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Abstract

We propose a new approach to assigning distance between fuzzy numbers. A pseudo-metric on
the set of fuzzy numbers and a metric on the set of trapezoidal fuzzy numbers are described. The
regular reducing functions and the Hausdorff metric are used to define the metric. Using this metric,
we can approximate an arbitrary generalized left right fuzzy number with a trapezoidal one. Finally,
powers and multiplication of trapezoidal fuzzy numbers are approximated.
� 2006 Elsevier Inc. All rights reserved.
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1. Introduction

In some applications of fuzzy logic such as control theory, it may be better to use fuzzy
numbers with the same type. Obviously, if we use a defuzzification rule which replaces a
fuzzy set by a single number, we generally loose too many important information. Also,
interval approximations for fuzzy numbers are considered in [3,6], where a fuzzy compu-
tation problem is converted into interval arithmetic problem. But, in this case, we may
loose the modal (the core with height 1) of fuzzy numbers. Even in some works such as
[2,4,7,8], we solve an optimization problem to obtain the nearest trapezoidal fuzzy
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number which is related to an arbitrary fuzzy number however in these cases it is not guar-
anteed to have the same modal value (or interval).

In this work we use value and ambiguity of fuzzy numbers same as [4,11]. For almost all
distances such as distances defined in [1,10,14], we can find two different triangular or trap-
ezoidal fuzzy numbers eA; eB which eA � eB but actually eA 6¼ eB.

The structure of the present paper is as follows. In Section 2 the basic concepts of our
work are introduced. In Section 3 we introduce a metric D on TRF ðRÞ, the set of all trap-
ezoidal fuzzy numbers, which is a pseudo-metric on F ðRÞ, the set of all fuzzy numbers on
the real numbers. In Section 4 the nearest trapezoidal fuzzy number to an arbitrary gen-
eralized left right fuzzy number was introduced and a simple method for computing it, was
presented. Section 5 contains some properties of the nearest approximation. In Section 6
any power of a trapezoidal fuzzy number is approximated with a trapezoidal one.
In Section 7 we approximate multiplication of two trapezoidal fuzzy number with a
trapezoidal one. Finally, we have come to conclusion in Section 8.

2. Basic concepts

Let F ðRÞ be the set of all fuzzy numbers on R, i.e., the space of all fuzzy sets which are
normal, fuzzy convex, upper semicontinuous with bounded supports [15].

Definition 2.1. A fuzzy set eA is called a generalized left right fuzzy number (LR fuzzy
number) if its membership function satisfy the following [5]

l~AðxÞ ¼

l~AðxÞ; l 6 x 6 ml;

1; ml 6 x 6 mr;

r~AðxÞ; mr 6 x 6 r;

0; otherwise;

8>>><>>>:
where l~AðxÞ is the left spread membership function that is an increasing continuous func-
tion on [l,ml] and r~AðxÞ is the right spread membership function that is a decreasing
continuous function on [mr, r] such that

l~AðlÞ ¼
1; l ¼ ml;

0; l 6¼ ml;

�
r~AðrÞ ¼

1; mr ¼ r;

0; mr 6¼ r;

�
and l~AðmlÞ ¼ r~AðmrÞ ¼ 1. In addition, if l~AðxÞ and r~AðxÞ are linear, then eA is a trapezoidal
fuzzy number which is denoted by (l,ml,mr, r). In this case if ml = mr(=m), we denote it by
(l,m, r), which is a triangular fuzzy number. Let TRF ðRÞ be the set of trapezoidal fuzzy
numbers on R.

The a-cut representation of a fuzzy number eA is the pair of functions ðL~AðaÞ; R~AðaÞÞ,
defined by

L~AðaÞ ¼
inffxjl~AðxÞP ag a > 0;

inffxjx 2 suppðlÞg a ¼ 0;

�
R~AðaÞ ¼

supfxjl~AðxÞP ag a > 0;

supfxjx 2 suppðlÞg a ¼ 0:

�
Obviously, when eA ¼ ðl;ml;mr; rÞ, then L~Að0Þ ¼ l and R~Að0Þ ¼ r.
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Definition 2.2. A continuous function s : [0,1]! [0,1] with the following properties is
called a regular reducing function [11]

1. s(0) = 0,
2. s(1) = 1,
3. s(a) is increasing,
4.
R 1

0
sðaÞda ¼ 1

2
.

