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ABSTRACT

A multi-variable theta product is examined. It is shown that, under very general choices of the
parameters, the quotient of two such general theta products is a root of unity. Special cases are ex-
plicitly determined. The second main theorem yields an explicit evaluation of a sum of series of
cosines, which greatly generalizes one of Ramanujan’s theorems on certain sums of hyperbolic co-
sines.

1. INTRODUCTION

Motivated by a fascinating identity involving a quasi-theta product in Rama-
nujan’s lost notebook [8], [4], we examine in this paper a certain, very general
multi-variable theta product. For k + 1 complex variables uy, ..., u, w, £k > 1,
define

e g 201 2ji+1
00 14 (=17~ +kaulh+ ...uklk+

(1.1y  Felwy,...,up;w) = [] - , 4 e
’ s Bk it =0 1 - (_1)]1+...+jkwu%j1+1 . 'ulztlk -1

Throughout the paper, we assume that 0 < i), ..., |ux] < 1. The product
on the right side of (1.1) converges for any w not of the form
(—l)jlJ""J“f'kufzj1 -t -u,?zj"_l with ji,..., j» €N, and so, as a function of w,
F(uy, . .., ux; w) is meromorphic.

When k =1, u; = ¢, and w = ¢, then
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+( 1) q2j+2 fes) 1+q4j+2 o 1 —
)]q2]+2 -0 1__ 4]+2 -1 1+q4]

Fitgia) =11 1

j=0
ﬁ qS’ 4 (1~q‘”)2 I ata)
=1 L=g% (1 —gq4-2)2 YY)’

where we have used the well-known product representation [3, p. 36, Chap. 16,
Entry 22(ii)] for the theta function ¢(g) (in Ramanujan’s notation),

(2]

vla) = 2 4a kDR gl < 1

Thus, in this instance, (1.1) reduces to a quotient of classical theta functions.

Section 2 is devoted to proving our two main results. Our first theorem shows
that for very general choices of the parameters 0 < |u|,. .., || < 1, the quo-
tient of two functions (1.1) is a root of unity when we take the two choices of w
to be reciprocals of each other. OQur second theorem gives an evaluation of a
sum of k + 1 infinite series involving cosines.

In Section 3, we provide applications. First, we show that Theorem 2.2 yields
a vast generalization of the following identity of Ramanujan found in Entry 15
of Chapter 14 of his second notebook [7], [2, p. 262]. Let «,3 > 0 with
aff = /4. Then

o0 (—l)n = (—l)n _‘T(
(1.2) ; (2n+ 1) cosh{(2n + D)a} Z_: (2n+1)cosh{(2n + 1)3} 4’

We next examine special instances of Theorem 2.1. In particular, we give new
explicit evaluations of certain infinite products.

2. MULTI-VARIABLE PRODUCTS

Our first objective is to prove the following transformation formula.

Theorem 2.1. Let Ay,...,Arr1 and A be complex numbers such that
Ay, ..., Ax1 are nonzero and the quotient of any two of them is nonreal. For each
distinct pair (1,j),1<1,j <k+1, denote q;; = exp(+nid;/(24;)), where the
sign + is chosen so that |qij| <1 We also set q;=iexp(nd/(24;)) for
1<j<k+1. Then

(2 1) k41 Fk(ql,j, a1 g1,y e - ,6]k+1,j34j) — exp(ﬂ'i)
j=1 Fk(gl,j»--~34j—17j7%+1,j7-~7Qk+1,j§'qu)

The form of (2.1) is not surprising, for in the ‘inversion’ formulas for classical
theta functions, roots of unity arise. We will derive Theorem 2.1 from the fol-
lowing result.

