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Abstract

We propose a new approach to assigning distance between fuzzy numbers. A pseudo-metric on
the set of fuzzy numbers and a metric on the set of trapezoidal fuzzy numbers are described. The
regular reducing functions and the Hausdorff metric are used to define the metric. Using this metric,
we can approximate an arbitrary generalized left right fuzzy number with a trapezoidal one. Finally,
powers and multiplication of trapezoidal fuzzy numbers are approximated.
© 2006 Elsevier Inc. All rights reserved.
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1. Introduction

In some applications of fuzzy logic such as control theory, it may be better to use fuzzy
numbers with the same type. Obviously, if we use a defuzzification rule which replaces a
fuzzy set by a single number, we generally loose too many important information. Also,
interval approximations for fuzzy numbers are considered in [3,6], where a fuzzy compu-
tation problem is converted into interval arithmetic problem. But, in this case, we may
loose the modal (the core with height 1) of fuzzy numbers. Even in some works such as
[2,4,7,8], we solve an optimization problem to obtain the nearest trapezoidal fuzzy
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number which is related to an arbitrary fuzzy number however in these cases it is not guar-
anteed to have the same modal value (or interval).

In this work we use value and ambiguity of fuzzy numbers same as [4,11]. For almost all
distances such as distances defined in [1,10,14], we can find two different triangular or trap-
ezoidal fuzzy numbers 4, B which 4 =~ B but actually 4 # B.

The structure of the present paper is as follows. In Section 2 the basic concepts of our
work are introduced. In Section 3 we introduce a metric D on TRF(R), the set of all trap-
ezoidal fuzzy numbers, which is a pseudo-metric on F(R), the set of all fuzzy numbers on
the real numbers. In Section 4 the nearest trapezoidal fuzzy number to an arbitrary gen-
eralized left right fuzzy number was introduced and a simple method for computing it, was
presented. Section 5 contains some properties of the nearest approximation. In Section 6
any power of a trapezoidal fuzzy number is approximated with a trapezoidal one.
In Section 7 we approximate multiplication of two trapezoidal fuzzy number with a
trapezoidal one. Finally, we have come to conclusion in Section 8.

2. Basic concepts

Let F(R) be the set of all fuzzy numbers on R, i.e., the space of all fuzzy sets which are
normal, fuzzy convex, upper semicontinuous with bounded supports [15].

Definition 2.1. A fuzzy set A is called a generalized left right fuzzy number (LR fuzzy
number) if its membership function satisfy the following [5]
l;i(x)v lgxgmla

( ) 1a m; <x < my,

(x) =
Hi ry(x), m.<x<r,
0, otherwise,
where /;(x) is the left spread membership function that is an increasing continuous func-
tion on [/,m;] and r;(x) is the right spread membership function that is a decreasing
continuous function on [m,,r] such that

1, [ =my; 1, m.=r
1 = i) = {
07 l7émla 07 mr#n

and [;(m;) = r;(m,) = 1. In addition, if /;(x) and r;(x) are linear, then 4 is a trapezoidal
fuzzy number which is denoted by (/,m;, m,,r). In this case if m; = m,(=m), we denote it by
(I,m,r), which is a triangular fuzzy number. Let TRF(R) be the set of trapezoidal fuzzy
numbers on R. B

The o-cut representation of a fuzzy number A4 is the pair of functions (L;(«), R;(x)),
defined by

inf{x|p;(x) = o} a>0,
Li(x) =1 . S
inf{x|x € supp(p)} o =0;
R {sup{xlu;(X) zaf  a>0,
(o) =
sup{x|x € supp(n)} o =0.
Obviously, when 4 = (I, m;, m,,r), then L;(0) = [ and R;(0) = r.
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Definition 2.2. A continuous function s:[0,1]— [0,1] with the following properties is
called a regular reducing function [11]

1. s(0) =

2. s(1)=1,

3. s( ) is mcreasing,
4. fo o)do =1

Definition 2.3. The value and ambiguity of a fuzzy numbers A with respect to s, are defined
by the following relations [14]

vmbzlsmmwwumm%
Amb() = /0 $(0)[R; () — Ly(o)]dox

It is clear that if 4 = a be a crisp real number then Val(4) = a and Amb(4) =

Definition 2.4. Let s be a regular reducing function. Then I, called a source number with
respect to s, is defined by

1
I, = / s(o)odar. (2.1)
0
3. Source metric
Definition 3.1. For 4, B € F(R), we define source distance of 4 and B by

D(4,B) :%{Wal(/q) — Val(B)| + |Amb(4) — Amb(B)| + max{|t, — t,|, |m» — mal}},

where [m,, t,] and [m,, t,] are the cores of fuzzy numbers A and B, respectively.

