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Abstract

The main object of this paper is to derive several substantially more general families of bilinear,
bilateral, and mixed multilateral finite-series relationships and generating functions for the multiple
orthogonal polynomials associated with the modified Be&sé@lnctions also known as Macdonald
functions. Some special cases of the above statements are also given.
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1. Introduction

We consider multiple orthogonal polynomiassociated with modified Bessel func-
tion K, which were first introduced by Van Assche and Yakubovich [9] and which were
recently also studied by Ben Cheikh and Db{id]. The modified Bessel function of the
second kindK,, (x) (v > 0) is sometimes known as the Macdonald function, especially in
the Russian literature. The scaled modified Beg&dlnction p, is then defined as fol-
lows:
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po(x) = 26K, (2/x), x>0.
For the multiple orthogonal polynonigg we use the weight functions
dpui(x)=x%py(x)dx, duz(x)=x%py+1(x)dx, x¢€[0,00), > -1, v=0.

With these weight functions, we can defimultiple orthogonal polynomials of typds
andll. Letn, m € N; then the vectotAj, , (x), By, (x)) of multiple orthogonal polyno-
mials of type[ is such thatAj, , (x) is a polynomial of degree at most By, (x) is a

n,m
polynomial of degree at most and(Aj, ,, (x), By, (x)) satisfies the dhogonality condi-
tions

o
/[Ag’m(x)pv(x) + B,‘f,m (X)Pv+1(x)]xk+a dx=0, k=0,12,....,n+m.
0

We use the notation

qy () =AY L () py(x) + By, (X) pyy1(x),
05,(x) =q, ,x), 0%,:1(x) =gy 19 ,(x).

The multiple orthogonal polynomials; ,, (x) of typell are such thap;; ,, (x) is a polyno-
mial of degree at most + m that satisfies the multip orthogonality condition

pz!m(x)pv(x)kara dx=0, k=0,1,2,...,.n—1,

]09
0
o0
/ PE () pyy1(0)x T dx =0, k=012 ....m—1

0

In [9] it was shown that the weight®,,, p,+1) form anAT-system or0, co) [6, p. 140] (in
fact, they are very close to a Nikishin system\F-system [6, p. 142]), so that the polyno-
mials A7, (x), By, (x), andpy , (x) have degrees exactly m andn + m, respectively.

n,m

Usually, the polynomiap;, ,, (x) is chosen to be monic. We define

Py, (x) = pp ,(x), Py, 1(x) = ppyq,(x).

These multiple orthogonal polynomials wergroduced in [9] and solve an open prob-
lem posed by Prudnikov [7]. The various differential properties of the modified Bessel
K -function imply useful differential propties of the multiple orthogonal polynomials,

a Rodrigues formula for typé polynomials, and explicit formulas for the recurrence co-
efficients in the four-term recurrence relation of typg@olynomials [9]. Recently, typél
polynomials were also studied in [1], who started with an explicit expression ofltype
multiple orthogonal polynomials and found a geatérg function and a third-order differ-
ential equation for these polynomials. In [3] an explicit expression for both ti@ell|
multiple orthogonal polynoimals were obtained.
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2. Generating functionsfor the multiple orthogonal polynomials of type I and ||

In this section, let us remember some theorems in order to prove our main theorems in
the following section.

In [3] one can find the following theorem.

Theorem A. We have the following generating function for x € C \ (—o0, 0]:

> " 1 X 1
o J— —
;gn,l(x); - (1_t)a+lpu(l_ ) Rex>0(x#0), Ir| < 3. (1)
If Rex < 0and Imx = 0, then the series converges for
[ Imx]|
1] < ———.
[x] 4+ Imx]|

The following theorem is a very specialized case of [8, EqQ. 2.6(19), p. 141]$00,
s = 2 andr replaced by-r.

Theorem B. The generating function

o0

P%(x) t"
H(x,t)= ! —
(0 ;)(a+1)n(a+v+1)nn!
is given by
Hx,H)=e 'gF(—a+1la+v+1xt), x,teC. (2

3. Main theorems

In recent years by making use of the familiaogp-theoretic (Lie algebraic) method a
certain mixed trilateral finite-series relationships have been proved for orthogonal polyno-
mials (see, for instance, [8]).

The main object of this section is to derive several substantially more general families of
bilinear, bilateral, mixed multilateral finite-series relationship and generating functions for
the multiple orthogonal polynomials of tygeandll associated with the modified Bessel
K -functions as Theorems 3.1 and 3.2, respectively.

By applying the formula (1) we can proved following theorem for multiple orthogonal
polynomials of typel associated with the modified BesdéHunction of the first kind,
instead of using group theoretic method, with the help of the similar method as considered
in [2,5,10].

Theorem 3.1. Corresponding to an identically nonvanishing function £2,, (&1, &2, . . ., &) of
s (real or complex) variables &1, &2, ..., & (s € N:=Np\ {0}) and of (complex) order .,
let

Afpl,)u@l: b T) = Zakﬂwwk(&, o E)TE (@ #0, Y e0). (3)
k=0
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Suppose also that
[n/q] nl
OV (81, 6 0) = ;;) (n_—qk)!akgz*;k 1) Ruyr(Er, - EDEE
(n,q eN; a+Ak>—1)._ 4)
Then

o0 77 [n
§ :,,M,)»,II/ . N
Ol’l,q <xséls“'1§htq>n!

n=0

1
= (1_t)a+lp”<1it)A(l) <$1a" gs’ t))‘) 5)

provided that each member of (5) existsand that Rex >0 (x #0), |t] < 1/2. If Rex <0
and Im x # 0, then the series converges for

[Imx]|
|x] 4+ [Imx]|’

lr] <

The notatior{n/q] means the greatest integer less than or equalgo

Proof. For convenience, let\(x, ) denote the first member of the assertion (5). Then,
upon substituting for the polynomials

OV (X £t E 0
from the definition (4) into the left-hand side of (5), we obtain

oo [n/q]
1
A, =YY" L ak Qa0 Ruyr G, E T
n=0 k=0
_i 0 k a+)»k
=Y aRuryrEa, .. E) ZQ
k=0

which in view of (1) with
oa—>a+rk (keNp)
yields

oo
1 x
— k
A(x,1) = kE_OakQMWk(SL 8T t)kk+a+1p“(1— t)

=iak9 CEL e ) }k : p<x>
e R R T S

k=0

and the assertion (5) follows immediately by means of the definition (3).