Theorem 2.2, Let Ay, ..., Ay be nonzero complex numbers with the quotient of
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any two of them nonreal. Then for any complex number A, with |A| small enough in
terms of Ay, ..., Ary1,
k+l o ( 1)" ““"—‘(z'lel)ﬁA
— [4 J. s
22y X 2 Oniind; 9

j=1n=—-cc (2n+1)H1§,§k+1717&jcos———2]7— 2

Proof of Theorem 2.1. We first derive a convenient expression for
log Fi(uy, . . ., ugx; w). Taking logarithms on both sides of (1.1), we find that

(2.3)

) . . . .
log F(uy, ..., ux;w) = Z log(1 +(—1)“+”'+jkwu%h+1---ulz{jk+1)
J1rJk=0
- Z 0 log(1 ~ (—l)j”"'”"wufj“’l i -ulzcjk+l) =51 - 5.
Jisedi=

Here and in the next step, we have ignored branches of the logarithm. The jus-
tification lies in our eventual proof of Theorem 2.2. Using the Taylor series of
log(1 + z) about z = 0, we find that

((_1)1+j1+"'+jkwu%jl_1 . _uijkﬂ)m

m

o0 o0
s=- £ %
JiyeJre=0m=
= S M i (__l)m(jl +-~~+jk)u%mj1 o uimjk
Jk

m=1 m Jiyeesd

S &:W_lmﬂ(i (_M%)mn) (i (_u]g)mjk)
m=1 j1=0 ji=0

(—wuy - )"

21 m(l = (=u3)") - (1= (=)™)

I
Mg

By replacing w by —w in (2.4), we find that

e (wuy - - - ug)”
2.5 S =— .
B T ) (L= ()

Thus, substituting (2.4) and (2.5) into (2.3), we deduce that
Owu - - uge)" (1 = (=1)")
m(1 = (—u)") - (1= (—up)™)

log Fie(ut,...,usw) = 3
m=1

(26) i (Wul k)m
m(1+13") - (1 +ud™).
m odd
Since uy, . .., u; are nonzero, we may write (2.6) in the form

log By (uy, . .., tig; W)

(27) z W2n+1

a0 (2n+ D)(u 2"+1+u“2” 1) . (uin+l+u;2n71)'
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If we apply (2.7) with w replaced by 1/w and use the symmetry of the denomi-
nator on the right side of (2.7) with respect to the transformation
2n+1— —(2n+ 1), we find that

1
log F, e U —
og k<u17 7ukaw>

;V‘io W
ney (2n + 1)(u%n+1+ul—2n—1)“'(u]2€n+1+ul;2n_1).

(2.8)

2n+1
=2

Note that the series on the right side of (2.7) converges absolutely for any w
with jw| < 1/|u; - - - ug], while the series on the right side of (2.8) converges for
any w with |w| > |us - - - u|. It follows that

1
log Fr(uy, ... ,up;w) — long(ul, e ,uk;;)

0 WZn +1

:22

niToo (2n+ 1) 4?1y (2 4y

(2.9)

for any w in the annulus

(2.10) |u1 uk] < [W| < Iu1 ~ 'Mkl .
Now recall that 4, ..., A1 are nonzero complex numbers with the quotient
of any two of them nonreal. Also, recall that 4 is a complex number with |4]
small enough in terms of A4y, ..., Ax 1, such that (2.2) is valid and such that for
any 1 <j <k+1,(2.10) holds with uy, ..., ux and wreplaced by ¢1 ;,..., g1/,
gi+1,j---»qk+1,j» and g;, respectively. Then, taking into account that

n (2l’l+ l)ﬂ'A - 2n-+1
(~1) exp(—zr = —ig"*

and

(2” + 1)7TA[ o q2n+1

2 =gq"
c0s—— 4 ¥

—2n—1
T

from (2.2) and (2.9), we deduce that

k+1
Z (IOng(ql,ja'--:qj—l,jan+l,ja-~-7Qk+1,j§qj)
@11y 7=

1 i
- lOng<ql,j: e i1, 91,45 - - an+1,j§““)) = 3%
q;

By exponentiating both sides of (2.11), we obtain (2.1) for any 4 with | 4| small
cnough in terms of Ay,..., 4z, 1. Then the general form of (2.1) follows by
analytic continuation, and this completes the proof of Theorem 2.1. [

Proof of Theorem 2.2. Let A;,...,Ax+ and A4 be as in the statement of Theo-
rem 2.2 and define the function
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eAz

f(z)