Theorem 3.1. For A ,B, CeF (R) the source distance, D, satisfies the following properties:

1. D(4,4) =0,
2. D(4,B) = D(B, 4). B}
3. D(4,C) < D(4,B) + D(B, C)

Example 3.1. Let u;(x) = x4,y (x) and p3(x) = g (x), then
~~ 1
D(4,B) :5(\a—b|+|070|+|a7b|) =la—b|.

Theorem 3.2. For A,B,A',B' € TFR(R) and nonnegative real number k, the source distance
D satisfies the following properties:

I. D(kA,kB) = kD(4,B), o
2. D(4 + B, A’ + B') < D(4,4") + D(B, B).
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Theorem 3.3. Let A, B € TRF(R), then D(4,B) = 0 if and only if A = B.

Proof. If A = B, from Theorem (3.1) we have D(Z,E) =0. Let A= (14, mg,t,,r,) and
B = (Iy,my, ty, 1) are two trapezoidal fuzzy numbers. If D(4, B) = 0 then

(a) max{|t, — t,|, |mp — m,|} =0,
(b) Val(4) = Val(B),
(c) Amb(4) = Amb(B).

From (a), we have max {|t, — t,|,|my — m,|} = 0 and hence m, = m; and ¢, = t,. From (b)
and (¢)

1 1
Val(4) + Amb(4) = / s(o)R; (o) dor = 2 / s(a)Rz(2)de = Val(B) + Amb(B),
Val(4) — Amb(4 _2/ da—z/ (x)da = Val(B) — Amb(B),
and hence
%(1 - ZIS)ra + ta[s = %(1 - 2].r)rh + tblm
1 1
ma[x+§(l —21‘)10 = m;,]s—|—§(
which imply I, =1ly, r,=r, and 4 = B. O

1 —21)l,

Corollary 3.4. The source distance, D, is a metric on TRF(R).

Proof. By Theorems (3.3) and (3.1) the proof is clear. [

_ By an example we show that the source distance D, is a pseudo-metric on F(R). Let
= (-3+3%,3,9-¥) and
2
pp(x) =< (x—3)7*+1
0, otherwise,

thus D(4,B) =0, but 4 # B.

2 <x <4,

4. The nearest trapezoidal fuzzy number

Definition 4.1. The A" € TRF (R), is the nearest trapezoidal fuzzy number to an arbitrary
LR fuzzy number B if and only if

D(4*,B) = min D(4,B).

AETRF(R)

Theorem 4.1. The A" € TRF (R), is the nearest trapezoidal fuzzy number to an arbitrary LR
Sfuzzy number C if and only if

D(4*,C) = 0.
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Proof. If D(4*,C) = 0 then for all 4 € TRF(R) we have D@, E‘~) > D(4*,C), ie., A" is
the nearest trapezoidal fuzzy number to C. Conversely, If D(4*, C) = f then we show that
B=0. Suppose f>0. We will show that there is a B € TRF(R) such _that D(B, C) <
D(A4*, C). Let for generalized LR fuzzy number C , the quantities Val(C) and Amb(C)
with respect to regular reducing function s, are spemﬁed We want to find a trapezoidal
fuzzy number which has the same value and ambiguity as C, also modal values of both
fuzzy numbers are the same, with these properties we will have D(B, C) = 0. Let B be a
trapezoidal fuzzy number ([, my, t;,r,). We want to find [,, m;, t;, and r,. It is clear that

{LB(“) = (my — lp)o+ Iy,
Ry(o) =rp — (ry — 1)t

Thus we should have

Jo s( %) + Ly(2)]do = Val(C),

[ s(2)[Ry(2) — Ly()]dee = Amb(C),
and

ry Jy s(a)do — (r, — 1)1, = 1 (Val(C) + Amb(C)),

(my — 1)1 + 1, fo s(e)do = 1(Val(C) — Amb(C)),
and hence

Lyy — (1 — )1, = 1(Val(C) + Amb(C)),

(my — 1)1+ 11, = 1(Val(C) — Amb(C)).
Thus

mp = Mc,

Val(C) — Amb(C) — 2myl,
b= 1-2I ’
=t (4.1)
_ Val(C) + Amb(C) — 24,1,
= 1— 21, :

