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Abstract

A new approach is proposed for reconstruction of images from Radon projections. Based on Fourier ex-
pansions in orthogonal polynomials of two and three variables, instead of Fourier transforms, the approach
provides a new algorithm for the computed tomography. The convergence of the algorithm is established
under mild assumptions.
© 2006 Elsevier Inc. All rights reserved.
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1. Introduction

The fundamental problem of the computed tomography (CT) is to reconstruct an im-
age from its Radon projections (X-rays). To be more precise, let us consider the case of
a two dimensional image, described by a density function f(x,y) defined on the unit disk
B? ={(x,y): x>+ y*> < 1} of the R? plane. A Radon projection of f is a line integral,

Ro(fi1) = / F yydxdy, 0<6<2r, —1<i<1,
1(0,1)
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where (0, 1) = {(x, y): xcosf + ysinf =} N B? is a line segment inside B2. The reconstruc-
tion problem of CT requires finding f from its Radon projections. This question is completely
solved if the complete data is given, that is, if projections for all # and 6 are given. In practice,
however, only a finite number of projections can be measured. Hence, the essential problem of
CT is to find an effective algorithm that produces a good approximation to f based on a finite
number of Radon projections. The arrangement of the projections is referred as scanning geom-
etry since it is determined by the design of the scanner.

Currently, the most important method in CT is the filtered backprojection (FBP) method
which, like several other methods, is based on techniques of Fourier transforms. In principle,
the FBP method works for banded limited functions. It requires choosing a function W, (a low-
pass filter with cut-off frequency b) that approximates the §-distribution, and it includes steps of
linear interpolation and a discrete convolution that approximates a continuous convolution. Each
of these steps could introduce serious errors in the algorithm. See the discussion in [5,6].

The purpose of the present paper is to develop a direct approach for reconstruction of images
in CT. Instead of using Fourier transforms, we will use orthogonal expansions based on ortho-
gonal polynomials on B2. Let S, f denote the nth partial sum of such an expansion. It turns out
that S, f satisfies the following remarkable formula

2m 1
1
Som (f3x,¥) = § ;/R%(f;t)d%(t;x,y)dt, (L.1)
v=0 1

where ¢, = 2vm/(2m + 1) are equally spaced angles along the circumference of the disk and
@, are polynomials of two variables given by explicit formulas (see Theorem 3.3). Applying
appropriate quadrature formulas to the integrals in (1.1) leads to an approximation, Ay, f, of f
that uses discrete Radon data. For example, using an appropriate Gaussian quadrature formula
leads to an Ajy,, f that uses the Radon data

R, (fic0s 5227): 0<v<2m, 1< j<2m}, (1.2)
of the scanning geometry of parallel beams, and the polynomial Ay, f is given by an explicit
formula

2m 2m

Ao (£, =Y "Ry, (f5 008 5257) T o (x, ), (1.3)

v=0 j=1

where 7}, (x, y) are polynomials that are given by simple formulas. The operator A, f provides
a direct approximation to f, which is the essence of our reconstruction algorithm. The new
algorithm can be implemented easily as the T}, are fixed polynomials that can be stored in a
table beforehand. Furthermore, the construction allows us to add a multiplier factor and there is
a natural extension of the algorithm to a cylindrical domain in R3.

The operator Ay, in (1.3) reproduces polynomials of degree 2m — 1. Furthermore, we will
prove that the operator norm of Ay, in the uniform norm is O (m log(m + 1)), only slightly worse
than the norm of Sy,,, which is O(m). As a consequence, it follows that the algorithm converges
uniformly on B? if f is a C? function. There is no need to assume that f is banded limited.

At the moment the author is working with Dr. Christoph Hoeschen and Dr. Oleg Tischenko,
Medical Physics Group of the National Research Center for Environment and Health, Germany,
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to implement the algorithm numerically. The results that we have obtained so far are very promis-
ing and will be reported elsewhere.

The paper is organized as follows. The background of Radon transforms and orthogonal poly-
nomials is discussed in the next section, where an identity that will play a fundamental role in
the analysis is also proved. The Fourier orthogonal expansions are studied in Section 3, where
the identity (1.1) will be proved. The reconstruction algorithms are presented in Section 4. The
convergence of the basic algorithm for the 2-D reconstruction is proved in Section 5.

2. Radon transform and polynomials

Let B2 = {(x, y): x2 + y? < 1} denote the unit disk on the plane. It is often convenient to use
the polar coordinates

X =rcosb, y=rsinf, r>0,0<6<L2m.

Let 6 be an angle as in the polar coordinates; that is, 6 is measured counterclockwise from the
positive x-axis. Let £ denote the line £(0,¢) = {(x, y): xcosf + ysinf =t} for —1 <r < 1.
Clearly the line is perpendicular to the direction (cos#, sin@) and |¢| is the distance between the
line and the origin. We will use the notation

10,0)=¢0,HNB* 0<60 <27, —1<1<1, @.1)
to denote the line segment of ¢ inside B>. The points on I (6, t) can be represented as follows:

x=tcosf —ssin0, y=tsinf + scosb,

fors € [—v1 —12,4/1 —£2].

The Radon projection of a function f in the direction 6 with parameter ¢ € [—1, 1] is denoted
by Ro(f;1),

Rotfini= [ feeydedy
16,1)
V1-t2
= / f(tcosf —ssinf, tsinf + scosb)ds. 2.2)

—J1-12

In the literature a Radon projection of a bivariate function is also called an X-ray. The definition
shows that Ro(f; 1) = Ry+o(f; —1).

Let IT? denote the space of polynomials of two variables and let 1'[3 denote the subspace
of polynomials of total degree n in IT?, which has dimension dim [T = (n + 1)(n + 2)/2. If
P € IT? then

n k
Py =) ) aal Y

k=0 j=0
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Let p be a polynomial in one variable and 6 € [0, 7]. For £ = (cos#, sinf) and x = (x, y),
the ridge polynomial p(6; -) is defined by

p@;x,y):=p((x,€)) = p(xcosf + ysinb).
This is a polynomial of two variables and is in 17,3 if p is of degree n. It is constant on lines that

are perpendicular to the direction (cos @, sin@). Especially important to us are the polynomials
Ux(0; x, y), where Uy denotes the Chebyshev polynomial of the second kind,

in(k +1)0
Ur(x) = sin( + 1) , +1) , x=cos0.
sinf
The polynomials Uy, k =0, 1,2,..., are orthogonal polynomials with respect to the weight

function +/1 — x2 on [—1, 1]:

1

2
—/Uk(x)Uj(x)\/l—x2dx=6kﬂj, k,j=0.
v

—1

Ridge polynomials play an important role in our study of the Radon transform, as can be seen
from the following simple fact.

Lemma 2.1. For f € L'(B?),
1
/f(x,y)Uk(qb;x,y)dxdy=f72¢(f;t)Uk(t)dt- (2.3)
B2 —1

Proof. The change of variables t = xcos¢ + ysin¢ and s = —x sin¢ + ycos¢ amounts to a
rotation, which leads to

/f(x,y)Uk(¢;x,y)dxdy:/f(tcos¢—ssind),tsin¢+scos¢>)Uk(t)dtds
B2

B2
1 V112
=/ f f(tcos¢p —ssing, tsing + scos @) dsUi(t) dt,
i

the inner integral is exactly Ry (f;¢) by (2.2). O

Let Vi (B?) denote the space of orthogonal polynomials of degree k on B? with respect to the
unit weight function; that is, P € Vk(BZ) if P is of degree k and

/ P(x,y)Q(x,y)dxdy =0, forall QeI ,.
BZ
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A set of polynomials {P; x: 0 < j <k}in Vi (B?) is an orthonormal basis of Vi (B2) if
1 ..
- Pk (x, ) Pjk(x,y)dxdy =36 j, 0<i,j<k.
BZ

It is known that the polynomials in Vi (B?) are eigenfunctions of a second order differential
operator D (see, for example, [2]),

DP=—(k+2)(k—1)P, forall P eV(B?);
the operator D is defined by
D:=A?— (x,V)> —2(x, V), (2.4)
where X = (x, y), V = (91, 92) is the gradient operator with d; = d/dx and d, = 9/dy, and A =
812 + 822 is the usual Laplacian. It turns out that the Radon projections of orthogonal polynomials

in V,(B?) can be computed explicitly.

