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Abstract

The problem of estimating a complex measure made up by a linear combination of Dirac distributions
centered on points of the complex plane from a finite number of its complex moments affected by additive
i.i.d. Gaussian noise is considered. A random measure is defined whose expectation approximates the
unknown measure under suitable conditions. An estimator of the approximating measure is then proposed
as well as a new discrete transform of the noisy moments that allows computing an estimate of the
unknown measure. A small simulation study is also performed to experimentally check the goodness of
the approximations.
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0. Introduction

Let us consider the complex measure defined on a compact set D C C by

p
S() =) cjdz—§&), & €int(D),& #EVj#hcjeC

=1
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and let
sk:/ zks<z>dz=//<x+iy>kS(x+iy)dxdy, k=0,1,2,...
D D

the complex moments. It turns out that

P
sk:chE;»‘. (1)
j=1

Assume we know an even number n > 2p of noisy complex moments
aa=st+ve, k=01,2,...,n—1

where vy is a complex Gaussian, zero mean, white noise, with finite known variance o2. In the
following all random quantities are denoted by bold characters. We want to estimate S(z) from
{ak}k=0,...n—1. From Eq. (1) this is equivalent to estimate p,c;,&;, j = 1,..., p, which is the
well-known difficult problem of complex exponentials approximation.

The problem is central in many disciplines and appears in the literature in different forms
and contexts (see e.g. [8,14,23,25,29]). The assumptions about the noise variance (constant and
known) are made here to simplify the analysis. However in many applications the noise is an
instrumental one which is well represented by a white noise, zero mean, Gaussian process whose
variance is known or easy to estimate. A typical example is provided by NMR spectroscopy (see
e.g. [10]).

0.1. The noiseless case v =0

In the noiseless case the problem becomes the complex exponentials interpolation
problem [16]. Conditions for existence and unicity of the solution are [16, Th.7.2c]:

det Uo(s) # 0, detU;(s) #0

where
S0 ST .. Sp—1
U(SO,...,Szp_z) = S1 $2 ... Sp
SP*1 Sp . S2P*2
and

UO(Q) = U(S(), M} S2p—2)s Ul (i) = U(Sl, R Szp—l)'
In fact exactly n = 2 p noiseless moments are sufficient to fully retrieve S(z), where

p = max{n | det(U(so, ..., s,—2)) # 0}.
neN

Moreover £, j = 1,..., p are the generalized eigenvalues of the pencil P = [Ui(s), Up(s)]
i.e. they are the roots of the polynomial in the variable z

det[U; (s) — zUp(s)]
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and c; are related to the generalized eigenvector u j of Pbyc; = g} [s0, ..., 8p— 117, In fact from
Eq. (1) we have ¢ = V~—so, ..., sp,1]T where

V = Vander(&y, ..., &)p)

is the square Vandermonde matrix based on (§1, ..., §,). But it easy to show (see e.g. [4]) that
Uo(s) = VCVT, Ui(s) =veczvT

where
C =diag{cy,...,cp} and Z =diag{éi,...,§,}.

Therefore u;, = v Te « 18 the right generalized eigenvector of P corresponding to &, where e,
is the kth column of the identity matrix [, of order p.

0.2. The pure noise case s = 0

Vice versa when sy = 0, Vk it was proved in [17] that
det[U (ag, ..., a,—2)] = det[Up(a)] #0 Vn a.s.
and
det[U(ay,...,a,—1)] =det[U;(a)] #0 Vn a.s.
Moreover associated to the random polynomial
det[U;(a) — zUp(a)] 2)

a condensed density h,(z) can be considered which is the expected value of the (random)
normalized counting measure on the zeros of this polynomial i.e.

2 n/2
hn(2) = ~E [Za(z—zﬂ]
j=1

It was proved in [3] that if z = rei? the marginal condensed density hff) (r) wrt. r of the
generalized eigenvalues is asymptotically in n a Dirac § supported on the unit circle Vo2.
Moreover for finite n the marginal condensed density w.r.t. 6 is uniformly distributed on [, 7].

0.3. Scope and organization of the paper

Starting from the generalized eigenvalues & ; and generalized eigenvectors u; of the pencil
P=[U(ai,...,a,-1), U(ao, ..., a,-2)]
we then define a family of random measures

n/2

Si(x) =) ¢;jd(z—&))
j=1

where ¢; = g]T.[ao, ...,a, /2_1]T and we give conditions under which E[S, (z)] approximates
S(z). Moreover we define a discrete transform (P-Transform) on a lattice of points on D, which
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is an unbiased and consistent estimator of E[S,, (z)] on the lattice thus providing a computational
device to solve the original problem.

In [6] the same problem was considered. The joint distribution of the coefficients of the
random polynomial (2) (when sy # 0, Vk) was approximated by a multivariate Gaussian
distribution and a theorem by Hammersley [9, Th. 8.1] was used to compute the associated
condensed density of its roots. A heuristic algorithm was then used to identify the main peaks
of the condensed density and to get estimates of p, &; andc;, j = 1, ..., p based on them. In
the present work the ideas presented in [6] are put on a more rigorous mathematical framework.
A different approximation of the condensed density is considered and an automatic estimation
procedure is proposed.

The paper is organized as follows. In Section 1 we study the distribution of the generalized
eigenvalues of the random pencil P and we give an easily computable approximate expression
of the associated condensed density. In Section 2 we consider the identifiability problem for
S(z) given the data a. Conditions for identifiability are given and the approximation properties
of E[S,(z)] are proved. In Section 3 the P-transform is defined and its statistical properties are
studied. In Section 4 the procedure for estimating the parameters p, {§;,¢j, j = 1,..., p} of
the unknown measure from the P-transform is described. Finally in Section 5 some experimental
results on synthetic data are reported.

