(D)]? (39)

The key to answering this is to establish that, under certain conditions, the forcing notions @ (#¢) and R () commute among
themselves.

Notation 135. For any forcing notion P and any P-name A, we denote

A[p] ={x:q |kxeAforsomeq2p}, (40)
foreachp € P.
Proposition 136. IfP |- A C V thenp |- A C A[p], forallp € P.

Remark. Note that when we say “p decides A” this means the same thing as “p |- A= A[p]“.

Proposition 138. Let #¢ C [6]™. Suppose P is a forcing notion that adds no new countable subsets of 0. If (p, q) is a condition
of P x Q(#) and p decides x;, then (x[pl, {$[p] : § € X4}) € @(FH). Similarly, for R(H).

Proof. By the assumptionon P, P |- § C V forall § € X;. The result thus follows from Proposition 136. O
Note that we are implicitly assuming an enumeration of X by 8y when referring to g e Xg.

Lemma 139. Let # C [6]™. For every forcing notion P that adds no new countable subsets of 6, if (p, ) € P » Q(#) and
D C {r € P : r > p} is predense above p then

(P* Q) [ ~sep = (0, 9) = J\(d: (g {G1d] : § € X)), (41)

deD
Similarly, for R(¥¢).

Remark. Eq. (41) is equivalent to: for every (p’,q') > (p,q) there exists d € D such that (p’, ¢') is compatible with
(d, (x5, {g1d] : § € Xg))).

Proof (Proof of Lemma 139). We establish Eq. (41) using Remark 140. Given (p’, ¢") > (p, §), since D is predense above p,
there exists d € D compatible with p’, say with common extension d’. By the assumption on P, Proposition 136 applies, and
then by Proposition 41,

d I @) [ ~sep =G = (x5, {41d] : § € X)), (42)

which implies that there is an § such that d |- § is a common extension of ¢’ and (x;, {g[d] : § € X;}). Therefore,
(d.$) = (. q)and (d,$) > (d, (xg, {¢[d] : § € X;})), concluding the proof. [

Lemma 141. Let # C [0]%°. If P is a forcing notion that adds no new countable subsets of 8, and P |- @ ()" 4{, Q(J¢), then
PxQ(H)/Q(3) =P.
Proof. First we deal with the pathological case where some q € Q(#) forces that CC@(,;() is countable. Let A be a antichain

maximal with respect to every q € A having this property. Then let B € Q(#) satisfy A U B is a maximal antichain. For all
a € A, clearly Q(J¢), is the trivial forcing notion and moreover this is upwards absolute, and thus P x Q(#), / Q(H), =
Px1/1 = P.Now, by Eq. (26), it suffices to prove that Px Q(F#), / Q(#), = P forall b € B. Henceforth, we assume without
loss of generality that @ (#) |- CCW() is uncountable.

By Proposition 94, the map e : Q(#) — P x Q(J¢) given by
e(q@) = (Oq(x), @) (43)

defines a generic embedding of @(#¢) into P » Q(F). Let G € Gen(V, Q(¥)).
In V[G]: The representation of the quotient given by e is

(P+@Q(3)/G={(p,q) € Q«R: (p,q)is Q  R-compatible with every member of e[G]}, (44)

with the order inherited from P x @(#). Thus, as e[G] = {0g} X G, (p, () € (P Q(¥)) / Giffeveryr € Ghasap > p
forcing that r is compatible with q.

Claim 141.1. For all (p, §) € (P * Q(¥)) / G, there exists p" > p such that p’ decides x; and (p”, ) € (P » Q(J)) / G for all
p'=p.
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Proof. Let (p, ) € (P » Q(¥)) / G be given. Then letting D be the set of all d > p deciding x;, D is dense above p by our
assumption on P. Note that (x;[d], {g[d] : § € X;}) € @(¥) forall d € D by Proposition 138.

Now assume towards a contradiction that Claim 141.1 fails. Let E be the set of all d € D for which there is anry € G such
that

ra L (xgld], {gld] : § € X). (45)

Subclaim 141.1.1. E is dense above p.

Proof. Take pg > p. Pick d > pop in D. By our assumption that the claim fails, there exists p; > d such that (p;, q) ¢
(P * @(#)) / G. Hence there isanr € G and p, > p; forcing that r is incompatible with ¢. Since p, |- x; = x4[d], by
Proposition 42, either x;[d] is not comparable under end-extension with x,, in which case it is clear that ry := r witnesses
thatd € E, or else p, forces that there exists § € Xy U X, with x;[d] U x, ¢ 94(g). If it is the case that x4[d] ¢ 05 (4) for
some § € X, thenry := r witnesses that d € E. Otherwise, in the remaining case there exists P3 = p2 and § € X4 such
that ps |- x, ¢ 95(g). Hence, there exists y € ¢ and ps > ps forcing that there is no z 2* y in § with x, C z. Therefore,

thereisnoz € g([p4] withy C* zand x, C z,i.e.x; ¢ 8,g(g[p4]). Now d := p4 and ry := r witness thatp, € E. O
Subclaim 141.1.2. There exists d € E such that (x;[d], {g[d] : § € X34}) € G.

Proof. Suppose not. Then there exists r € G such thatr | (x;[d], {gl[d] : g € X)) ¢ C@(m for all d € E. This means that
r L (x;[d], {g[d] : § € X;}) foralld € E. (46)

However, (p, §) € (P*@(#))/Gimplies that there exists (p’, ¢') > (p, q) in Px@(#) suchthatp’ |- ¢’ > r.And by Subclaim
141.1.1, and Lemma 139 with D := E, there exists d € E such that (p/, ¢') is compatible with (d, (X3, {j[d] : f,’ € Xq})) =
(d, (x4ld], {gld] : § € X;4})). This clearly implies that r is compatible with (xy[d], {¢[d] : § € %;}), contradicting (46). O

Let d be as in Subclaim 141.1.2. Then as in Eq. (45), there exists r € G such that r L (x[d], (d[d] : g € X4)). This
obviously contradicts (x;, {g[d] : § € X;) € G. O

Claim 141.1 allows us to define f : (P * Q(H)) /G — Psothatforall (p,q) € (PrxQ(H)) /G f(p,q) €D,f(p,q) >p
and (p q € (P *@Q(H)) / G forall P’ > f(p, q). Thus f satisfies clauses (a) and (b) of Lemma 99 with O := @(#) and

= @(¢)"%?), Observe that for all (p, §) € (P * @Q(#)) / G,

f, @ I qis compatible withr forallr € G. (47)

It remains to verify clause (c) that (f(p, §), §) and (f(p', '), §') are P = Q -compatible whenever f (p, ¢) and f (p/, ¢') are
compatible. Then Lemma 99 will yield (P x Q(#)) / Q(F#) = Q(H).