Lemma 2.2. If P € Vi (B?) then for each t € (—1, 1), 0< 0 < 2,

Ro(P;t) = %\/ 1 — 12U (t) P(cos, sinh). 2.5)

Proof. A change of variable in (2.2) shows that
1
Ro(P;t)=+1— IZ/ P(tcos@ —sv 1 —12sin6,tsinf +sv 1 — tzcose) ds.
—1

The integral is a polynomial in ¢ since an odd power of +/1 — 2 in the integrand is always ac-
companied by an odd power of s, which has integral zero. Therefore, Q(t) := R (P; t)/+/1 — t2
is a polynomial of degree k in ¢ for every 6. Furthermore, the integral also shows that Q(1) =
P(cos@,sind). By (2.3),

1

f%Uj(ﬂﬂdt:/P(x,y)Uj(Q;x,y)dxdyzo,

—1 B2

for j=0,1,...,k — 1, since P € Vy(B?). Since Q is of degree k, we conclude that Q(r) =
cUy (t) for some constant independent of ¢. Setting r = 1 and using the fact that Uy (1) =k + 1,
we have ¢ = P(cos6,sinf)/(k+1). O

This lemma was proved in [4]. It plays an important role in our development below. We have
included its short proof in order to make the paper self-contained.
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There are several orthogonal or orthonormal bases that are known explicitly for Vi(B?)
(see [2]). We will work with a special orthonormal basis that is given in terms of the ridge poly-
nomials defined above. Setting f(x,y) = Ui (0; x, y) in (2.3) and using (2.5), we derive from
the orthogonality of the Chebyshev polynomials that

1 1
;/Ukw;x,y)Uk(¢;x,y)dxdy=mUk(cosw)—e)). 2.6)

B2

Recall that the zeros of Uy are cos;x, 1 < j <k, where 0 = jm/(k + 1). As a consequence
of (2.6), we have the following result ([3]; see also [8]):

Proposition 2.3. An orthonormal basis of Vi (B?) is given by
Pr:={Ux®ji;x,y): 0<j <k}, 0j=—".

In particular, the set {Py: 0 < k < n} is an orthonormal basis for 173.

The polynomials Ui (¢; x, y) also satisfy a discrete orthogonality. Let

2w v
v :

=, <v<2m.
2m +1

The discrete orthogonality will follow from the following identity:

Proposition 2.4. For k >0 and 0 € [0, 2r], ¢, =27v/(n + 1),

2m

> " Uik(g: cost, sin) Uy (¢ x.y) = Us(0: x,y), x.y € B, @7
v=0

2m +1

Proof. In order to prove (2.7) we will need the elementary identities

n n
. . _]0, if k 20modn + 1,
Eosmkq)v_O and EOCOSk%_{n—i—l, if k= Omodn + 1. (2.8)
V= y=l

that hold for all nonnegative integers k.
Let us denote by I the left-hand side of (2.7). First we consider the case of k = 2. Since
Uy is an even polynomial, we can write it as Uy (¢) = le:O b J-tzf . Using the polar coordinates

x =rcos¢ and y = rsing, and the fact that (cos %)%/ can be written as a sum of cos2iy/, we
can rearrange the sum to get

1
Uai(0:x,y) = Uy (reos® — ¢) = > _bjr¥ (cos(® — ¢))>
j=0

~

= bj(r)ycos2jO — ¢), 2.9
j=0

J



394 Y. Xu / Advances in Applied Mathematics 36 (2006) 388—420

where b;(r) is a polynomial of degree 2 in r. Furthermore, we have

!
Uai(¢y; cos b, sinf) = Uy (cos(¢y, —0)) =1+ ZZcos 27 (6 —¢y). (2.10)
j=1

These two expressions allow us to write

121—241 Zb O et Zcoszzw $v) s 2j (¢ — )

i=0 j=0

where dy = 1 and d; =2 for 1 <i < [. The addition formula of the cosine function shows that

2c082i(0 — ¢py)cos2j(p — ¢py)
=cos2((i + j)pv — i — jp) 4+ cos2((i — j)py — i + j¢)
=cos2(i + j)¢y cos2(i0 + jp) + sin2(i + j)¢, sin2(i6 + j¢)
+cos2(i — j)pycos2(it) — jp) +sin2(i — j)¢y sin2(i6 — j).

Since n + 1 =2m + 1 is odd and cos2(i £ j)¢, have even indices, it follows from the above
elementary trigonometric identity and (2.8) that

2m 0, ifi #j,
3 +1ZcosZi(9—¢v)cos2j(¢—¢,,)= éCOSZ](Q @), ifi=j#0,
mT 50 1, ifi =j=0.

Consequently, using (2.9) again, we conclude that
l
Iy =2 bj(r)cos2j(® — ¢) = Un(rcosd — $)) = Uy (6; x, ).
j=0
This completes the proof for the case k = 2. For the case k = 2] — 1, we need to use the identities
!
Uni—1(¢v; x, y) = Un (rcos(@, — ¢)) = Y _bj(r)cos(2j — (¢, — ),
j=1
where b (r) is a polynomial of degree 2j — 1 in r, which is derived using the fact that (cos )21
can be written as a sum of cos(2i — 1)6. Furthermore, we have
Uni—1(¢pv; cos B, sinf) = Uy 1 (cos(¢py — 0)) =2 Y cos(2j — 1)(0 — ¢y).
j=1

The rest of the proof will follow as in the case k =2[. O
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Corollary 2.5. For k > 0and 0 < i, j <k,

2m

P Z Ui (¢yv; cosO; k, sinb; ;) Ur(py; cosOj i, sinbj i) = (k + 1)§; ;. (2.11)
v=0

Proof. This follows from setting 6 = 6; , x = cosf; ; and y = sin6;  in the identity (2.7), and
using the fact that

Uk (B x; cos0 k., sin; ) = Ux(cos6;—; r) = (k + 1)&; ;,
where in the last step we have used the fact that Uy (0) = (k+1). O

Remark 2.1. The identity (2.7) is established for the case n = 2m. It should be pointed out that
the result does not hold for n = 2m — 1. In fact, if n = 2m — 1, then following the above proof
leads to an identity analogous to (2.7) only for 0 < k < m — 1. More precisely, we have

2m—1

1
~— Y Ui($yicos0, sin0)Ur(y; x, y) = Ug(0; x,y), x,y€ B>,
2m =

holds for 0 < k < m — 1. Indeed, in the case m = 2p it can be proved that

2m—1
% Z Un (¢y; €080, sin0) Uy (¢y; cOs @, sin@) = Uy (cos(0 — ¢)) + 2T, (cos(6 — ¢)),
v=0

where T,,,(x) = cosmyr, x = cos ¥, is the Chebyshev polynomial of the first kind.

There is yet another remarkable identity for Uy (-; x, ¥), proved in [8], which takes the sum-
mation over 6 ; instead of taking over ¢,:

Lemma 2.6. For k >0,

k
Z Uk x, y)Uk (8 k; cos @, sing) = (k + DUk(¢; x, y). (2.12)
j=0

This identity is a consequence of the compact formula for the reproducing kernel of V, (B?)
in [7]. It will also play an important role in our development below.

The two remarkable identities (2.7) and (2.12) hold the key for our new algorithms. The ortho-
gonal polynomials in V, (B?) are usually studied as a special case of the orthogonal polynomials
with respect to the weight functions W, (x,y) := (1 — x2 — yH)P12 0 > 0. Most of their
properties are shared by orthogonal families associated with W, for all u > 0, and furthermore,
many properties can be extended to higher dimensions (see [2]). The orthogonality in (2.11),
however, is very special; it is not shared by any other orthogonal families associated with W, for
w7 1/2 and there is no direct extension to higher dimensions; see, for example, the discussion
in [8].
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3. Fourier orthogonal expansions
3.1. Orthogonal expansions on the disk

The standard Hilbert space theory shows that any function in L?(B?) can be expanded as a
Fourier orthogonal series in terms of V,,. More precisely,

L*(B) =) PW(B*): f=> proj f. 3.1)
k=1 k=1

where proj; f is the orthogonal projection of f onto the subspace Vi (B?). Our reconstruction
algorithm will be based on this Fourier orthogonal expansion. It is well known that proj,, f can be
written as an integral operator in terms of the reproducing kernel of Vi (B?) in L(B?). A com-
pact formula of the reproducing kernel is given in [7]. For our purpose, we seek a formula for
proj, f that will relate it to the Radon transform.

