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Abstract
In this paper we completely characterize possible feedback invariants of a rectangular matrix under small
additive perturbations on one of its rows.
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1. Introduction

In [3], Beitia et al. have described the possible similarity invariants of a square matrix under
small additive perturbations on one of its rows. Their result combines the problems of describing
the possible Jordan canonical forms of matrices obtained by addition of a complex matrix E with
sufficiently small entries to a complex square matrix M, see [12,4], and on the other hand, the
problem of completion of a rectangular matrix to a square one, see [13].
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Also, Gracia et al. [8] have described the possible feedback invariants of matrices obtained by
addition of a complex matrix E with sufficiently small entries to an arbitrary rectangular complex
matrix M.

This paper is a natural prolongation of those results.

Let A e C", C e C™" bT € C"™!, qa € C*", ¢ € C and x € C'*!. Observe the fol-
lowing rectangular matrix:

M = AlbT|cC e C(n+l)><(n+l+m)_ (1)
a X C
Recently, in [9], is given a generalization of the result from [13]. This together with the result
from [8] allows us to study the feedback invariants of M under small perturbations on one of its
rows, i.e. on

[a x C]GCIX("H”").

Throughout the paper [ denotes an arbitrary field and K € {R, C}. If f is a polynomial, d(f)
denotes its degree. If (1) = Ak — ak_lkk_l — -+ —a1A —ag € F[A], k > 0, then C(f) denotes
the companion matrix

t
C(f) = I:eék)”.el({k)a] ’
(k)

where e;”’ is ith column of the identity matrix /; and

t
a=1lay---ai_1].

For the polynomials e| - - - |, by Y d(a;) we denote > i, d(e;) and by [e; we denote
[Tz -

In this paper we consider partitions as sequences of nonincreasing integers. If a and b are
partitions a U b is defined as the partition whose components are those of a or b reordered in
nonincreasing order. For any partition a = (a1, ..., a,) we can define its length /(a) as the
number of nonnegative elements in a, and its weight |a| as their sum. Alsoby a = (ay, ..., an),
a; = #{jla; = i}, we denote the conjugate (dual) partition of a.

Also, we will use majorization in Hardy—Littlewood—Polya sense, see [10]: for any two parti-
tionsa = (ay,...,ay,)and b = (by, ..., by),

a<b

means

k k

Za,-<2b,, k=1,...,m,

i=1 i=1

then we write

a << b.
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2. Previous results
Let X + AY € F[A]9*P be an arbitrary singular pencil of rectangular matrices. Consider the
equation
X+ AY)x =0,

where x is a polynomial column vector. Among all its solutions we choose a nonzero solution
x1(A) of least degree €1. Among all the solutions of the same equation that are linearly independent
of x1(1) we take a solution x(A) of least degree €;. Obviously €; < €. Continuing this finite
process, we obtain a fundamental series of solutions of our equation

X ()12 (), xpr (B)
having the degrees
€1 <62< <6p—r,

where r = rank(X + AY). In general a fundamental series of solutions is not uniquely determined
by the pencil X + AY. However, the set of degrees is. If denote by ¢y > - - - > ¢, the numbers
€1, ..., €p_r in nonincreasing order, then we call ¢; > --- > ¢, the column minimal indices
of the pencil A + A B, for details see [7].

Furthermore, we shall deal with the pencils of the form

[\l —A  —B] e F[AI™ "™ with A € F[A]"". ()

It is easy to see that the number of column minimal indices of (2) coincides with the number
of columns of the matrix B (denote them by c; > --- > ¢,,), and the number of nonzero among
them is equal to the rank of the matrix B. Hence, in this case by abuse of notation, we shall also
call the numbers ¢| > - -+ > crank g the column minimal indices of (2).

Also, we can introduce Brunovsky indices as r; = fi{j|c; > i}, i.e. partition r = (rq, ..., 1)
is the conjugate (dual) partition of the partition of column minimal indices (c1, ..., cp).

Definition 1. Let A, A’ € F"*", B, B’ € F"*!. Two rectangular matrices
S=[A B], S§=[A B A3)

are feedback equivalent if there exists a nonsingular matrix
N O
=V 7]
where N € F" V e X" T e F**/, such that S’ = N~ SP.

Two matrices of the form (3) are feedback equivalent if and only if the matrix pencils
R=[M—-A —B] and R =[x —-A -B] 4)

are strictly equivalent. Therefore, the matrices (3) are feedback equivalent if and only if the pencils
(4) have the same invariant factors and the same column minimal indices (frequently we shall
call this set of invariants the feedback invariants of the pencil R). The feedback invariants of
the matrix S we define as the feedback invariants of the corresponding pencil R. The column
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minimal indices of the matrix S (and of the corresponding pencil R), coincide (unordered) with
the controllability indices of the pair (A, B) (see e.g. [7,13]), and the nonzero among them we
shall call the controllability indices of the matrix S.

Definition 2. Let A, A’ € F"*", B, B’ ¢ ", C, C’ € ™. Two matrices
L=[A B C] ad L'=[A B (]

are (n, I)-feedback equivalent if there exists a nonsingular matrix

0 0 0
P=|T U 0| eFrttmxntitm)
V G H

where Q € F*", U € F**/, such that L' = Q'L P.

Using the previous notation and Lemma 4 from [6], it is easy to obtain the following result
(see also [9]):

Lemma 1. The matrix L = [A B C] is (n, l)-feedback equivalent to a unique matrix L' =
[A’ B’ C’] , where
A =Cla)® - ®Ca)CA")@---®CR'"™)
dCHA*Y @ COHM) e ",

B = [e(")

(n) nxl
Vit vyt +p "eu1+-~-+up+u|+--~+u1+p0] €,

(n) (n) (n)
C/=|:6V1+P eul+v2+p-~-€vl+_,,+vp+p0:| (S [anmv

p =Y d(o;), for some numbers py = ---=2u =20, vy =--- > v, > 0 and polynomials
al()\’)l et |an()\‘)) la 107 n 2 0'

Definition 3. The matrix L’ is called the canonical form for (n, [)-feedback equivalence of the
matrix L.