Suppose then that f(p, q) and f(p/, ¢') are compatible, say p” is a common extension. By our assumption that Cg is
uncountable, there exists r € G such thatx, ¢ x4[f(p, )] and x, ¢ xy[f(v', ¢')]. Therefore, by (47) and Proposition 42,
x3Lf (p, @] and x¢ [f (p’, ¢')] are both initial segments of x, and are thus comparable under end-extension. Again by (47)
and Proposition 42, f(p,q) |- % € 3x(g) forall § € Xz and f(p'.q) |- % € () forall § € Xy. Thus
P’ I "xg Uxy Cxr € 0% (g) forall § € X4 U Xy, proving that p” |- ¢ and ¢’ are compatible, by Proposition 42. O

Lemma 142. Let # C [6]™0. If P is a forcing notion that adds no new countable subsets of 8, and P |- R(#)" 4{, R(F), then
Px R(H) | R(FH) =P

Proof. Essentially the same as Lemma 141 but using Proposition 66. O

Corollary 143 (CH). Let # and 4 be o -directed subfamilies of ([w1]™°, C*), with 4 moreover a P-ideal. Then

(@) R(FH) * R(L) / R(L) = R(FH),

(b) R(H)*xQ) / QL) = R(H).

Proof. For conclusion (a), we can apply Lemma 142 with P := R(#) and # := {, because R(H#) |- R(1)" <§, R (L) by
Corollary 130.
For (b), we can apply Lemma 141 with P := R(#), by Corollary 131. O

Corollary 144 (CH). Let # and { be P-ideals on w4. Suppose that R(¢) forces that there is no stationary set orthogonal to #
for every o-directed subfamily § of ([w1]%°, C*) having no countable decomposition of w; into orthogonal pieces. Then

() @(H) x R(J) / R(J) = Q(H),
(b) Q) » Q1) / Q1) = Q(H).

Proof. By the hypothesis, Corollary 133 applies so that Q(#) |- R(1)" <{, R(4), and thus conclusion (a) holds by
Lemma 142. )
Similarly, Corollary 134 applies so that @(#) | Q(4)Y <y @(4), and thus conclusion (b) holds by Lemma 141. O
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We have now achieved commutativity.
Corollary 145 (CH). Let # and { be P-ideals on w;. Then
R(H)* R(L) ZER(H) X R(L) =R X R(H) = R(L) x» R(H). (48)

Proof. Corollary 143(a) is equivalent to R(H) * R(4) = R(I) x R(H). The remaining equivalences are by the
commutativity of products and another application of Corollary 143(a). O

Corollary 146 (CH). Let J¢ and J be P-ideals on w-. Suppose that R(g) forces that there is no stationary set orthogonal to J¢
for every o -directed subfamily g of ([w1]¥°, C*) having no countable decomposition of w, into orthogonal pieces. Then

QH)* RJ) = Q(H) X R(J) = R(L) X Q(H) = R(1) » Q(H). (49)

Proof. We have Q(#) » R({) = R) x Q(F) by Corollary 144(a), and R(J) * Q(H) = Q(H) x R() by
Corollary 143(b). O

Corollary 147 (CH). Let #¢ and J{ be P-ideals on w+. Suppose that R (&) forces that there is no stationary set orthogonal to # and
that there is no stationary set orthogonal to 4 for every o -directed subfamily g of ([w1]™°, C*) having no countable decomposition
of wq into orthogonal pieces. Then

Q) * Q1) = Q(H) x Q1) = Q(J) x Q(H) = Q1) * Q(H). (50)

Proof. By two applications of Corollary 144(b). O

Remark. This is already very significant. For example, by Corollary 145, R(#) x R({) = R(H) » R(L) which is proper.
This can easily be extended arbitrary finite products, whence R(#y) X --- X R(Hy_1) is proper. This strongly suggests
that Shelah’s NNR theory from [8, Ch. XVIII, Section 2] applies to our classes of forcing notions (see Section 4.4 for more
discussion). This would be the first instance we are aware of where the theory applies to forcing notions of cardinality X,
or greater. All of the examples in [8, Ch. XVIII, Sections 1, 2] are forcing notions of cardinality 8.

Note for example that, at least when dealing with P-ideals, Corollary 130 strengthens to:

Corollary 149 (CH). Let # and 4 be P-ideals on w. Then R(#) |- R(L)Y = R(4); hence, R(H) | "R(L)Y is densely
included in R(4)™

Proof. By Corollary 145 and Proposition 97. O
We are going to extend e.g. Corollary 129 to countable support iterations. For example, we shall prove:

Theorem 4 (CH). Suppose that (Pg, :R(J'fg) : & < §) is a countable support iteration, where each ]'fg is a Ps-name for a P-ideal
on w1, and J is a P-ideal on w1 with no countable decomposition of wy into orthogonal pieces. Let then the limit Ps of the iteration
forces that { has no countable decomposition of w, into pieces orthogonal to J.

We do not however obtain a preservation theorem for countable support iterations not decomposing w; into countably
many pieces orthogonal to {, and we doubt that this property is preserved under the iteration of any general class of proper
forcing notions (as opposed to the specific class R).

4.3. Coding iterations

While the forcing notions @ and R are viewed as classes with one parameter, we need to generalize definability to
iterations, to also allow iterations of @ and R to be interpreted in the relevant model. This is necessary for our analysis of
embedability, and will be necessary for our handling of the NNR iteration as well.

Definition 150. Let 6 be an ordinal of uncountable cofinality. We describe a coding of those iterations consisting of
combinations of the forcing notions @(#) and R(#), with # C [#]%. We define a class C? of sequences, or codes, and
forcing notions P(d) for each @ € C, by recursion on £ = len(d). Let C? | 0 be the singleton containing the null sequence ()
and let P(f) be the trivial forcing notion. Having defined C? | £, let C? | £ + 1 be the collection of all sequences of the form
a~(¥#,0)whered € C? | &, # is a P(d)-name for a o -directed subfamily of ([#]™, €*) and O is either @ or R; then let

P@) *Q(F), ifOo=aq,

P@) *« R(F), ifO=R. (51)

P@~(#,0)) = {
For limit §,let C? | § = l(i£1§<3((39 I £ be the inverse limit, i.e. all sequences d of length § withd | & € C? for all £ < §; then
foreachd e C? | §, we let P(d) be the corresponding countable support iteration. Thus P(d) is the limit of (Pe : & < §) of the
iterated forcing (P, Qz : & < 6), where each Q¢ is the second iterand in Eq. (51) plugging in d:=adl&and(H,0):=d®),
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inverse limits are taken at limits of countable cofinality and direct limits are taken at limits of uncountable cofinality. Denote
the class C? = (J; o, €7 1 . Foreachd € C” and each & < len(d), we let #(d(§)) = J# where d(§) = (#, O).