1. Distribution of the generalized eigenvalues of the pencil P

We start by making some technical assumptions on the noise model. When s = 0 Vk,
we noticed in the introduction that & ; are, asymptotically on n, uniformly distributed on the
unit circle. Therefore, when sy # 0 is given by (1), we can assume that n, = n/2 — p

among the & I j = 1,...,n/2 are related to noise and then they can be modeled for large n
- 2mij
by &; = e "r i.e. by uniformly spaced deterministic generalized eigenvalues. Therefore the
Vandermonde matrix based on &;, j = 1,...,n, is simply givenby V =  /m, - F € C"»*"»
2mihk
where Fj = \/#nfpe "p  is the discrete Fourier transform matrix. Hence

1
= -1 T H T
§=V [VO"--,vn,,fl] =—F [VO"--,vn,,fl]
Vp
and ¢ has a complex multivariate Gaussian distribution with
E[éj] =0 and E[éjéh] = —8jh.
n
p

Based on these observations we define a new noise process as

p
5 = ZEJSJ, k<np
=1a
Vi, k>np

and we assume that ¢ is independent of vy, k& > n,. For technical reasons (see the proof of
Lemma 2) we also assume that éj # &, Vj, h. But then E[v;] = 0 and
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Lnp o2 Ir oxire—n)
Zg s E[&;¢;] = —Ze =08, kh<n,
P r=1
E[vgv,] = ”” _
> Ee;v,lEt =0, h>npk<n,
E[vivi] = 078, hk > n,,.

We have then proved the following

Lemma 1. The random vectors vy and vy, k =0, ..., n — 1 are equal in distribution.

As a consequence in the following we will use v; without loss of generality.

Remark 1. We notice that when s; # O, if the signal-to-noise ratio is defined as SNR =
% miny—1,, |cy| we have

min |cp)?
~ 2 02 /’l:l,p
e = = svre
np np

If SNR > ,/# then E[I&;1%] < lckl?, Vj, k
A basic result which will be used extensively in the following is given by

Lemma?2. Let T = (T"D, T®) be the transformation that maps every realization a(w) of a
1o (§ (), c(w)) given by ai(w) = 27/2 cj(w)&; @k, k=0,. — 1, where w € 2 and 12
is the space of events. Then T (a) is defined and one-to-one a.e. Moreove}; for o — 0 and for
j=1,...,n/2

§j—pto(o), j=p+1,...,n/2

L _Jeijto(@), j=1,...,p
E[cf]_{o(o), j=p+1,....n/2

E[s,-]={

Proof. From [17] we know that a.s. det[Uy(v)] # 0, = 0, 1. Moreover, with probability 1,
there is no functional dependence between v and s. Therefore a.s. det[Uy(a)] # 0, h = 0, 1. But
then a.s. the complex exponentials interpolation problem for a has a unique solution Ve hence
T is a.s. one-to-one. The second part of the thesis is based on a Taylor expansion of T around a
suitable point x,. A natural candidate for x; would be s. However we notice that TM(s) is not
defined if n > 2p, and, as a consequence, also T® (s) is not defined in this case. Therefore, by
using Lemma 1, without loss of generality, we assume that the noise is represented by vy i.e.

p n/2
chs + ) & pE . k=001
=1 Jj=p+1

chéjl?+vk, k=np,...,n—1
i=1
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where n, = n/2 — p. We then define a new sequence 5 by

P n/2
=) ciEl4o® D B a=2k=0.....n-1
=1 j=p+1

and we consider the process a; as a perturbation of 5. Therefore we choose x, = § and notice
that

M) =y . §] ]=1,,p
! @f‘{sj_,,, j=p+le..n2

2) ~ Cj j=1...,p
T()(i)j={aj°‘, j=p+1,...,n/2.

We now prove that each component of 71 (a) is an analytic function of @ when a belong to a
small neighbor of s. The proof follows closely [27, Th.6.9.8]. For each fixed w, the polynomial

¢ (z,a) = det[U;(a) — zUp(a)]

is an analytic function of z and a. We notice that the zeros of ¢(z,5) are &;,j =
1, ...,p,éj,p,j = p+1,...,n/2. Therefore they are all distinct because &; # &,, Vj # h
and éj # &, Vj # hand we assumedthatéj * &y, Vj, h.

Leté be a zero of ¢ (z, §) and

K={cllc=él=r) r>0
be a circle around é not containing any other generalized eigenvalue of the pencil
ﬁ = [U(glv AR gn—l): U(S:Ov MR EV!—Z)]'

We want to show that K does not pass through any zero of ¢ (z, a). In fact by the definition of K
it follows that

inf [¢ (¢, 5)] > 0.

cek
But ¢ (z, a) depends continuously on a, hence there exists B = {x € C"||x — 5| < p},p > 0
such that

inf [¢({,@)| >0, VaceB.

tek

By the principle of argument, the number of zeros of ¢ (z, @) within K is given by

N) = RS #'(z,a) _ 9
= 2niJ k 9z, ) T oz

which is continuous in B; hence

1=N() =N(), acB.

dz, ¢

Moreover the simple zero &(w) of ¢ (z, a) inside K admits the representation (see e.g. [22])
1 2¢'(z, a)
) = 5= —_—
niJ k ¢(z,a)

For a € B the integrand is an analytic function of a and therefore also & (w) is an analytic function
of a whena € B.
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We now consider 7®(a). We notice that each component can be obtained as a rational
function of the components of T(l)(c_z) by the formula ¢; = g}V’Hg, j =1,...,n/2 where
V is the Vandermonde matrix based on 7V (a). Therefore also ¢ ;j is an analytic function of a
whena € B.

