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1. Introduction

We consider the following elliptic equation with Robin boundary condition:

—Au+au= f(u), in$2,

au 11
— +b(x)u=0, onods2, (1)
av
where 2 C R" is a bounded domain with smooth boundary 352, o > 0, b(x) € L*°(352), b(x) > 0 and b(x) # 0 on 352.
Denote by 0 (—A) ={0 <A1 <Az <--- <A <---} the eigenvalues of the following problem:
—AU =AU, in 2,
(1.2)

au
— +bXxu=0, onads2.
av
Assume that f satisfies the following assumptions:

(f1) f eCY(R\{0},R), f(0)=0 and there exist M; > 0 and M, > 0 such that f(M;) = f(—M3) =0.
(f2) fL(0)# f4(0) and min{f’ (0), f_(0)} > A1 + « where « is the same as in (1.1).
(f3) There exists m > 0 such that f(t) + mt is increasing for all t € R.
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It is well known that the Fu&ik spectrum of —A is defined as the set X of those points (a, b) € R? for which

—Au=but —au™, in$2,

ou (1.3)
a—v—f—b(x)u:O, on ds2,

has nontrivial solutions, here u®(x) = max{Zu(x), 0}, see [17]. The usual spectrum of —A corresponds to the case that
a=>h. It is known that X' consists, at least locally, of curves emanating from the points (1;, A;), see for example [6].

It was shown in Garbuza [7] and Schechter [20] that X' contains two continuous and strictly decreasing curves C,, C,
passing through (A;, A;) such that in the square Q; = (A,_1,Al+1)2 the points that are either below the lower curve Cj, or
above the upper curve Cj, are not in X, while the points on the curves are in X. We denote by I, the regions between the
curves, then the points in IIj may or may not belong to X (when they do not coincide). Denote by I;, the region below the
lower curve C;, and I;, the region above the upper curve Cj,. We set Iy =1, UIj_y),.

We assume that f also satisfies:

(fa) Let (a,b) = (fL(0) — e, f1(0) — ), then (a,b) € I}, | > 3.

Obviously, (1.1) has the trivial solution u = 0. We are interested in the question whether (1.1) has nontrivial solutions.
For Dirichlet problems, the authors in [15,16,18,23] have obtained the nontrivial solutions. For more general results on (1.1)
for —A with Neumann boundary condition, the case that f’(x) exists for some special points has been considered in [9,11].
But for general cases, the existence and multiplicity of solutions is not considered. In this paper, we consider the more
general problem with a jumping nonlinearity at some special points. Our result is motivated by earlier ones in [11,19,20].

We recall the Sobolev space W12(£2) with norm |[u||> = [, [Vu|?dx + [, u?dx, inner product (u,v) = [, VuVvdx+

fguvdx for u,v € W2(£2). From the variational point of view, solutions of (1.1) are critical points of the following
functional defined on the space W1-2(£2)

](u):%/|Vu|2dx+%/uzdx—i—%/b(x)u2ds—/F(u)dx,
2 2 82 2

where F(u) = f(;‘ f(s)ds and the Frechét derivative of J is defined as

(]/(u),g)):/Vquodx—i-(x/u(pdx—i-/b(x)ugods—/f(x)godx, Yo e WI2(Q).
2 2 082 2

Then we have the main result of this paper:
Theorem 1.1. Suppose that f satisfies (f1)-(f4), then there exist at least four nontrivial solutions of problem (1.1).

A stronger result can be obtained if the following assumption is imposed:

(F1) Let @1 and ¢, be the eigenfunctions of (1.2) corresponding to A; and A respectively such that [|¢1lly12o) =
l@2llw1.2(m) = 1. For every &0 > 0 and M large enough such that for u € E; ={u € W12(2): u=kei +tes, k.t R},
we have F(u) > [(A2 + o +€0)/2 + Clu2, where C > C2—2||b(X)||L00(3Q), and C is the imbedding constant, ie., T : X —
L%(342) is the trace operator, then ITullp25) < Cllullx for all u € X with the constant C depending on £2 by Sobolev
Trace Theorem (see [5]).

Theorem 1.2. Suppose f satisfies (f1)—(f4) and (Fy), then there exist infinitely many sign-changing solutions of (1.1) which are moun-
tain pass type or not mountain pass type but with positive local degree.