Remark 1. Note that the union of the nonzero numbers among p; and v; coincide with the
nonzero column minimal indices (unordered) of

M—-A -B —C]. )

We shall call u; (respectively, v;) the minimal indices of the first (respectively, second) kind of
the pencil (5) (and of the corresponding matrix L).
Polynomials a1 (1)] - - - |t (A) are the invariant factors of the pencil (5).

Let X be an m x n complex matrix with m < n. By invariant polynomials of X we assume
the invariant factors of the polynomial matrix [Al, 0] — X.

Definition4. Let X = [A  B] € K<) with A € IK"™". A is called an eigenvalue of X if
there exists a nonzero vector x € KerBT such that

ATx = AoX.
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The eigenvalues of the pair (A, B) € K" x K"*" we define as the eigenvalues of the cor-
responding matrix [A  B].

Let A, ..., A, be distinct eigenvalues of (A, B). The set of eigenvalues (zeros of the D, (A) —
nth determinantal divisor) of (A, B) denote by o (A, B); m(X;, (A, B)) is the algebraic multiplic-
ity of A; as an eigenvalue of (A, B); and s(A;, (A, B)), w(A;, (A, B)) are the partitions of A; in
the Segre, respectively, the Weyr characteristic of (A, B), see [8]. By abuse of notation, we shall
adopt all the previous notation for the corresponding matrix X = [A  B].

Norm of the matrix X and of the polynomial vector space will be /; norm, i.e.

IX1 = Ixij| for X = [x;],
iJ

n
b@Ol =D 1bil - for b(1) = byA" + - + b1+ bo.
i=0
For polynomial matrices we define |[M(A)| = Zi’j lm;; (M), where M (L) = [m;;(A)].
Let n > 0 be a real number. By B(};, ) denote the open ball with center at A; and radius 7.

The n neighbourhood of the spectrum of X is the set ¥ (X) = Ulr'=1 B(A;, n) whenever the balls
are pairwise disjoint.

Lemma 2 [3,2]. Let b(L) € C[A] be a polynomial of degree n, b().) = byA" + --- + b1A + by =
by(A — 1) -+ (A — fp).

1. Given € > 0 there exists § > 0 such that if b’'(\) is a polynomial of degree at most n satisfying
b(X) — b'(M)|| < 8, then the roots of b’ (1) are in | J;_, B(u, €).

2. Reciprocally, given € > O there exists § > 0 such that if;L; € B(ni,8), i=1,...,n, and
B'(A) = by(h — p) - -+ (A = ) then |b(A) = b' ()| < e.

Theorem 1[9]. Let A € F*", B € P and C € ™  Letjuy > -+ > = 0andvy > -+ >
v, > 0 be the minimal indices of the first and of the second kind, respectively, and let o1 | - - - oty
be the invariant factors of

[\l -A —-B -—C].

Letdy > dy > --- > ds > 0 and y1|- - - |yuq1 be positive integers and monic polynomials, res-
pectively. There exist matrices D € F*" E € F*! and F € F*™ such that the pencil

M — A —B —-C
Mines 0] -G = [ -D M -E —F] ©
has y1|- - |Vus1 as invariant factors and di > --- > dj as nonzero column minimal indices if

and only if the following conditions are valid:

Odizsi,i=1,...,p,
(i) p < p < min( + p, m),
(111) Vi|05i+p—,5|yi+l+p—ﬁa l = 17 s +15 - p?

(V) Y fi+ X d(a) = di + > dyi),
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h hg—
W) Y2y fi = Y di < d(rpri—p) — d(Tpri—p—q),
hg =minfild;_g11 < fi}, g=1.....p+1—p.
i = H:l:f lem(a;—j, Vivp—p)s J=0,....,0+1—p,

where f1 > --- = f,4 is nonincreasing ordering of numbers w1 +1,...,u;+1, vy, ..., v,
and sy = - -+ = sp is honincreasing ordering of numbers vy, ..., vy, iy + 1, ..., iy pr1—5 + 1.

Theorem 2 [3,1,11]. Let y{|-- |y, be monic polynomials. Let M € C"*" be a matrix with
yil -+ - |Yn as invariant polynomials. In every neighbourhood of M there exists a matrix M’ such
that y{| - - - |y, are its invariant polynomials if and only if

yl,...yi/h/l..-yi, i:l,...,n—l,

and

/

Theorem 3 [8]. Let A € K" and B € K", Let ay|---|a, be the invariant factors, and
letky > - = ky, be the column minimal indices of [AI —A —B] , > d(at;) = p. Then there

exists a neighbourhood V" of [A B] such that [A’  B'] € 7" implies

K\ .. k0, ) < (ki 4+t koo km, 0,0,

s M Y

(d(an),...,d(1),0,...) < (o)) +1,d(a,_y),...,da)),0,...),

where o} - - - |a;, are the invariant factors and ky > - - - > k;, are the column minimal indices of
[\ —A —B],andt =37 d(e;) — Y1 d(a}) > 0.

Theorem 4 [8]. Let A € K", B € K", n > 0. Let r = (r1, 2, ...) be the partition of the
Brunovsky indices of (A, B). Let a; be the partition corresponding to A; € o (A, B) in the Weyr
characteristic of (A, B),i =1,..., p.