It remains to show that B = (1, mp, ty, ry) defined by (4.1), is well defined. It is clear that
1—21—1—21/// a)da=1—y, ¥ e€(0,1),
1
Val(C) + Amb(C) = / s()Ry(2)do = 2R () / s()da = Ry(¢) > 1y,
0 0

Val(C) — Amb(C) = 2/01 s(o)Ly(o)do = 2Ly (1) /01 s(a)dor = Ly(t) < my.
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Thus
L Val(C) — Amb(C) — 2myl, cm(l=21)
b 1- 21, ST —o, T
Val(C) + Amb(C) — 21,1, _ 1,(1 — 2I)
ry = = = Iy,
121, 121,

and it completed the proof. [

Theorem 4.2. The nearest trapezoidal fuzzy number related to an arbitrary LR fuzzy num-
ber is unique.

Proof. Let Z’{, A ; be two nearest trapezoidal fuzzy number to an arbitrary LR fuzzy num-

ber C, ie., D(ZT, C)=0and D(Z;, C) = 0. By Theorem (3.1)
0 < D(A},45) < D(AT,C) +D(C,43) =0
thus D(Z}‘,Z;) = 0 and from Theorem (3.3) it is clear that Z’{ = Z;. O

Corollary 4.3. The trapezoidal fuzzy number A, is the nearest fuzzy number to an arbitrary
LR fuzzy number B if and only if

max{|t, — t,|,|my — m,|} =0,
Val(4) = Val(B),
Amb(4) = Amb(B).

By the last corollary A, is the nearest fuzzy number to an arbitrary LR fuzzy number B
if and only if

mg, = myp,

L Val(B) — Amb(B) — 2my 1,

‘o 1 -2, ’
— (4.2)
L Val(B) + Amb(B) — 21,1,

“ 1 —21I, '

Example 4.1. Let s(o) = o and

log;(x), 1 <x<3,
1, 3<x <4,
#alx) = log;(7—x), 4<x<6,
0, otherwise.

Therefore B = (0.44188, 3, 4, 6.55812), see Fig. 1.
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1 2 3 4 5 6 7

Fig. 1. B is the nearest trapezoidal fuzzy number to A.

1 2 3 4 5 6 7

Fig. 2. The nearest trapezoidal fuzzy number to 4 using method of [2].

The nearest trapezoidal fuzzy number to A in this example using the introduced method
in [2] is (0.84003, 2.80092, 3.80092, 5.76181), see Fig. 2.

The nearest trapezoidal fuzzy number to 4 in this example using the introduced method
in [4] is (0.48633, 2.97779, 4.02221, 6.51367).

We compare five methods: (1)—used in this paper, (2)—used in [2], (3)—used in
[9,1,10], (4)—used in [4] and (5)—used in [7], by some examples, Table 1. In this table,
a=3% b=(08-3V2)¥{, c=(3V2-4)¥ d=(4-V2)27 p=1(3vV2n-8VIn2)
and ¢ = —3,/2+4VIn2.

As we see, for all fuzzy numbers there is no trapezoidal fuzzy number computed by
method (3), also by this method a fuzzy number can only be approximated with a symmet-
ric triangular fuzzy number. As it seems, there is no guaranty to have an approximating
fuzzy number with the same core as original fuzzy number for methods (3) and (4) even
the original fuzzy number is a trapezoidal one. By method (3) a real interval is approxi-
mated by a triangular fuzzy number. However by our method a crisp real interval is the
nearest one to itself. Moreover to find the approximating fuzzy number one must check
four conditions for method (2) and five conditions for method (4), however by our method
it’ll be known by explicit relations (4.2). By method (5) we can not approximate an
unbounded fuzzy number (a fuzzy number is bounded if its support is compact [12,13]).
In Table 1, the first and the last examples are unbounded and we computed the
approximations for compact supports then we took limit and used error function

(\/% fg e"zdt). Also the results for methods (2) and (5), are exactly the same.
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Table 1
Numerical results of examples

