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The object of the present paper is to investigate a general class of fractional
integral operators involving the Gauss hypergeometric function. Several interesting
distortion theorems for various subclasses of analytic and univalent functions are
proved in terms of these operators of fractional calculus. Some special cases of the
results presented here are also indicated.  © 1988 Academic Press, Inc.

1. INTRODUCTION AND DEFINITIONS

Among several interesting definitions of fractional integrals given in the
literature (cf., e.g., [2, Chap. 13; 5; 8, p. 28 et seq.; 127]), we find it to be
convenient to recall here the following definitions:

DerFmnITION 1 (Owa [37; see also Srivastava and Owa [10]). The frac-
tional integral of order 4 is defined, for a function f(z), by

; 1 = f)

D4 flz) =7 | — (1.1)
: () (z—-0)'*
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where A >0, f(z) is an analytic function in a simply-connected region of the
z-plane containing the origin, and the multiplicity of (z —{)*~! is removed
by requiring log(z —{) to be real when z—{>0.

DErFINITION 2 (Saigo [6]; see also Srivastava and Saigo [137]). For
real numbers a>0, B, and 5, the fractional integral operator I3%7 is
defined by

xvaAB x . t
80 =S [ o F<a+ﬂ,—n;a;1—;>f(l)dt (12)

for a real-valued function f(x) which is continuous on the open interval
(0, o0) with the order

fx)=0(x*), x-0,
where
e>max{0, f—n}—1.
It follows from Definition | and Definition 2 that

Do f(x) =15 7" f(x). (1.3)

Furthermore, for a complex-valued function f(z), Definition 2 may be
written in the modified form:

DermviTiON 3. For real numbers « > 0, 8, and », the fractional integral
operator I3 %7 is defined by

z7*#

I8 1) =5 [ a0

xF(aJrﬂ, o —§>f(C)dC, (1.4)

where f(z) is an analytic function in a simply-connected region of the
z-plane containing the origin with the order
f2)=0(z[*), z-0,
where
e>max{0, f—n}—1,

and the multiplicity of (z—¢)*~ ' is removed as in Definition 1 above.
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It is easy to observe that [cf. Eq. (1.3]
D f(z) =I5 2= /(2). (15)

Let o/(n) denote the class of functions of the form

fz)=z+ i az (ne A ={1,2,3.)}), (1.6)

k=n+1

which are analytic in the unit disk % = {z:|z| <1}. Further, let %(n)
denote the class of all functions in «/(n) which are univalent in the unit
disk %. Then a function f(z) belonging to the class & (n) is said to be in the
subclass %(n) if and only if

7'(z)
Re<f(z)>>5 (zed) (1.7)

for some & (0 < < 1). Also, a function f(z) belonging to the class ¥ (n) is
said to be in the subclass #;(rn) if and only if

7f"(2)
f(z)

Re(1+ )>5 (zed) (1.8)
for some 6 (04 <1).
We note that f(z) e #5(n) if and only if zf'(z) € #(n), and that

FHmy s HKn),  As(n)sHy(n), and  Hyny= Hn) (19)

for0<do<1.

The classes H(n) and ;(n) were studied recently by Srivastava, Owa,
and Chatterjea [11]. For n=1, %(1) and ;(1) become the classes & *(J)
and X'(d), respectively, which were introduced earlier by Robertson [4].

Let 7 (n) be the subclass of & (n) consisting of functions of the form

O

f@)y=z—Y az* (a, =0). (1.10)

k=n+1
Denote by J;(n) and %;(n) the classes obtained by taking intersections,
respectively, of the classes %(n) and H3(n) with J (n); that is,
Fs(n)y=SH(n)n T (n) 0=Zd<1;neNn) (1.11)
and
Es(n)=HAs(n)n T (n) (0Zé<1;neN). (1.12)
The classes J5(n) and €;(n) were considered by Chatterjea [1]. In par-

ticular, J4(1) and ¥;(1) are the classes J *(8) and %(4), respectively, which
were introduced by Silverman [7].
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In this paper we aim at presenting several interesting distortion theorems
for the fractional integrals of functions belonging to the general classes
F5(n) and €;(n).