Then there exists a neighbourhood V" of [A B] such that [A’ B’] € v implies

(i) o (A", B') C V"y(A, B),
(i) if pit, - - ., kiy, are the eigenvalues of (A’, B') in B(A;, n) and b;j is the partition corre-
sponding to u;; in the Weyr characteristic of (A’, B'), j =1,..., p, then

t
Ubij<<ai, i=1,...,p,
j=1

(i) i]jr’ = (r{, 1}, ...) is the partition of the Brunovsky indices of (A’, B') then r << r’ and
ry < m.
1 ~

Note that the condition (iii) is equivalent to the condition
ki, .k ,0,..) < (ki +t ka, ... kp,O,..)),

s Nps

where r and (ki, ..., ky), and also, " and (k], ..., k},), are conjugate partitions.

Theorem 5 [8]. Let A ¢ C"*", B ¢ C"*™ n > 0. Let r = (r1, 12, ...) be the partition of the
Brunovsky indices of (A, B). Let a; be the partition corresponding to \; € o (A, B) in the Weyr
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characteristic of (A, B),i =1,...,p. Let b1, ..., by, i =1,...,p,and r' = (r{,1),...) be
given partitions.
There exists in any neighbourhood of [A B] a matrix [A’ B’ ] such that
(i) o(A’, B") C V"y(A, B),
(i) (A’, B') has t; eigenvalues w1, . .., Li; in B(A;, n), and b;j is the partition corresponding
to w;j in the Weyr characteristic of (A', B'), j =1,...,t;,i =1,..., p,
(iii) r’ is the partition of the Brunovsky indices of (A’, B'),

if and only if the following conditions are satisfied:

ti
Ubij<<ai, i=1,...,p,
j=1

r<=<r'" and ri<m.

3. Technical results

Lemma 3. Ler P, Q and R be nonzero polynomials in F[A], such that gcd(P, Q) = 1. Then there
exist solutions x, y € F[A] of the equation Px + Qy = R, such that

d(x) < max{d(R) —d(P),d(Q)} and d(y) < max{d(R) —d(Q),d(P)}.

Proof. Suppose that d(P) > d(Q). By applying the Euclide’s algorithm we obtain the sequence

of polynomials g1, ..., gy+1andro = Q,rq, ..., ry,suchthatd(rg) > d(ry) > -+ > d(r,) =0
and

P=Qqi+r, Q=riga+ry,....,rn—2="ru1qn +7n, Fnol ="nqns1- @)
Obviously, d(g1) = d(P) —d(Q) and d(qx) = d(rx—2) —d(@rx—1), k =2,...,n + 1. Further,
foreach k = 1, ..., n there exist polynomials a; and by such that ry = Pay + Qby and

k k
d(ax) = Zd(%‘) =d(Q) —d(rk-1), d(by) = Zd(qz') =d(P) —d(rg-1).  (8)
i=2 i=1
Indeed, from (7) we have thatr; = P — Qgyandrp = Q —riq2 = —Pga + Q(1 4+ q142). Now,
by induction, we have thatforeachk > 3,ry = ry—o — ri—1qx = P(ag—2 — ag—1qx) + Q(bx—2 —
br—1qx), which gives (8).

Divide the polynomial R by ro with the quotient /y and the remainder Ri: R = rolp + R;.
Obviously, d(lp) = d(R) — d(r9) = d(R) — d(Q), and d(R;) < d(rg). Now, divide R; by r;:
R1 = r1l1 + R», and continue the process: Ry = rily + Rik4+1,k=0,...,n, Ry =R, R,41 =0
(since r, = 1). We have that d(ly) = d(Ry) — d(ry) and d(Ry) < d(ry—1) fork =1,...,n,and
hence d(ly) < d(ri—1) — d(ry). So,

n n n
R=) rili =rolo+ ) rili = Qlo+ ) (Pai + Qbi)l; = Px + Qy,

i=0 i=1 i=1
where x = Y%, ailiand y = lo + Y i_, bil;.
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Finally, we have thatd (x) <max;=1, n{d(ail;)} =max;=1, n{d(a;) +d(;)} <max;=1 __n X
{d(Q) —d(ri—1) +d(ri—1) —d(r))} = maxi=1,. »{d(Q) —d(ri)} = d(Q), and also d(y) <
max{d(lp), max;—1,....{d(bi) + d(li)}} < max{d(R) — d(Q),d(P)}.

Completely analogously, in the case d(P) < d(Q), we obtain the existence of polynomials
x and y such that d(x) < max{d(R) —d(P),d(Q)} and d(y) < d(P), which concludes our
proof. [

.....

Let P, ..., P, be polynomials in F[A]. Consider the polynomial equation
Prxi(A) + -+ + Pyxy, (1) = 0. )
Then the set of all n-tuples (x 1A - xy ()»))T of the solutions of (9), with the natural addition

and multiplication by an arbitrary polynomial, forms a F[A]-module (a submodule of F[1]"). The
following, well-known, Quillen—Suslin theorem is valid over the rings of polynomials in arbitary
number of variables.

Theorem 6 [5, Chapter 5, Theorem 1.8]. Let Q1,..., Oy € F[A1, ..., Ak] such that 1 €
(Q1, ..., On). Then the module of the solutions of the equation

Oiyi+-+ Qnyn=0
is free.

Corollary 7. Let Py, ..., P, € F[A]\ {0}. Then the module of the solutions of Eq. (9) is free.