T zcosAiz---coSAgqz

The function f(z) is meromorphic in the entire complex plane with a simple
pole at z =0 and simple poles at z = (2n+ 1)7/(24;) for each integer n and
eachintegerj, 1 <j < k+ 1. Let vz, be a sequence of positively oriented circles
centered at the origin and with radii R,, tending to oo as m — oo, where the
radil R,, are chosen so that the circles remain at a bounded distance from all the
poles of f(z). From the definition of £, it is easy to see that f(z) decays ex-
ponentially as |z| — oo provided z remains at a bounded distance from the
poles of f and |A4| is small enough in terms of Ay, ..., Ay, 1. It follows that

(2.12)

— 0,

L f(2)d

m

as R, — oo.
Let R(a) denote the residue of f(z) at a pole a. Then, brief calculations show
that

(2.13) R(0) =1,

1)zd

n+1 nt
2n+ Dm\ 2(-1)"" e ™
2A4;

(2.14) R<(

- (2n+1)7rA1’
m(2n+ DT crcnprrz,008 =55

for each integer n and each j € {1,...,k + 1}. Hence, using (2.13), (2.14), and
the residue theorem, we deduce that

1
%Jm f(2)dz

, In+ Dad;
j=1 i1} <2Rpa;/x ©(2n + I)nglgﬂlyl#jcos———( 7 .

Letting R,, tend to oo in (2.15) and employing (2.12), we conclude that

(In+)za
k+1 oo 2(=1)"He 2w

(2.16) 0=1+3 S :
j=tn==co w20+ V)Tl <jcpp12;008 (zn;;j?m,

This gives (2.2), and the theorem is proved. [

3. APPLICATIONS

In this section we derive some applications of Theorems 2.1 and 2.2. We begin
with Theorem 2.2.

If we set £ = 1 in Theorem 2.2, then, subject to the prescribed conditions on
A, Ay, and A4,, (2.2) takes the shape
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O ) S )

(3.1) e 2+ 1)rd =7
n=-c0 (2n+ )cos%}ﬁ”—Z 00 (211—%1)005("2427T L2
Set
B wAy . A _
A=0, 2= (@>0), and i, B (8>0).

Thus, a3 = 7% /4, and (3.1) reduces to the identity

e (=1)" = (~=1)" T
(3-2) ng_:oo (2n+ 1) cosh{(2n + 1)05}—|_,1:Z;Oo (2n+1)cosh{(2n +1)3} 2

which is obviously equivalent to (1.2). As mentioned in the Introduction, this
identity can be found in Ramanujan’s second notebook [7, Chap. 14, Entry 15],
[2, p. 262]. The first proof was given in 1925 by S. L. Malurkar [5], but because
the notebooks were not made available to the general public until 1957, he did
not realize that he had proven a result from Ramanujan’s notebooks. In 1951,
T. S. Nanjundiah [6] gave another proof. Finally, Berndt [1, pp. 176-177,
Proposition 4.5] offered a further proof in 1977. We emphasize that all the au-
thors cited above, in fact, found generalizations of (3.2). The generalizations
proved in this paper are different and seem to be new.
For a second example, let k = 2 and 4 = 0. For w := exp(2wi/3), set
% = Qw, j—; = fw, and j—z = W,

where «, 8 and v are positive real numbers. Thus, by Theorem 2.2, if a, 3, and
are positive real numbers such that a3y = 1, then

i (="
n=-o0 (2n 4 1) cos <(2" +21)m”> cos(<2"+22)’“"2)
2 1y
(3.3) + nzoo (2n+ 1) cos <(2n+21)7r5w) cos ((2n§:/)ww2)
S (=" 7
n==c0 (2n+1)cos ((2" +21 )’”‘") cos ((2” “in)”‘*ﬂ) 2

In particular, if & = 8 =y = 1, then (3.3) reduces to

5 1 .
n=0 (2n+ l)Cos((znzl)m") cos((2"+21)”“’2> 12

The latter two equalities and all such multi-sum identities arising from Theo-
rem 2.2 are apparently new.

We now consider applications of Theorem 2.1.