Let P’ C C be the set of all codes d such that for all £ < len(a), if d(£) is of the form (¥, @) then P(a | €) | "there is
no stationary subset of # orthogonal to J¢™.

Ford € C’, let D(a) be the set of codes generated by the operation @~ (#, R), where P(d) forces that J# is o-directed
(and thus len(b) < len(d) + o for all b € D(@)). Then define QY C CY as the set of all codes @ such that for all £ < len(@), if
a(£) is of the form (#, @), then for all be D(a &), P(B) forces that there is no stationary subset of @ orthogonal to .

We also define G’ C QY as the set of all codes d such that for all £ < len(@), if d(¢) is of the form (J, @), then for
every ¢ € D(d I§)and everyl? e C(¢)witha & C b (cf. Definition 172), P(B) forces that there is no stationary subset of 0
orthogonal to #.

Define C§ C C? as the set of all codes @ such that P(d | &) |- "#(d(&)) is a P-ideal for all € < len(a). Let P} = PY N CY,
Q) =QNCYandGh = G? NCh.

Proposition 151. Ifd, b € CY then a b

elements of C?, then the concatenation b =
determined by (P(dg) : € < ).

€ CY and P(a“b) = P(d) % P(b) More generally, if (4 : & < ) is a sequence of
do "d; " - “ag - isinC? and P(b) is the limit of the countable support iteration

Lemma 152. Foralld € PY, P(d) is proper.

Proof. By Lemmas 57 and 67. O

Proposition 153. G’ € @ c P.

Proof. Forallé < len(a),a|£ eD(a[&)andd|£& e C(a[&). O

Proposition 154. For alld € C?, forall € < len(d), P(@ [ &) |- d | [£,len(@)) € C?, ie. we are taking C? as a class with
parameter @ that is being interpreted in the forcing extension by P(@ | £). Similarly, for alld € P? (Q?) [(C;‘,], forall ¢ < len(a),
P(@ 1) |l af [, len(@) € P’ (Q")[C]].

Proof. These are immediate from the associativity of iterated forcing. O

Remark. Proposition 154 may fail for G?, because in some forcing extension by P(d | £) there may be new elements of C (é)
that do not correspond to elements of C(d)", because for example elements of C(¢) include uncountable concatenations.

We also have a converse.
Proposition 156. Foralld@ € C?, and every P(d@)-name ¢, if P(@) | ¢ € C thend ¢ e C? (assuming a suitable representation
of ¢). Similarly, for P?, Q¢ and C%.

Now we can generalize Corollary 107 using our coding of iterations in the definition of frozen (Definition 109).

Lemma 157 (CH). Let 4 be a P-ideal on w; and let d € Qpl If P(a) adds no new reals, then all of the following are true:

(a) Ifthereis no countable decomposition of w1 into pieces orthogonal to 4, then P(a) forces that 4 has no countable decomposition
of w1 into orthogonal pieces.

(b) P@) |- RV <i, R(L); hence, R(1) < P(@) x R(4).

(¢) R(4) |- P@" <, P(@); hence, P(d) < R(1) x P(a).

(d) P(a) x R(4) / R(1) = P(a).

(e) P(@) » R(1) = P(a) x R(4) = R(4) x P(a).

(f) P(@) » R(L) = R(4L) * P(Q).

(g) R(L) | "P(a)V is densely included in P(a)".

(h) (4, R)"d € Py

(i) Let G € Gen(V, R(4)) and GxH € Gen(V, R(4) » P(d)). Then for every P(d)-name J for a o -directed subfamily of [w1]%°,
if V[H] = " J¢[H] has no countable decomposition into orthogonal sets?, then so does V[G « H] = "#[H] has no such
countable decomposition of w;.

Proof. All clauses (a)-(i) are proved simultaneously by induction on len(ad).

Base case: len(a) = 0.

P(a) is the trivial forcing notion. Thus clauses (a)-(h) are trivial, while (i) reduces to Corollary 129.

Successor case: len(a) = £ + 1.

Then @ s either of the form b~ (4, R)C orb™ (4, @), 1e. P(d) is either of the form P(b)* R(g) or P(b)«@(g) (possibly b = ()).

For clause (a), let G € Gen(V, P(b)) and let Gx H € Gen(V, P(a)) By the induction hypothesis, 4 has no countable
decomposition, in V[G], of w; into orthogonal pieces. In the first case @ = b~ (g R), applying Corollary 129 in V[G], this
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remains true in V[GxH]. In the other case d = B“(j, @).Then,in V[G], gi[G] isaP-ideal sinced € (C;” ;and R (4) forces there
is no stationary set orthogonal to gj[G], because,inV, d € Q“ andthusal€ ~ (4, R) € D(al£) implies that P(B)*ﬁ(l) forces
there is no stationary subset of w; orthogonal to g. Therefore, Corollary 132 applies in V[G], establishing that in V[G x H]
there is no countable decomposition of w; into pieces orthogonal to J.

Clause (b) follows from clause (a), just as in the proof of Corollary 130.

For clause (c), given a maximal antichain A € P(ad), we need to show that R({) |- TA is a maximal antichain
of P(a)™. First suppose a is of the form b~ (4, R). Fix1 e Gen(V R(L)). Then take ] € Gen(V[I], P(b)V[’]) so that
Ix] € Gen(V, R(J) * P(b)) By Proposition 90, we have that P(b) forces A/ P(b) is a maximal antichain of R(g) Therefore,
by the induction hypothesis that clause (c) holds for b J € Gen(V, P(b)) and hence putting B = (A / P(b))[]] VIJl =B
is a maximal antichain of R(g[J])". We apply Corollary 107 with V := VL # = 4lJ1,A := Band W := V[I xJ].
For any x € §[J], applying the induction hypothesis that clause (i) holds for b with § := lI/(g,l(x)) we see that if, in V[J]],
there is no countable decomposition into sets orthogonal to ¥ (g(x))[]] (g [J1x), then, in V[I % J], there is also no such
decomposition. Therefore, Corollary 107 yields V[I xJ] &= "(A / P(b))[]] is a maximal antichain of R(g[J])". Since J is
arbitrary, this proves that V[I] = "A is a maximal antichain of & (a)~ by Proposition 90, as desired. The other case where
a= Eﬁ(g', Q), is exactly the same but Corollary 106 is used instead.

For (d), the hypothesis of Lemma 142, with P := P(a), is satisfied because P(a) adds no new countable subsets of w; and
by clause (b). Then clause (d) is the conclusion of the lemma.

Clause (e) is a restatement of clause (d) together w1th the fact that products commute.