Next we consider a related oscillating problem. Assume that:

(f5) There exist sequences {a;} and {b;}, where a;,b; e R, i=1,2, ..., which satisfy a; > 0, b; <0 and a; / +00, b; \( —00
as i — oo, and

f@a) =aaq, f(bi) = ab;.

Let ap =bo =0, f(t) < ot if t € (a;,ai+1), where i is an odd number, i > 1; f(t) > at if t € (a;, a;+1), where i is an
even number, i > 0; f(t) <at if t € (bj+1,b;), where i is an even number, i > 0; f(t) > ot if t € (bj+1, b;), where i is
an odd number, i > 1. _

(F2) For 9 and M the same as (Fy) such that for |¢] > M and [l¢1]| =1, we have [,, F(tgy)dx > (BF3H0 4 €)¢2 [ 2 dx.
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Then we have:

Theorem 1.3. Under the assumptions (f;)-(f5) and (F,), there exist infinitely many nontrivial solutions of problem (1.1), some of them
are local minimizers and others are mountain pass type solutions.

In this paper, our technique includes constructing sub-super-solutions, mountain pass theorem in an order interval and
Fucik spectrum theory. We will recall some basic notions and known results on critical points theory in Section 2, and we
prove Theorems 1.1, 1.2 and 1.3 in Section 3.

2. Preliminaries

Now let us recall the notion of critical groups of an isolated critical point u of a C! functional ] briefly. Assume that E
is a Hilbert space, J={ucE|Jw) <a}, K={uecE|J/w) =0}, Kc={ueK: Ju)=c}, ceR. Let U be a neighborhood
of u such that there is no critical point of J in U \ {u}. The critical groups of u are defined as

Cq(J,w)=Hq(J°NU, (J\{u})NU;G), q=0,1,...,

where ¢ = J(u), Hq(A, B; G) are the gth singular relative homology groups of the topological pair (A, B) with a coefficient
group G. For the details, we refer to [1,3]. They are independent of the choices of U, hence are well defined. If C1(J, u) #0,
then we call an isolated critical point u of J a mountain pass point.

Assume that J € C2(E,R), for u, a critical point of J, J”(u) is a self-adjoint linear operator, the dimension of the largest
negative space of |”(u) is called the Morse index of | at u, denoted by ind(J, u); the dimension of the kernel of J”(u) is
called the nullity of J at u. u is called nondegenerate if and only if the nullity of J at u is zero.

We have the following basic facts on the critical groups for an isolated critical point of J (see [2]). They are fundamental
in the existence and multiplicity results by applying the Morse theory to (1.1).

(1) Let u be an isolated minimum point of J, then Cq(J, u) = §40G.
(2) Let u be a nondegenerate critical point of | with Morse index j, then Cq(J, u) = 84;G.

Definition 2.1. Let ¢ € R be fixed. If any sequence {uy} which satisfies J(uy) — ¢ and J'(uy) — 0 (k — oo) has a convergent
subsequence, then we say that J satisfies the (PS). condition. If J satisfies (PS). condition for all c € R, then we say that |
satisfies the (PS) condition.

Definition 2.2. Assume that | € C!(E,R), c € R, for every Ve* > 0 and any closed neighborhood N of K, there exist
& €(0,&*) and a continuous map 7 : [0, 1] x E — E, such that

(i) n(0,-) =id,

(i) n(t,u) =u, Yu e E\ J™1[c —&*,c+&*], t €[0, 1],
(iii) J(n(-,u)) is nonincreasing, u € E,

(iv) n(1, J*F*\N) C J°,

then we say that | satisfies deformation property.

By using the famous deformation theorem (see [24]), we know that | satisfies deformation property if | satisfies the
(PS) condition.

Let Pr C E be a closed convex cone, and let X be densely imbedded in E. Assume that P = XN Pg and P has nonempty
interior P. Let [uj,uz] =f{u e X |u; <u<uz, xe 2} be the order interval in X. We assume that any order interval is
bounded in any finite-dimensional subspace of X.

In the following we recall some notations and definitions introduced in [14]. Let o (t, u) € R x E, we denote the negative
gradient flow for | given by

do(t,u)  V](o(t,u)
d 1+ |VJtu)l’
o0,u) =u.

Definition 2.3. With the flow o, we call a subset A C E an invariant set if o (t, A) C A, for t > 0.