In terms of the special orthonormal basis {P;: k > 0} given in Proposition 2.3, we can write

proj; f as

k

, A R 1

projy f = fixUk®jki ). fiuo=— f fG ) U®)0: x, y)dxdy.  (32)
j:() B2

The remarkable identity (2.7) allows us to express the Fourier coefficients in terms of Radon
projections:

Proposition 3.1. Let m be a nonnegative integer. For 0 < k < 2m, the Fourier coefficient fj,k
satisfies

2m 1
1
fik=7—— E ;/Rm(f: DUk(t) dt Uk (cos(@ x — $v)). (3.3)
v=0 e

Proof. Let us denote the right-hand side of (3.3) by g; x. By Eq. (2.3),

2m

1
8ik= ST X(j) - f FCe ) U(@y; x, y) dx dyU (cos(®).x — b))
V= 82
1 1 2m
= f flx, y)|:2m i X(:)Uk(qbv; X, Y)Uk(cos (@) — m)} dx dy
B? =

1
== / FG, U@k x,y)dxdy
BZ

by the identity (2.7). Hence, by the definition, fj,k, gjk= f/,k~ O
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A further application of the identity (2.12) leads us to the expression of the Fourier projection
operator in terms of Radon projections:

Theorem 3.2. For m > 0 and k < 2m, the operator proj;, f can be written as

proj; f(x,y) =

om 1
2 f R, (f; DU di (k + D Ux(y: x, ). (34
v=0 5

Proof. By (3.3) and the identity (2.12) in Lemma 2.6

proj; f(x, y) =

1 1
2m + 1 X(:);/R¢v(f’ t)Uk(t)dl
V=

k

x Y Ui(cos(®)x — $u))Ur(0).4; X, y)
j=0

m 1
2 f Ry, (f: DUK®) di (k + DU @y x. ),
v=0" 1

which is what we need to prove. O

We denote the nth partial sum of the expansion (3.1) by Sy, f; that is

Suf (0, y) =) projy f(x, ).

k=0

The operator S, is a projection operator from L?(B?) onto Hr%. An immediate consequence of
Theorem 3.2 is the following result that will play an essential role in deriving the new algorithm

Corollary 3.3. For m > 0, the partial sum operator Sry, f can be written as

2m 1
1
Som (fix,9) = E ;/Rgb.,(f;t)@u(t;x,y)dt (3.5)
v=0 e

where

2m

Pu(tsx.3) = 30 > (K DUKOUk(@y; %, 3).
k=0

(3.6)

The identity (3.5) shows that Sz, f can be expressed in terms of Radon projections in 2m + 1
directions. This result, previously unnoticed, holds the key for our new algorithm given in Sec-
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tion 4. It should be pointed out (recall Remark 2.1) that such an identity does not hold for
Som—1f.

3.2. Summability of orthogonal expansions

Let L?(B?) denote the usual L? space on B with norm || - |, for 1 < p < oo and identify it
with C(B?) of continuous functions with uniform norm for p = oo. If f € LP(B?), the error of
best approximation by polynomials of degree at most n is defined by

Eq(f)p :=inf{|[f — Pllp: P eI} (3.7)

It is well-known that E,(f), — 0 for f € LP(B?) as n — oo. The partial sum S, f of the
orthogonal expansion is the best approximation to f in the L? norm; that is,

If = Suflla=En(f)2. feL?(B?).

However, the partial sum S, f does not converge to f point-wisely if f is merely continuous;
see [9] and the discussion below in Section 5.

To study the convergence of our orthogonal expansions we will introduce some summability
methods. Such a method takes the form

o0 o
Za],nsj(f)y aj,n €R and Zaj’nzl.
=0

j=0

Many summability methods, for example, the Poisson means and the Cesaro means, have better
convergence behavior (see [7]). For our purpose we will use methods for which the operators are
polynomials and we would still want to retain the property that polynomials up to certain degree
are preserved.

It turns out that this can be done quite easily using a multiplier function.

Definition 3.4. Let r be a positive integer, and let n € C"[0, co). Then 1 is called a multiplier
Sfunction if

nt)y=1, 0<r<1, and suppnC][O0,2].
Let n be a multiplier function. We define an operator ng by
2m k
Sy (fix.y)=Y_ n(;) projy. f (x, ).
k=0
Such an operator was used in the literature for approximation by spherical polynomials on the

unit sphere, and it was been used for various other orthogonal expansions in [10], including the
expansions on the unit disk. The following theorem is essentially contained in [10].
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Proposition 3.5. Let n € C3[0, 00) be a multiplier function. Let f € LP(BY), 1< p < o00. Then

() ] fel; andS, P=P for Pell?;
(2) For m = 0 there is a constant c such that

|83 F1l, <cllfllp and | f =S5, f|, <cEn(f)p.
This means that the operator ng is very well behaved: it preserves polynomials of degree up
to m and it approximates f as accurate as any polynomial of degree at most m. Using Theo-

rem 3.2 we also have the following:

Theorem 3.6. For m > 0, the operator ng can be written as

2m 1
1
Spu(fi2. =)~ / Ry, (fs NP3 x, y) di (3.3)
v=0 7]
where
D¢ = ! S EklUt‘U ; 3.9
V<,x,y>—2m+1]§)n<m)< + DU(1j)Ur (¢ X, ). 3.9)

Remark 3.1. We can also use other summability methods, not necessarily prescribed by the
multiplier function. The essence of Proposition 3.5, however, should be preserved.

3.3. Fourier orthogonal expansion on a cylinder domain
Let L > 0 and let By, be the cylinder region
Br:=B*x[0,L]={(x,y,2): (x,y) € B%, ze[0,L1}.

Using the result in Section 3.1 we can also get an expression for the partial sum operator on By,
which will lead us to a 3D reconstruction algorithm. We consider orthogonal polynomials with
respect to the inner product

1
(f.8)B, = = f fx,y, 28, y,2)Wr(z)dxdydz, (3.10)
Br

where Wy is a nonnegative function defined on [0, L] with all its moments on [0, L] assumed
finite and normalized so that fOL Wr(z)dz=1.

Let H,f denote the space of polynomials of total degree at most n in three variables. Let
V,(BL) denote the subspace of orthogonal polynomials of degree n on B;, with respect to the
inner product (3.10); thatis, P € V,,(BL) if (P, Q)p, = 0 for all polynomial Q € 173_1.

Let py be the orthonormal polynomials with respect to Wy on [0, L]. Let Ug(6;; x, y) be
defined as in the previous subsection.
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Proposition 3.7. An orthonormal basis for V,(Bpr) is given by

P, := {Pn,k,j: 0< Jj< k <n}, Pn,k,j(xa v, 2) = pn—k(Z)Uk(ej,M x,y).
In particular, the set {P;: 0 <1 < n} is an orthonormal basis for H,f.

This is an easy consequence of the fact that B; is a product of B? and [0, L]. For f € L?>(B.),
the Fourier coefficients of f with respect to the orthonormal system {IP;: / > 0} are given by

A 1
Jikj= ;/f(x,y,Z)Pl,k,j(x,y,z)dxdy Wr()dz, 0<j<k<l.
Br

Let S, f denote the Fourier partial sum operator,

n |k
Suf (6,3, =) > Y fikjPirj(x,y,2).

1=0 k=0 j=0

Just like its counterpart in two variables, this is a projection operator and is independent of the
particular choice of the bases of V, (Br).

We retain the notation R (g; ) for the Radon projection of a function g : B? > R. For a fixed
z in [0, L], we define

Ry (f oo 2)5t) / f(x,y,z)dxdy, (3.11)
1(¢,1)

which is the Radon projection of f in a disk that is perpendicular to the z-axis.
The following is an analogue of Theorem 3.3 for the cylinder By .