Clause (f) is proved algebraically. First consider @ = b~ (4, R). Since P(b) adds no new reals, P(b) |- CH, and thus

P(b) |- R(§) x R(L) = R(1) * R(F) (52)

by applying Corollary 145 in this forcing extension. Now by associativity of iteratedqforcing for the first equivalence, by
Eq. (52) for the second equivalence, and by the induction hypothesis that (f) holds for b for the third equivalence,

P(@@) * R(1) = P(B)  [R(§) * R(1)]
= [P(b) * R(D)] * R(F)

= R(1) * [P(b) * R()]
= R(1) * P(@),

(53)

as required.
Now we consider the other case @ = b~ (g Q). If # is a P(b) -name for ao- -directed family with no countable
decomposition of w; into orthogonal pieces, then b~ (K, R) € D(b) and hence P(b) - R(H#) | rthere is no stationary

set orthogonal to gl T because a € Q. Therefore, the hypothesis of Corollary 146 holds in the extension by P(b), and hence
by the corollary,

P(b) |- @() x R(4) = R(L) » @(§). (54)

Now we can obtain the result in exactly the same manner as Eq. (53).

Clause (g) is an immediate consequence of (e) and (f) and Proposition 97.

For (h), put ¢ = (4, R) "a. First of all note that ¢ € C®! by clause (c). Take £ < len(c). We can assume £ > 0 since
¢(0) = (4, R) is not of the form (¥, @), say & = 1+1.Then n < len(d). We have to deal with the situation where a(z) is of
the form (#, @), in which case we must show that R (4) «P(d | ) forces there is no statlonary set orthogonal to 7. Applying
the mductlon hypothesis that clause (f) holds for d [ 5, R(4) *P(a n) = P(a n) * R(L). Now d = @rn) ", R) eD@] 17)
and thus P(d) forces there is no stationary set orthogonal to J#, because d € Q1. Since P(C [ £) = R(4) xP(d | n) = P(d)
this concludes the proof that ¢ € P*1.

For clause (i), let J be a P(d@)-name for a o-directed family. Let G € Gen(V, R({)) and H € Gen(V[G], P(@)"') (thus
GxH e Gen(V, R(4) » P(a))). Then H € Gen(V, P(a)) by clause (c). We assume that, in V[H], there is no countable
decomposition into sets orthogonal to #[H]. But then by (f), we know that V[G = H] is an R ({)-generic extension of V[H],
and therefore there is no countable decomposition, in V[G  H], into sets orthogonal to #[H] by Corollary 129.

Limit case: len(d) equals some limit ordinal §.

First we establish clause (c). Let G € Gen(V, R(#)). In V[G]: P(a) is the limit of (P(a@ | ) : £ < &) (Proposition 151).
And by the induction hypothesis, P(a | £)V 4{, P(a &) forall ¢ < §. Therefore, by Lemma 95, the limit, let us call it Q, of
(P@ &) : £ < §)is generically included in P(d) over V. Since we are dealing with countable support iterations, and since
R () adds no new reals, the limit of (P(a | £)V : £ < §) is the same whether taken here in V[G] or in the ground model V.
Hence P(a) = Q <, P(a@)"1¢.

For clause (h), we first of all have (i, R)"ad € (C;;” by clause (c). It then follows immediately from the induction
hypothesis that (£, 8) "P(@ | £) € P* forall £ < §, that (4, R) "P(a) € P!,
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Next we deal with clause (a). If there is no countable decomposition of w into pieces orthogonal to £, then R ({) forces an
uncountable set locally in 4. Moreover, R ({)  P(a) is proper, and in particular does not collapse &, by Lemma 152, because
(4, R)"a € P by clause (h). Therefore, as P(a) < R(4) » P(a) by (c), P(a) cannot force a countable decomposition of w;
into pieces orthogonal to J.

Clause (b) follows from clause (a) as before.

Clause (d) follows from clause (b) exactly as in the successor case; similarly for clause (e).

For clause (), let G € Gen(V, R(4)).In V[G]: By the induction hypothesis that clause (g) holds fora | £ for all & < len(a),
we have that P(d@ | £)V is densely included in P(d | £) for all £ < §. Therefore, by Lemma 98, the limit of (P(d@ [ £) : € < §),
call it Q, is isomorphic as a forcing notion to P(a). Since R({) adds no reals, and the iterations are of countable support,
P(@)¥ = Q = P(a). Now, back in V, we have established that R({) x P(a) = R({) » P(a), and thus the result is now a
consequence of (e).

Clause (g) follows as for the successor case.

Clause (i) follows from (c), (f) and Corollary 129 identically as for the successor case. O

Lemma 158 (CH). Let { be a P-ideal on w; and leta € Q,ﬁ”. If P(a) adds no new reals, then all of the following are true:

(@) P(@) |- @(1)Y <, @(4); hence, @(4) < P(@) x Q(4).
(b) Ifa~ (4, @) € Q“' then @(4) |- P(a@)V <, P(a); hence, P(d) < Q(4) * P(d).
(c) P(@) * (1) / @(1) = P(@). i
(d) P(@)*Q(1) =P(a) x Q1) = @(4) x P(a).
(e) Ifa~(4, @) € Q1 then P(a) » Q(4) = @(4) * P(a).
(f) Ifa~(4, Q) € Q1 then Q(4) |- "P(@)" is densely included in P(@)™.
) Ifa™ (4, @) € Q' then (4, R) "d € Py,
) Let G € Gen(V, @Q(4)) and GxH € Gen(V, @(4)  P(a)). Then for every P(d)-name J¢ for a o -directed subfamily of [w]%°,
i
({) V[H] k= " #[H] has no countable orthogonal decomposition™,
(2) V[H] = "R(#[H]) forces that there is no stationary set orthogonal to {7,
then so does V[G x H] = "#¢[H] has no countable orthogonal decomposition of w™.

(g
(h

Proof. The proof is by induction on len(a). The base case len(a) = 0 is completely straightforward, and the limit case is the
same as for the proof of Lemma 157. Hence we only deal with the successor case len(a) = & + 1.

Clause (a) follows from Lemma 157(a), just as in the proof of Corollary 131.