Definition 2.3. The value and ambiguity of a fuzzy numbers eA with respect to s, are defined
by the following relations [14]

ValðeAÞ ¼ Z 1

0

sðaÞ½R~AðaÞ þ L~AðaÞ�da;

AmbðeAÞ ¼ Z 1

0

sðaÞ½R~AðaÞ � L~AðaÞ�da:

It is clear that if eA ¼ a be a crisp real number then ValðeAÞ ¼ a and AmbðeAÞ ¼ 0.

Definition 2.4. Let s be a regular reducing function. Then Is, called a source number with
respect to s, is defined by

Is ¼
Z 1

0

sðaÞada: ð2:1Þ

3. Source metric

Definition 3.1. For eA; eB 2 F ðRÞ, we define source distance of eA and eB by

DðeA; eBÞ ¼ 1

2
jValðeAÞ �ValðeBÞj þ jAmbðeAÞ �AmbðeBÞj þmaxfjtb � taj; jmb�majg
n o

;

where [ma, ta] and [mb, tb] are the cores of fuzzy numbers eA and eB, respectively.

Theorem 3.1. For eA; eB; eC 2 F ðRÞ the source distance, D, satisfies the following properties:

1. DðeA; eAÞ ¼ 0,

2. DðeA; eBÞ ¼ DðeB; eAÞ,
3. DðeA; eCÞ 6 DðeA; eBÞ þ DðeB; eCÞ.
Example 3.1. Let l~AðxÞ ¼ vfagðxÞ and l~BðxÞ ¼ vfbgðxÞ, then

DðeA; eBÞ ¼ 1

2
ðja� bj þ j0� 0j þ ja� bjÞ ¼ ja� bj:

Theorem 3.2. For eA; eB; eA0; eB0 2 TFRðRÞ and nonnegative real number k, the source distance

D satisfies the following properties:

1. DðkeA; keBÞ ¼ kDðeA; eBÞ,
2. DðeA þ eB; eA0 þ eB0Þ 6 DðeA; eA0Þ þ DðeB; eB0Þ.
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Theorem 3.3. Let eA; eB 2 TRF ðRÞ, then DðeA; eBÞ ¼ 0 if and only if eA ¼ eB.

Proof. If eA ¼ eB, from Theorem (3.1) we have DðeA; eBÞ ¼ 0. Let eA ¼ ðla;ma; ta; raÞ andeB ¼ ðlb;mb; tb; rbÞ are two trapezoidal fuzzy numbers. If DðeA; eBÞ ¼ 0 then

ðaÞmaxf tb � taj j; mb � maj jg ¼ 0;

ðbÞValðeAÞ ¼ ValðeBÞ;
ðcÞAmbðeAÞ ¼ AmbðeBÞ:

8><>:
From (a), we have max {jtb � taj, jmb � maj} = 0 and hence ma = mb and ta = tb. From (b)
and (c)

ValðeAÞ þAmbðeAÞ ¼ 2

Z 1

0

sðaÞR~AðaÞda ¼ 2

Z 1

0

sðaÞR~BðaÞda ¼ ValðeBÞ þAmbðeBÞ;
ValðeAÞ �AmbðeAÞ ¼ 2

Z 1

0

sðaÞL~AðaÞda ¼ 2

Z 1

0

sðaÞL~BðaÞda ¼ ValðeBÞ �AmbðeBÞ;
and hence

1

2
ð1� 2I sÞra þ taIs ¼

1

2
ð1� 2IsÞrb þ tbI s;

maIs þ
1

2
ð1� 2IsÞla ¼ mbIs þ

1

2
ð1� 2I sÞlb;

which imply la = lb, ra = rb and eA ¼ eB. h

Corollary 3.4. The source distance, D, is a metric on TRF ðRÞ.