As T = Tl(eh) + iTl(h), h € {1, 2} is analytic for a € B, T,gh) and Tl(h) are real analytic
functions of ap, a; where a = ap +ia,, (e.g. [15, pg.99]). Therefore they admit a Taylor series
expansion around § when a € B:

n—1 (h) n—1 (h)
0Tg; (@) 0Ty -
T (@ = Ty G >+§ : lari —sRl]+§ j = lai =il
1

la=5s
| n=ln 182T(h)(_) . .
+ 3 X;Z Daridany s [aRi — Sgillag; — Sgjl

la=35

1

1 n—1n-—1 aZT(h)(a) B _
lari — spillar; — 5151
= 8a1,8a1j la=3

n—ln-1 g2 (h)(a)

+ ——  lagi —sgillar; — s+ ---
=0 =0 daridarj 5

and analogously for Tl(f)(c_z). Taking expectations we get

E [(agi — Sri)] = [sri —5ri] = 0% - C, Ci = Z §§,p

j=p+1
E [(agi — Sgi)(@gj — 5rj)| = E[(@ri — sgi +0%Ci)(ag; — sgj + 0“C})]
— 028“ e
= 50 +o7CiC;

and analogously for the other terms. Remembering the independence of the real and imaginary
parts of ai, we finally get

EIr"@1=T"G) +o0(0). O

1.1. Qualitative study of the generalized eigenvalues

We start now the study of the distribution in C of the generalized eigenvalues of P by
making some qualitative statements already present in the literature. For each realization w,

let {cj(w),&j(w)},j = 1,...,n/2 be the solution of the complex exponentials interpolation
problem for the data a; (w), k =0, ..., n — 1. It is well known that we can then define the Padé
approximant
n/2 ci(w)
[n/2 = 1,n/2(z, ) =z Z ﬁ Qu2-1 N/ Papp @)
—Sj

to the Z-transform of {a;(w)} given by

f@o)=) a@i™ =f@)+ G o)
k=0
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where
o0 )4 o0
L@ =) sz* =) "c; Y (&/0f = |zl > 1
k=0 j=1 k=0 j=1

and, because of Lemma 1,

folz, 0) > Z 4@

j= 12-§

f(z, ) is then defined outside the unit circle and can be extended to D by analytic continuation.
We get then

n/2—1
z H (z—38j(w))

j=1

H(Z_";:j) H(Z

[z, 0) ~ 2Gn2-1(2)/ Pny2(z) = C(w)

and

g(z,w) = log(z™' f(z, w))
n/2—1

= log(C(w)) + Z log(z — 8;(w)) — Zlog(z — &) — Zlog(z —&).

Jj=

We want to study the location in C of £;(w). To this aim, following [20,21], we remember
that p,(z) = 7" P,(z~") satisfy the following orthogonality relation

/ T 0 pn(Fdz =0, k=0,...,n—1
r

where [' is a union of closed curves enclosing the poles of f(z,w) i.e. the numbers

&i,j =1...,pand é,»,j = 1,...,n,. By using the Szegd integral representation of such
polynomials [28, (2.2.10), (2.2.11)] and a saddle point argument, it turns out that the Padé poles
§j(w), j =1,...,n/2, asymptotically on n, satisfy the following system of algebraic equations
1,n/2 1
2y —————— 4+ &) =0 k=1,....n/2

1 Gl — &)
or
1,n/2 1 n/2—1 1

2 - -
; (ér (@) — §j(w)) " ; (€r(@) —éj(w))

np

£ 1 1
- — — =0, k=1,...,n/2.
,-; G@ 5 ZE-5 "

j=1

These equations can be interpreted as conditions of electrostatic equilibrium of a set of charges
in the presence of an electric external field corresponding to g'(z, w). Therefore the Padé poles
&k (w) are attracted by &, j = 1,..., pand §;, j = 1, ...n, and they are repelled by each other
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and by the zeros §; (w) of §n/2—1(z). However

Gnjr-1(2) = Zc, H(z — &) H(z —&) 3)

j=1 k#j

np Lny,

+ Zc,(w)]‘[(z —&) [[c—&. )

ksj

As Vo, |c; (w)|* < miny, |cp|? if the SNR is sufficiently high (see remark after Lemma 1), we
can approximate g,,2—1(z) by

p
H(z —&)) ¢ H(z — &)

j=1 k#j

hence n, zeros are close to &, and the other p — 1 are close to the zeros of the polynomial

J4 Lp
a1 =) ¢j[[c—&)

J=l k]

which is the numerator of z~! f;(z). We notice that if |cj,| < |cx|, Yk # h then

Lp Lp p Lp
a1 @Y ci[[c-=c-a)) c; [] @-&0-

JEh k] J=1 kA

Hence, because of the continuous dependence of the roots on the coefficient of a polynomial,
qp—1(z) has a zero as close to &, as |cp| is small with respect to |cg|, k # h. Therefore the Padé
poles & ()

are attracted by &;, j =1,...,p

are attracted by éj, j=1...np

are repelled from & (w), j # k

are repelled from n,, points close to &;, j = 1,...n,

are repelled from p — 1 points which are as close to &; as |c;| is small with respect to
lenl, b # J.

Summing up a & with a large |cx| will attract a Padé pole without being disturbed by the
repulsion exerted by the zeros of g,/2—1(z). Moreover close to such a point a gap of Padé poles
can be expected because of the repulsion exerted by Padé poles to each other. A & with a
small |c| will still attract a Padé pole but not so strongly because of the repulsion exerted by
a close zero. The Padé poles not related to the signal are expected to be attracted by & and
are repelled by zeros close to &. Moreover they are repelled by & hence they are likely to be
located in between & and far from &. A picture of this behavior is given in Fig. 1. We notice
that the qualitative results discussed above are consistent with those obtained in [5] under a more
stringent hypothesis about the noise [12,13].

1.2. Quantitative study of the generalized eigenvalues

We now wish to define a mathematical tool to quantify these qualitative statements. To this
aim we remember that §,,k = 1, ..., n/2 are the generalized eigenvalues of the pencil P and
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Fig. 1. Top left: location of Padé poles for 100 independent realizations of the noise; the circles are the estimated support
of the condensed density in a neighborhood of ;; top right: zoom in a neighborhood of the 1st and 2nd components;
bottom left: zoom in a neighborhood of the 3rd and 4th components; zoom in a neighborhood of the 5th component (see
Section 4).
therefore they satisfy the equation
—1
P,/2(z7") = det[U(a) — zUp(a)] = 0.