For clause (b), given a maximal antichain A € P(a), we need to show that @({) |- A is a maximal antichain
of P(d)". First suppose @ is of the form b~ (4, ®). Fix | € Gen(V, @({)). Then take ] € Gen(V[I], P(b)"!""), so that
Ix] € Gen(V, @Q(4) * P(B)). By Proposition 90, we have that P(E) forces A / P(B) is a maximal antichain of ,R(gi). Therefore,
by the induction hypothesis that clause (b) holds for B,j € Gen(V, P(B)) and hence putting B = (A / P(B))[[], VIJ =B
is a maximal antichain of R(g[/])". We apply Corollary 107 with V := V[J], # := Z[J], A := Band W := V[I % ]J].
For any x € ¢[J], suppose that, in V[J], there is no countable decomposition into sets orthogonal to ¥ (g[/])). Since
BA(lI/(g'(X)), R) € D(B), and since the hypothesis on { clearly entails that E“(l, @) € Q“1, we have that P(B) * ,ﬂ(ll/(g'(x)))
forces there is no stationary set orthogonal to £, i.e. V[J] &= rR(Ll/(g'[]](x))) forces there is no stationary set orthogonal to
47. Therefore, the induction hypothesis (h) applies to b with # := W(g'(x)), and thus, in V[I % J], there is also no countable
decomposition into sets orthogonal to lI/(g'[]](X)). Therefore, Corollary 107 yields V[I xJ] &= (A / P(B))U] is a maximal
antichain of (ﬂ(j[]])i Since J is arbjtrary, this proves that V[I] |= A is a maximal antichain of R (a)™ by Proposition 90, as

desired. The other case where d = b~ (4, @), is exactly the same but Corollary 106 is used instead.
Clause (c) is a consequence of Lemma 141 with P := P(a), by the hypothesis that P(a) does not add reals and clause (a).
Clause (d) is a restatement of clause (c). . . -
Clause (e) is proved algebraically. First consider @ = bA(gZ, R). Since P(b) adds no new reals, P(b) | CH; and for every

P(B)-name J¢ for a o -directed family, it follows from the fact that a~ (4, @) € Q®! that P(B) - R(¥) |- rthere is no
stationary set orthogonal to 47; and thus

P(b) |- R(§) * QL) = Q1) * R(§) (55)
by applying Corolljlry 146 the forcing extension by P(B). Using by Eq. (55) for the second equivalence, and the induction
hypothesis (e) for b for the third equivalence,

P(@) * Q(1) = P(b)  [R(§) * Q(1)]

= [P(b) » Q)] * R(§)
= (1) * [P(b)  R(§)]
= Q(4) * P(d),

(56)

as required.
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Now we consider the other case @ = B“(j, Q). If s isa P(E)—name for a o-directed family, then B“(JZ’, R) € D(B)
and hence P(b) |- R(H#) |- "there is no stationary set orthogonal to §~ because d € Q“1; and furthermore, we saw above

that P(E) I R(J) | "there is no stationary set orthogonal to {7. Therefore, the hypothesis of Corollary 147 holds in the
extension by P(B), and hence by the corollary,

P(b) |- Q(F) » Q1) = Q1) * (). (57)

Now we can obtain the result in exactly the same manner as Eq. (56).

Clause (f) is an immediate consequence of Proposition 97.

For (g) is immediate from (e).

For clause (h), let # be a P(d)-name for a o-directed family. Let G € Gen(V, @(4)) and H € Gen(V[G], P(d)"!%). Then
H e Gen(V, P(a)) by clause (b); and by (e), we know that V[G x H] is a @ ({)-generic extension of V[H]. We assume that (1)
and (2) hold, and therefore, in V[H], the hypotheses of Corollary 132 hold with J¢ := J¢[H], and hence, in V[G » H], there is
no countable decomposition into sets orthogonal to #[H] by the corollary. O

The following theorem is the absoluteness result we have been working towards.
Theorem 5 (CH). Letd, b € Cp". Suppose a~b € Q. If P(@"b) adds no new reals, then P(d@) |- P(b)" < P(b), and hence
P(b) < P(@"b). Moreover,
P(@~b) = P(d) * P(b) = P(d) x P(b)

> - o 5 (58)
= P(b) x P(d@) = P(b) » P(@) = P(b™0).

Proof. This is proved by a straightforward induction from Lemmas 157 and 158. O

Let us next describe how Theorem 5 is applied, after introducing notation for concatenating sequences of sequences.
Definition 159. For X € On and any sequencei =& :y € X)of sequences (i.e. functions whose domains are
ordmals) let p(x) be the concatenation under the ordinal ordering, i.e. p(x) is a sequence of length )" len(xy) and
PR | (&), &y+1) =X, forally € X, where ¢, = 37y ., len(Xe).

yeX

Proposition 160. Suppose that a = (@, : y € X) where eachd, € C’. Theneveryp € P(p(a)) is of the form p(p) where
p=(p, :y €X)andeachp, € P(a,).

Definition 161. Foralld, b € C?, lete(d, b) : P(b) — P(d~b) be given by
e(d@. b)(p) = Op@ P (59)
forall p € P(b). . ) )
More generally, suppose that @ = (@, : y < §) is a sequence with each @, € C’.ForX C §,letf(a, X) : P(p(a X)) —
P(p(a)) be given by f(a, X)(p) = p(q) where g = (g, : y < §) is given by
Dy, ify eX,
Y= \opa,, i
pG,), ify X,

and p = p(p) as in Proposition 160.

(60)

The following are corollaries of Theorem 5.

Corollary 162 (CH). Letd, b € Cp". Suppose @~b € Q“' and P(@~b) adds no new reals. Then e(d, b) is a generic embedding.

Corollary 163 (CH). Let Ey € C;‘,” (y < 8). Suppose that p(a) € Q¥ and P(p (3)) adds no new reals. Thenf(a, X) is a generic
embedding for all X C 4.

Remark. The argument in Example 85 applies so that the antisymmetric quotient of P(p (3)) is a complete semilattice and

the map from P(0(@[X)) / ~asym int0 P(p(@)) / ~asym induced by f (d, X) has an upward order closed range. Hence Lemma 84
justifies the following definition.

Defmltlon 165. Let 7 (a, b) P(a“b) — P(b) be the prOJectlondeﬁned inEq.(23)frome(d, b) and letv(a X): P(p(a)) —
P(p (a X)) be the projection defined in Eq. (23) fromf(a X).

Proposition 166. 7 (d, b) is a left inverse of e(ad, b).

Proposition 167. v(é, X) is a left inverse of f (3, X).
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The important properties of 7z, and more generally of v are:

Lemma 168 (CH). Let d,b € Cp'. Suppose @b € Q® and P(@"b) adds no new reals. If ¢ € gent(M,P(@@"b)) then
7 (d, b)(q) € gen™ (M, P(b)).

Proof. Proposition 88, Corollary 162 and Proposition 166. O

Lemma 169 (CH). Suppose that G is a sequence of members of (C , with p(é) e Q“1, and P(p(z)) adds no new reals. If
q € gent (M, P(p(a))) then for all X C 8, p(q) € gen™ (M, P(p(a X))) where

qy = ﬂ(p(?l 1v),dy)(q [ len(p(@ 1y)7dy)) (61)
forally € X.