Proof. By Theorems (3.3) and (3.1) the proof is clear. h

By an example we show that the source distance D, is a pseudo-metric on F ðRÞ. LeteA ¼ �3þ 3p
2
; 3; 9� 3p

2

� �
and

l~BðxÞ ¼
2

ðx� 3Þ2 þ 1
� 1; 2 6 x 6 4;

0; otherwise;

8<:
thus DðeA; eBÞ ¼ 0, but eA 6¼ eB.

4. The nearest trapezoidal fuzzy number

Definition 4.1. The eA� 2 TRF ðRÞ, is the nearest trapezoidal fuzzy number to an arbitrary
LR fuzzy number eB if and only if

DðeA�; eBÞ ¼ min
~A2TRF ðRÞ

DðeA; eBÞ:
Theorem 4.1. The eA� 2 TRF ðRÞ, is the nearest trapezoidal fuzzy number to an arbitrary LR

fuzzy number eC if and only if

DðeA�; eCÞ ¼ 0:
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Proof. If DðeA�; eCÞ ¼ 0 then for all eA 2 TRF ðRÞ we have DðeA; eCÞP DðeA�; eCÞ, i.e., eA� is
the nearest trapezoidal fuzzy number to eC . Conversely, If DðeA�; eCÞ ¼ b then we show that
b = 0. Suppose b > 0. We will show that there is a eB 2 TRF ðRÞ such that DðeB; eCÞ <
DðeA�; eCÞ. Let for generalized LR fuzzy number eC , the quantities ValðeCÞ and AmbðeCÞ
with respect to regular reducing function s, are specified. We want to find a trapezoidal
fuzzy number which has the same value and ambiguity as eC , also modal values of both
fuzzy numbers are the same, with these properties we will have DðeB; eCÞ ¼ 0. Let eB be a
trapezoidal fuzzy number (lb,mb, tb, rb). We want to find lb, mb, tb and rb. It is clear that

L~BðaÞ ¼ ðmb � lbÞaþ lb;

R~BðaÞ ¼ rb � ðrb � tbÞa:

�
Thus we should haveR 1

0
sðaÞ½R~BðaÞ þ L~BðaÞ�da ¼ ValðeCÞ;R 1

0
sðaÞ½R~BðaÞ � L~BðaÞ�da ¼ AmbðeCÞ;

(

and

rb

R 1

0
sðaÞda� ðrb � tbÞIs ¼ 1

2
ðValðeCÞ þAmbðeCÞÞ;

ðmb � lbÞIs þ lb

R 1

0
sðaÞda ¼ 1

2
ðValðeCÞ �AmbðeCÞÞ;

(

and hence

1
2
rb � ðrb � tbÞIs ¼ 1

2
ðValðeCÞ þAmbðeCÞÞ;

ðmb � lbÞIs þ 1
2
lb ¼ 1

2
ðValðeCÞ �AmbðeCÞÞ:

(

Thus

mb ¼ mc;

lb ¼
ValðeCÞ �AmbðeCÞ � 2mbIs

1� 2Is
;

tb ¼ tc;

rb ¼
ValðeCÞ þAmbðeCÞ � 2tbIs

1� 2Is
:

8>>>>>>><>>>>>>>:
ð4:1Þ

It remains to show that eB ¼ ðlb;mb; tb; rbÞ defined by (4.1), is well defined. It is clear that

1� 2I s ¼ 1� 2w
Z 1

0

sðaÞda ¼ 1� w; w 2 ð0; 1Þ;

ValðeCÞ þAmbðeCÞ ¼ 2

Z 1

0

sðaÞR~BðaÞda ¼ 2R~Bð/Þ
Z 1

0

sðaÞda ¼ R~Bð/ÞP tb;

ValðeCÞ �AmbðeCÞ ¼ 2

Z 1

0

sðaÞL~BðaÞda ¼ 2L~BðsÞ
Z 1

0

sðaÞda ¼ L~BðsÞ 6 mb:
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Thus

lb ¼
ValðeCÞ �AmbðeCÞ � 2mbIs

1� 2Is
6

mbð1� 2IsÞ
1� 2I s

¼ mb;

rb ¼
ValðeCÞ þAmbðeCÞ � 2tbIs

1� 2Is
P

tbð1� 2IsÞ
1� 2Is

¼ tb;

and it completed the proof. h

Theorem 4.2. The nearest trapezoidal fuzzy number related to an arbitrary LR fuzzy num-

ber is unique.