Then a condensed density /,(z) can be considered which is the expected value of the (random)
normalized counting measure on the zeros of this polynomial i.e.

n/2

2
hn(2) = ~E| Y 8z —§&))
j=1

The following theorem holds whose proof is the same as that of Theorem 1 in [3]:

Theorem 1. The condensed density of the zeros of the random polynomial Q(z) = P, 2 (z Y is
given by

1
h(z) = HAun(Z) (@)

where A denotes the Laplacian operator with respect to x, y if z = x + iy and

2
un(2) = = E {log(1Q@)P) ©)
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The condensed density provides the required quantitative information about the distribution
of the Padé poles in the complex plane. If the SNR is sufficiently high, after the qualitative
statements made above about the location of the Padé poles, a peak of %, (z) can be expected in
a neighborhood of each of the complex exponentials &, k = 1, ..., p and the volume under the
peak gives the probability of finding a Padé pole in that neighborhood. This is confirmed by the
following

Theorem 2. If o > 0, the condensed density h, (z, o) is a continuous function of z given by

n/2
hy,
(z.0) = n(mz)n Z[W 1/@/2 JE@h 2 y)
1 Ln)2
- Z\ Z vnr vk —sil?
X € dngdz @)

wheregjf ={¢y,h # j}and

ifn=2
1,n/2
JEEE, z, ) = .
e =1 1)"/2 [Tr IT G- [le-a* rnzs
j=1 r<h,r#j r#j
Moreover h, (z, o) converges weakly to the positive measure £ _10(z—§&j) wheno — 0.

Proof. Let us consider the transformation T}, : @ — (¢, y) defined in Lemma 2 given by

n/2
o = Z ijjl'c
j=1
or
@@ =g TP@); =y

In the following, to simplify notations, (Tn(l)(g)) ;j will be denoted by ¢; (). We have

n/2
h(z,0) = —E {Za(z —¢ )] ®)
n/2 1 "2 e —si |2
= - (mz)n > / Se—g@e T da. ©)

The complex Jacobian of Tn_ is the product of the determinant of a generalized Vandermonde
matrix (see [11, Th. 1], [19, Th. 21]) and the determinant of the n x n diagonal matrix with entries
{1,..., 1L, y1,..., ¥us2} and it is given by:
h\(—/
n/2
ifn=2
/2
Jo(t,y) = T :
c@yr) =4 1)”/2 ]_[ yi [1¢ —w?* itn=4.

j=1 j<h
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Therefore, by making a change of variables, we have

n—1 n/2

h §- ) J "1 kZO\IZ yh;h_mzd d
n(z70) - }’l(T[O'Z)n ZLn/Z/(C P (Z - é‘]) C(C V)e £ Z
n—1 1,n/2

/2 _7k20| ; )/hl'h"erZ —sl? N
J d¢td
n(ﬂaz)” Z_/(Cn/Z 1[@/2 (;(é’ © y)e £] 4

where g ={¢y, h # j}and

ifn=2
n/2

e a0 = 1)"/21'[y, [T @-a'[le-2" itnz4

j=1 r<h,r#j r#£j

The integral above converges uniformly for z € D, hence h,(z) is continuous in D. We prove
now that h;,(z, o) converges weakly to % ;7:1 8(z—&j) wheno — 0.Let ¢(z) € C*® bea
bounded test function supported on C. We have

Pro? 2 Z / (2)

%! 2
——5 > lok—skl

[Cth(z, 0)P(z)dz = p(mf

x / 8(z—¢jl@))e * *=0 de | dz
c2r
» zil 5
1 —=5 loek — s |
[ — d(¢; 2o
p(naz)zp; /C ,, Pit@ne da
2p—1
- pZ ‘X;Jz

=— Z/ B¢ (o +9)

As &(z) is continuous and bounded and ¢; is analytic in a neighborhood of s by Lemma 2, by
the dominated convergence theorem we get

1 14
lim th(z 0)P(z)dz = ;Z/C lim &(¢;(yo +5))°
=1

2p 00— 17

p—1
- X Iy P
e k=0
£5() jc TR

1 P
D) =~ Y BE))
p j:l

"BI>—‘

>
- L

"GI—‘

because (Tz(ll,) (8))j =5§j.
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Let us consider now the case n > 2p. We cannot use the same argument used for the case
n = 2p because ¢;(s) is not defined for j = p + 1,...,n/2 (see Lemma 2). However by
Lemma 1 without loss of generality, we can assume that the noise is represented by vy i.e.

)4 n/2

ZQ%"“" Z éj—lvéjl-{_p, k=0,....,n,—1
akz ];1 j=[7+1

chg;{'i'vka k:np,.__’n_l

j=I

where n, = n/2 — p. We then define a new process a; by

p
5](:26‘]%][(—’—77](, k:O,,n_l
j=1

where
n/2

~ =k
=) EGpE,

Jj=p+1
and we consider the process a; as a perturbation of the process ai. Let us consider the pencils

P = [U(alv MR an—l)v U(a()7 MR an—Z)]

and

P=[U@i,...,3,1), U@, ..., 8,-2)].
We can write

P=P+0E
where

E= ;[U(O’ ..., 0, Vi,+1 — ”np+la ey Vp—1 — ”n—l)’
U(Os ey Os vnp - nnps ceey vn—2 - nnfz)] = [Elv EO]'

From [18], in the limit for o — 0, a generalized eigenvalue & ; of P can be expressed as a function

of a generalized eigenvalue é j of P and corresponding left and right generalized eigenvectors
v, u; by
=J =

. yfI(El - éjEO)ﬂj

i=&i+to + 0(c?
. efVTIEr —§Eg)V e, 2
=& +o= = + 0(07)
Cj
where Uy = U(ay, ..., a,—1) and, by construction,
J Eiop, j=p+1,...,n/2

o>

_ {cj j=1...,p
J

Ci_p, j=p+1,...,n/2
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V= Vander(él, R én/z), C = diag(¢y, ..., ¢,2)

and

_— _ y-H
vi=u; =V "e;.
We notice that we can write

R n/2+p
VI E —EE)V e, = Y vinYa,

where yj;, are constants and Y are i.i.d. zero mean, complex Gaussian variables with unit
variance identified with —~[v, — ,h=n,,....,n—1.
ﬁa[ h ﬂh] P

We have

hn(z, 0)

n/2
—E [Zm—s )}
2 2 n/2
;E [;5(z—51)}+;E[ Z 5(z—§,)}

Jj=p+1

= h,(f)(z, o)+ hff)(z, o).