Proof. Let P = gcd(Py, ..., P,) and Pi’ = %,i =1, ..., n. Then after cancelling Eq. (9) by the
polynomial P, we obtain Pl/xl + -4 P,;x,, = 0. Finally, since ged(P{, ..., P;) = 1, we have
that 1 € (P, ..., P;), which finishes our proof. [J

Lemmad. Let Py, ..., P, € F[A]\ {O}. Then there are at most n — 1 linearly independent solu-
tions of (9).
Proof. By Corollary 7, we have that the module of the solutions of (9), M, is free and its rank
is at most n. Suppose that there are n linearly independent solutions e, ..., ¢,. Then for each
k =1, ...,n we have that there exist polynomials z; # 0, a,l, el 0‘1’;’ such that
aje; +---+ate, =0,...,0,2,0,...,007 = fi.
——
k—1
However, this means that f; belongs to M for every k = 1, ..., n, and hence that it is the

solutions of (9). Thus, Przx = 0 which implies P; = 0, which is a contradiction. [

Lemma 5. Let n > 0. Let P'|P||P;| - - - | P, be polynomials from F[A]. Let m,_1 > --- > m =
d(P") > 0 be integers, m; <d(P;),i =1,...,n— 1. There exist polynomials X;,d(X;) <
d(P;),i =2,...,n, with arbitrary small coefficients, such that

d(ged(Py—1 + X1, Py + X)) = my g
d(ged(Pp2 + Xp2, Pho1 + X1, Po+ X)) =my 2
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d(ng(PZ +Xo, ..o, Pha+Xn0, Pyt + Xuo1, P+ Xy)) =mp
ged(P, Po+ X2, ..., Pu—o+ Xp—2, Pt + Xu—1, Pu + X)) = P

Proof. Write the polynomials P;,i = 1,...,n as

P P P, P3 P

Let a’i, el aéd(Pi%d(PH)) be the zeros of the polynomial P,Li],i =1,...,n, Pp= P’. Then

_ 1 1 2 2 n n
S = {al, e Agpy—d(Py ATs -+ Ag(pyy—d(Pyys - AT e ad(P,l)—d(Pn_l)}

is the set of all zeros of the polynomial %.

Denote the elements of S in this orderby b;,i = 1,...,d(P,) — d(P’).Letn; = m; — d(P’),
i=2,...,n—1.Lete,i=1,...,d(P,) —d(P’), be arbitrary small positive numbers. Then
from Lemma 2 we conclude that there exist polynomials X; with arbitrary small coefficients, such
that d(X;) < d(P;) and

Pi+X;i =P A—by—e€) - (h—by —€) A —bp41) -+ = bap)—apr))
fori=2,...,n—1,and

Py4Xp = P'O.— b1 —€1)--- (A = ba(p,)—d(P) — €d(Py)—d(P"))-
Obviously, they satisfy

d(ged(Pi + Xi, ..y Pact + Xut, Pu + X)) = m
fori =2,...,n—1, and

ged(P1, Po+ X2, ..., Poa + X2, Poo1 4+ Xp1, Pu + X)) = P/,

as wanted. [

Lemma 6. Let A € F'™*" F ¢ F'*! and

_ A B C (n+l)x (n+l+m)
M = |:E F G:| el .

Let P € " L € FF*' and N € F™*" be invertible matrices, and Q € F*", R € F"*" and
K € F"™! be such that

P 0 O
_ P! 0174, B. C. _ A. B. C.
M_[—L_IQP_I L—IHE F oGl|2 L 2TNE F @)™

where [AC B, CC] is the (n, l)-feedback canonical form of the matrix [A B C] . Let
— A B. C.
M= [E F 6] ‘

Then in every neighbourhood of M there exists a matrix

A B C
M = |:E/ F G/i|
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such that y{|--- |y, and dj > - -- > d,, are its feedback invariants if and only if in every neigh-
bourhood of M there exist a matrix

—r A, B, C;
M = |:E/ F/ 6/]

such that y{|-- -y, and d| > --- > dy, are its feedback invariants.

Proof. Let € > 0 and define ¢/ > 0 as a positive real number satisfying

6/<;
I PPl
IfX e F*" Y € F*! and Z € F™*™ verify
Ac B, Ce 1_7
E+X F+Y G+Z|~

with | X +Y + Z|| < €/, and M has prescribed feedback invariants, then
M =P M P,

will have the same feedback invariants as M and we have that
1M — M| < 1P = M |IP2ll < I PLLIE TPl < e,

as wanted. The converse is proved analogously. [J
The following result is not hard to prove:

Lemma?7. Let AecF>", BeF™", Ce "™, X e """ be such that the pencil
[)J - B —C] € FIA"*") has all invariant factors equal to 1. Then the following two
matrices are feedback equivalent:

[A 0 O] c [F(n+m)><(n+m+s)
C

X | B

and

0| B

[A 0 0i| c E(n+m)><(n+m+s)
C .

4. Main result

Theorem 8. Let A € C",C e C"" bT e C",a,a’ € CV*" ¢, ¢/ e CY™ and x,x' €
CYY Let 1 be the minimal index of the first kind and vy = - -+ > v, > 0 be the minimal indices
of the second kind, and let a1| - - - |y, be the invariant factors of

[\ —A —bT —C].

Let a; be the partition corresponding to A € o (M),i =1, ..., p, in the Weyr characteristic of
M, where

A|bT|C , , [a]sT|C
M_[a < c] <respectlvely, M _[a’ 1)
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WV

Let yi| -+ |ynt1 and dy = dy > --- > dj > O (respectively, y||--- |y, and d} > djy > - --
d;;, > 0) be the feedback invariants of the matrix M (respectively, M").
Then for arbitrary small n > 0, there exists € > 0 such that if

AlbT|Cc] AT | C
a‘x‘c a/‘x"c’

() d} > s,,l—l s hs
(i) p < ' < min(1 4 p, m),
(i) ¥/ loti—prpl V) 1 pprs 1= 1.0um,

@iv) Zﬁ + Zd(az) = Zd’+2d(y,

V) Zl fi - 2 d;\d(nm_l ) —dGT o),
h;,—mm{z|d,7q+1<fz} g=1,....p+1-7,

+ . _

ﬂ; :l_[n /lcm(al j’yi/+,5/*p)’ J :07-"7p+1_p/7

(vi) o (M) C V7 (M),

(vii) if (i1, . . . » mig; are the eigenvalues of M' in B();, n) and b;; is the partition corresponding
i J

to w;j in the Weyr characteristicof M', j =1, ..., p, then

M — M| =

<€,

then

i
Ub,-j <<aj, i=1,...,p,

(viii) if r" = (r{, r}, ...) is the partition of the Brunovsky indices of M', thenr << r" andr; < m

where fi > --- > f,41 is nonincreasing ordering of numbers 1 + 1, v, ..., v, and s; = v,
i=1,...,0 0p =p,orsi=fi,i=1,...,0 if o' = p+ 1 and r is the dual partition of the
partition (dy, . .., dg).