Proof. Let eA�1; eA�2 be two nearest trapezoidal fuzzy number to an arbitrary LR fuzzy num-
ber eC , i.e., DðeA�1; eCÞ ¼ 0 and DðeA�2; eCÞ ¼ 0. By Theorem (3.1)

0 6 DðeA�1; eA�2Þ 6 DðeA�1; eCÞ þ DðeC ; eA�2Þ ¼ 0

thus DðeA�1; eA�2Þ ¼ 0 and from Theorem (3.3) it is clear that eA�1 ¼ eA�2. h

Corollary 4.3. The trapezoidal fuzzy number eA, is the nearest fuzzy number to an arbitrary

LR fuzzy number eB if and only if

maxfjtb � taj; jmb � majg ¼ 0;

ValðeAÞ ¼ ValðeBÞ;
AmbðeAÞ ¼ AmbðeBÞ:

8><>:
By the last corollary eA, is the nearest fuzzy number to an arbitrary LR fuzzy number eB

if and only if

ma ¼ mb;

la ¼
ValðeBÞ �AmbðeBÞ � 2mbIs

1� 2Is
;

ta ¼ tb;

ra ¼
ValðeBÞ þAmbðeBÞ � 2tbIs

1� 2Is
:

8>>>>>>><>>>>>>>:
ð4:2Þ

Example 4.1. Let s(a) = a and

l~AðxÞ ¼

log3ðxÞ; 1 6 x 6 3;

1; 3 6 x 6 4;

log3ð7� xÞ; 4 6 x 6 6;

0; otherwise:

8>>><>>>:
Therefore eB ¼ ð0:44188; 3; 4; 6:55812Þ, see Fig. 1.
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The nearest trapezoidal fuzzy number to eA in this example using the introduced method
in [2] is (0.84003, 2.80092, 3.80092, 5.76181), see Fig. 2.

The nearest trapezoidal fuzzy number to eA in this example using the introduced method
in [4] is (0.48633, 2.97779, 4.02221, 6.51367).

We compare five methods: (1)—used in this paper, (2)—used in [2], (3)—used in
[9,1,10], (4)—used in [4] and (5)—used in [7], by some examples, Table 1. In this table,

a ¼ 3
2

ffiffi
p
2

p
, b ¼ ð8� 3

ffiffiffi
2
p
Þ
ffiffi
p
p

4
, c ¼ ð3

ffiffiffi
2
p
� 4Þ

ffiffi
p
p

4
, d ¼ ð4�

ffiffiffi
2
p
Þ 3
ffiffi
p
p

4
, p ¼ 1

4
ð3

ffiffiffiffiffiffi
2p
p

� 8
ffiffiffiffiffiffiffiffi
ln 2
p

Þ
and q ¼ � 3

2

ffiffi
p
2

p
þ 4

ffiffiffiffiffiffiffiffi
ln 2
p

.
As we see, for all fuzzy numbers there is no trapezoidal fuzzy number computed by

method (3), also by this method a fuzzy number can only be approximated with a symmet-
ric triangular fuzzy number. As it seems, there is no guaranty to have an approximating
fuzzy number with the same core as original fuzzy number for methods (3) and (4) even
the original fuzzy number is a trapezoidal one. By method (3) a real interval is approxi-
mated by a triangular fuzzy number. However by our method a crisp real interval is the
nearest one to itself. Moreover to find the approximating fuzzy number one must check
four conditions for method (2) and five conditions for method (4), however by our method
it’ll be known by explicit relations (4.2). By method (5) we can not approximate an
unbounded fuzzy number (a fuzzy number is bounded if its support is compact [12,13]).
In Table 1, the first and the last examples are unbounded and we computed the
approximations for compact supports then we took limit and used error function

2ffiffi
p
p
R x

0
e�t2 dt

� �
. Also the results for methods (2) and (5), are exactly the same.