Definition 2.4. Let W C X be an invariant set under 0. We say W is an admissible invariant set for ] if

(a) W is the closure of an open set in X, i.e, W =W U3W;
(b) If up =0 (ty, v) for some v ¢ W satisfying as t, — +oo, u, — u(n — +00) in E for some u € K, it holds u, — u in X;
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(c) If up € KN'W such that uy —u in E, it holds u, — u in X;
(d) For any u € aW\K, o(t,u) e W for t > 0.

The functional J : E — R satisfies the following conditions:

(J1) J € C?(E,R) and it satisfies the (PS) condition in E and the deformation property in X. J only has finitely many
isolated critical points.

(Jo) VJ =id — Kg, where K¢ : E — E is compact. Kg(X) C X and the restriction K = Kg|x : X — X is of class C! and
strongly preserving, i.e., u>>v<&u—ve P,

(J3) J is bounded from below on any order interval in X.

Lemma 2.1. (See [13].) Suppose ] satisfies (J1)-(J3) and {u1, uy} is a pair of sub-super-solutions of V] = 0 in X, then [uq, uy] is
positively invariant under the negative gradient flow of | and —V ] points inward in [u1, uz]. Moreover, if {u1, uy} is a pair of strict
sub-super-solutions of V] =0 in X, then deg(id — K, [uq,u3],0) =1.

We recall the following well-known mountain pass theorem in order intervals [13] and mountain pass theorem in half-
order intervals, sup-solutions case [10].

Lemma 2.2. (See [13].) Suppose ] satisfies (J1)-(J3) and {v1, va}, {w1, w2} are two pairs of strict sub-super-solutions of V] =0in X
with vi < wg, [v1, v2] N [w1, w2] = @. Then ] has a mountain pass point ug, g € [V1, w2] \ ([V1, V2] U [w1, w2]). More precisely,
let vg be the maximal minimizer of | in [v1, v2] and wq be the minimal minimizer of | in [w1, wy]. Then vy < ug <K wg. Moreover,
C1(J, ug), the critical group of ] at ug, is nontrivial.

Remark 2.1. Lemma 2.2 still holds if J € C!(E,R) and K is of class C° or J has infinitely many isolated critical points.

Lemma 2.3. (See [10].) Suppose | satisfies (J1)-(J3), v1 < V3 is a pair of strict super-solutions of V] = 0 and vg (< v1) is a sub-
solution of V ] = 0. Suppose that [vg, v1] and [vg, v2] are admissible invariant sets for J. If | has a local strict minimizer w in
[vo, v2I\[vo, v1]. Then ] has a mountain pass points ug in [vo, v21\[Vo, V1].
Here we revise the known results on Fuéik spectrum and the computation of the critical groups. Consider the problem
—Au=but —au™, in$2,

9 21
8—':+b(x)u:0, on 9. 21)

The corresponding functional is

I(w)=1(u,a,b) = % /[|Vu|2 —a(u™)® —b(ut)*]dx+ % [ b(xyu? ds.

Q 2
If (a,b) does not belong to X, 0 is the trivial solution of (2.1), i.e, 0 is an isolated critical point of I, then Cy(I,0) is
well defined for =0, 1,2, .... Denote Q; = (A_1, A;11)? for [ > 2. The main results in [4,17] are as follows (see Theorem 1
in [4]):

Lemma 2.4. (See [4].) Let (a,b) € Q; \ X and let d; denote the dimension of the subspace N; spanned by the eigenfunctions corre-
sponding to A1, ..., AL

Z, q=d_1,
0, q 75 d[,1 .
(ii) If (a, b) € II}, then Cq(1,0) = 0 for q < dj—q or for q > d,.

(i) If (a,b) € I}, then Cq(1,0) = {

In particular, Cq(I, 0) = 0 for all g when 1, is a simple eigenvalue.

Moreover, set A; =1 — X (—A)~1, let Ni_1, E(A;), M; denote the negative, zero and positive subspaces of A;, respectively,
and for p, let Ip =I(-, p),

Ip(v4+awo) = inf Ip(v+w), veN, (2.2)
weM;

Iy(vo+w)= sup Ip(v+w), weM_g. (2.3)

veN|_q
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It was shown in Schechter [21] that there are continuous and positive homogeneous functions
7 :Np—> M, Vie1:Mj—1 — Ni—g

such that wo = 71(v), vo = ¥/—1(w) are the unique solutions of (2.2), (2.3), respectively.
Let

i={v+uv):veN}, Roi={y-1(@+o: oM},
SiI=T/NR_1, Si={ues: lul=1}.