L(o)/R(2) ) 2 (3) “4) (5

0.43601 0.50052 0.06790 0.52195 0.50052
1-03vV—Ina 1 0.96775 1.67725 0.89256 0.96775
24+0.7vV—Ina 2 2.07526 1.67725 2.10743 2.07526
3.31598 3.16546 3.2866 2.9722 3.16546
0.44188 0.84003 0.4905 0.48633 0.84003
3” 3 2.80092 3.5 2.97779 2.80092
7 -3 4 4.19908 3.5 4.02221 4.19908
6.55812 6.15997 6.5095 6.51367 6.15997
1 1 0.75 1 1
1 1 1 1.5 1 1
2 2 2 1.5 1 2
2 2 2.25 2 2
1 1 -0.5 1 1
o+ 1 2 2 2 2 2
5-3* 2 2 2 2 2
5 5 4.5 25 5
1 1 0.5 -0.33333 1
1 1 1 1.75 0.66667 1
3—« 2 2 1.75 2.33333 2
3 3 3 2.33333 3
u—ac u—bao u—do u—po u—bo
u—ov—Ina u U—co u u—qo u—co
w+ov—Ina u uw+co " nw+qo w+co
u+ao u+bo u+do u+po u+bo

5. Properties

Some properties of the approximation operators are presented by Grzegorzewski and
Mroéwka [7]. In this section we consider some properties of the approximation operator
suggested in Section 4.

Let T : F(R) — TRF(R) be the approximation operator which produce the nearest trap-
ezoidal fuzzy number to a given original fuzzy number using (4.2).

Proposition 5.1. The nearest trapezoidal approximation operator is 1-cut invariance.

Proof. It is a necessary condition for this approximation that

Proposition 5.2. The nearest trapezoidal approximation operator is invariant to translations.

Proof. Let z be a real number. Let A denote a fuzzy number with a-cut [Ly(a), Ry ()]
Then the o-cut of 4 + z translated by z is [L;() 4 z, R;(e) + z]. Therefore

Val(4 +z) = Val(4) 4z, Amb(4 +z) = Amb(4).
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Thus
My, = m, +Z7
~ Val(4 +2z) — Amb(4 +z2) — 2(m, +2)[, Val(4) — Amb(4) — 2m,],
= -2, - 1— 21, -
tLIZ = ta +Z7
L Val(4 +z) + Amb(4 +2) — 2(t, +2)I, _ Val(4) + Amb(4) — 21,1,
“ 1 -2, a 1 -2,

therefore T(4 +z) = T(4) +z. O
Proposition 5.3. The nearest trapezoidal approximation operator is scale invariant.

Proof. Let 4 # 0 be a real number. Thus

Val(14) = AVal(4), Amb(id) = iAmb(A4).
and
My, = Ay,

_ Val(J4) — Amb(i4) — 2(Jm,)I, . y Val(4) — Amb(A4) — 2m,I,
- 121, - 121, ’

ra
tie = My,

~ Val(A4) + Amb(24) — 2(Jt,)] . Val(4) + Amb(4) — 21,1,
B 121, B 121, '
Therefore T(1A) = AT(4). O

¥a

Proposition 5.4. The nearest trapezoidal approximation operator fulfills the nearness crite-
rion with respect to metric D defined in Definition 3.1 in the set of all trapezoidal fuzzy
numbers.

Proof. By Definition 4.1, we have
D(4,T(4)) = min D(4,B),

BETRF(R)
therefore

D(4,T(4)) < D(4,B), VB e IRF(R). O
Proposition 5.5. The nearest trapezoidal approximation operator is continuous.

Proof. An approximation operator T is continuous if for any 4, B € F(R) we have

Ve > 0,36 > 0,D(4,B) < 6= D(T(4),T(B)) < e.
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Let D(4, B) < 8. By Theorem 3.1 we have
D(T(A),T(B)) < D(T(4),4) + D(4, B) + D(B, T(B))

and by Theorem 4.1 we have D(T(4),4) = D(B,T(B)) = 0. Thus
D(T(A4),T(B)) < D(4,B) < 6.

Therefore its suffices to take 6 <e. 0O

Proposition 5.6. The nearest trapezoidal approximation operator is monotonic on any set of
fuzzy numbers with equal cores.

Proof. Let 4 and B be two fuzzy numbers with equal cores and A C B. Thus m, = mp, and
t, = t;, and there exist two nonnegative functions k(o) and k,(o) such that for 0 < a < 1,

L;(2) = Ly(a) + ki (a),
R;(2) = Rp(er) — ka(v).