1 2 3 4 5 6 7

0.2

0.4

0.6

0.8

1

Fig. 1. eB is the nearest trapezoidal fuzzy number to eA.

1 2 3 4 5 6 7

0.2

0.4

0.6

0.8

1

Fig. 2. The nearest trapezoidal fuzzy number to eA using method of [2].
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5. Properties

Some properties of the approximation operators are presented by Grzegorzewski and
Mrówka [7]. In this section we consider some properties of the approximation operator
suggested in Section 4.

Let T : F ðRÞ ! TRF ðRÞ be the approximation operator which produce the nearest trap-
ezoidal fuzzy number to a given original fuzzy number using (4.2).

Proposition 5.1. The nearest trapezoidal approximation operator is 1-cut invariance.

Proof. It is a necessary condition for this approximation that

½T ðeAÞ�1 ¼ ½eA�1: �

Proposition 5.2. The nearest trapezoidal approximation operator is invariant to translations.

Proof. Let z be a real number. Let eA denote a fuzzy number with a-cut ½L~AðaÞ;R~AðaÞ�.
Then the a-cut of eA þ z translated by z is ½L~AðaÞ þ z;R~AðaÞ þ z�. Therefore

ValðeA þ zÞ ¼ ValðeAÞ þ z; AmbðeA þ zÞ ¼ AmbðeAÞ:

Table 1
Numerical results of examples

L(a)/R(a) (1) (2) (3) (4) (5)

0.43601 0.50052 0.06790 0.52195 0.50052
1� 0:3

ffiffiffiffiffiffiffiffiffiffiffiffi
� ln a
p

1 0.96775 1.67725 0.89256 0.96775
2þ 0:7

ffiffiffiffiffiffiffiffiffiffiffiffi
� ln a
p

2 2.07526 1.67725 2.10743 2.07526
3.31598 3.16546 3.2866 2.9722 3.16546

0.44188 0.84003 0.4905 0.48633 0.84003
3a 3 2.80092 3.5 2.97779 2.80092
7 � 3a 4 4.19908 3.5 4.02221 4.19908

6.55812 6.15997 6.5095 6.51367 6.15997

1 1 0.75 1 1
1 1 1 1.5 1 1
2 2 2 1.5 1 2

2 2 2.25 2 2

1 1 –0.5 1 1
a + 1 2 2 2 2 2
5 � 3a 2 2 2 2 2

5 5 4.5 2.5 5

1 1 0.5 –0.33333 1
1 1 1 1.75 0.66667 1
3 � a 2 2 1.75 2.33333 2

3 3 3 2.33333 3

l � ar l � br l � dr l � pr l � br
l� r

ffiffiffiffiffiffiffiffiffiffiffiffi
� ln a
p

l l � cr l l � qr l � cr
lþ r

ffiffiffiffiffiffiffiffiffiffiffiffi
� ln a
p

l l + cr l l + qr l + cr
l + ar l + br l + dr l + pr l + br
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Thus

maz ¼ maþ z;

laz ¼
ValðeAþ zÞ �AmbðeA þ zÞ � 2ðmaþ zÞIs

1� 2Is
¼ ValðeAÞ �AmbðeAÞ � 2maIs

1� 2Is
þ z;

taz ¼ taþ z;

raz ¼
ValðeAþ zÞ þAmbðeAþ zÞ � 2ðtaþ zÞIs

1� 2Is
¼ ValðeAÞ þAmbðeAÞ � 2taIs

1� 2Is
þ z:

8>>>>>>>>><>>>>>>>>>:
therefore T ðeA þ zÞ ¼ T ðeAÞ þ z. h

Proposition 5.3. The nearest trapezoidal approximation operator is scale invariant.