Lemma 2.5. (See [4].)

Hdl—q—1 §+ , di_q,

Cq(I,O)z 0A+(l) q#di—1
H°(S"/Z,  q=di-1,

Whereff ={ueS;: Iu)>0},for @b)ell\ X.
3. The proof of the main theorems

3.1. Proof of Theorems 1.1 and 1.2

Proof of Theorem 1.1. From the variational point of view, solutions of (1.1) are the critical points of the functional
1 o 1
J(u) = 3 / |Vu|?dx + 5/11de+ 5 / b(x)u?ds — / F(u)dx,
Q Q 92 Q
defined on X := W12(£2), where F(u) = [ f(s)ds.
(1) We shall apply Lemma 2.2 to functional J. It is easy to show that J belongs to C'(X,R). In fact, define a functional

I(u) = %/b(x)uzds,
082

and we only need to prove I € C'(X,R). Let u,v € X, 0 < |t| < 1, then

[I(u+tv)—1(u)]/t:/b(x)uvds+%/b(x)v2ds—> /b(x)uvds (t— 0).
982 982 082

So I has a Gateaux derivative and (I'(u), v) = fm b(x)uvds.
Let up — u in X,

(1" (un) = T'(w), v)| Z‘/b(x)(un—u)vds
052

bl ey | T un —u) ||L2(a_Q)”TV”L2(B_Q)
Clibllze@e)llun — ullxlIviix

where T : X — L%(3£2) is the trace operator and ITull 250y < Cllullx for all u € X with the constant C depending on §2 by
Sobolev Trace Theorem (see [5]). Then we obtain

<
<

1" (un) = I'(w) | < ClbllLoae) lun — ullx -0 (1 — o0).
So I’(u) is continuous and I € C1(X, R).
By using a truncation trick, we consider the functions
0, t < —Mp,

fo= { f(t), =My <t< My,
0, t> M,

and the corresponding functional
~ 1 o 1 ~
J) = 5/|Vu|2dx+ E/u2dx+ E/b(x)uzds - / F(u)dx,
Q Q 092 Q

where F(u) = [y f(s)ds.
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It follows from [9] that T(u) satisfies coercive condition on X so f satisfies (PS) condition and Te C'(X,R). Then from
the deformation theorem, we know that ]N satisfies deformation property.

(2) We construct sub-super-solutions of (1.1). It is easy to see that My is a constant super-solution of (1.1) and —M> is
a constant sub-solution. Moreover, we consider ¢ for all ¢ > 0 small enough. From [22] we know that ¢;(x) > 0, x € £2.
In fact, with u := e¢1, by (f;) we have

—Au+oau— fWw) =ep1(X)[(\ +a) — fL0)+o(legrl)] <0, forsmalle.
Furthermore, g—% + b(x)u = 0. From the above discussion, we have a pair of strict sub-super-solutions {e¢1, M1} of (1.1). By
a similar argument we can find that {—Mj, —e@1} is a pair of strict sub-super-solutions.

Now we study the order interval [—M;, M1] in X which includes two intervals [—M3, —&¢1] and [£¢1, M1]. Then there
exist weak solutions of (1.1) (relative minimum points) up, us in [-M2, —€¢1] and [e@1, M1] respectively. We can infer that
J(u) is bounded from below on [—M3;, M], so we get a mountain pass point uy € [-Mp, M1]\ ([—M2, —€@1]U [e@1, M1])
according to Lemma 2.2 and C1(J, u1) is nontrivial. B

(3) We claim that uq is nontrivial. In fact, from assumption (f;), we know that the left and the right derivatives of f
at 0 are different, we consider the problem

—AUu = f(u) —oau, inS$2,
au

— +bXxu=0, onods2,
av

where fe C(£2) and as u — 0 we have
fu) —au= (fﬁr(O) —ajut - (fi(O) —a)u” +o(u).

We take a= f (0) —a, b= f’+(0) — «, from (f4), we know that (a,b) ¢ X.
It follows from Lemma 2.4, if (a,b) € I}, [ > 3, d;_1 > 1, then

Z, q=d;q,

0, q#d1,

then we obtain Cq(f, 0) 2 Cq(]N, uy), so uy #0.
If (a,b) e[\ ¥, | > 1, then from Lemma 2.5, we have

H4=4-1(SF), q#d1,
H'SH/z,  q=di1.