Proof. This theorem is a direct consequence of the previous ones (see Theorems 1 and 4). [

Lemma 8. Under the same notation as in the previous theorem we can obtain the necessity of
the following conditions as well:

(d/,...,d;),, 0,..)<(d+t,dy,...,ds0,..)

dWn), oo d(y1),0,..) < dyy) +1,d(yvy_), ..., d(¥]),0,...),

wheret = d(y;)) — > d(y)) >0
Proof. Trivially follows from Theorem 3. [J

Letp,vi =2 --- 2 v, 2 u1 +1andd; > --- = d, be positive integers and let a1| - - - o, and
y1| -+ |Yn+1 be monic polynomials such that they satisfy the following conditions:

(i)d/vlii_l ’p»
() yilailyit1, i = 1
(i) X fi + > d() = Zd + 2 dy).
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Let P = ks and let

[lei
ki= vi+ui+1-) di(=d(P)), (10)
i—1
ki=2(dj—vj)+k1, i=2,...,p. (11)
j=1

Then (like in [9]) the following matrix

C (A1) el ]
C("™) e
L= (12)
C(A") e,
COMy e
L 15} s Iy To+1 _
has P as the only nontrivial invariant factor and dj, ..., d, as controllability indices. Here (and
further on) ¢; = e,(,f"),i =1,...,p,e0= ef{f‘),

i =

[0 (—1)Pmitly (—DP~ g, | (=P 0} T

ki v —k;
i=1,...,p,and
1 1
o1 = [o x| e xk]] e FIx+D)
where x1, ..., x, are such that
P =k —xkl)»k“] + - =Xk —x1.

By using the result from Lemma 6, we can consider the matrix (1) in the following feedback
equivalent form:

N
C(A') el
CO™) &
M = )
C(AVr) ep
COH) e
| wo wi wy wp Wptl ]

(13)

Here N = diag(C(ay), ..., C(ay)) and w; = [wl.l e wl.j"], for some scalars w}, ..., w{i,

iZO""’p+1’j0=p’jk:Uk7k= 17-"510,jp+] = M1 +1
Let S be the submatrix of M formed by its lastn + p + 1 — p columns and its lastn + 1 — p
rows, p = »_d(«;). Using the previous notation, it is not hard to conclude that the matrices L

and § have the same controllability indices (d; > - - - > d,) and the same polynomial P (: %)

as the only nontrivial invariant polynomial. Thus, they are feedback equivalent, i.e. they are both
feedback equivalent to the following matrix:
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C(P) |

co) el
d (dp)
C (M%) €q,

and there exist invertible matrices T € F@H1=P>*0+1=P) and 0 € FP*P and a matrix R3 €
FP*(+1=P) quch that

T-1 0
TS[R3 Q} =L.

Furthermore, from the form of the matrices M and S, by applying Lemma 7, we have that there
exist matrices R; € F*H1=P)XP and R, € FP*P such that

1 0 0

[—T{R ﬂ MR T 0= [1;\(’ 2] : (14)
! R, Ry OQ
Here the matrix X € F@H=P)XP ig of the form |:t0:|’ where 1y = [yl y,,], for some
0

scalars y1, ..., yp.
Define the matrix M’ as

-N -
C(A') el
c(\™) e
M = .
C(A") ep
COM) e
L0 3] [5) e Ip Tot1 _
(15)
i.e., as the right-hand side of Eq. (14).
Now, using the previous notation, we can give the following lemma:
Lemma9. Let y| - - - |yut1 and y|| - - - |y, | be monic polynomials. Letdy > --- > dp and d| >
ez d; be positive integers. Let
- N -
c(") el
C(A"?) e
M = .
C(A") ep
C(AMY) e
L Wo w1 w2 te Wy Wpo+1 ;

and



such that y{| - - -

Proof. Suppose that there exist arbitrary small scalars n;,i =0, ...
M has y{| - - -

the matrix Y

[

The matrix Y has y1’| ..

|)/,:Jrl andd; >

by
I 0] —
TR, T} M

oy and &} >

1
Ry
Ry

0 0
T-1 0
Ry 0

> d;) are its feedback invariants.
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N -
c(") el
C(A"?) e
M =
C(AY) e,
C(AMY) e
RA) I 15} Iy To+1 _
be the matrices (13) and (15), respectively, both with yy| - - - |yy41 anddy = --- > d, as feedback
invariants. Then in every neighbourhood of M there exists a matrix
- N —
C(A') el
C(r") e
M =
C(A'r) e,
CA") e
Lwo +no | w1 +n1|w2+n2|---|Wp+Np|Wpt1 + Np+1 _
suchthaty||---y,, andd| > --- > d are its feedback invariants if and only if in every neigh-
bourhood of M' there exists a matrix
- N _
C(A") el
C(A"™) e
—
C(A") ep
C@AM) e
| fo+€0 |1 +€ |2+ € to+€p | tp+1 + €ptl _