Proof. Let k 5 0 be a real number. Thus

ValðkeAÞ ¼ kValðeAÞ; AmbðkeAÞ ¼ kAmbðeAÞ:
and

mka ¼ kma;

lka ¼
ValðkeAÞ �AmbðkeAÞ � 2ðkmaÞI s

1� 2Is
¼ k� ValðeAÞ �AmbðeAÞ � 2maIs

1� 2I s
;

tka ¼ kta;

rka ¼
ValðkeAÞ þAmbðkeAÞ � 2ðktaÞI s

1� 2I s
¼ k� ValðeAÞ þAmbðeAÞ � 2taI s

1� 2I s
:

8>>>>>>>>><>>>>>>>>>:
Therefore T ðkeAÞ ¼ kT ðeAÞ. h

Proposition 5.4. The nearest trapezoidal approximation operator fulfills the nearness crite-

rion with respect to metric D defined in Definition 3.1 in the set of all trapezoidal fuzzy

numbers.

Proof. By Definition 4.1, we have

DðeA; T ðeAÞÞ ¼ min
~B2TRF ðRÞ

DðeA; eBÞ;
therefore

DðeA; T ðeAÞÞ 6 DðeA; eBÞ; 8eB 2 TRF ðRÞ: �

Proposition 5.5. The nearest trapezoidal approximation operator is continuous.

Proof. An approximation operator T is continuous if for any eA; eB 2 F ðRÞ we have

8� > 0;9d > 0;DðeA; eBÞ < d) DðT ðeAÞ; T ðeBÞÞ < �:
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Let DðeA; eBÞ < d. By Theorem 3.1 we have

DðT ðeAÞ; T ðeBÞÞ 6 DðT ðeAÞ; eAÞ þ DðeA; eBÞ þ DðeB; T ðeBÞÞ
and by Theorem 4.1 we have DðT ðeAÞ; eAÞ ¼ DðeB; T ðeBÞÞ ¼ 0: Thus

DðT ðeAÞ; T ðeBÞÞ 6 DðeA; eBÞ < d:

Therefore its suffices to take d 6 �. h

Proposition 5.6. The nearest trapezoidal approximation operator is monotonic on any set of

fuzzy numbers with equal cores.

Proof. Let eA and eB be two fuzzy numbers with equal cores and eA � eB. Thus ma = mb and
ta = tb and there exist two nonnegative functions k1(a) and k2(a) such that for 0 6 a 6 1,

L~AðaÞ ¼ L~BðaÞ þ k1ðaÞ;
R~AðaÞ ¼ R~BðaÞ � k2ðaÞ:

It is clear thatZ 1

0

sðaÞk1ðaÞda P 0;

thus Z 1

0

sðaÞfk1ðaÞ � ðma � mbÞagda P 0;

i.e.,

ValðeAÞ �AmbðeAÞ � 2maIs P ValðeBÞ �AmbðeBÞ � 2mbIs;

therefore l
T ðeAÞ P l

T ðeBÞ. In a similar way it can be shown that r
T ðeAÞ 6 r

T ðeBÞ. Thus

T ðeAÞ � T ðeBÞ: �

Value of fuzzy numbers can be used as a ranking function, [4], i.e.,

eA � eB () T ðeAÞ � T ðeBÞ:
Proposition 5.7. The nearest trapezoidal approximation operator is order invariant with

respect to value function.

Proof. The proof is trivial, because ValðT ðeAÞÞ ¼ ValðeAÞ and ValðT ðeBÞÞ ¼ ValðeBÞ. h

6. Powers of a trapezoidal fuzzy number

As an application of nearest trapezoidal fuzzy number, we can find the nearest trape-
zoidal fuzzy number related to any power of a trapezoidal fuzzy number. Let eA be a non-
negative trapezoidal fuzzy number (la,ma, ta, ra). It is clear that if eAn be the nth power of eA,
then eAn is a generalized LR fuzzy number where
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L~AnðaÞ ¼ ½ðma � laÞaþ la�n;
R~AnðaÞ ¼ ½ra � ðra � taÞa�n:

�
We can easily compute AmbðeAnÞ and ValðeAnÞ, and also the modal value of eAn is the inter-
val ½mn

a; t
n
a�.

Now let eBðnÞ ¼ lðnÞb ;mðnÞb ; tðnÞb ; rðnÞb

� �
be the nearest trapezoidal fuzzy number to eAn.

