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1. Introduction

If U is a subset of R", the diameter of U is |U| = sup{|x — y|; x,y € U} and, if U is a family of
subsets of R", the diameter of U is defined as

[Ull = sup [U].
UeUu

Given d > 0, the Hausdorff d-measure of aset K C R" is

— 1 ; d
ma(l) = lim, <u;5'e€sk 2. Ul ) ~
lull<e UeU
In particular, when n = 1, m = m; is the Lebesgue measure of Lebesgue measurable sets on R. It
is not difficult to show that there exists a unique dy > 0 for which my(K) = +oc0 ifd < dy and
myg(K) = 0ifd > dy. We define the Hausdorff dimension of K as HD(K) = d,. Also, for each 0 € R,
let vy = (cosé,sin@), Ly the line in R? through the origin containing vg and proj, : R?> — Ly
the orthogonal projection. From now on, we will restrict 6 to the interval [—m /2, 7w /2], because
Ly =Lotn.
In 1954, Marstrand [4] proved the following result on the fractal dimension of plane sets.
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Theorem. If K C R? is a Borel set such that HD(K) > 1, then m(proj,(K)) > 0 for m-almost every
0 €R.

The proof is based on a qualitative characterisation of the “bad” angles 6 for which the result is not
true. Specifically, Marstrand exhibits a Borel measurable function f (x, 8), (x, 8) € R? x [ /2, /2],
such that f (x, 8) = +o0 for my-almost every x € K, for every “bad” angle. In particular,

/f(x, 0)dmg(x) = +o0. (1.1)
K

On the other hand, using a version of Fubini’s Theorem, he proves that

/2
/ dG/f(x, 0)dmy(x) =0
K

—/2
which, in view of (1.1), implies that
m({0 € [—m /2, 7 /2]; m(projy(K)) = 0}) = 0.

These results are based on the analysis of rectangular densities of points.

Many generalisations and simpler proofs have appeared since. One of them came in 1968 by
R. Kaufman who gave a very short proof of Marstrand’s theorem using methods of potential theory.
See [2] for his original proof and [5,9] for further discussion.

In this article, we prove a particular case of Marstrand’s Theorem.

Theorem 1.1. If Kq, K, are regular Cantor sets of class C'T%, « > 0, such that d = HD(K;)+HD(K;) > 1,
then m(proj, (K7 x K3)) > 0 for m-almost every 6 € R.

The argument also works to show that the push-forward measure of the restriction of m, to K; x K3,
defined as ;g = (projg)«(Malk, xk,), is absolutely continuous with respect to m, for m-almost every
6 € R. Denoting its Radon-Nykodim derivative by xy = duy/dm, we also prove the following result.

Theorem 1.2. yy is an L? function for m-almost every 6 € R.

Remark 1.3. Theorem 1.2, as in this work, follows from most proofs of Marstrand’s theorem and, in
particular, is not new as well.

Our proof makes a study on the fibers proj, ~'(v) N (K; x K3), (8, v) € R x Ly, and relies on two
facts:

(I) Aregular Cantor set of Hausdorff dimension d is regular in the sense that the m;-measure of small
portions of it has the same exponential behaviour.

(1) This enables us to conclude that, except for a small set of angles 6 € R, the fibers proj, ~!(v) N
(K; x Ky) are not concentrated in a thin region. As a consequence, K; x K, projects into a set of positive
Lebesgue measure.

The idea of (II) is based on the work [6] of the second author. He proves that, if K; and K, are
regular Cantor sets of class C!7®, « > 0, and at least one of them is non-essentially affine (a technical
condition), then the arithmetic sum K; + K> = {x; + x3; X1 € K1, X, € K3} has the expected Hausdorff
dimension:

HD(K; + K,) = min{1, HD(K;) + HD(K>)}.

Marstrand’s Theorem for products of Cantor sets has many useful applications in dynamical
systems. It is fundamental in certain results of dynamical bifurcations, namely homoclinic bifurcations
in surfaces. For instance, in [10] it is used to show that hyperbolicity is not prevalent in homoclinic
bifurcations associated to horseshoes with Hausdorff dimension larger than one; in [7] it is used to
prove that stable intersections of regular Cantor sets are dense in the region where the sum of their
Hausdorff dimensions is larger than one; in [8] to show that, for homoclinic bifurcations associated to
horseshoes with Hausdorff dimension larger than one, typically there are open sets of parameters with
positive Lebesgue density at the initial bifurcation parameter corresponding to persistent homoclinic
tangencies.
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2. Regular Cantor sets of class C1+*

We say that K C R is a regular Cantor set of class C1**, o > 0, if:

(i) there are disjoint compact intervals I, I, ...,I, € [0, 1] suchthatK C I; U --- U I, and the

boundary of each I; is contained in K;;
(i) there is a C'** expanding map v defined in a neighbourhood of I; U I, U - - - U I, such that v (I;)

is the convex hull of a finite union of some intervals [;, satisfying:

(ii.1) foreachi € {1, 2, ..., r} and n sufficiently big, ¥"(K N I;) = K;

(ii2) K = Ny ¥ " UL U---U,).