Theorem 3.8. For m > 0,

Som f(x,y,2)
2m 1 L
Zi//R (f Gy w); 1)@y (w, 15 x, y, 2) Wi (w) dw dt (3.12)
+1 ki by T v ’
v=U 10
where
2m 2m—k
®y(w, 1 x,y,2) = Y _(k+ DUOUk(pv; X, ) Y pr(w)pi(). (3.13)
k=0 =0

Proof. Using Proposition 3.1 and the product nature of the region,

1

fiki =777 +1

/Rqs,,(fl & DU () dt Ur(cos (B — dv)),
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where
1
fz(x,y)=;/f(x,y,w)pz(w)WL(w)dw, 1>0.

Substituting this expression of ﬁyk, j into the formula of S, f and using the identity (2.12) in
Lemma 2.6, we then obtain

Sonfe v = 5 +1Z /ZZ&Aﬁ ¢ U0 dr
=0

v=0 el k=0

X (k+ DUi(dv; x, y) p1—k(2)

L om om—k

Z fZ Y Re, (s Dp1)(k + DU($y; x, ) Up (1) dt,

2} k=0 1=0

2m+1

where in the second equality we have exchanged the two inner summations. From (3.11) and the
definition of f; it is easy to see that

1
R, (fi: 1) = ;/R%(fc,-,w);r)mw)WL(w)dw,

from which the proof follows upon rearranging terms in the summation. 0O
Remark 3.2. Clearly one can also consider summability of orthogonal expansions on Bj . For
example, one can define the operator with multiplier factors just as in the case of orthogonal
expansion on B2. We shall not elaborate.
4. New reconstruction algorithms
4.1. Reconstruction algorithm for 2D images

The identity (3.5) expresses S, f in terms of the Radon projections Ry, (f;t) of 2m + 1
equally spaced angles ¢,, 0 < v < 2m, along the circumference of the disk. These Radon pro-

jections are defined for all parameters ¢. In order to make use of the Radon data from the parallel
geometry, we will use a quadrature rule to get a discrete approximation of the integrals

1
(f;t)
R s OU (D) dt = Ro,(f:D) UtV 1 —1t2dt
_/1 o (3D UR(t) T ()

in (3.5). The result will be our algorithm.
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If f is a polynomial then the equation (2.5) shows that Ry (f;)/+/1 — 2 is also a polyno-
mial. Hence, we choose a quadrature rule for the integral with respect to +/1 — x2 on [—1, 1].
Let us denote such a quadrature rule by Z, g; then

1
2 n
;[g(t)\/l—tzdt&'Z)»jg(tj)::In(g), (4.1)
—1 j=1

where 11, ..., t,; are distinct points in (—1, 1) and A ; are real numbers such that Z'}zl Aj=1.1f
equality holds in (4.1) whenever g is a polynomial of degree at most p, then the quadrature rule
is said to have the degree of exactness p.

Among all quadrature rules with a fixed number of nodes, the Gaussian quadrature has the
highest degree of exactness. It is given by

n+1

1
1 1 jm jm
— OV1—t2dt =——) sin® cos =70 4.2
ﬂ/g(N HH; an( ) " () 4.2)
-1 J=

for all polynomials g of degree at most 2n — 1; that is, its degree of exactness is 2n — 1. Note
that jm/(n + 1) are zeros of the Chebyshev polynomial U, .

Using quadrature formula in (3.5) gives our reconstruction algorithm, which produces a poly-
nomial Ay, f defined below.

Algorithm 4.1. Let the quadrature rule be given by (4.1). For m > 0 and (x, y) € B2,

2m n

Ao (f3:2,9) =D Y R, (fs 1) Tju(x, y), (4.3)

v=0 j=1

where

D,(tj; x,y).
202m +1) 1—z]2

For a given f, the approximation process Az, f uses the Radon data
{Ro, (f5tj): 0<v<2m, 1< j<n}

of f. The data consists of Radon projections on 2m + 1 equally spaced directions along the
circumference of the disk (specified by ¢,) and there are n parallel lines (specified by ¢;) in
each direction. If these parallel Radon projections are taken from an image f, then the algorithm
produces a polynomial Ay, f which gives an approximation to the original image.

The polynomial Ay, is particularly handy for numerical implementation, since one could
save T, in a table beforehand. This provides a very simple algorithm: given the Radon data, one
only has to perform addition and multiplication to evaluate 45, in (4.3) to get a reconstruction
of image.
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A good choice of the quadrature rule is Gaussian quadrature. We choose in particular n = 2m
so that the nodes of the quadrature rule (4.2) becomes #; = cos6; 2, = cos jrr/(2m + 1). In this
case, our algorithm takes a particular simple form.

Algorithm 4.2. For m > 0, (x, y) € B,

2m 2m
Apn (3, 3)=D Y R, (f3 €086, 2m) Tju (x, ), (4.4)
v=0 j=1
where
2m
T ) = G ,;)(k + Dsin((k + 16 20) Ui ($v; X, ). (4.5)

Remark 4.1. It is tempting to choose n = 2m + 1 in the Gaussian quadrature. In fact, such a
choice has one advantage: the operator A3, will be a projection operator onto 1722 .- We choose

n =2m so that ¢, = % and 0; 2, = % have common denominator. It also turns out that
this choice works perfectly with the fan beam geometry of the projections, which will be reported
elsewhere.

The convergence of the algorithm will be discussed in the following section. Here we state
one result that is a simple consequence of the definition.

Theorem 4.3. The operator Ay, in Algorithm 4.1 preserves polynomials of degree . More pre-
cisely, Aoy (f) = f whenever f is a polynomial of degree at most o. In particular, the operator
Ao in Algorithm 4.2 preserves polynomials of degree at most 2m — 1.

Proof. The polynomial Ay, f is obtained by applying quadrature rule (4.1) to (3.5). If f is a
polynomial of degree at most o, then so is Ry, (f;1)/+/'1 — 1> for every v. Furthermore, the
polynomial @, (¢; x, y) is a polynomial of degree 2m in t. Hence, when we apply the quadrature
rule (4.1) to the integral (3.5), the result is exact. Therefore, Ay, f = Som f = f. O

If the quadrature rule is the Gaussian quadrature in (4.2), then the polynomials preserved by
the operator Ay, have the highest degrees among all quadrature rules that use the same number
of nodes. Such a choice will ensure better approximation behavior of Ay,,.

Remark 4.2. Using the angles ¢,,, another projection operator, call it J>,, f, has been constructed

in [1] based on the parallel geometry. For almost all choices of {t; € (—1,1): 0 < j < m]}, the
operator />, is the unique polynomial of degree 2m determined by the conditions

R, (Tam fi1i) =Ry, (fiti), 0<v<2m, 0<j<m.

However, the construction of 7, requires solving a family of linear system of equations whose
coefficient matrices, depending on the choice of 7, appear to be badly ill-conditioned.
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4.2. Reconstruction algorithm for 2D images with a multiplier function

Instead of using (3.5), we can also start from the summability with the multiplier factor (3.8).
The result is another reconstruction algorithm. Here we state the resulting algorithm only for the
Gaussian quadrature (4.2) with n = 2m.

Algorithm 4.4. Form >0, (x,y) € B2,

2m 2m

AL (F3 2,0 =D Ry, (f3c0802:)T], (x, ), (4.6)

v=0j=1

where

n
Tj’v(x7 Y) =

2m
1 k ) -
Qm+1)? kg ”(;)(" + Dsin((k +1)60).2m) Uk(@v; x, 7).

For a given f, the approximation process Agm f uses the same Radon data of f as Ay, f.
It also has the same simple structure for numerical implementation. Its approximation behavior
appears to be better than that of Ay, f. We conclude this subsection with the following analogous
of Theorem 4.3:

Theorem 4.5. The operator Agm preserves polynomials of degree m. More precisely, Agm H=f
whenever f is a polynomial of degree at most m.

We can obtain other reconstruction algorithms using different summability methods; see, how-
ever, Remark 3.1.