We see from the definition of F. that
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1

4 Fdw,..., Y T Fur, . ugw)
(34)  Feluy,...,up;—w) Fi(u,. .. uw)

If we set A =01n (2.1), then g; = i for 1 <j <k + 1. Using also (3.4), we find
that

k+1 . ? i
(3.5) 1Fk(ql,ja'~-an—1,jan+l,ja-~-7qk+1,j§l) :exp<§,;>-
j=

Taking square roots on both sides of (3.5), we obtain

i

k+1
(3.6) _Hl Fi(qugs - Gi—15 @15 - - - Qi+ 1,53 1) = Fexp (E}:T)
j:

In order to determine the sign + on the right side of (3.6), we use (3.4) with
w = i to deduce that

(3.7)  logFy(us,...,u;1/i) =log Fy(uy,. .. ,up; —i) = —log Fye(uy, . .., ug; 1)
Then, combining (2.9) and (3.7), we obtain

long(uh v 7uk;i)

Y 8 (1)’

neToo (204 D)@ Ly 2 g )

In particular, for any j € {1,...,k + 1}, the equality (3.8) gives

log Fi(quyy- -, @14y Gjrlys - - - Qher1j5 E)
(3.9) i X (-1

k n+ Drd; -~
Tn=To0 (2n+ 1)H1§15k+1,1¢j005%ﬁ
If we add the equalities (3.9) for j = 1,...,k + 1, then exponentiate both sides
and use (2.2), we obtain

k+1

) i
(3.10)  II Felqujs- - Gi—155 Gt 1o - - - Gt 1,53 0) = eXP(*Z‘k—H)-
j=1

An interesting particular case arises when A; = exp (2mij/(k+ 1)), 1 <j <
k + 1. We need the guotient of any two of them to be nonreal, and for this
reason we choose & to be even, say k = 2r. Note that foranyj € {1,...,2r + 1}
the numbers Ai1/4;, A2/Aj,...,4j_1/A; Aj+1/4;,..., Axr1/4; coincide
in a certain order with the numbers Ay,...,A4,. Therefore, the set
{g1js- - @i=1jsQj+1,j»- - - q2r+1,;} is the same for any j and coincides with the
set {exp(%mid;/2),...,exp(£mido/2)}, where the signs are chosen such that
lexp(£mid;/2)] < 1,1 <j < 2r. Since Im 4; = sin(2mj/(2r + 1)) is positive for
1 <j < randisnegative for r + 1 < j < 2r, the choice of the signs above will be
‘plus’ for 1 <j < rand ‘minus’ for r + 1 <j < 2r. From the definition (1.1) we
see that Fy(uy,. .., ux;w) is symmetric in uy,...,u. In our particular case, it
follows that all the factors on the left side of (3.10) are equal, and coincide with
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By, (em‘Al/27 o A2 o /2 "e—m'AZ,/2;l-)_
Thus (3.10) gives

: ] ] ; 2r+1 ;
(3.11) (Fz’(eml/zv-'->€mA'/2:€_mA’“/2,--.,e"”AZ’/z;i)> r =exp<227:il).

Then from (3.11) it follows that there is an integer 4,0 < 4 < 2r, such that
Fy, (e /27 o em'A,/z’ oA /2’ o e—m‘Az,/Z; i)

i 2hmi )

(3.12)
=oxp <(2r 127 Ty

In order to determine the value of % in (3.12), we again rely on Theorem 2.2.
Sincein our case the left side of (3.9) is the same for anyj € {1,...,2r+ 1} and
coincides with

log Fy <evrtA1/2, A2 A2 i 2, i),

by combining (3.9) and (2.2) we find that
9}

wid, /2 Tid, /2 —miA, 2 —midy /2. 2} _
(313) 10gF2,<e'l/,...,el /,e g +1/,...7€ lz/,l)—m.