By the same argument used for the case n = 2p it follows that h (z o) converges weakly to
2 p _10(z — &) when o — 0. We then consider h( )(z o). We have

o) n/2
WP(.o)==E| Y. 6<z—§,~>}

n

Lj=p+1
B n/2+p
2 n/2 _ hgl ythnp-i-h )
= —F ) Z—8j—p — ()'_~— — 0 o
- _Z Ei—p & (@)
Jj=p+l1
Jir

By identifying TEJ—I” J=p+1,...,n/2withY,,h =1,...,np,, which are i.i.d. zero
mean, complex Gaussian variables with unit variance, we get

n/2 n/2+p e_‘%zkgl il
hP(z 0) = / <Z - i"/ -p Z YihYnp+h — 0(02)) sz
j= p+1 -
n/2 . ,—n n/2+p e‘|)’j7p|2
/ [ z—&j—p— Z YihYnp+h — 0(a?) ——dy;j—p
j=pr1/C! Yi-r W= T
Z k2
e k=lk#j—p ) )
X sz, =\ {yj-p} (10)
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by making the change of variable

_ n/2+p
w= E./— Z Vih¥n,+h
Yi-pr =1
we get
fir, M2 ~1yj-pl?
~ n e J=p
14 2
/5 2—=&j—p— = Z YinYnp+h — O(07) | ———dyj—p
C Yi-r = T
n/2+p
n/2+p VTP hgl VihYnp+h

Mp Z VihYn,+h ;—Sj,p

1 —
=— | §(z—w-0(? =l
T ‘é (Z v (@ )> (w— Ej—p)z ¢

n/24+p 2

n/2+p VP El VihYnp+h
| VT Z YihYnp+h _W

B n<z—0<a2>—s, p>2

Inserting this expression in (10) we get

n/2
o) =— Y kit
n ’ =
j=p+1 (z—0(?) — Ejfp)2
n/24p 2
Jip hgl thynp+h

n/2+p =06H-§_, k=1k#j—p

x Z yJ’ ly"p+’e
Cn—

and therefore

n/2
lim h?(z,0) = — Z
o—0 %‘ )2
Jj= p—H J=p
n/2+p
VTP hgl VihVnp+h
n24p - “Ej-p
X V/rﬁ Ynp+r€
r=1
because
n/2+p 2
Ty X Yihdnp+h n
AT T S
1 Ej—p k=Lk#j—p
/
T (Cnfl -

an—1

1 —_ ’/H . .o, . .
= / Ynp+r€ YAy dy’ =0, for a suitable hermitian matrix A, Vr.
(Cn—l

dw

dy’

15

Remark. When the SNR is large the exponential part dominates the integrand as the Jacobian
does not depend on o . Moreover the exponential part has relative maxima close to &; as expected.
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In general the integral (7) does not admit a closed form expression. However when n = 2,
remembering that the Jacobian with respect to the real and imaginary part of a complex variable
is Jg = |Jc|2, the integral (7) becomes

1 _Iy*so\zﬂyzfsllz
ha(z,0) = (JTO—Z)Z/CVe o dy

_ly=soPHlyz—s 12

1 2 >
= — o dRydS
(02)? fRz'V'e rey

2sn—s1 |2
_ o2+ 1zP) + s+ s0l® - 56T
no2(l+|z2)3 '

We notice that lim,_, ¢ h2(z,0) = 8(z — s1/50) = §(z — &1). Moreover, when sg = s; = 0 we
have hy(z,0) = m which is independent of 02, confirming the result obtained in [3] for
the pure noise case.

1.3. Approximation of the condensed density

The condensed density has an important role in the following. Therefore we look for an
easily computable approximation. The following theorem provides a basis for building such an
approximation:

Theorem 3. Let be F(z,7) = (U1(a) — zUp(a))(U1(a) — zUy(a)) then
E[log(det{F(z,7)})] — log(det{ E[F(z,2)]}) = o(o)
for o — 0, independently of z. Moreover
2
EIF(z.9)] = (U1(s) = 2Uo@)T1(s) = 20p() + 5-A(z. 9 (11)

where A(z,7) € CY**"/2 is q tridiagonal hermitian matrix with 1 +|z|? on the leading diagonal
and —7 and —z on the diagonals respectively below and above the leading one.

Proof. Let us denote by A ; the eigenvalues of F(z,z) and by u; those of E[F(z,z)], dropping
for simplicity the dependence on z, z. Note that i ; # E[A;], see e.g. [7, Theorem 8.5]. We have

E[log(det{F(z, 2)})] = ) _ Ellog(x)]
J

and

log(det{E[F(z. D)1}) = ) _ log(u;)

J
hence it is sufficient to study the difference
Ellog(x;)] — log(uj).