2. PRELIMINARIES

In order to prove our results for functions belonging to the general
classes F,(n) and %;(n), we shall need the following lemmas given by
Chatterjea [11:

LeMMA 1. Let the function f(z) be defined by (1.10). Then f(z) is in the
class T5(n) if and only if

¥ (T:gyugl (n21). 2.1)
k=n+1

LEMMA 2. Let the function f(z) be defined by (1.10). Then f(z) is in the
class Gs(n) if and only if

5 (Mk”&)wgl (nz1). (22)

k=n+1 1——6

Remark 1. Lemma 1 follows immediately from a result due to Silver-
man [7, p. 110, Theorem 2] upon setting a, =0 (k=2, 3, .., n). Lemma 2,
on the other hand, is a similar consequence of another result due to
Silverman [7, p. 111, Corollary 2].

We shall also need the following result in our investigation.

LEMMA 3. Ifa>0and k>B—n—1, then

Tk+ ) Ik—f+q+1)
Ebongs = 8 .
O T Tk B+ ) Tk tatn+1)- (23)

Proof. By Definition 2, we have
—a—§8

13:5‘”Z"=zr(a) Lz (z—0) ! F(a+ﬁ, —-nya; 1 ~§) {~d;

zK*ﬂ ! a—1 K

F(a)Jo (1 = 1) Flo+ B, —n; o3 1) dt
_ Ik+1)
T IMxk+a+1)

_ Ik+)I(x=B+n+1)
—F(K—B+1)F(K+d+']+l)z ’ (24)

Z*PFa+B, —mx+a+1;1)
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where we have employed the formulas [9, p. 287, Eq. (44)]

'{y) Yo v A1 .
my—:/—)Jl (]—[) F ﬂ/ l

Re(y) > Re(4) >0, (2.5)

Flo, B;7; 2)

and [9, p. 19, Eq. (20)]

I'y) I'y—a—B)
I'y—o0) I(y—By

Fla, B;y; 1) = Re(y —a—f)>0. (26)
3. DiSTORTION THEOREMS FOR THE CLASSES J5(n) AND €5(n)

Applying Lemma 1 and Lemma 3, we shall prove

THEOREM 1. Let o, B, and n satisfy the inequalities:
>0, g<2, at+n> -2, and B—n<2. (3.1)
Choose a positive integer n such that

Bla+n)

o4

n —-2. (3.2)

i\

Also let the function f(z) defined by (1.10) be in the class T4(n). Then

re—f+n) i
B) (2 +a+n)

(=) (—B+n+Dun+1)
{L'w+1—ax—ﬁ+znw+n+2u”‘} (3:3)

5 ) 2

and

o B I2—-g+n) _g
12" SO = F = T v sy

(U=3)(=B4n+2,n+ D)
{1+m+1—6x—ﬂ+2nw+n+zu”'} (34)

for
ze if <1 and zed¥ — {0} if B>1, (3.5)
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where (1), is the Pochhammer symbol defined by

IA+k) (1, ifk=0,
()= () _{1(A+1)---(l+k—1), Vke A (36)
Equalities in (3.3) and (3.4) are attained by the function
l__é n+1
fTZy—Z—jilit?gZ (37)

at certain values of z, where f is assumed to be a rational number for the
case (3.4).

Proof. By virtue of Formula (2.3), we have
I2-B+n) -5
I2-BIr2+a+n)
§ I'k+ 1) I'k—-f+n+1) a
Tk—B+ 1) Tk+a+n+1) *

k=n+1

55 flz)=

=8 (38)

Now define the function &(z) by

_1‘(2—ﬁ)1"(2+a+11)
P& =T F+n)

Iz f(2)

=z— i ¥(k)a,z~, (3.9)

k=n+1
where, for convenience,

(=B+n+2), k!