4.3. Reconstruction algorithm for 3D images

In order to get a reconstruction algorithm for 3D images on the cylinder region By, we choose
the weight function to be

1 1
Wi(z) = ;\/ﬁ’ z€[0, L],

which is the Chebyshev weight function on the interval [0, L], normalized S0 that its integral
over [0, L] is 1. Let Ty be the Chebyshev polynomial of the first kind. Define 7} by

To=1, Ti()=v2hQ2z/L-1), k=1

The polynomials T}, are orthonormal polynomials with respect to Wy, on [0, L].

To obtain an algorithm using parallel Radon projections, we start from (3.12) and apply
quadrature rules on its integrals. For the integral in z, we use the Gaussian quadrature for Wy,.
Set

Qi + D _ I4coséin

§in=—"7—— and gz ) )

0<<ig<n—1,
2n
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where z; are zeros of T, (z); then the Gaussian quadrature on [0, L] takes the form,

L
1

; 4.7
Ofg()\/i Zg(z (4.7)

which holds whenever g is a polynomial of degree at most 2n — 1. For the integral in ¢, we could
use the quadrature rule (4.1). For simplicity, however, we will only use the Gaussian quadrature
4.1).

This way we get an algorithm for reconstruction of images on By . The algorithm produces a
polynomial B,,, of three variables as follows:

Algorithm 4.6. Let y, j; = Ry, (f (-, 2i); €088 2p). Form > 0,

2m 2m n—1

Bom f(x,y,2) = ZZZVu,j,iTu,j,i(x, Y5 2)s

v=0 j=1i=0

where

D, (zi, €080} 2m; X, ¥, 2).

1
Tv,j,i(an7Z)= m

For a given function f, the approximation process By, uses the Radon data
{Rg, (f(. 2i3¢080j2m)): 0<v<2m, 1<j<2m, 0<i<n—1}

of f.The data consists of Radon projections on n disks that are perpendicular to the z-axis (speci-
fied by z;); on each disk the Radon projections are taken in 2m + 1 equally spaced directions
along the circumference of the disk (specified by ¢,) and 2m parallel lines (specified by cos ;)
in each direction. We can use this approximation for the reconstruction of the 3D images from
parallel X-ray data. In practice, the integer n of z direction should be chosen so that the resolution
in the z direction is comparable to the resolution on each disk to achieve isotropic result.

The following theorem is an analogous of Theorem 4.3 for By .

Theorem 4.7. If n > 2m, then the operator Boy, in Algorithm 4.6 preserves polynomials of degree
2m — 1. More precisely, By, (f) = f whenever f is a polynomial of degree at most 2m — 1.

Proof. If f is a polynomial of degree at most 2m — 1, then Ry (f (-, -, w); £)/+/1 — 12 is a poly-
nomial of degree at most 2m — 1 both in the ¢ variable and in the w variable. The function
®,(w,t; x,y,7) is of degree 2m in both the ¢ variable and the w variable. Hence, when we use
the quadrature rules for Sy, f in (3.12), the result is exact if the quadrature rules are exact for
polynomials of degree 4m — 1. For the quadrature rule (4.7) this holds if » > 2m. O

Remark 4.3. In the z direction, we choose the weight function (z(1 — 2))~1/2 instead of constant
weight function. The reason lies in the fact that the Chebyshev polynomials of the first kind are
simple to work with and the corresponding Gaussian quadrature (4.7) is explicit. If we were to
use constant weight functions, we would have to work with Legendre polynomials, whose zeros
(the nodes of Gaussian quadrature) can be given only numerically.
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5. Convergence of the reconstruction algorithm

In this section we study the convergence behavior of the reconstruction algorithm for 2D
images and we work with Ay, in (4.4), for which the quadrature rule is chosen to be Gaussian
quadrature.

5.1. Convergence of 2D reconstruction algorithm

Let us consider the uniform norm || - | of continuous functions on B2. Convergence in
the uniform norm guarantees the point-wise convergence of the reconstruction. First we give a
formula for the operator norm. Let us denote by

Vj=0jom=jr/Cm+1), 0<j<2m.

Proposition 5.1. Let || Ay || oo denote the operator norm of Ay, as an operator from C (B?) into
C(B?). Then

2m 2m
lAzmlloo = max  An(x.y). Ap(x,y) =) Y singr| Tj o (x, ). (5.1)
Y€ v=0 j=1

Proof. By the definition of Ry (f; t) we evidently have

Re(f:D| <VI=12|fllo. 0<@p<27, —l<t<]1,
as seen from the second equality of (2.2). It follows immediately that

[ Ao (f5 5. 9)| < 1 flooAm(x.y),  where (x,y) € B>, (5.2)

Taking maximum in both side proves that || A2, ||co < max, yyep? | Am(x, y)|. To show that the

equality holds, let (xg, yo) be a point in B? at which A,, (x, y) attains its maximum over B2
Recall that 7 (0, t) denote a line segment (2.1) inside BZ. Let ¥ denote the set of intersection
points of any two line segments (¢, cos¢;) and I (¢, cos ¥;),

Z={(x, ): ¢y, cosyj) NI (¢, cos i), (i) # (j.v)}.

The set contains only finitely many points. Let € > 0 be small enough so that a disk centered at a
point in X' of radius & contains no other points in X. Let X, denote the union of all such ¢ disks.
We construct a function f; € C(B?) as follows:

J(x,y) =siny;signTj, (xo, yo)., (x,¥) € I(¢v, cosdj) \ (I(¢v, cos$;) N X)

for all j,v and || felloo = 1. Then Ry, (fe,cos¥y;) = signT; ,(xo0, yo) + cjvé for some con-
stant c;,,,. Since there are only finitely many points in X, this shows that

A2l = |~A2mf£(XOs y0)| = Am(x0,y0) —ce= max A,(x,y)—cs,
(x,y)eB?

where c is a constant that depends on m. Taking ¢ — 0 completes the proof. O
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In the following we shall use the notation A ~ B to mean that there exist two positive constants
c1 and ¢, such that c;A < B < A.

Recall that Ay, f is obtained from the partial sum S, f of the Fourier orthogonal expansion,
upon using Gaussian quadrature. It is proved in [9] that the operator norm for the partial sum
operator Sy, is

182 [l oo & m. (5.3)

One would expect that the operator norm of Ay, is worse than O(m) due to the additional step
of using Gaussian quadrature. Our main result in this section shows that the norm of Ay, does
not grow much worse.

Theorem 5.2. For A, defined in (4.4),
A2 | oo & mlog(m + 1).

This shows that the price we pay for using Gaussian quadrature to get to Ay, is just a
log(m + 1) factor. This theorem will be proved in the following subsection.

For f € C(B?), the quantity E, (f)eo defined in (3.7) denotes the error of best approximation
of f by polynomials of degree at most . It is proved in [10] that if f € C*"(B?), r € N, then

E.(f)<en ™| D" f|. n>0, (5.4)

where D is a second order partial differential operator defined in (2.4).
As a consequence of Theorem 5.2, we have the following result:

Theorem 5.3. If f € C?(B?), then Aoy f converges to f uniformly. In fact, let r be a positive
integer; then for f € C¥ (B?),

log(m + 1)
m2r71

A f = flloo <c D" |l -

Proof. Let p be the best approximation for f from 1722m. By the definition of the operator norm,
the fact that Ay, preserves polynomials of degree up to 2m — 1, and the triangle inequality we
see that

A2 f = flloo <[ C A (f = P)| oo + 1 = Plico

(1+ 1 42m lloo) E2m—1(f)oo < cmlog(m + 1) Expm—1(f)oo

NN

from which the stated inequality follows from (5.4). O

This theorem shows that the Algorithm 4.2 does converge whenever f is a C2(B?) function. In
other words, if the original image is C? smooth then the reconstruction algorithm 4.2 converges to
the image point-wisely and uniformly. The speed of the convergence depends on the smoothness
of the function.

The algorithm with multiplier function will likely have better convergence behavior (recall
Proposition 3.5), but the estimate is more difficult to establish. We will report results along this
line in future communications.
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5.2. Proof of Theorem 5.2, lower bound
First we need a compact formula for the functions T, in (4.5). The notation
cosb,(x,y)=xcos¢p, + ysing,, ¢, =2nv/2m+1)
will be used throughout the rest of this paper.