Therefore

mðnÞb ¼ mn
a; tðnÞb ¼ tn

a; ð6:1Þ
and

lðnÞb ¼
ValðeAnÞ �AmbðeAnÞ � 2mbIs

1� 2I s
; rðnÞb ¼

ValðeAnÞ þAmbðeAnÞ � tbIs

1� 2Is
: ð6:2Þ

Let eA ¼ ðla;ma; ta; raÞ be an arbitrary nonnegative trapezoidal fuzzy number, also let

s(a) = a. With a simple computation it can be shown that eBðnÞ ¼ lðnÞb ;mn
a; t

n
a; r
ðnÞ
b

� �
where

lðnÞb ¼
2

3lnþ2
a �mnþ2

a ðn2� 1Þ � l2
amn

aðn2þ 3nþ 2Þ þ lamnþ1
a ð2n2 þ 3n� 2Þ

ðma� laÞ2ðnþ 1Þðnþ 2Þ
; la 6¼ ma;

mn
a; la ¼ ma;

8>><>>:
rðnÞb ¼

�2
�3rnþ2

a þ tnþ2
a ðn2� 1Þ þ tn

ar2
aðn2 þ 3nþ 2Þ � tnþ1

a rað2n2þ 3n� 2Þ
ðra� taÞ2ðnþ 1Þðnþ 2Þ

; ta 6¼ ra;

tn
a; ta ¼ ra:

8<:
Example 6.1. Let s(a) = a and eA ¼ ð2; 3; 4; 5Þ.

Therefore eBð2Þ ¼ 7
2
; 9; 16; 49

2

� �
, see Fig. 3.

Example 6.2. Let s(a) = a and a P 0.

If l~AðxÞ ¼ vfagðxÞ then leBðnÞ ðxÞ ¼ vfangðxÞ.

5 10 15 20 25

0.2

0.4

0.6

0.8

1

Fig. 3. The nearest trapezoidal fuzzy number to eA2.
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7. Nearest trapezoidal fuzzy number to multiplication of two trapezoidal fuzzy numbers

Let eA ¼ ðla;ma; ta; raÞ; eB ¼ ðlb;mb; tb; rbÞ be two nonnegative trapezoidal fuzzy numbers
and eC ¼ eA 	 eB, be the multiplication of the two fuzzy numbers eA and eB based on exten-
sion principle. We know that eC is a generalized LR fuzzy number but not a trapezoidal
one. Now using the nearest method we can approximate it by a trapezoidal fuzzy numbereF ¼ ðlf ;mf ; tf ; rf Þ, where

lf ¼ 3
2
ðma � laÞðmb � lbÞ þ 2½ðma � laÞlb þ ðmb � lbÞla� þ 3lalb � 2mamb;

mf ¼ mamb;

tf ¼ tatb;

rf ¼ 3
2
ðra � taÞðrb � tbÞ � 2½ðra � taÞrb þ ðrb � tbÞra� þ 3rarb � 2tatb:

8>>><>>>:
Lemma 7.1. The nearest fuzzy number eF to eC ¼ eA 	 eB, is well defined, i.e., lf 6 mf and

rf P tf.

Proof. It is trivial from proof of Theorem 4.1. h

Example 7.1. Let eA ¼ ð1; 2; 3Þ and eB ¼ ð2; 4; 5Þ.
Hence eC ¼ eA 	 eB and eF ¼ ð1; 8; 14:5Þ, the nearest triangular fuzzy number, are shown

in the Fig. 4.

2.5 5 7.5 10 12.5 15

0.2

0.4

0.6

0.8

1

Fig. 4. The nearest triangular fuzzy number.

5 10 15 20
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0.4

0.6

0.8

1

Fig. 5. The nearest trapezoidal fuzzy number.
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Example 7.2. Let eA ¼ ð1; 2; 3; 4Þ and eB ¼ ð2; 3; 4; 6Þ.
Hence eC ¼ eA 	 eB and eF ¼ ð1:5; 6; 12; 23Þ, the nearest trapezoidal fuzzy number, are

shown in Fig. 5.

8. Conclusions

In this work a metric was defined on TRF ðRÞ, also a method was presented to find the
unique nearest trapezoidal fuzzy number related to an arbitrary LR fuzzy number using
this metric.
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