Proof. By Proposition 88, Corollary 163 and Proposition 167, v(z, X)(q) € gen™ (M, P(p(a I X))).Eq.(61) is established by
verifying that

7(p@1¥),dy)(q11en(p@ | y)"d,)) ~sp p, forally €X, (62)

where v(d,X)(q) = p(p) andp = (p, : y €X). O
4.4. trind-properness

In [8, Ch. XVIII, Definition 2.1], the notation trind, (t) is used to denote all labelings B = (Bx : x € t) of some finite tree t
with ordinals at most «, i.e. By < « for all x € t, so that

x <;y implies B, < B,. (63)

An operation is defined on iterations P = (P, Qg : £ < «) of length « by members ofB € trind, (t), where 13;3 is the
collection of all sequences (py : x € t) such that

(i) px € Py, forallx e t,
(ii) x < y implies py | Bx = px.

Thus for example, if t is a finite tree of height 1 then for every B € trind, (t), 133 is a finite product of the form Pg, x - - - X Pg,
where 8; <« foralli=0,...,n—1.

Then (in [8, Ch. XVIII, Definition 2.2]) the notion of an NNR;-iteration is defined, which in particular entails that the
iteration is completely proper. Then the new theorem for iterations not adding new reals is [8, Ch. XVIII, Main Lemma 2.8]
stating that if (P : £ < §) an iteration where P is NNR; for all £ less than the limit , then P is NNR,. Without reviewing
the details of the definition of NNR;, we refer to this theory as the trind-properness NNR theory.

Unexpectedly, in overcoming the difficulties in constructing a properness parameter suitable for forcing (%;), we came
very close to satisfying the hypotheses for the trind-properness NNR theory. Indeed, usiyg the methods we have already
presented, our Theorem 5 can be extended to say: P(E)B is proper foralla € (Gf,”1 and all B € trind, (¢t) for every finite tree
t. Thus our iteration, which will be of the form P(a) for some a € G?l, is trind-proper, i.e. it remains proper after operating
on it with members of trind,, (t). )

We think it is most likely that Shelah’s above-mentioned theorem can be strengthened to something like: if (P, Q: : § <
8) is a countable support iteration such that P |- FQE isD-complete™ forall§ < §,and (P, Qg : & < §) istrind-proper, then
Ps adds no new reals (probably this would require a slightly more general operation than trind). This seems to agree with his
description of the essence of the theory in [8, page 868]; however, at present we do not have a good enough understanding
of his proof to make a conjecture.

Such a theorem would result in a better (or at least shorter) proof of Theorem 1 than the one here using properness
parameters. However, as it stands, the definition of P = (P, QE & < §) being NNR; requires the properness of P’ for

B € trind, (t) where P’ is some arbitrary completely proper extension of some initial segment of P. Our iteration w1ll not
satisfy this requirement of NNR,.
5. Model of CH

We begin with an arbitrary ground model V (of enough of ZFC) satisfying GCH. Set k = 8, and A = 83 asin Eq. (7).
As usual, NS([A]™) denotes the nonstationary ideal on [A]™ and NS*([A]¥0) is the dual filter, and thus is generated by
the family of closed cofinal subsets of [A]¥.

Definition 170. Whenever V = 7€ € NS*([H,]")", let NS*(&; V) = {# C & : F N8 # Pforall 8 € (NS*([H, K]No))"}.
Let NS*(V) denote NS*(([H,]¥)V, V), when H, is understood.
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Proposition 171. Suppose P is proper and 5 is a P-name where P |- 7 C &[Gp] (cf. Notation 30). The following are equivalent:

(@) P |F 7 € NS*(&; V).
(b) For all M < H,; withP,& € Mand M N H, € & everyp € P N M has an (M, P)-generic extension q such that
gIFMNH, eT.

5.1. The properness parameters

The cardinal sequence
e = RL& (a < wq) (64)

is suitable for a A-properness parameter, and we let A4 be any fixed skeleton, e.g. A, = {M € [HM]NO M < Hy,}a < wq).

We begin by motivating the definitions to follow. Let # be a o-directed subfamily of ([w;]™°, €*) with no stationary
subset of w; orthogonal to it. In Lemma 59 we saw that for a given map 2 on 11_11)1 A, a sufficient condition for @ (#)
to be (,E, Do )-proper is that there exist yy € M) N | H forall M € ll_n)] A of positive rank satisfying ¢, (M, #, y).
Conversely, suppose that X € M(q) N M for some q € gen(M, @(#)). Since Cf?@(m names a club (cf. Corollary 51),
q |- trsup,, (X) € Céa(m. Therefore, every initial segment of tr sup,,, (X) must be in | #.

Consider the next simplest case: an iteration of the form R({) * @(J¢) where J¢ names an J¢ as above. In order that
R(L)* Q(H) is D -proper, we must in particular have for every M of positive rank, that every finite sequence (po, S0),s ...
(Pn_1,5n-1) € R) » Q(H) N M has (g;, t;}) € gen(M, R(L) * Q(H),p;) (i = 0,...,n—1)and an X € Dy (M) such
that X C ﬂ::ol M(q;, £). Let us focus on the case n = 2. We shall need yo, y; € 2(M) such that q; |- y; € |# and
g |- ¢«(M, J¢,y;) fori = 0, 1. Then to ensure that D, (M) # ) we would apply Lemma 23.

In particular, to satisfy property (iii) in the definition of instantiation, this means that we must be able to find cofinally
many K € li_II)‘lA N M with

sup(w1 NK) € yo Ny;. (65)

This can be achieved as follows. Let a be the code for R (), let b be the code for R(4) * @Q(J¢). Assume that b € G®1. First
of all we choose r € gent (M, P(@™a), po”p:1). Then we let qo = 7 (¥, @)(r | len(d)) € P(d) and q; = 7 (a, a"a)(r) € P(a).
It follows from an application of Lemma 169 that go ~q; € gen™ (M, P(a"a)). Then by extending qo and q; we may assume
that there exist yo and y; as above. Now for some fixed b € M N H, and £ < rank(M), suppose that we want to find
K € A; N M with b € K satisfying (65). Since 4; € M is stationary, S = trsup(+4;) € w1 is a stationary set in M. By the
assumption that P(a) forces that J¢ has no stationary orthogonal set and by Lemma 71, P(@) « R () forces that S ﬂX@R(m is

stationary. Since in particular, be Q“1, we know that P(d) » R(H) forces there is no stationary set orthogonal to J¢.1t then
follows from Lemma 89 that‘P(a) * R(H) forces that there is no stationary set orthogonal to e*(a, a)(#). Hence applying
Lemma 71 again, P(@) » R(H) » R(e*(a, a)(#)) forces that

SNX:  NX
Gridt)

& is stationary. 66
Crer@ay O y (66)

The whole point of invoking the embedding e(d, d) is that we want the name # to be interpreted according to g (in
particular, e* (@, @) () is independent of qo, unlike ¢ N M which is determined by o). It is now straightforward to produce
K € A: N M with b € K satisfying (65).