, o + 1, such that the matrix
> d;) as feedback invariants. Using the previous notation, define

|Vr;+1 andd| > --- > d;, as feedback invariants, and it is in the small
neighbourhood of M’. However, the matrix Y is obtained from the matrix M’ by small perturbations
of the last n + 1 — p rows. By applying Lemma 7, we can transform the matrix Y in the form
M/ i.e. there exist invertible matrices P e Frthx@+) angq 0 € [F(”+1+p)x("+l+p) such that
M = Py Q and since Y is obtained by small perturbations of M’, we have that P = I + Pe,
é =1+ Qe, where ||P6 | and || Q€|| are small. Hence, the matrix M is feedback equivalent to
Y and hence to the matrix M, and it is in the small neighbourhood of the matrix M’, as wanted.
The converse is proved analogously. [J
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Our aim is to make small perturbations on the last row of M’, in order to obtain y{|--- |y, .,
andd] >--- > d;) as its feedback invariants.
Let
FC(A") el 7]
C(»"™) e2
- )
C(A") er |
C (A1) eo
[ f1t+€1 | te€ | - | o+ € | tor1 T €pti J
and
— N O
M= 2
vz}
where Y is of the form 0 where €9 = [el e ep] and € =
o+ €0 ]’ 0 0 l
[Eil e;"' ef”“ 0o .- O], i=1,....,p+1, kpp1 =p1 (for definition of

ki, ... kysee(10)and (11). Heree/,i =1,....,p+1,j=1,....k + lande),j=1,...,p
are some small numbers. Now, by using the definition of column minimal indices, we have that
they are equal to the minimal degrees of linearly independent solutions of the following system:

ai

ap
(:ler 0-M)| & =0 (16)

Xntp—p
| Xn+p—p+1_|

Because of the form of the matrix M , we have that Eq. (16) is equivalent to
a=0, i=1,...,p
and
X
(:lhs1-p 0]-T)| = |=0 (17)
Kntp—p
Xn+p—p+1
Finally, if X; = (=D® D (e 'aki 4 efiaki~l o p @ht el i=1,...,p+ Lkpp1 =
1, then Eq. (17) becomes
Pizi +Pyza+ -+ Pz + Ppyyzpr1 = 0. (18)
Here z; = (—1)PH1-ix

/
Poi1

Z;—:lluj_i_l,i:1,...,p+1,and Pl=Pii % 4+ X; i=1,...,pand

= pamtl-k 4 X +1. The corresponding degree of the solution of (17) is equal to the
max{d(z1) + vi,d(z2) +v2,...,d(zp) + vy, d(zps1) + p1 + 1}. (19)
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In fact, each z;,i =1, ..., p, has “weight” v;, and z,41 has “weight” u; + 1, and we will call
(19) the weighted degree of the solution of Eq. (18). Thus the weighted degree of the solution of
Eq. (18) is equal to the degree of the corresponding solution of Eq. (17).

Now we can pass to the main results.

Theorem 9. Let y|| - - - |y, | be monic polynomials and let d| > - - - > d, be positive integers.
Let M be the matrix (1) and let it has y1|- - |yu41 and dy = --- > dj as feedback invariants.
Letoy| -« logy, py, and vy = -+ - > v, be the invariant polynomials, the minimal index of the first

kind and the minimal indices of the second kind, respectively, of the matrix [A T C ] . Then
in every neighbourhood of M there exists a matrix
A bt C
M’ = |:a’ x' c’:|
withy| -« |y, andd > --- > dJ, as its feedback invariants, if and only if one of the following
groups ()—(III) of conditions holds:

D
(0 p=p=p,
@) yfleily/, i=1,...,n,
@)y ¥y i=1...,n+1,
(iii) (d},....dy) < (di+¢t,....dp), t =3 di = di =20
vy d >vi,i=1,...,p,
V) fisr =dj, hi <i<p,
hy = min{i|d] < fi},
V) Y0, d) o+ Y d ) =+ 1.
(I
©p=p=p+1,
() Vi=)/l~/=a,'_1, i=1,....,.n+1, a9 =1,
()d =di=fi,i=1,...,p+1
(1)
) p=p+1>p=p,
1) )/l-/=0£,‘_1, i=1,....,n+1, ag =1,
() d = fi,i=1,....,p+1,
(ii) m > p+1,

where fi = -+ > fp41 are the same as in Theorem 1.

Proof. Necessity: From Theorem 1 it is easy to conclude that in general we have the following
three cases:

/

L.p=p =p,
2.p=p'=p+1,
3.0 =p+1>p=p.

The case 2 is possible only if our two matrices are feedback equivalent, thus

(i))/i=)/l-/=0t,'_1,i=1,...,n+1, g =1,
(ii)dl-/Zd,'Zﬁ,iZI,...,p—‘rl,

which are exactly the conditions (II).
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The case 3 implies

Dy/=ai—,i=1,....,n+1, ap=1,
G)d =fi=1,....p+]1

As we can easily conclude that m > p + 1, we obtain the condition (III).

So suppose that we have the case 1. Then, the necessity of the conditions (I) follows directly
by unifying the results from Theorems 1 and 4. The only condition that we are left to prove is the
condition (ii) from (I), i.e.

e viimev, i=1,...,n+1. (20)
From Theorem 4, we have that
o(M') C V(M)

for all 5 neighbourhoods of o (M). Thus we can conclude that o(M’) C o (M). So, from the
condition (vii) in Theorem 8§, we easily obtain the wanted result. [J

Remark 2. If a and b are partitions, then

()aUb=a+b,
(i)a<b&sb<a.

Sufficiency: By Lemma 6 we can assume that [A pT C ] isinits (n, 1)-feedback canonical
form, i.e. we can assume that the matrix M is in the form (13).

The case (II) is trivial. In the case (II), let € > 0 be arbitrary small. Then adding € to the zero
at the position (n, n + p + 1) of the matrix (13), we obtain the wanted result.