We then denote by f the vector obtained by stacking the real and imaginary parts of the elements
Fre, h,k=1,...,n/2) of F and consider the function

g(® =log(A))
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and its Taylor expansion around E[f]:

g = g(EIf]) + Z —|E i, — EIf,)

= f, — E[f,])(f, — E[f,
Z afhafk ———|em®, — EIf,DE — EIf,]) +
which can be rewritten as
1
log(j) —log(u) = 3 pn(®, — EI6D) + 5 3 yuk, — EE, DA — Elf]) + -
h hk
and, taking expectations,

Eflog(x;)] — log(uj) = thkE[(fh Ef, D& — EIf,D]+

hk
But
F(z,2) = (U1(s) — zUp())(U1(s) — zUp(s)) + (U1 (») — zUp())(U1(») — zUp(»))
— (Ui(s) — zUp(s)) (U1 (v) — zUp(»)) — (U1 (») — zUp(»))(U1(s) — zUp(s))
and

E[F(z,2)] = (Ui(s) — zUo(8))(U1(s) — zUo(s))

+ E[(U) (v) — 2Uo@) (U1 (@) — 2Uo)]
2
= (U1 (s) — 2Un(s)) (T (8) — 2Uo®) + %A(z, 2)

by a straightforward computation similar to that given in [3, Th. 3] for the pure noise case.
Therefore

F(z,2) — E[F(z,2)] = (U1(») — zUp(»)(U1(») — zUp(»))
— (U1(s) — zUp(5))(U1(») — zUp(»))
— (U1 (») — z2Uo () (U1(s) — zUo(s))

nc72

— TA(Z, Z)

hence E[(f, — E[f,])(f, — E[f; ])] is a linear combination of functions of z and z with coefficients
equal to either o2 or o because the odd moments of a Gaussian are zero. By a similar argument
all the dropped terms in the Taylor expansion above will depend on even powers of o. Hence

Eflog(x ;)] — log(u ;) = o(o)
independently of z,z7. O

By noticing that |Q(z)|> = det{F(z, z)}, an approximation of the condensed density is then
given by

hn(z,0) = S—A Y log(nj(2)

nj(2)>0
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where 1 j(z) are the eigenvalues of E[F(z, 7)]. Unfortunately ha(z, o) isnota probability density
as it can eventually assume negative values. However the following results hold

Theorem 4. The function /;n (z, o) is continuous in o and in z. In the limit cases o = 0 and
{eck =0,k =1,..., p}itis given respectively by

- 2 L
(2,00 = =3 6z —&))
j=1

and by

~ 1
hn(z, 0) = — Awy(2)

where
(@) = * log §n |z|*/
n n j:0 .

Moreover; in this second case, limy_ o0 hn(z, o) = 8(|z] — 1).

Proof. /1,(z, o) is continuous in o and in z because of the continuous dependence of the
eigenvalues on the elements of the corresponding matrix. When o = 0, let V. e C"/?7 be
the Vandermonde matrix such that Up(s) = VC VT and U, (s) = VCZVT. Let V. = QR be the
QR decomposition of V. Then

E[F(z.2)] = QRC(Z —zI)R"Q"QR(Z — zI)CR" 0"
But R = (ﬁ) ,therefore RTR = ETE; moreover QT Q = I, hence the eigenvalues of E[F(z,7)]

are the same as those of the matrix

RC(Z — :D)RTR(Z =z CR! o)

RC(Z —zI)RYR(Z —zI)CR! = ( 0 0

The non-zero eigenvalues of E[F(z, 7)] are then the same of those of the matrix
RC(Z — z)RYR(Z —zD)CR™.

‘We then have

- 1
hp(z,0) = —A log(u;(2))

mn - Sho

1 )4
= —Al
2mn o8 i

5 p
2= &7 |det(R)[* ] ] ci)
=1

1 J
- f Aloglz — &7 = > er( &)
= —_— (0] —_ ; = - _ H
4an “— glz=s) n 4= L5
j=1 j=1
because #A log(|z|2) = §(z2) (seee.g. [26, pg. 47]). When {c;y =0,k =1, ..., p}

- 1 1 n .
= _— Al AGZ. D) = —Al 2j ).
fn(z,0) = o— Alog(det{Az, D) = — og(jzom )
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The last part of the thesis follows by the same argument as used in the proof of Theorem 3
in[3]. O

Corollary 2. ﬁn (z,0) — hy(z, o) converges weakly to 0 when ¢ — 0

Proof. Let ¢(z) be a nonnegative test function supported on C. Denoting by Al (z) =

% ‘;:1 d(z — &), from Theorems 2 and 4 we have Vv > 0, 3o and o2 > 0 such that

/(C D(2) (hn(z, 0) — hj(2)) dz

v

<=, Vo <o
2

and

v
<§, Yo < o

/«: 82 (nz 0) = (@) dz

hence, if o, = min{oy, 0}, we have Vo < o,

[ #@ (o) = btz

= /(C‘P(Z)(hn(z,a)—h*(z))dz <v. O

+ MC o(2) (fzn(z, o) — h*(z)) dz

2. Identifiability of S(z) and approximation properties of E[S,(z)]

We want now to exploit the information about the location in the complex plane of the Padé
poles, provided by the condensed density 4,(z), to prove some properties relating S, (z) =
Z'Jfl ¢;8(z — &) to the true measure S(z).

Before affording the problem of estimating S(z) from the data a we need to check that the
data provide enough information to solve it. Precise conditions that must be met to solve the
problem are well known in the noiseless case and are reported in the introduction. When noise is
present the identifiability problem is an open one. Its solvability can depend on the amount of “a
priori” information available [8] and/or on the ability to devise smart algorithms. In the following
a definition of identifiability is given and, based on it, some properties of S, (z) are proved.

Definition 1. The measure S(z) is identifiable from the data ax,k = 0,...,n — 1 if 3 rp >
0,k=1,..., psuchthat

e h,(z) isunimodal in Ny = {z | |z — &| < r}

° ﬂ]le Ny = 0.
The idea is that S(z) can be identified from the data a if the random generalized eigenvalues
have a condensed density with separate peaks centeredon §;, j = 1, ..., p. As, by Theorem 2,

h,(z, o) converges weakly to % ‘;:1 d(z — &;) when o — 0, there must exist a o’ > 0 small
enough to make S(z) identifiable V o < o”.