In a similar manner, by appealing to the formula (2), we are led fairly easily to
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Theorem 3.2. Corresponding to an identically nonvanishing function £2,, (&1, &2, . . ., &) of
s (real or complex) variables &1, &2, ..., & (s € N:=Np\ {0}) and of (complex) order .,
let

Af//z,)ﬂ(flwwés;f) i=zak9u+wk($1,m,$s)fk (axk #0, ¥ € C). (6)
k=0
Suppose also that
& e gL
DY D= Y P () L B

=0 (n —qk) (o +1)n—qk(05 +v +1)n—qk
(n,qgeN, xeC). (7)
Then, for r € C we have
0 n
. U
ZQI{;’q <x1$lv"'7§&'1tq)n!
n=0

=e 'gF(—a+Lla+v+1 xt)Af/E)M(gl, L E0m), (8)

provided that each member of (8) exists.

4. Some special cases of Theorems 3.1 and 3.2

When the multivariable functio®?,y« (&1, ..., &) (k € No, s € N) is expressed in
terms of simpler function of one and more variables then we can give further applications
of Theorems 3.1 and 3.2. For example, if wessetl, & =z and$2, 1y« (z) = ym(z; n +
vk, B) (k,m € Ng, u, ¥ € C) in Theorem 3.1, where,, (z; «, 8) denotes the generalized
Bessel polynomials defined by (see [4])

—X
ym(zi o, B) = 2F0<—m, a+m—1;—; ?>

we shall readily obtain a class of bilateral geating functions for the generalized Bessel
polynomials or the multiple ¢hogonal polynomials of typé associated with modified
BesselK -functions, given by

Corollary 4.1. If

0
H;(L]:zll,m (z;7):= ZakYm (z; w+ Yk, ,B)Tk (@ #0, ¥, peC)

k=0
and
L [n/q] nl
W (.20 = kZO TR QM )y i+ Yk, BYCE

(n,qeN, 10,
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then

@ n\" _ 1 x 1) .
Zw’““”( ﬂ)ﬂ_(l—r)aﬂp” 1) Tvn\Fa—y ) O

provided that each member of (9) exists, where Rex > 0 (x £ 0), |t] < 1/2. If Rex <0
and Imx # 0, then the series converges for

[Imx]|

[t < —————.
[x] 4+ Imx]|

Example 4.1. By using the generating relation

(A m+k—2
Z(“ L )ym(z;u+k,ﬂ)rk

k=0
g Z
=1-n)l* mym(l ;u,ﬁ), lt| <1,
— T

for generalized Bessel polynomials (see [5, Eq. (4.15), p. 270]) and taking

1ﬁ:l, ak:(u-’_m:k_z),

we have
[n/q]
i) :X/:{; (n —qk)! (u+m]jk 2) Qﬁiﬁf_l(x)ym(z; w4k, pynken—ak
n
1 X n 1—p—m 21— 1)
TP )
(1_”0)\ <1

We can give another special case of Theorem 3.1 when we set, & =z and
1 yk(2) = Q’,f,wk(z) (k, N € No, u + vk > —1) we shall readily obtain a class of bilin-
ear generating function for the rtiple orthogonal polynomials of typé associated with
modified BessekK -functions, given by

Corollary 4.2. If

(2) & T) —ZakQ“W @7* (a#0)

and

(n/q) '

Vilrng@ 0= Y o a0 0o o ¢
k=0 :

(n,q eN, L eR),
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then

@ n\" _ 1 X @ o
Zw‘““’“’( Zt_q)ﬂ_(l—t)“”p” 17 ) Tuun & 1-—0*) (10)

provided that each member of (10) exists, where Rex > 0 (x #0), 7| < 1/2. If Rex <0
and Im x # 0, then the series converges for

[Imx]|
|x] 4+ [Imx]|’

lr] <

By choosings =1, &1 =z and 2,4y« (2) = Q’]f,”’k(z) (whereu + ¥k > —1) in The-
orem 3.2 we have the following result immediately.

Corollary 4.3. If

(3) N (@ T) —ZakQuwk(z)tk (ar # 0)

and
3 n _[n/q] n! o o @ ek
v X, 2, = ag Py (x)
Hoyhma 1) = (=gl T (a4 Dagrl@ + v + D
(n,q €N),
then

o
tn
ZIP(?’) . <x,z, i);:e ofo(— a4+l a+v+1; xt)H(gle(z 7), (11)

provided that each member of (11)exists.

Moreover, for each suitable choice of the coefficientsk € Np), if the multivariable
function

2k, ..., 85) (seN)

is expressed as an appropriate product of several simpler functions (as it seen in the ex-
ample), Theorems 3.1 and 3.2 can be shown to yield various classes of mixed multilateral
generating functions for the multgporthogonal polynomials of typé andll associated

with modified BesseK -functions.
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