The set {I, ..., I;} is called a Markov partition of K. It defines an r x r matrix B = (b;) by

by =1, ifyd) DI
=0, fyH)NLE=0,

which encodes the combinatorial properties of K. Given such a matrix, consider the set X3 = {§ =
61,05,..)€{1,..., Y by, = 1,Vi > 1} and the shift transformation o : X3 — X given by
0'(017 925 . ') = (027 935 . ')'

There is a natural homeomorphism between the pairs (K, ¥) and (X3, o). For each finite word
a=(ay,...,a,) suchthath =1,i=1,...,n— 1, the intersection

Bir1

i1
lo=Ioy Y o) NN Y=V,
is a non-empty interval with diameter |I,| = |I, |/1(y™= 1Y (x)| for some x € I, which is exponentially

small if n is large. Then, {h(©)} = (),>;lw,,..0, defines a homeomorphism h : ¥ — K that
commutes the diagram B

,,,,,

23%23

K—K

4

IfA =sup{[y' @) x e 1 U---UlL} € (1, +00), then|lg,...6, | = AT [o,,...0n | @and so, for p > 0
small and § € X, there is a positive integer n = n(p, 6) such that

o = lle,,...on| < Ap.

Definition 2.1. A p-decomposition of K is any finite set (K), = {I1, I, ..., I} of disjoint closed
intervals of R, each one of them intersecting K, whose union covers K and such that

p<Iil<xip, i=12,...,r1.

Remark 2.2. Although p-decompositions are not unique, we use, for simplicity, the notation (K), to
denote any of them. We also use the same notation (K), to denote the set Uje), I C R and the
distinction between these two situations will be clear throughout the text.

Every regular Cantor set of class C'** has a p-decomposition for p > 0 small: by the compactness
of K, the family {l¢,...4,(,,) }oex; has a finite cover (in fact, it is only necessary for ¥ to be of class
Ch). Also, one can define p-decomposition for the product of two Cantor sets K; and K,, denoted by
(K1 x K3),. Given p # p’ and two decompositions (K; x K;), and (K; x K3),, consider the partial
order

Ky x K2)py < (K1 x K3), <= p' <p and U o< U o
Q€K1 xKy) QeKyxKa)p
In this case, projy (K1 x K») /) € projo (K1 x K3),) for any 6.
A remarkable property of regular Cantor sets of class C'*%, o > 0, is bounded distortion.
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Lemma 2.3. Let (K, y) be a regular Cantor set of class C'*¢, & > 0, and {I1, . .., I.} a Markov partition.
Given § > 0, there exists a constant C(§) > 0, decreasing on §, with the following property: if x,y € K
satisfy

1) "X —y"W)l <3
(ii) Theinterval [y'(x), ¥'(y)]is containedinl; U ---UI, fori=0,...,n—1,

then
—coy - WYX < oCO)
BRICZ40)
In addition, C(6) — 0asé — 0.

A direct consequence of bounded distortion is the required regularity of K, contained in the next
result.

Lemma 2.4. Let K be a regular Cantor set of class C'*%, a > 0, and let d = HD(K). Then 0 < mg(K) <
+00. Moreover, there is ¢ > 0 such that, foranyx € Kand0 <r < 1,

cVor? <mg(K N B (x) <c-r.

The same happens for products K; x K, of Cantor sets (without loss of generality, considered with
the box norm).

Lemma 2.5. Let Ky, Ky be regular Cantor sets of class C'™%, « > 0, and let d = HD(K;) + HD(K,). Then
0 < my(K; x K3) < +00. Moreover, there is c; > 0 such that, foranyx € K1 x K and 0 <r < 1,
ci b rd < mg((Ky x K3) N B(x)) < cq -1

See chapter 4 of [9] for the proofs of these lemmas. In particular, if Q € (K; x K3),, there is
x € (Ky UKz) N Q such that B,-1,(x) € Q € By, (x) and so

(€xH™" - p! < ma((Kn x K) NQ) < erdd - p.
Changing c; by c;A%, we may also assume that
a et = ma((K x K) NQ) < ¢ - pf
which allows us to obtain estimates on the cardinality of p-decompositions.