Cq(J,0) =

Cq(J,0) =

If =2, then di_; =d; = 1, so for g =1, we have C;(J,0) = H°(§;)/Z. Furthermore, for a point p, H9(p; G) = §q0G. Then
we have C1(J,0) =02 C1(J,u1), so u; #0. If > 2, then di_; > 1, from Lemma 2.4, C1(J,0) = 0. So we get Cq(J,0) 2

Cq(J,u1), ur #0.
(4) We claim the existence of the fourth solution. Now, we further discuss the solutions in [—Msy, M1]. Since uq is a
mountain pass point, for the Leray-Schauder degree of id — K, we have calculation formula

deg(id — K, B(u1,1),0) = —1,

where r > 0 is small enough, K = Kg|x = (—A + (m 4+ a)id) "1 f*|x : X = X is of class C% and strongly order preserving,
f*(u) = f(u) +mu (see Hofer [8]). Then according to Poincaré-Hopf formula for C! case (see [12]) and the computation of
Cq(J,0), we have

index(J,0) = (—1)%-1.
Furthermore, for minimum points u, and us,
Cq(J, u2) = 840G, Cq(J,u3) = 84q0G.
From the additivity of Leray-Schauder degree and Theorem 1.1 in [13], we can get
1=deg(id — K, [-M2, M1],0)
=deg(id — K, [—M3, —e¢1],0) + deg(id — K, [e¢1, M1], 0) + deg(id — K, B(0, 1), 0) + deg(id — K, B(u1,7),0)
=141+ (1% 4 (=1),

which is impossible. From the above discussion, we conclude that there must exist another critical point u}* € [—My, Mq],
which satisfies u} # u; and is nontrivial.
This completes the proof of Theorem 1.1. O

The proof of Theorem 1.2 is the same as that of Theorem 3.5 of [11], which we omit here.
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Remark 3.1. In Theorem 1.1, we can deal with the case in which (a,b) € I}, [ > 2, and (a,b) €I}, | > 1, but, when (a, b) € I,
then

Cq(1,0)={f’ =1

=Cq(J, u1),
we cannot distinguish uq from O.

3.2. Proof of Theorem 1.3

Proof of Theorem 1.3. By the truncation trick, we consider the function

0, t <0,
fik)=1f®, 0<t<a,
f(a,-), t>a.

The corresponding functional is

1 1
ji(u)=5/|Vu|2dx+%/u2dx+5/b(x)uzds—/ﬂ(u)dx,
2 2 982 2

where Fi(u) = [y fi(s)ds, i=1,2,....
When 0 < u(x) < a;, the solution of (1.1) is also a solution of the following equation:

—Au+au= fij(u), ing2,
ou

— +b(x)u=0, onos2.
av

Applying Lemma 2.1 to J;j(u), by the standard argument we know that J; satisfies (J1)-(J3) and the order interval consisted
of sub-super-solutions is admissible invariant set of J;. Taking vp = €¢1,v1 =a; > 0, then J;(u) has a minimizer u; €
[vo, v1]. By assumption (F,) there exists a t; > 0 such that

t2 o t2
J(t101) = 51/|V¢1|2dx+5t$/<p12dx+51/b(x)golzds—/F(tl(pl)dx
2 2 082 2

(M +o)t? (M + o + go)t?
< f/ fplzdx—fl/ </>12dX<J(U1)-
2 2

If we take vy =ap, > t1@1, where ny <i, then

Jit1p1) = J(t191) < Ji(ur),

which implies that J;(u) has a minimizer uy € [vg, v2]\[Vo, V1] such that J;(uy) < J;(uq). By Lemma 2.3 we get a mountain
pass point us3. Moreover, vg < u; < vy and u; are positive, i =1, 2, 3.

Next, we take vq{ = dy,, Vo = £¢1. Then J;(u) has a minimizer uy € [vo, v1]. By assumption (F) there is a t; > 0 such
that

J(t21) < J(u2).

If we take vy =ay, > tr¢1, where ny < i, then

Ji(tap1) = J(t2901) < Ji(u2),

which implies that J;(u) has a minimizer ug4 € [vg, v2]\[Vo, v1] such that J;(u4) < Ji(u2). By Lemma 2.3 we get a mountain
pass point us. Moreover, vy < uj < V2, and u; are all positive, i =1, 2, 3, 4, 5. Continue making the procedure we obtain the
result. The proof is complete. 0O
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