Exponentiating both sides of (3.13), we find that

14 Fr( M2 m’Ar/Z’ A 1f2 A2, ) _ viv] .
(3.14) Fyle yeees€ e yeeos€ i) =exp eI

Note that the left side of (3.14) has the form

—i,
?

i0 i0 17 —i0 —if; . ;
F21‘(ple vazelzy'-'7prelr7pre ERERRY /14 pe lla’)?

where p; = exp(—Zsin 2ff1) and §; = Zcos 22, for 1 < j < r. From the defini-
tion (1.1) we see that for any real numbers pi,...,p,,0:1,...,6, with 0 < p; < 1
for1 <j<r,

—i,
1

6 76, i0, —i6 —ify. -
For(p1€”, p2e™, .. pre, pre™™ L pre™™, preT )

o]

Jrbtseafrde =0
1+ i(—1) it tth T (pmeiom)ijJrl (pmeﬂ-gm)zzmﬂ

(B15) L=ttt T (e 3 (e
e8]
= 1

jlwllr--zfrq]r:()
I 4i(—1)7 +--~+jr+11+---+l,pf(j1 +h+1) ,pg(jr+lr+1)ezml(j1 —h) ... QG —1)
X

1— (=)ot lbotl, 2UUVEREL 20 b4 D) gaigy (7~ ) . p2i6 (1)
In our case we may write
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. ) ,‘ 2
(3.16) p T f““””ZeXP( 73 Gt 1)sing f1>
m=1

and

(3.17)  MUimh)... 200t —exp<7fzz Um = In )00522T1>_

Combining (3.14)—(3.17), we obtain the following result.

Theorem 3.1. For each integerr > 1,
O

Juidtyes i =0

2m

1+i(—1)11+ et Tl’e 71—Zm 10m+lm1’1 Sln27+1+~”2m l(lm m COSZ%‘T‘

(3.18)

27

1— i(_l)f1+~~+J'r+11+"-+lreA7‘_Zm:1(/"’+lm+l)sm2r41+7"'Zm:1(j’"A In) cos 2y

Cex i
TP\ i)

Let us write down explicitly the left side of (3.18) for the first two values of r.
If r = 1, then (3.18) reduces to

0 1 +4i(—=1) M exp(—m(j + [ + 1) sin(27/3) + 7i(j — I) cos(27/3))

(3.19) =0 1 —i(=1)/ M exp(~m(j+ 1+ 1) sin(2x/3) + =i(j — I) cos(2/3))
mi[24

=e

On the left side of (3.19), make the substitution # = j +/ 4+ 1 and note that

exp(m'(j 1) cos%r) = exp(g(lz——jv =il === ()l

Then (3.19) becomes

o0 nol | (1) g3/

3.20 i Tl/24
( ) nHI ]HO 1 ——l”( l)nfl+]e_7m\/§/2 =€

In the inner product on the left side of (3.20), the contributions of any two
consecutive values of j cancel each other. Since j takes exactly n values, we de-
duce that, if n is even, then the inner product above equals 1, while if » is odd,
say n = 2k -+ 1, then the inner product equals

L4 (=1)" te ™32 1 4 j(—1)fer k132
1 — in(—1)""lg-mV3/2 Ty i(—1)Y<er@k+1)v3/2

Thus (3.20) reduces to

1 + l-(__l)ke-vﬂ(Zk%—l)\/g/Z ’”/24

321 I

ito 1= i(—1)ferksnEn ©

The evaluation (3.21) can be formulated in terms of Dedekind eta-functions.
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Recall that, for ¢ = exp(2miT), Im 7 > 0, the Dedekind eta-function 7(7) is de-
fined by

77(7—) = eZmT/24 H (I _ eme-)_

n=1

A brief calculation shows that

62 T (a-g = el
n=0 77(7—)
Observe that if we set 7 = j:% + %1\/5 in (3.22), we obtain, respectively, the de-
nominator and numerator in the product (3.21).
This last part of the reasoning works in more generality. To be precise, for
any complex number u with |#| < 1 and any w for which F (iu, u; w) is defined,
we can use the same reasoning as above to show that

0 | 4 jwytht2

Fy(iu,u;w) = —_—.
() = [T s

Returning to (3.18), in the case r = 2, we obtain

9]

I1

Jujadih=0

(3.23) 1_I_i(_l)j1+j2+[1+lze—w2fn:[(/'m+1m+l)siu(21rm/5)+7ri2i1=l(jm—lm)cos(27rm/5)
X