In the case (I), first suppose that v, > w1 + 1. By applying Lemmas 6 and 9 we can replace
the matrix M by the matrix M’ in the form (15). We will prove that we can make small changes

in the last row of M’ in order to obtain the matrix whose feedback invariants are y{| - - - |y, 4 and
di > > d; i
From the definition of k;,i =1, ..., p, we have

dy =vi — ki + k2
dy =v2 —ka + k3

dy=vp, —kp+pu1 + 1,

k= (L) with 2 = Poand py + 1>k, > o > Gsince d; > v i =1, ),
Let P/ = % Let k| = d(P’). From the condition (i) we have P'| P, i.e. ki > k. Further,

define k5, .. ., k;j as follows:

i—1
K=Y j—vp+k, i=2...p.
j=1
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Thus, dy, ..., d/’] satisfy

d = v — K| + &)
&) = vy — Ky + K,

d, =v, =k, +p1+ 1.
From the conditions (iv) and (iii) of (I), we obtain
M1+1>k;>"'2 1
and
kizkl, i=1,...,p.

Let Pp=P, P,=PAi~f j=2 .  p, and Py = Pamitl=ki By applying Lemma 5,
we obtain the existence of polynomials X;, d(X;) < d(P;),i =2,...,n, with arbitrary small
coefficients, such that the following equations are valid:

d(ged(Py + Xy, Ppy1 + Xpt1)) =k,
d(ged(Pp—1 + Xp—1, Pp + Xy, Poy1 + Xp41)) = k/p_l

ng(Pl,PZ"i‘XZa---va—l+Xp—17Pp+Xp7Pp+l+Xp+l):P/'

Write X; = (—1)(p_i)(ef‘i+l)\k" + efikkf_l -t e2rtel),i=2,...,p+1, where eij,

i=2,...,p0+1, j=1,...,ki+1, kyy1 =pn1, are some small numbers. Let ¢ =
I:Eil AL B ()],i=2,...,,0+1.
By applying Lemma 7 we have that the controllability indices of the matrix
_N T
COn) e
c(2) e
—
C(") p
CH) o
| ‘0 f ptey | - | tpt€p | Ippl T €pt1 _

are the same as the controllability indices of its submatrix L' formed bythelastn +p+1—p
columns and the last n + 1 — p rows.

Now, we shall prove that the matrix Z/, and hence the matrix ﬁ/, has di > > d}, as the
nonzero column minimal indices.

It is enough to observe Eq. (18), i.e.

Pizi+ Pyza+ -+ Ppzp + P y2pt1 = 0.
Leti € {1, ..., p}. Observe the set of solutions of the equation
Pizi+ Plyzipr+ -+ Ppzp + Ppiyzpn =0 21
suchthat z; #0.Let Dj = ged (P}, ..., P, ),p+ 1> j >i.LetP;=P}/D;,Q; = Dj41/D;,

p = j = i. Obviously, the polynomials P ; and Q; are mutually prime for every p > j > i.
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Eq. (21) is equivalent to the following one:

Pizi=—Qi(Pit1zit1 + Qi1 (Pisazito + Qita -+ Qp_1(Ppzp + Qpzpt1) -+ ).
(22)

From the definition of P/ p+12>j>i, we have that d(D;) = k’ and hence d (P ) =
k; k’ emdd(Qj)—ijrl k;

Since, gcd(P,, Q;) =1 and z; # 0, we have Q;|z;, and hence d(z;) > d(Q;) = kH_1 klf.
From (19) we obtain that all the solutions of (21) have the weighted degree greater or equal than
vi + k!, — k! =d. We are left to prove that there exists a solution of (21) whose weighted

degreelt; d;. Indeed, let z; = —Q;, and denote y; = Fj+1z]-+1 + Qi+ Qp_l(ﬁpzp +
QpZp+1) ) p > j > 1,y =2p+1. Then Eq. (21) becomes the following system of equations
Piizigi + Qiv1yiv1 = Pi (23)
and
Piizjs1 + Qjryie1 =y o> > (24)

By Lemma 3 there exists a solution of Eq. (23) such that d(z;41) < max{d(Qi+1), d(P;) —
d(Pi+1)} and d(yi41) < max{d(Pi41),d(P;) —d(Qi+1)}- o

_The weighted degree corresponding to z; 41 is less orequal than v; 1 + max{d(Q;+1), d(F;) —
d(Pz+1)} = maX{Vi+1 + ki — ki Vit Hhi =k — kiv1 + k) < max{d]_ |, vi — k[ +

ki, } =max{d], ,d;} = d]. The last inequality follows from v; 11 < v; and k;+1 > k;.

Analogously, by Lemma 3, there exist solutions of Eq. (24) such thatd(z ;1) < max{d(Q+1),
d(yj) —d(Pjyp)}andd(y;j+1) < max{d(Pjy1,d(y;) —d(Qj+1)}.i < j < p.Hence,byinduc-
tion we have

d(zj41) <max{d(Q;1), d(P)) —d(P 1), d(Pj 1)

J
—d(Qj) —d(Pji1), ..., d(Pi) — Y d(Q) —d(Pji1) ¢

I=i+1

Further, for every i < p < j we have that d(Fp) - Z{:pﬂ d(Q) — d(Fj+1) =kp— k;, —

(k]Jrl p+1) - kjy1+ k}ﬂ k;H k;, = d(Q,). Hence, the weighted degree correspond-

ing to zj41 i v +d(zj+1) < vjp1 +max{d(Qj+1),d(Q;), ..., d(Q;)} < max{vj4 +
! ! 4

k]+2 kj+1,v] +k1+1 k/,...,vi +ki —ki}y=d.