The argument just outlined is a simplified version of our main lemma, Lemma 182. The general case, were d codes an
initial segment of our iteration, is where we need to use G“1.

Definitionﬁ172. Suppose @ € C. Let C(d) be the set of all cgdes ggnerated by restriction and concatenations of arbitrary
length, i.e. b € C(d) implies that b | & € C(a) forall ¢ < len(b), and b, € C(@) (y < §) implies that ¢ € C(a), where

¢=by"--"b, - (y <3 (67)
For « an infinite cardinal, we let C(a, «) be the subfamily of C(a) generated by restrictions, and concatenations of length
less than «.

Proposition 173. Let k be an infinite regular cardinal. Then C(a, k) consists of all codes of the form (a [ &)~ -- -~ (a 1€&,) " -
(y < 8)whereeach&, < len(d) and§ < .

Notation 174. Foreachd € C?, and each ordinal y, we let @ denote the concatenationd™~a " - - - iterated y times, i.e.len(aV) =
len(a) - y and @” (len(a) - ¢ + p) = d(p) forall¢ < y and p < len(a) (and considering P(a)-names to also be P(a~b)-names).
Definition 175. Define a (class) function ¥ = v : C? x On — C? by recursion on len(@) by ¥ ({), ) = (), and
vay) = |J va@reo
£<len(d) (68)
=@r’7@r2)’" - @rg)” - (& < len().
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Proposition 176. 1, (d, y) € C(d, max{len(d), |y|}*) foralld e C°.
Henceforth, 6 = w;.
Definition 177. We let
o(a, (™M, qf,. ¥, M e 11'_11)194,,6 € M, & < len(d) and y < w; arein M))
be a formula expressing the following state of affairs: @ € G'; and forall M € ll_H)‘l A witha € M,
(i) ™ € gen™ (M, P(¢ (@, @1))),
and for all ¢ < len(d) and all y < w; with &,y € M,
(ii) ¥, € P@ 1),
(i) ¢, = 7 (@16, U ¥ @107 @167) (™ 1en(Upe ¥ @107 @18)7)),
(iv) qf, |-y, € #@§),
(v) g, I x C* yy! forallx € #(@(5)) N M.

We abbreviate the above expression as @ (4, (7, 4, y)).
Assuming & (d, (7, g, y)), for each ¢ € C(@, Ro), say ¢ = (d [ &)~ -~ (@ | &-1) (cf. Proposition 173), and each o < wy,
define a P(¢)-name

BE=1{Me Ay ae " al . € Gpforsome yp < -+ <y inew; N M. (69)
We also define £2(3)(M) e [[0]%]=N0 by

QO)M) = {y, : & <len(@,y < w1,&,y € M}, (70)
and we put

Z(@@ = {(P(©), 8% : ¢ € C(@, Ro)}. (71)
Lemma 178. Forall¢ = (a [ &)~ -~ (@1 &—1) in C(a, Ry),

Ay Ay, € gent (M, P(C)) (72)

forallyy < -+ < yp—1inw; N M.
Proof. This is a straightforward application of Lemma 169. O
The reason that the codes are repeated w; times (rather than just w times) is so that we have the following.

Lemma 179. Forallc = (a [ &) - -~ (@l &—1) in C(a, Ry), everyp € P(C) "M has yy < - -+ < Y1 in wy N M such that
M o~  ~_M
Ty " Deimes = P- (73)

Proof. Standard density argument since we have countable supports with an iteration of uncountable cofinality. O
Lemma 180. P(C) |- BS € NS*(A,, V) foralla < ws.
Proof. We apply Proposition 171. Find N < H,  , with A4, € Nand M = N € A,.Takep € P(¢) N M. Then
qé""oy0 e qg’l'HyH > pforsome ¥y < -+ < Y_1in w; N'M by Lemma 179. Then qQ’(’WOA e ngV,H - M e 8¢
aswanted. O
Notation 181. For an iterated forcing notion of the form R = P * 0 * 0, xk 0, aR-nameAandr = (P, q(0),...,q(n)) €
gen™ (M, R), we let A[p, 4(0), ..., g(n)] denote the interpretation of A by Gg[M, r] (cf. Section 1.1).
Lemma 182. & (d, ¥, (7, q,y)) implies that for all M € lim 4 with rank(M) > 0, for all ¢ € C(a, Rg) N M, say as in (67), for
alyy < -+ < py—1inwy NM, forallb € M N H,, for all « < rank(M) there exists K € A, N M such that
(a) b €K, .
(b) sup(6 NK) € Mizo Y&

Sh[ M M
() K e B, [qéoyo’ T qSk—le—l]'

Proof. Working in M[Gp, lg¥.....a¥ . 11:Lemma 180 in particular implies that @ = {K € B S
be K} is a cofinal subset of [H,,, ]. Let S = tr supy (€), which is thus stationary. We define S, and a,, € D({)) by recursion
onn :O,...,ksothatSO :S,Fio = () and

(74) Spy1isaP(©) *m(e*(ao, &) (H(A(&))))*- - - * R(e* (dy, @ &) (H#(d(£,))))-name for a stationary subset of $,, locally

in e (dn, @1 E)(H@ED),
(75) dns1 = dn ™ (€*(dn, @ 1 &) (F@(ED))), R).
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This is possible by Lemma 71, by the hypothesis thata € G®1, and thus forcing notions as in (74) do not add stationary subsets
of w; orthogonal to any #(d(£)), and therefore do not add stationary subsets orthogonal to any e*(d,, d | £,)(H#(d(&,))) by
Lemma 89.

We can find (an infinite) x € [0]™ and p € R(e*(do, @ | £0) (H(A(&)))) * - - - * R(€* (dy—1, G | &—1) (H(@(&c—1)))) s0 that
B I x < Si.Now by equation (74),x € e*(d, @1%0) (F(@(E)))[e(dn, 160} (gl )] = F@(E)(al,, 1foralln =0, ..., k—1.
Thus, as x € M by complete properness, x C* yg yn by equation (v), for all n. Hence there exists § € x ﬁyg/(’m n--- ﬁy’s"’Hyki1
And then by elementarity, there exists K € ¢ N M with sup(0 NK) =46. O

Corollary 183. & (d, ¥, (F, q.,y)) implies that D 5, (A; Z(4)) is a properness parameter.