1— i(— 1)/‘1 il +he an:[ (m+1In+1) sin(2'rrm/5)—l-7rl'Z:'zn:I (m — b) cos(2mm/5)
— e7ri/160
We now use the equalities

o 1042v5 . 4r  V/10-2V5

S T I R
and

2r V5-1 4 —1-+/5

COS?:T7 COS?—T,

and make the substitutions ny =j1 + 4+ 1, m=jo+bL+1, n=j; —j,, and
J =J1- Then the numerator on the left side of (3.23) equals

1+ l‘(_l)”l 2 =g mV 10425 +mV/ 10~ 2V/5) +3(ny — 1y +2j1 = 2j2)V/5 + 1y + 12 — 21 — %js — 2)
(3.24) =14 i Ia( 1yt e H V104 2V5 5 mV10-2V5) 4§l = m o+ 2y 2V g )
=1+ in(_l)nl+"2'H'e—%(nl\/10+2\/§+n2\/10—2\/§)+”7i((n2—n1+2n)\/§+n1+nz).

If we denote
(325) A: {(nlanlyn)j) :jlaj2711712 EN}a
then, by (3.24), (3.23) becomes
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1]

(ny,m2,m,j) €A

(326) y 1+i}’l(~1)nl‘?‘”2+] -~ nl\/10+2\/_+n2\/10 2\/_ ((n2_111+2n)\/§+n1+n2)

1___l‘n(___1)nl+n7+J —Z(nl\/10+2\/—+n2\/10 2\/_ nz n1+2n \/_+n1+n2)

— e7ri/160.

A brief calculation shows that

(3.27) A={(ni,nmy,n, ) €Z* n,m>1,1—-m<n<n —1,
' max{n,0} <j<min{n+n, — 1,n — 1}}.

Let us remark that for fixed ny, n,, n the contributions of any two consecutive
values of j on the left side of (3.26) cancel each other. If we denote

(3.28) w* =min{n+n, — 1,n — 1} — max{n, 0},

then j takes exactly #* 4 1 values. We deduce that for any fixed 5y, n,, and » as
above, the product over j on the left side of (3.26) equals 1 if »* is odd. If »* is
even, then the value of this product can be obtained by letting j equal any one of
its two extreme values, that is, j = max{n,0} or j=min{n+n, — 1,n — 1}.
Thus, choosing the first of these values for j and denoting for convenience
(3.29) B={(n,n,n) € VAR ni,m > 1,1 —n <n<n —1,n"even},

we finally obtain

(ny,my,m)eB

(3.30) 1+in(_1)n1+nz+max{n0} ~Em V10 +2v5 +ny /10— 2v/3) + (12 — 1y + 2005 + g +113)
: x

l_l-n(__l>n1+n2+max{"0} ~——n1\/10+2\/—+n2\/10 2V/5) + Z({(ny — 1y + 205 + 1y +m)
_ /160,

4, CONCLUDING REMARKS

The product on the left side of (3.21) involves one variable &, while the product
on the left side of (3.30) involves three variables ny,n; and n. For a general r, if
one uses the definition (1.1) on the left side of (3.14), this will involve products of
the form

(em'Al/Z) et (em‘A,/2> Yt (e—wiA,+1/2)2j'+l+1 o
(4.1)

(e_ﬁiAZr/?') Yzt — e_ﬂ'i'y/2

say, where ~ belongs to the ring of integers of the cyclotomic field
Q(2mi/(2r + 1)). The degree of Q(2xi/(2r + 1)) over Q equals (2 + 1), and
each «y as above can be written uniquely in the form

i 2wilp(2r+1) = 1)
Y=y +aqer+7 4+ - - + %(2r+1)-1€T—
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with ag,ay, . .., a,0r 1 1)-1 € Z. Thus one may write the left side of (3.14) as a
product over the independent integral variables ag, a1, .. ., a0, +1)-1, and a fi-
nite inner product, over those (ji,...,j2) € N which correspond to a given
(ao,ai, - ap0r41)-1) € Z#@*+ 1 Moreover ay can be eliminated in the sense
that its contribution to the right side of (4.1) can be easily described reasoning
mod 4. So we are left with aj,...,a,z +1)-1- This explains why in our most
simplified concrete equalities (3.21) and (3.30) we had products over one and
respectively three variables.
The authors are grateful to the referee for two very helpful suggestions.
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