Lemma 2.6. Let Ky, Ky be regular Cantor sets of class C'™%, « > 0, and let d = HD(K;) + HD(K,). Then
there is c; > 0 such that, for any p-decomposition (K; x K3),, x € K1 x K and0 <r <1,

d
#Q € (ki x K),:Q S B} < ¢ - (%) .

In addition, ¢; ™'+ p™¢ < #(Ky x K2), < ¢ - p74.

Proof. We have

- rh > mg((K; x Kz) N By (X))

> > ma((Ki x K5) N Q)

QCBr(x)

Z ol

QCBr(x)

#Q € (K xK2),;Q CB (0} -, - pf

%
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and then
A\ 4
#1Q € (6 x K2)p Q € B0} < ¢+ (p) .
On the other hand,
maKs x K) = Y mg((Ki xK)NQ) < Y o pf
Qe(K1xK2)p Qe(K1 xK2)p
implying that

#(Ky x K), > ¢ - mg(Ky x Kp) - po.
Taking ¢, = max{c;?, ¢;/mq(K; x K3)}, we conclude the proof. O
3. Proof of Theorem 1.1

Given rectangles Q and Q let

Bq.g = {0 € [—7/2, 7/2]; projy(Q) N proj,(Q) # 7}.

Lemma3.1. If Q,Q € (K; x K3), andx € (K; x K3) N Q,% € (K; x K;) N Q, then

p .
d(x, X)

m(©g 5) < 27 -

Proof. Consider the figure.

Since proj,(Q) has diameter at most Ap, d(proj,(x), projy(X)) < 2Ap and then, by elementary
geometry,

d(projy (x), projy (%))

in(16 — _
sin(|60 — ¢ol) dx. %
< 2\- p~
- d(x, X)
— 16— ol < Th- L,
- d(x, X)

because sin~'y < wy/2. As ¢y is fixed, the lemma is proved. O

We point out that, although ingenuous, Lemma 3.1 expresses the crucial property of transversality
that makes the proof work, and all results related to Marstrand’s theorem use a similar idea in one
way or another. See [11] where this transversality condition is also exploited.

Fixed a p-decomposition (K; x K5),, let

Ny k), (0) = #{(Q. Q) € (K1 x K2), x (K1 x K3),: projy(Q) N projy(Q) # 7}
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foreachf € [—m /2, r /2] and
/2

E((K] X Kz)p) =/ N(K]XKz)p (9)(19
/2

-7
Proposition 3.2. Let K1, K, be regular Cantor sets of class C'*®, « > 0, and let d = HD(K;) + HD(K).
Then there is c3 > 0 such that, for any p-decomposition (Ky x K3),,

E((Ky x K3),) < ¢5-p' 24

Proof. Let s = [log, o' and choose, for each Q € (K; x K3),,apointx € (K4 x K;) NQ.Bya
double counting and using Lemmas 2.6 and 3.1, we have

E(Ki xK),) = Y. m(@4)

Q.Qe(KxKp)

Z Z m(©q 5)

s=1 Q,Qe(KyxKy)p
2=S<d(x,x)<2—5+1

) —s+1\ ¢
2
: d[m( )](nx.p)
—S
s=1 P 2

S0
= 21702 (Z 25(1d)) pl,

s=1

IA
g
NS
>

Because d > 1,c3 = 24"'whcy? - ), 2°"P < o0 satisfies the required inequality. O
This implies that, for each ¢ > 0, the upper bound

1-2d
C3-p
Ny xxz), (0) < Y (3.1)

2

holds for every @ except for a set of measure at most ¢. Letting ¢, = ¢, 2 - ¢3!, we will show that

m(projy (K1 X K3),)) > ¢4-¢ (3.2)
for every 6 satisfying (3.1). For this, divide [-2,2] C Ly in [4/p] intervals J7, ..., ][, ,, of equal
length (at least p) and define

Sp.i = #{Q € (K1 x K3),; projy(x) € 7}, i=1,...,14/p].