Proof. We apply Lemma 29. Let M € ll_H)l + with rank(M) > 0 be given. Each (P, 8) € Z N M is of the form (P(c), B°) for
some ¢ € C(@) NM,say ¢ = (a[&)" -~ (@]&;z_;). Using Lemmas 178 and 179, we can find pairwise disjoint sequences
)75 € w?c NM (p € P(¢) N M). We can also arrange that (the ranges of) )75 and )715,/ are disjoint whenever ¢ # ¢’. Define

—_— - .. - M
Gpey, 52 (P) = qsoy o 7 9. Eei-n (76)
foreachc¢ e C(@ NMandp € P(¢) N M.
To apply Lemma 29, let A € 2(y) be finite, say A = {y’g"ém, . ,ngyH}, Co, ..., Cm—1 be codes for members
of Z N M,let O € P; N M be finite for eachi = 0,...,m — 1,let b € M N H, and & < rank(M). By
extending both A and the subset of Z N M, we may assume without loss of generality that {(&, Y0), - - ., k=1, Yk=1)} =

U UpeO,{(EO Yo (0), .., iy ¥ (n% — 1))}. Then an application of Lemma 182 yields K € Az N M with b € K,

sup(0 NK) € N, v, = ﬂA and K € Q‘é’g"ﬂub(cm’])[q%m, s @Y, ) 1t follows that (jg’(a) 5P K€ :é’g" for
alli = 0,...,m— 1andall p € 0;. We have therefore found K witnessing (i), (ii), (iii) and (v) of Lemma 29. Moreover,
conditions (iv) and (vi) automatically follow from the definitions of £2(y) and 3?. O

Corollary 184. &(d, (7, q,)) implies that P(¢) is D) (A; Z(@))-proper for all ¢ € C(d).
Proof. By Corollary 183, Corollary 28, Eq. (71), the definition of :132 and Proposition 178. O

Remark. What we actually need (see the proof of Lemma 187), is that P(C) is long Do (:E; Z(a))-proper. This can be
proved using the ideas already presented.

The following says that @ is “preserved” at successors.
Lemma 186. Assume & (d, (7, q,y)). Ifa ™ (H#, @) € G*1, then there exists (7., G, y:) such that & (d, (7, Gx, ¥.)) holds.

Proof (Sketch of Proof). Set b = d~(#, @). By Corollary 184 and Theorem 3, we can find ry! € gent (M, P(¥/(d, w1)), p)
forall M € lim 4 with d € M,and all p € P(/(d, w1)) N M. Then for each p, we can find g’ > ) and y)' € [w1]%0 such
that q)' |- y' € J¢ andx C* y forall x € # N M. For each & < wy, define a P(y(d, w))-name

Co =M € Ay : g € Gpiya.wy) for somep € P(Y (@, 1)) }. (77)

Let G € Gen(V, P(¥ (@, w1))). It is easy to see that C,[G] is statlonary for all¢ < w.Then defining 2(M) € [[cu1]“0]<N0

by 2(M) = 2(y)(M) U {yp p € P(¥(d, w1)) N M}, Q(H[G)) is (@[G] D )-proper by Lemma 59. This proves that P(b) is
(E, D )-proper.

Now this allows us to use the parameterized properness theory to find r¥ € gen™ (M, 1/f(5, w1)) for all M. It is then clear
how to find G, and y, so that @ (d, (7., G, ) holds. O

The following says that @ is “preserved” at limits.
Lemma 187. Letd € C. If for all § < len(d), there exists (T¢, Gs, y¢) satisfying @ (d | &, (¢, Ge, Y¢) ), then there exists (7, g, )
satisfying @ (d, (7, 4, y)).
Proof. This is a straightforward application of Lemma 34. O

Proof (Proof of Theorem 1). We are going to recursively define an iterated forcing construct (P, Qg £ < wy)of length ws
with countable supports, and let P, denote the limit of the iteration. At the same time, we are going to choose a; e Gt
such that

(i) len(ds) < w;,
(ii) P = P(ay),
(iii) ag € a, forall§ < n;
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we will also find (%, ¢, ¥¢) as in Definition 177, so that
(iv) @ (dg, (%, G, Y¢)) holds.

Observe that from this information we can already deduce that

(v) Pg has the 8,-ccforall§ < w,

(vi) P: has a dense suborder of cardinality at most X, for all £ < w,,
(vii) P |- 2% =R, for all ,
(viii) Pg is completely proper for all £ < w,.

This is so because (i) and (ii) imply that P: is an iteration of length at most w,, where each iterand satisfies the properness
isomorphism condition by Lemmas 61 and 69; hence, we can conclude condition (v). Conditions (vi) and (vii) are established
simultaneously by induction as usual: If P |- 28 = 8,, then P |- |Qs| = |P(Ge41) / P(dg)| < R, and therefore
by the R,-cc, Pz satisfies (vi) and (vii). Condition (viii) is of course by the parameterized properness theory: By (iv) and
Corollaries 183 and 184, Do) (E; Z(Zl;)) is a properness parameter for which P is proper. Since Py = P(Zzg) is an iteration
with D-complete iterands by Lemmas 60 and 68, P; adds no new reals by the NNR theorem (Theorem 3).

Using conditions (v)-(vii), by standard bookkeeping, and regarding P:-names as also being P,-names for § < n, we can
arrange an enumeration (J'(’g : & < wy) of Pe-names in advance such that, for every £ < w, and every P:-name J¢ for a
o-directed subfamily of [w;]%0,

(ix) there exists X, many n > & such that P, |- #, = .

Now we describe the construction. First we deal with the successor stage £ 4 1 of the construction. We separate into two
cases:

Case 1 dg “(J:(g, Q) € G,
Case 2 4z (¥, Q) ¢ G“1.

In Case 1, we put aw = ag A(}Z’g, @). Therefore,
P forces that there exists a club locally in Jl’g (78)

by Lemma 39. And there exists (P11, Gg-1. Ys+1) satisfying @ (dg1, (Fes1, Ge+1. Ye+1)) by Lemma 186.
In Case 2, there exists ¢ € D(d@) and b € C(¢) with len(b) < w,, with a condition p € P(b) such that

p |- there exists a stationary set orthogonal to J't’g. (79)

We set Gz 1 = b. By Corollary 184, P(b) is D o -proper and thus we can take (Fs41, Gs+1, Ye+1) = (e, Qe Ve )-
At limit stages 8, we let d; = [ J, _; dz. Then there exists (75, gs, y5) satisfying (iv) by Lemma 187.

Having completed the construction, let G € Gen(V, P,,). Then &, is not collapsed, i.e. RY[G] = 8y, and V[G] = CH by
condition (viii). Since V = CH, by the ®,-cc and by condition (ix), every o -directed family # of ([w1]M0, €*) is equal to
He[G] for cofinally many & < w,. Then assuming standard bookkeeping, we can ensure that there exists £ < w, such that
H = JZ‘E [G] and either Eq. (78) holds, or else there exists p € G as in Eq. (79). Therefore, V[G] = "(x¢)w, . O
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