Proposition 5.4. For 0 < v <2mand 1 < j < 2m,

—sinyj[1 — (—1)! Top41(cos by (x, y))]
2(cos B, (x, y) —cos ;)2
(2m + 1)Usn (cos 6, (x, y))
nlﬂ‘j > i
(cosB,(x,y) —cosrj)

Qm+ 12T}y (x, ) =

—(=1)7si

: (5.5)

Proof. To derive the formula, we start with the elementary trigonometric identity:

2m

Dk + 1)cos((k + 1)) =

k=0

—1+ @2m +2)cos((2m + 1)0) — 2m + 1) cos((2m + 2)6)
4sin(6/2) '

Let 6 =6, (x, y) in this proof. We apply the above identity to

2m
sinf(2m + 1)2Tj,,,(x, y) = Z(k +1) sin((k + l)wj) sin((k + 1)9)
k=0

1

2m
=5 > "k + D[cos((k+ 1@ — ) — cos((k + DO + ¥)))]
k=0

and combine the two terms together as one fraction. The denominator of the fraction is

21/’j+gsin21/’j_9
2 2

2 -4sin :2(0059—cos1pj)2

and the numerator of the fraction is

29+th 00—y,

N@©) :=sin’ — jm(@ — ;) —sin?

hjm® + ;)
where

hjm©)=—14+ 2m+2)cos((2m + 1)8) — (2m + 1) cos((2m + 2)).
We write N (0) as a sum of two terms,

N(@)=N1(0) — 2m+ 1)N2(9).
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For the first term we use the identities
cos((2m + 1)(0 £ ) = (= 1)/ cos((2m + 1)8),

and 2sin”(9/2) = 1 — cos 6 to get

N1(0) : =sin —1+ 2m +2)cos[2m + 1) — ¥)])

20—V,
2

29+1ﬁj(
2

— sin

(_1 +©2m+2) cos[(2m + DO+ 1u”/')])

= (—1 +Q2m+2)(=1)/ cos[(Zm + 1)9])(cos(9 — ;) —cos(0 + wj))/Z
= (—1+ @2m +2)(—=1)/ cos[(2m + 1)0]) sin& sin ) ;.

For the second term, we use
cos(2m +2)(@ £ ;) = (—1)/ cos((2m +2)0 £ ),

2sin% (6 /2) =1 — cos O and the addition formula of the cosine function to obtain

N>(0) := sin? @ cos((2m +2)(6 — ¥;)) — sin’ % cos((2m +2)(0 + ¥)))

= (_zl)J [cos((2m +2)0 — ;) — cos((2m +2)6 + V) ]
(—1)
T [cos(8 — ;) cos((2m 4 2)0 — ;) — cos(6 + ;) cos((2m +2)0 + ¥7;) |

= (1)’ siny; sin((2m + 1)6) + %[— cos(0 — ) sin(0 + ;) sin((2m + 1)0)

+cos(@ + ;) sin(6 — ;) sin((2m + 1)9)]
= (=) siny; sin(2m +2)0) + (= 1)/ sin((2m + 1)0) siny; cos ¥,

where we have used the double angle formula for sine in the last step. Using the addition formula
sin((2m + 2)60) = sin((2m + 1)0) cos 6 + cos((2m + 1)0) sinf, we obtain

N2(0) = (—1)7 siny; [sin((2m + 1)0) (cos & — cos ;) + cos((2m + 1)) sin6].
Putting the two terms together we obtain

N(9) = —sin@siny; + (—1)7 siny;[(2m +2) sin@ cos((2m + 1)(9))
- (2m+ 1)(sin((2m + 1)9)(0050 —cosyrj) + cos((2m + 1)9) sinG)]
= —sinfsiny;[1 — (= 1)/ cos((2m + 1)8)]
— (2m 4+ 1)(=1) siny; sin((2m + 1)8) (cos 6 — cos ;).
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Consequently, we have proved that
—sin@siny;[1 — (—1)/ cos(2m + 1)0)]
2(cosf — cos ¥rj)?

(2m + 1)(=1)/ siny; sin((2m + 1)6)
B 2(cos® — cos ) '

sinf(2m + 1)2Tj,u(~x» y) =

Hence, using the fact that 7;,(cos8) = cosné and U,(cos6) = sin(n + 1)6/sinf, we conclude
that
Qm + 1)*Tj ,(x, y)

_=siny[1 = (1) Topqi(cos )] (2m + 1)(—=1) sin y;Usy (cos 6)
N 2(cos® — cos ¥rj)? B 2(cos® —cos /)

3

which completes the proof. O

Throughout the rest of this section and in the following section, we will use the convention
that ¢ denotes a generic constant, independent of f and m, its value may change from line to
line. The elementary facts

2 . T . — .
Zr<sint <t, for0<r < 5 and cosa—cosﬁ:Zsm(ﬂT‘x) sm(#)
i

will be used repeatedly without further mention.
We now use the expression (5.5) to derive the lower bound for the estimate.

Proposition 5.5.

I Aom oo = Am| cos 7 , sin T > cmlog(m + 1).
4m +2 4m +2

4m+2 Then we have cos 8, (x, y) = cos %, so that

sin@m + )6, (x, y) = 1 and cos(2m + 1)8,(x, y) = 0. Let 6, = ZL2DT Thep by (5.5),

Proof. Let x =cos 5~ 5 and y = sin

2m+1
sin 1 2m + 1
2m + 1)2Tj,v(x, y)=— Vi 5+ = .
2 (cosB, —cos ;) sinf,(cos 6, — cos ¥;)
We will use the fact that 0 <6, <7 and 0 < ¢; < /2 for 0 < < m. Furthermore, for

0<6,<m/2and 0 < ¢ < /2 we have

. Vj
sin 2sin %L cos :
wl/ije = 2w+9 2 ZCosﬂ <2,
sin ~L— sin ’T" 2
which also holds for 7/2 < 6, <7 and 0 < ¢ < 7/2, since then /4 < ]// il < 37 /4 and
sin Vith +6" >42 2/2. Hence, we have
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sin® ¥/;
(2m + 1)2 ZZ (cos B, —cos Y )2 (2m +1)2 ZZ n2 9v ‘/fj

uO—l

X Kecm.
Zev=j-127

v=0 j=

Consequently, it follows that

Anx3) 2 ey )zzzsmw,vmx 9]

=0j=1

1 sin” ¥ ;
Z - —cm.
2m + 1 VX_E)JX_; | sin6),(cos 6, — cosy;)| cm
The sum in the last expression is bounded below by

1 m m I//2
S J

-2

_ 8 J
T3 ;;(ZV—1/2)|2v—j—1/2|(2v+j— 1/2)

m/22v—1 m/2 v m/zm/Z—J—i-l
3
v=1 j=v v=1j= 1/
m/2

1 m
2;13(2 +1>Z——2—3 cmlog(m + 1).

This completes the proof. O
5.3. Proof of Theorem 5.2, upper bound

We will also use expression (5.5) to estimate A, (x, y) in (5.1) from above for all (x, y) € B2
In the following we write A(x,y) = A, (x, y).

It is easy to see that the function A(x, y) is invariant under the dihedral group I»,,41; that
is, it is invariant under the rotation of a angle ¢, for v =0, 1,...,2m. Hence, it suffices if we
establish the estimate assuming (x, y) is in the wedge

/2

I, ::{(x,y): x=rcos¢,y=rsing, r >0, |@| ésm}, Em = 1

Note that the set I}, is symmetric with respect to the y axis.