Then Y5, = #(Ky x K3), and

14/p]

2 1-2d  —1
Z Sp.i” < Nieyxiy),(0) <c3-p -eT .
pa

LetS, = {1 <i<|4/p];s,i > 0}. By the Cauchy-Schwarz inequality,
0 P15 Sp,

2
> Spi
p.i

(ies,, ) 2. p Ca- &

#S, > > =
p = = _
E Sp,,‘2 C3 - ,Ol 2 . & 1 1%

ieSy

Foreachi € S,, the intervaljip is contained in proj, ((K; x K3),) and then
m(projy (K1 X K3),)) > ¢4 - €,
which proves (3.2).
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Proof of Theorem 1.1. Fix a decreasing sequence

Ky x K3)p, > (K1 X K)py > - -+ (3.3)
of decompositions such that p, — 0 and, for each ¢ > 0, consider the sets

Gl =1{0 € [~7/2,7/2); Ny skp) () < C3- 0 20671}, n>1.
Then m([—n /2, w /2] \ G}) < ¢, and the same holds for the set

If0 € Gg, then
m(projy (K1 x K3)p,)) > ¢4 - &, forinfinitely many n,
which implies that m(proj, (K1 xK3)) > ¢4-€.Finally, the set G = Up>1 Gy, satisfies m([—m /2, 7 /2]\
G) = 0 and m(projy (K7 x K3)) > 0,forany 8 € G. O
4. Proof of Theorem 1.2

Given any X C K; x K, let (X), be the restriction of the p-decomposition (K; x K;), to those
rectangles which intersect X. As done in Section 3, we will obtain estimates on the cardinality of (X),,.
Being a subset of K; x K>, the upper estimates from Lemma 2.6 also hold for X. The lower estimate is
given by

Lemma 4.1. Let X be a subset of K; x K such that mg(X) > 0. Then there is cg = c5(X) > 0 such that,

for any p-decomposition (K; x K3), and0 <r <1,

G p P <#X),<c-p

Proof. As my(X) < 400, there exists cs = ¢5(X) > 0 (see Theorem 5.6 of [1]) such that

mg(X N B (X)) < cs - r4, forallxeXandO<r <1,
and then

mi(X)= Y maXNQ)< Y c5- (k) =(cs- 2N p’ #00,.

QeX)p QeX)p

Justtakecg = cs~' - A% - my(X). O
Proposition 4.2. The measure j1yg = (projg).(Malk, xk,) is absolutely continuous with respect to m, for
m-almost every 6 € R.
Proof. Note that the implication

X C Ky x K, my(X) > 0 = m(projy(X)) >0 (4.1)
is sufficient for the required absolute continuity. In fact, if Y C Ly satisfies m(Y) = 0, then

Ho(Y) = mg(X) =0,

where X = projg_] (Y). Otherwise, by (4.1) we would have m(Y) = m(proj, (X)) > 0, contradicting
the assumption.

We prove that (4.1) holds for every 6 € G, where G is the set defined in the proof of Theorem 1.1.
The argument is the same made after Proposition 3.2: as, by the previous lemma, #(X), has lower and
upper estimates depending only on X and p, we obtain that

m(projy ((X),,)) = c371-cg? - e, forinfinitely many n,

and then m(proj, (X)) > 0. O
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Let xg = duy/dm. In principle, this is an L' function. We prove that it is an L? function, for every
0 €G.

Proof of Theorem 1.2. Let 6 € Gy, for some m € N. Then

Ny x1),, (0) < €3 pn' "% . m, for infinitely many n. (4.2)
For each of these n, consider the partition &, = {]f”, . ,]fj/pnj} of [-2, 2] C Ly into intervals of
equal length and let y, , be the expectation of x, with respect to £,. As p, — 0, the sequence of
functions (xs.n)nen CONverges pointwise to yy. By Fatou’s Lemma, we are done if we prove that each
Xo.n is L2 and its 2-norm || xg.,|> is bounded above by a constant independent of n.
By definition,

e (™) = ma((projg) ' UM < Spi- € pn’s i=1,2,..., 14/pul,

and then
o™ 1 Spui- pa® on
Xo.n(X) = T < T Vxeli",
1 1
implying that
Ix0.0ll5 = | Ixoml*dm
Ly

[4/pn]
> / |Xo.n|*dm
Pn

i=1 i

4 2
LfJ e - (61 “Spn.i* :Ond)
1 Uj/’nl

i=1

IA

14/pn]
2 2d—1 2
=< C1" - Pn : Spn.i

p
2 2d-1
<c® pn “ Nty xiz)  (0)-

In view of (4.2), this last expression is bounded above by

1-2d
n

€ o (s o m) =i o3 om,

which is a constant independent of n. O
5. Concluding remarks

The proofs of Theorems 1.1 and 1.2 work not just for the case of products of regular Cantor sets,
but in greater generality, whenever K C R? is a Borel set for which there is a constant ¢ > 0 such
that, foranyx € Kand0 <r <1,

cVor? <mg(K N By (x)) <c-rf,

since this alone implies the existence of p-decompositions for K.
The good feature of the proof is that the discretisation idea may be applied to other contexts. For
example, we prove in [3] a Marstrand type theorem in an arithmetical context.
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