It is clear that

/0 | s(o){ki (o) — (my —my)atda > 0,
ie.,
Val(4) — Amb(4) — 2m,I, > Val(B) — Amb(B) — 2my1,,

therefore IT@ > 1 3 In a similar way it can be shown that r_ ~ < 1) Thus

7(B T(4)
T(4)C T(B). O

Value of fuzzy numbers can be used as a ranking function, [4], i.e.,

A= B < T(4) > T(B).

Proposition 5.7. The nearest trapezoidal approximation operator is order invariant with
respect to value function.

Proof. The proof is trivial, because Val(7(4)) = Val(4) and Val(T(B)) = Val(B). O

6. Powers of a trapezoidal fuzzy number

As an application of nearest trapezoidal fuzzy number, we can find the nearest trape-
zoidal fuzzy number related to any power of a trapezoidal fuzzy number. Let Abea non-
negative trapezoidal fuzzy number (1, m,, 1,,7,). It is clear that if A" be the nth power of A
then 4" is a generalized LR fuzzy number where
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{L;l,,(oc) = [(m, — 1)+ 1.]",
Ry(o) = [rg — (rg — t2)0]".

We can easily compute Amb(4") and Val(4"), and also the modal value of A" is the inter-
val [m!, ).

Now let B® = (l<b”>7mén),tg”),r2”)) be the nearest trapezoidal fuzzy number to A”.
Therefore

A (6.1)
and
o _ Val(4") — Amb(4") — 2myl, o _ Val(4") + Amb(4") — 1,1, 62)
b . .

1-2I, T 1-2I,
Let A = (l,,my,t,,r,) be an arbitrary nonnegative trapezoidal fuzzy number, also let

s(o) = a. With a simple computation it can be shown that B™ = (lé”),mz, o, ré")) where

3007 — mit2(n® = 1) — B (n® + 3n 4 2) + L' (2n° + 30— 2)

2 B ) la #maa
lén) = (ma—la) (n+1)(n+2)

m27 la = My,

L =322 (2 = 1) + 2 (n? + 304 2) — 7, (207 + 30— 2) .
= (ra— t) (n+ 1)(n+2) a7 e

I t,=r,.

Example 6.1. Let s(«) = o and A= (2,3,4,5).
Therefore B? = (1,9,16,%), see Fig. 3.
Example 6.2. Let s(o) =« and a > 0.

If 3 (x) = 110 (%) then p (x) = gy (x).

5 10 15 20 25

Fig. 3. The nearest trapezoidal fuzzy number to A2,
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7. Nearest trapezoidal fuzzy number to multiplication of two trapezoidal fuzzy numbers

Let A = (layMayta,74), B = (Iy, my, 1y, 1) be two nonnegative trapezoidal fuzzy numbers
and C = 4 ® B, be the multiplication of the two fuzzy numbers 4 and B based on exten-
sion principle. We know that C is a generalized LR fuzzy number but not a trapezoidal
one. Now using the nearest method we can approximate it by a trapezoidal fuzzy number
F = (ly,mys,t5,rs), where

l/‘ = %(ma — la)(m;, — l},) + 2[(ma — la)lb + (m;, — lb)la] + 3lalb — 2mam;,,
my = mmy,

tf = lalp,

rp=3(ra —ta)(ro — ty) = 2[(ra — ta)rs + (ro — ty)ra] + 3rary, — 2taty.

Lemma 7.1. The nearest fuzzy number F to C=A®B, is well defined, i.e., Iy < my and
re 21

Proof. It is trivial from proof of Theorem 4.1. [

Example 7.1. Let 4 = (1,2,3) and B = (2,4, 5).

Hence C = 4 ® B and F = (1,8, 14.5), the nearest triangular fuzzy number, are shown
in the Fig. 4.

2.5 5 7.5 10 12.5 15

Fig. 4. The nearest triangular fuzzy number.

5 10 15 20

Fig. 5. The nearest trapezoidal fuzzy number.
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Example 7.2. Let 4 = (1,2,3,4) and B = (2,3,4,6).

Hence C =4 ® B and F = (1.5,6,12,23), the nearest trapezoidal fuzzy number, are
shown in Fig. 5.

8. Conclusions

In this work a metric was defined on 7RF(R), also a method was presented to find the
unique nearest trapezoidal fuzzy number related to an arbitrary LR fuzzy number using
this metric.
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