= D @+

(k=n+Ln+2,n+3,.) (3.109)

It is easily seen from the assumptions in (3.1) and (3.2) that ¥(k) is non-
increasing for integers k = n+ 1, and we have

(=B+n+2),(n+ 1)

O<¥PKk)SPn+1)= . 3.11
DR S N T TS} (10
In view of Lemma 1, we also have
2 1-46
Y a (3.12)
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Making use of (3.11) and (3.12) in (3.9), we see that

1B(z) 2]z~ 2" Y W(k) g
k=pn+1

>z = P+ Diz"* " Y a

k=n+1
o

>l
2 I2] n+1-—46

P(n+1)zI",

which implies the assertion (3.3) of Theorem 1.

The assertion (3.4) of Theorem 1 can be proved similarly.

Finally, in view of the formula (2.3), it is not difficult to verify that the
function given by (3.7) does indeed attain the equality in (3.3) for z = |z|. If
B is a rational number, we can seek integers # >0, m,, and m, such that

n(l+2m,)/(m,—m,)=2—2.
Put
O=02m;+1)n/(1-B)=02m,+ 1) n/(n+1—p).

Then we can see that (3.7) attains the equality in (3.4) at the value
Cz=|z| €®.

COROLLARY 1. Let the function f(z) defined by (1.10) be in the class
Fs(n). Then

O E s ST ) (R )
1D; f(z)lgr(zu){l_(n+1—5)(2+,1),, 2 } (3.13)
and
i |z| '+ (1—-0)(n+1)! n
1D f(z)léF(2+i){l+(n+1—6)(2+i)n 1 } (3.14)

Jor A>0 and zed. Equalities in (3.13) and (3.14) are attained by the
function given by (3.7) at certain values of z, where A is assumed to be a
rational number for the case (3.14).

Proof. 1In view of the relationship (1.5), Corollary 1 follows readily from
Theorem 1 in the special case when

o=—f=A4A

Remark 2. Letting A— 0 in Corollary 1, we obtain the corresponding
result due to Srivastava, Owa, and Chatterjea [11, p. 117, Theorem 1].
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Similarly, by applying Lemma 2 (instead of Lemma 1) to the function
f(z) belonging to the class €s{(n), we can derive

THEOREM 2. Under the assumptions (3.1) and (3.2) of Theorem 1, let the
function defined by (1.10) be in the class €s(n). Then

Iz I'2—f+1n)
SrQRQ-p)r2+a+n)

x{1- (1—=3) (=B +1+2),n!
(m+1-0)0-B+2)(x+n+2

15,27 f¢ |z)"~*

- 1z|"} (3.15)

and
r2-p+n)
- TIQ+a+y)

(1~ 8)(—f+n+2),n!
X{1+(n+1—5)(—ﬂ+2)n(a+n+2)n

|z =F

1527 f(2)] S 7

lzr"} (3.16)

Sor z given precisely by (3.5). Equalities in (3.15) and (3.16) are attained by
the function

1-46

&= s 1-9)°

nl (3.17)

at certain values of z, where f is assumed to be a rational number for the
case (3.16).

Finally, by virtue of the relationship (1.5), a special case of Theorem 2
when

a=—f=24
may be stated as

COROLLARY 2. Let the function f(z) defined by (1.10) be in the class
%s(n). Then

_ fz]' (1—6)n! .
|D;*f(2)] gf(2+i){l_(n+1—5)(2+l)n |z| } (3.18)

and

_1 |z (1-3)n! ,
DS e e 619
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for A>0 and zeU. Equalities in(3.18) and (3.19) are attained by the
SJunction given by (3.17) at certain values of z, where A is assumed to be a
rational number for the case (3.19).

Remark 3. Letting A— 0 in Corollary 2, we obtain the corresponding
result due to Srivastava, Owa, and Chatterjea [11, p. 119, Theorem 2].
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