We start with a number of reductions. The fact that ¢y, 41—y = 27 — ¢, shows cos P2 4+1—» =
cos ¢, and sin ¢, 41—, = — sin¢,,, which implies that 65,,41—, (x, y) = 6, (x, —y). Hence, using
that 6y (x, y) = x, we can write
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2m m
Alx,y) = Zsinwj[m,v(x,yﬂ + ) (TG )|+ [T, —y>|)}

j=1 v=1

1= Ho(x,y) + Y _(Hu(x,y) + Hy(x, —y)).

v=1

Since (x, y) € I, we only need to consider the sum over H,(x, y).
Equation (5.5) shows that T, is naturally split as a sum of two functions,

—sinyj[1 — (—=1)/ Top41(cos By (x, y))]

@D . _

Tjw = 2(cos Oy (x, y) —cos ;)? ’ (5.6)
@ N i 2m + 1)Uy, (cosB,(x, y))

Tj,v = — (=17 siny; 2(c03 6, (x, ¥) —cos ) . 6.7

We shall denote the corresponding splitting of H, (x, y) by Hlfi) (x, y) and the splitting of A(x, y)
(only the sum over H, (x, y) by A® (x, y)). Thus,

m 2m
AV y) =Y HO(,y) and HO(x,y) =Y siny; [T @ y)]. i=1.2.

v=1 j=1
Next we split H,fi) as two sums; the first one is over j = 1,2, ..., m and the second one is
over j=m~+1,m+2,...,2m.Since You41—j =7 — ¥j, we have cos Yromq1—j = —Ccos ¥ so
that we can write
H (x,y) = H (. 9) + HO (x, ), (5.8)

where, using that 1 — (—1)/ cos(2m + 1)0 = 1 — cos(2m + 1)(60 — /),

1 —cos2m + 1)(0 — v ;)
2(cos By (x, y) — cos ;)2

)

l m
1 _ s 2
Hor= Q2m +1)2 ]X_;Sm v

1 o 1—cosCm+1)©6 —y)
HY) = —— 3 sy, Zl. (5.9)
J Qm+1) = 2(cos 6y (x,y) + cosyr;)
and, using the fact that (—1)7 sin(2m + 1)6 = sin(2m + 1)(8 — ¥,
| sin(2m + 1)(6,(x, y) — ¥})
HP G, y) = Y osin? ¥l 5= - |,
’ 2m + 1 o 2sin6, (x, y)(cos b, (x, y) — cosyr;)
R in(2m + 1) (6, (x, y) — ¥;
H(x,y) = 3 sin® y Sin@m DGy =¥) |5
g 2m + 1 ot 2sin6, (x, y)(cos B, (x, y) +cos ;)
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Let us denote the corresponding split of A®) by Ay); that is,
. + ) + m )
AD = AE’) + A(l), where Ag.l) = ZHS';, i,j=1,2.
v=1

We only need to estimate one of the two terms. To see this, let us define
¢y = 2v—Dr/Cm+1), 1<v<m.
Then cos ¢ 4+1—y = cos(mT — qEv) = —cos ¢~>U and sin¢y,—,+1 = sin qgv. Consequently,
coSOp—p+1(x,y) = —x cosqgv +y sinq}v = —cosf,(x, —-y),

where 6, (x,y)=xcos ¢~>v + ysin ¢~>v. We will also use the notation ﬁ]fli and /Tgi) when 6, (x, y)
is replaced by Gy (x, y) in Hlf"i. It then follows from (5.10) that

HY o =H @ -y, 1<v<m,

and, consequently, Ag) (x,y)= /F\vgi)(x, —7y). Hence, the estimate for Ag) will be similar to the
estimate for Agz)_ In fact, set
/2

Fm = {(x,y): xX=rcos¢,y=rsing, r >0, |n—¢|<8m}, 8m:2m+1;

then the estimate of Ag)(x, y) over I, will be exactly the same as the estimate of AY) (x,y)

over I},. Thus, we only need to estimate one sum, which we choose to be Agi).
We use Egs. (5.9) and (5.10) to carry out the estimate. The inequality

sin(n + 1)t

]U,,(cost)‘ = Sint

<n+1, 0<tr<m, (5.11)

will be used several times. The estimate is divided into several cases.

Lemma 5.6. There exist constants ¢y and ¢ such that
M ® 1
H oy <er and HP (x.y) <com+ 5 ) logm+ 1)

for (x,y) € I, where c1 < 722+ 7r2/12) and ¢ < n2/2+ 1.

Proof. Since cosfy(x,y) =x and (x, y) € I},,, we can write 6 =6, (x, y) with 0 < 0 < /2.
We estimate the term Hlfz) first. Since cosy; > 0 for 1 < j < m and cosf > 0, it follows
from (5.11) that
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sinfy; & 1 - 1
2) J _
Hy,(x,y) < Z F<Y =) - G117

j=1 2m-+1

m
T 2m + 1 1
<= - — )1 1).
2 Z(]+1/2)JT <m+2> og(m + 1)

For the term Hé 1) , we need to consider the position of 0 relative to that of v ;, which is divided
into several further cases.
(A)If0< 0 <¢gy =m/(dm + 2), then by (5.11)

m .2 m m 2
H(Z)(x < Z wsim % ”ZZ szwj

Y 2 ST 2
— 4sin 25 ; 9

ﬁ

Jj=1

m %) m
2 J ! 2 !
=7 ;(12—1/4><” ("” /Z(ﬂ—l/@) (n+3)

=1

B) If ¥y — ey <O < Yy + &, where 1 <1 < m, then using the fact that

sin(2m +91_)§/9 - ‘ < sin(2m —9{— ey ol
sin 7t sin 1//1
we obtain that
@ sin’ Yy ST sin’ g
Hol ) S g n T (DZ) 4singsin 2 g ViF?

2 1/,12 3 -1 m 1/,}2
g P
8 O(Y1+0) + 82m + 1) jZ:+ Z 010 — ;|0 + ¥;)

=1 j=i+1

% 1 3 =t j - j
g_ -— = 1.
8 1—1/2  3@m+ )0 JZ_;l—j—l/2+ 2 i—i-1n

j=l+1

The first sum in the last expression is bounded by

-1 l

72l -1) 1 72

8(2m+1)0;l—]—1/2 8(1_1/2)j —j—12° —(logm+2)

1

and the second sum is bounded by
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m .
7.[3 2

Jj Jj+1
8Cm + 10 Z 1—1—1/2<8(l—1/2)]21—1/2

m—I 2

Tcm 1 Tcm
< <2 2).
4 ;j—l/z g ogm+2)

Putting these estimates together and use (5.8), we complete the proof for Héz).

The proof for Hél) does not need require the splitting argument. By definition and (5.6),

2m
1 . 1 —cos(m+ 16 — ;)
() 2 J
Hy ' (x,y) = —— sin” ¥ ; . -
0 2m +1)? Z T gsin? 2V sin2 91V

2 2
Z sin ((2m+1)9 l1”)
(2m+1)2 4sn2¥snzw.
Let 0 be fixed and |0 — ¥k | < &, for some k. Then by (5.11),
2
) sin“ Yy sin® Y
Hy " (x,y) <
0 4 sin? 9‘“”" (2m+ 1)? §4sm2 O Vi gin? 9+1//’
7t ( k—1 m 1
4 +Z 2 Z ; 2)
4 jlw—J—vm o G k=172

(%)

This completes the proof. O

Putting all pieces together, it is readily seen that the proof of the Theorem 5.2 follows from
the conclusion of the following lemma.

Lemma 5.7. There exist constants ¢y and ¢ such that
AP ) <erm+1) and AP (x,y) < (m+ 1) log(m + 1)
for (x,y) € Iy, where ¢ci <m2/96 +T1%/24+1/2 and ¢» < 3/2)n? + 7 + 1.

Proof. Again we consider the estimate for the sum AEZ) first, which is more difficult than

the estimate for AE]). Using the polar coordinates x = rcos¢ and y = rsin¢, we can write
cos by, (x,y) =rcos(¢p — ¢y). For (x,y) € I, || < &, so that

Qv—1/2)n <h—b< Qv+1/2)

2m + 1 S 2m+1
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from which we conclude that cos6,(x,y) > 0 for 1 < v < m/2 and that cos6,(x, y) <0 for
m/2+1<v<m. ‘
We shall break the sum in A(ll) into two parts,

AV, =LY, + LY (1, y),

where the first one has the sum taken over 1 < v < m/2 and the second one has the sum taken
overm/24+1<v<m.