In order to apply the proposed method one should check that the identifiability conditions are
verified. As h,(z, o) depends on the unknown quantities p, c;, §; this is of course impossible.
However in most real problems we have some prior information about the unknown measure S(z)
that we can exploit to get reasonable interval estimates for p, c¢;, ;. Moreover in many instances
either n or o or both can be freely chosen. By Theorem 3, Eq. (11), n should not be as large as
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possible to get the best estimates of S(z). In fact too many data will convey too much noise which
could mask the signal s;. We can therefore properly design an experiment by computing 4,,(z, o)
for many values of n and o and choose 7n,),, and o,), (optimal design) that make identifiable the
measures corresponding to prior estimates of p, c¢;, &;. To identify the unknown measure S(z)
we then hopefully need to measure n,),, data affected by an error with s.d. o,),. Unfortunately
hy,(z) does not admit a closed form expression and to compute the expectation that appears in
its definition we need to perform a time consuming Monte Carlo experiment. This is why we
proposed an approximation hn (2) of hy(z) which can be quickly computed by solving hermitian
eigenvalue problems.
Let us consider the function

n/2
Sp(z) = E[8,(2)] = Y_ Elc;8(z — & )]
j=1
where {¢;,§;},j = 1,...,n/2 are the solution of the complex exponentials interpolation

problem for the data {akx, k =0, ...,n — 1}.
The relation between S, (z) and the unknown measure S(z) is given by the following

Theorem 5. If S(z) is identifiable from a then
/ Sn(2)dz = ¢ + 0(0)
Nj

and

p
/SII(Z)dZZO(G)v VACD—UNJ'.
A

j=l1

Proof. From the identifiability hypothesis we know that
) n/2
/ hn(z)dz = ;ZProb[éj ENI>0, k=1,...,p.
Nk j=1

Therefore there exist & ;, such that Prob[§; € Ni] > 0. Among the §; let us denote by §; the
one such that Prob[§ ;, € Ni] is maximum. From the identifiability hypothesis the §; are distinct.
Moreover all the §;, j = 1,...,n/2 can be sorted in such a way that §; = Ejaj =1,...,p
and, by Lemma 2, ¢; corresponds to &, such that

C o), k=1,...,
Elad = {012:) @) k=p+1,1.n..,n/2.
Butthenfork=1,...,p
n/2
/ Sn(z)dz=2/ Elc;d(z — & )ldz
Nk j=17 Nk
n/2
= Zf (/ V5(Z—C)d,uy;> dz
v e
n/2

- Zf y (/ 8(z—§)dz> ditye
j=1 c? Nk
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where j1,,¢ is the joint distribution of ¢; and § ;. We have

/ 8(z—¢)dz = {1 if ¢ EI.V"
Nk

0 otherwise

hence,
n/2
/ Su(z)dz =Y Ele;dji] = Eler] = ¢k + 0(0).
Ny j=1

By a similar argument the second part of the thesis follows. [l
3. The P-transform

In order to solve the original moment problem we need to compute

n/2
Sa(z.0%) =) Elejd(z — &)1,

j=1
In order to estimate the expected value we build independent replications of the data
(pseudosamples) by defining

al(cr)—a +vl(<r), k=0,....,.n—1Lr=1,...,R

where {v,((r)} are i.i.d. zero mean complex Gaussian variables with variance o’ 2 independent of
ay,, Vh. Therefore

Ela’1=s,  El@) —s0@" =511 =588

2

where 62 = 02 + o2 Forr = 1,..., R, we define the statistics

n/2
Surz 63 =) ¢lsz -1

j=1

where c(r) §(r) are the solution of the complex exponentials interpolation problem for the data
a,((r), k=0,...,n— 1. As, by Lemma 2, the transformation
T:{a k=0,....n—1} > {[c“) .s“’ ., n/2)

is a.s. one-to-one, Sn,,(z, &2) are i.i.d. with mean S, (z, 62) and finite variance ¢ (z, 62) because
{ v,(:)} are i.i.d. Therefore the statistic

R
n r(z, & an,r(zv &2)

has mean S, (z, 6%) = E[Sn,r(z, 62)] and variance %C(Z, 52).
Let us consider the statistic
n/2

Suz,0?) =) ¢jd(z—&;)
j=1
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where ¢;, §; are the solution of the complex exponentials interpolation problem for the data
ar,k=0,...,n— 1and the conditioned statistic

8 2,67 =8, r(z,6)a

which are both computable from the observed data a. We have

Lemma 3. For n and o > 0 fixed and Vz and &,

E[S, g(z. 53] = Sy(z.57)

lim var[gz r(, 53] =0.
R—o00 ’

Proof. From the conditional variance formula [24] we have
E[S, x(z, 6] = E[Sy.(z, 5] = Su(z.62)

and

~c N 1
var[S, g(z, 9] < var[S,. r(z, 53] = E{(z, 2. O

It follows that Vz the risk of é;’R(z, &2) as an estimator of S(z) with respect to the loss
function given by the absolute difference could be smaller than the risk of the estimator S, (z,02)
if R and & are suitably chosen, despite the fact that its bias is larger because 6 > o and
Theorem 5 holds. As a matter of fact this possibility is always verified provided that o’ and
R are suitably chosen as proved in the following

Theorem 6. Let M(z) and M (z) be the mean squared error of én (z, 02) and S;R(z, 62)
respectively. In the limit for o — 0, there exist o' and R(o') such that VR > R(o"),
M.(z) < M(z) Vz.