We are left with proving that d(zp+1) = d(y,) < di/. Indeed, from (24) for j = p — 1, we
have that d(yp)_< max{d(Fp), d(yp—1) —d(Qp)}. Further by induction, we obtain d(yp)
max,—; . {d(Pp) — Z;):P+1 d(Q)} =max,—; . plkp — k/+1 + k& 41} Where k/
w1 + 1. Finally, since k,, < v, we have that the weighted degree correspondlng t0 Zp41 1s

p{d;,} = dl-/ .
The module of all the solutions of Eq. (21), without the constraint z; # 0, is free, by Corollary

7, and has at most p + 1 — i linearly independent solutions, by Lemma 4. Since d{ > > d/’)
Eq. (18) has as the weighted degrees of its linearly independent p solutions, d}, <---<dj, and

w1+ 14+d(zpe1) <max,—;  ,{v, — k/ —i—k/_H}—rnaX,, —i

,,,,,

hence they are the nonzero column minimal indices of the matrix r (and of M/).
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Observe now the matrix (15), i.e.

[N 0
i)
We have that the above matrix is feedback equivalent to the following one:
N
c(pP)
codn o
7 )
| C (W) ejﬁ

Z € F+1=PXP which is further, by applying Lemma 7, feedback equivalent to a matrix of the
form

N

Y cp)

C (1) ej 25)

C(0dr) eZZ

Note that we can do feedback equivalent transformations in order that Y becomes of the form
0 .
[J, where s = [s1 . sp], for some scalars s1, ..., s,. By using the result from Theorem

2, i.e. making perturbations on the part s, in the same way as in [3], we finish our proof, since
[1v/ = P[]« and the matrix

N 0
Y C(P)
has the same invariant polynomials as the whole matrix (25).
If w1 + 1 is not the smallest among f1, ..., fp+1 then we will repeat the same procedure as

in the proof of Theorem 1 in [9], and reduce to the case when 1 + 1 is the smallest among
flv”'v f,0+1~

Theorem 10. Let n > 0 be arbitrary small. Let t; > 1,i =1, ..., v be integers and mgj, =
1,...,v,j =1,...,1t bepartitions. Let di > .- > d’, be positive integers. Let M be the matrix
(1) and letit has y1|- - - |Yp+1 and dy = - - - > dj as feedback invariants. Let ay| - - - oy, 1, and
V| = -+ = v, be invariant polynomials, minimal index of the first kind and minimal indices of
the second kind, respectively, of the matrix [A bt C ] . Then in every neighbourhood of M
there exists a matrix

M — [A bt c}
“la X
such that

(@ o(M') C V" (M),

(b) M’ has t; — 1 eigenvalues w2, . .., Wiy, different from A; in B(Ai, 1),
miy =i, M), andm;j =w(u, M), i=1,...,v,j=2,...,1,

d,..., d;;, are the controllability indices of M',
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if and only if:

HOo<m), —w, [ADT,CY KL i=1,...,v, k=1,...,1(m}),
() 0<mly <1l i=1,...,vj=2.. 6 k=1,.,1m)),
(i) Uy mj; << oG, M), i =1, v,

(V) (], ..., d5) < (di +1,....dp),

V) X d+ 2 jmiy=n+1,
(vi) one of the following conditions is satisfied:
(@ p=p=np,
d >v, iefl,...,p},
firi=d, hy <i<p,
hy = min{i|d] < fi},
®p=p=p+1,
d=d=Ffi,i=1..,p+1,
©p=p+1>p=p,
d=fi,i=1...,p+1,
mzp+1,
where f1, ..., fo41 are the same as in Theorem 1.

Proof. The necessity is trivial to prove, calling the previous results.

For the sufficiency observe that if one of conditions (vi) (b) or (c) is satisfied then like in
Theorem 9, we can trivially finish the proof.

If we have (vi) (a), then the proof goes similarly as the proof in [3]. Indeed, let m;
Ul;:1 m;j,andﬁi =mj,i =1, ..., v.Definepolynomials p; = []\_; (A — AT P
[T—) (o= ap)mit,

It is not hard to verify that y1|---|y,41 and d] > --- > d}, satisfy the conditions from
Theorem 9. Thus, for given € > 0, there exists M e B(M, §) suchthat y|---|p, andd] > -- ~d;)
are its feedback invariants.

Like in [3], the matrix A [/ 0] — M is equivalent to the matrix

[diag(1, M(2)) 0],

where

aq

M) =
(277}

Yioocc Yn|ar - Gpyl
Denote by P’ the greatest common divisor of the polynomials ay, . .., a,41. Obviously P = %
So, (as in [3]) P = A=A (A — Ay)» where c; = m(A;, M) —m(Ai,[A b C])=0.

Ifci #0 andjj > 2,forsome i € {1, ..., v} we will change each of n;; factors (A — 1;), of

the polynomial P’, to (A — A; — €;j), j =2, ..., 1;, where ¢;; are arbitrary small. Denote by P’

the obtained polynomial. Obviously, it is close to P’.
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In fact, we have

ai=P+ X, =PA
ap = ki p + X, = ﬁ’Az

a, =3e~hip 4 x,=PA,

dpi1 = )\M1+1—k1 P+ Xp+1 = F/A,O-Ha
where gcd(Aj,...,Ap41) =1and P = % Since P’ is close to P’, there exist polynomials
Xi,i=1,..., p+ 1 with small coefficients, such that

P+ X|=a; =P'A

aAehip 4 X = a) = P'Ay

Wemhip 4 X! =a, = P'A,
Matl=hip L X7 =al = P'App.

In this way we have obtained a matrix M " € B(M, €) by putting the appropriate coefficients of X;

as el'.’ inM' (M’ € B(M, £)). Like in [3] we can conclude that the matrix M"hasm i =1,..., v,
j=1,..., 1 as Weyr characteristics. Finally, since our Eq. (18) is left unchanged, M" has d,
i=1,...,p,as controllability indices, as wanted. [
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