Case 1. We consider the estimate of L(i) (x, y). Note that cos 9, (x, y) < 0 and cos¢; > 0 for the
terms in L( )(x y). If sin6, (x, y) > \/—/2 then

sin((2m + 1)0, (x, y))
2sin6, (x, y)(cos 0, (x, y) — cos ;)

1 m m

(2)

L3 y) =3 > Z ny;
nm

/2
m m
1 sin? % 1
<
\2m mZ X_: V2 cosy; 4\/—2 (j+1/2)7T

]Sll’l OmEl

J+1/2 4f

If sin6,(x, y) < ﬁ/Z, then —cos6,(x,y) = cos(m — 6,(x,y)) = \/—/2 Furthermore, since
—cosb,(x,y) = —rcos(¢y, — p) < —cos(¢y, — @) for m/2 + 1 < v < m, we have 6,(x, y) <
¢y — ¢ and |sinb, (x, y)| = sin(x — 6, (x,y)) = 2/7)(r — ¢y + ¢). Hence, for sinb,(x, y) <
V2/2,

LY (x,y) < i il 2sin
'x’ ~X _-7
2 VS5 oy R V2 Isin6, (x, y)|

Z 1 ’”X/%zmﬂ
7T_¢v+¢ 2\/51):1 2v+1

v=m/2+1

2\/_( 1)log(m+1)

The case L(21) (x, y) is again easier. We have

sin?((2m 4 1) 20D"%))
'12(cos b, (x, y) — cos V)2

1 m m
M — )
L2 (x, y) = m Z ZSln

v=m/2+1 j=1

" 1 72

sin?y; _m
N - g I
4(2m+l)zzcosz1ﬂj ]_X_;(j—i—l/Z)2 96
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Case 2. The estimate of Lgi) (x, ¥) under the assumption that

0<r<cos(¥y, —&p) =sinm/2m + 1),

417

where cosf,(x,y) = rcos(¢p — ¢,) in the polar coordinates for (x,y). The fact that
cosf,(x,y) < r implies that 0,(x,y) = ¥, — &, = w/2 — 2¢,, so that sinf,(x,y) > 1/2.

Furthermore, 7 /4 <

sequently,

2
LP(x, 3 <

2
%i [sin(@m + D@, ) = 40
2m +1 ev(x -y . Oy (x, y)+’w0j
1] 1 3 Sin 5
m/2m—1 m s 02
sin® /; sin” ¥y,
S o +1 2} 2} Bt ] + 2} sin 2D ]
v=1j v=

<
202m + 1) ; /2= — 26m

m — 1
EZW‘FZm < m(logm + 2).

Similarly, we have the estimate

Lm(x y) = am +1)ZZZSIH

m/2 m San((2m+1)9U(x ) — 1/fj)

2 Oy (x, Y) ¥ San 91)(/‘7 y)-H/f/

m/2m—1 m/2

4(2m + 1)2 Z Z (CX

(x, )’) — 4sin

m — m m [ 7?
n Z<3(=+5).
22 —J—1/2)2 2<6+>

Case 3. The estimate of LY) (x, ¥) under the assumption that

r = cos(Y, — &) =sinmr/2m + 1),

02
sin“ ¥,
%)2 + Z ) Gu(x,)é)Jrlﬁm
Vv

QD) < 3 /4, which implies that sin 252 > /272 > 1/2. Con-

where cos 6, (x, y) =r cos(¢ — ¢,) in the polar coordinates for (x, y). Note that cos 8, (x, y) > 0
for the terms in L (x ¥). In this case, cos6,(x, y) — cos; can be zero. For a fixed r let [ be

the index such that

r =cos6, 10—yl <em, 1<<I<m.



418 Y. Xu / Advances in Applied Mathematics 36 (2006) 388—420

We split the summation over j as two sums, one over 1 < j </ and the otherover /41 < j <m.
This leads to a split of the sums in L(ll)(x, y),

_ m/2 | m/2 m )
Lgl)(x,y)zzz—i—z Z ::L(ll’)l(x,y)—i—L(lz(x y).

v=1j=1 v=1j=l+1

We consider the two cases separately.

(A) The estimate for L(’) For j <I,r =cos0 < cos(y; — &) < cosyj, so that cos 6, (x, y) <
r <cosy;, and consequently,

|cos€u(x,y) — COSI//j| = cosy; —cosf,(x,y) = cosyj —cos(Py — &p) > 0.

Furthermore, the fact that cos6,(x, y) = r cos(¢ — ¢,) < cos(y; — &;,,) implies that 6,(x, y) >
Y — &y, Therefore

LG, y) <
L1 ] ] —v; . N+
2m +1 vl j=1 4|sm9u(X, y) sin GV(X’yz) Vi gin 0”()(’)2)4_1//’ |
' > i
82m + 1) lﬂz—Sm — (Y1 + Y —en) (W1 — Vi —&m)

j=1
n2m

1
4(21—1)21—]—1/2 2

j=1

logm.

The estimate for Lﬁ is similar:

(1) By sin’ ¥
L1,1(x, )< m + 1)2 Z Z 2 9v(x,y2)—1/fj siﬁz 9u(x,}27)+¢_/ i

l 2 2
nm T m (1T
E < — +4).
4 le(l—]—1/2)2 16<6+>

(B) The estimate for L(’) Forl < j <m,r =cosf > cos(y; +¢) > cos;; hence, 6, (x, y) —
cos ¥ can be zero. Since os 0y (x,y) =rcos(¢, — ¢) is bounded by both r < cos(y; — &;,,) and
cos(¢y — en) as |@| < &y, it follows that

Oy (x,y) Z max{yy, v} —em =210 — &m > 0.

For each v, we choose an index j, such that

|9v(xs y)— wj,,| < Em-
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We need an estimate on j,. Since

%aﬂ =1—cos(¥j, — &m) < 1 —cos(0,(x,y)) =1 —rcos(¢, — ¢)

2 —¢

=1—r+r(1—cos(dy, —¢)) < 2smlg+2 2

we obtain (¢, — em)? < ”Tz(wf + (¢y — ¢)?), from which it follows that

1
jo=3 S SVEF @ < ZU+). (5.12)

2 72

Using the fact that for j # j,,

00 Ce, y) = Wi = 10, — W5l — |6, ) — ¥ | = W), — V] — e,

we obtain the estimate

2 .
L(2 (x,y)= % i sin2 v sin((2m + D)0y (x, y) — w/))
1,2 ; oy |
2 + 1 v=I1 j= =l 4Sin91) (.X, y) Sin GU(X,)Z) WJ Sin 9u(x,)£)+1//]
m/2 -
< Sin ‘/’jv
v=1 4sin6, (x, y) sin w
S sin y
2m +1 v=1 j£j, 45sinf,(x, y)sin |9u(x,)27)—l//j| sin 0u(x,)2;)+1/,j
o m/2 ) 2
i ¥, - | .
< N | |
8 ;Zlyu_gm 2(2m+1);leV_8m ]Z |¢/u_1ﬁj|_8m

Using the inequality (5.12), the first sum in the last expression is bounded by

A I+2v _ 3
il A
16 = max{l,2v} —1/2 8
while the second sum is bounded by, again using (5.12),
2 j-t1 ' i |
T 1 ; J
2(2m+1)§zl’”_£m</§JV—J—l/Z j—j;klj_]v—l/2>
5 m—jv
: : J+J
S 2 manii 2o — 172\ Jv gl +1
2 ;max{l,2v}_1/2 (Jv og(ju+ 1)+ Z 1/2)
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1
max{l,2v} —1/2

E
]

<3 (7ulog(iv + D+ 0m = jv) + (o + 1/2) log(m — ju + 1)
v=1
m/2 m/2

[+2v !
_(n+1)log(m+1)zm+ Zlm

< (712 4+ + Dmlog(m + 1).

This completes the estimate for LEZ%. Similarly, but more easily, we have by (5.12),

m/2 S1I1 w m/2
(1) Jv
25 S 2_%45 YA 4(2m+ )22;: 29”“‘ SinpVy
2any loeneny L4 T,
278 & (]V_])2 2 4z 12

This competes the estimate of L(’)
Putting all cases together completes the proof of the lemma. It is easy to see that the largest
constants in front of m log(m + 1) or m in the three cases come from Case 3. O
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