Proof. Let M.(z) = v, + bz and M(z) = v + b? be the decomposition of the mean squared
errors in the sum of variance plus squared bias. Then M.(z) — b* = v + (bg — b?). By
Lemma 3, b, is equal to the bias of én (z, 52) and, by Theorem 5, it is 0(6) for & — 0. Then
lim,/_, o+ (bg — b%) = 0. Moreover, by Lemma 3, limg_, o v = 0. Therefore Vv > 0, Jo, and
R(o)) such that Vo' < o), ve + (b? — b?) < v and then M.(z) < M(z). O

In order to define a discrete transform, we evaluate S; r(z, &) on a lattice L = {(xi, yi),i =
1,..., N} such that

min‘Ré; > minx;; max RE; < max x;
i i J i

min J§; > min y;; max J&; < max y;.
i i J i

. . o L .. ac N
In order to cope with the Dirac distribution appearing in the definition of S, z(z, 52) it is
convenient to use an alternative expression given by

R n/2
§) p(z, 62 = —A (ZZ [ lallog(|z — sj-”@m)

r=17j
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which can be obtained by the former one by remembering that %Alog(ldz) = 6(2) (see
e.g. [26, pg. 47]). In this way the problem of discretizing the Dirac § is reduced to discretizing the
Laplacian operator, which is easier to cope with. We then get a random matrix P(52) € %S_NXN)
such that P(h, k,6%) = s;)R(xh + iyg). We call this matrix the P-transform of the vector
[a()v R} al’l*l]-

4. Estimation procedure

The P-transform gives a global picture of the measure S(z). However an estimate of the
unknown parameters p, {§;,c;, j = 1, ..., p} are usually of interest. An automatic procedure
to get such estimates is now described. Let P(6%) be the P-transform computed by using
R pseudosamples with variance 2. The proposed procedure is the following (dropping for
simplicity the conditioning to a):

e memorize all the Padé poles & E.r) and the corresponding residuals cg.r), r=1,..., Rused for
computing P(5?)

e identify the local maxima of P(52) and sort them in increasing order with respect to the local
maxima values. The local maxima are candidate estimates of {§;, j =1, ..., p}

e for each candidate a cluster of (previously memorized) Padé poles was estimated by including
all the poles closest to the current candidate until the cluster cardinality equals a predefined
percentage (e.g.>50%) of the number R of pseudosamples. The rationale is that if the
candidate is close to one of the &; most of the pseudosamples should provide a Padé pole close
to it. Notice that spurious clusters —i.e. not centered close to some &; — can be expected [3]

e all the candidates whose associated cluster does not have the prescribed cardinality are
eliminated. The number p of left candidates is then an estimate of p

e for each of the p clusters the Padé poles and the corresponding residuals (previously
memorized) were then averaged and provided estimates é j»Cj, j=1,..., pof the unknown
parameters. Hopefully to é j associated to spurious clusters should correspond relatively
small ¢;.

5. Numerical results

In this section some experimental evidence of the claims made in the previous sections is
given. A model with p = 5 components given by

—0.05—-i270.28 _—0.0001+i270.2

[vre

€ € €

[e—o.l—izno.s —0.00014i270.21 e—O.3—iZn0.35]

c=16,3,1,1,20], o=02 n=280

is considered. We notice that SNR = 5 and the frequencies of the 3rd and 4th components
are closer than the Nyquist frequency (0.21 — 0.20 = 0.01 < 1/n = 0.0125). Hence a
superresolution problem is involved in this case. The quality of the approximation of A (z) to the
condensed density is first addressed, h(z) is then computed along a line which passes through
&; and the closest among the (§,,h # j). If the model is identifiable ﬁ(z) should have a local
maximum close to £; along this line. The interquartile range 7; of a restriction of h(z) to a
neighbor of this maximum is then considered as an estimate of the radius of the local support of
h(z) assumed circular. Then M = 100 independent data sets ¢ of length n were generated and
the Padé poles £ m = 1, ..., M were plotted in Fig. 1 where circles of radii 7 j centered on &;
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Table 1

Statistics of the parameters p, éj,j =1,...,pand éj,j =1,...,p.
p bias(p) s.d.(p) MSE(p)
5 0.0500 1.0000 1.0025

j £ bias(é ;) s.d.j MSE())

1 —0.2796 — 0.8606i —0.0006 + 0.0004i 0.0230 0.0005

2 —0.1782 — 0.9344i —0.0005 — 0.0004i 0.0125 0.0002

3 0.3090 + 0.9510i 0.0057 — 0.0009i 0.0171 0.0003

4 0.2487 + 0.9685i —0.0005 + 0.0024i 0.0145 0.0002

5 —0.4354 + 0.5993i —0.0054 + 0.0018i 0.0290 0.0009

j ¢ bias(é;) 5.d.@)) MSE(;)

1 6.0000 0.1545 1.7154 2.9663

2 3.0000 —0.1617 1.2865 1.6812

3 1.0000 —0.1037 0.3295 0.1193

4 1.0000 —0.0981 0.3193 0.1116

5 20.0000 —0.1759 2.5101 6.3317

have been represented too. We notice that the circles are reasonable estimates of the Padé poles
clusters which provide an estimate of the support of the peaks of the true condensed density
corresponding to &, j = 1,..., p. We conclude that fz(z) is a reliable approximation of the
condensed density and therefore, with the choice of n and o made above, the model is likely to
be identifiable.

We want now to show by means of a small simulation study the quality of the estimates of the
parameters £ and ¢ which define the unknown measure S(z). To this aim the bias, variance and
mean squared error (MSE) of each parameter separately will be estimated. M = 500 independent
data sets ™ of length n were generated by using the model parameters given above. For
m = 1,..., M the P-transform P was computed based on R = 100 pseudosamples with

= 10 40 on a square grid of dimension N = 200. The estimation procedure is then applied
to each of the P m = 1,..., M and the corresponding estimates E(m) (m), j=1,...,pm
of the unknown parameters were obtained. As we know the true value D, 1f less than p local
maxima were found in the second step or if p™ < p in the fourth step of the procedure, the
corresponding data set ¢ was discarded.

In Table 1 the bias, variance and MSE of each parameter including p is reported. They were

computed by choosing among the é';m), j=1,..., p™ the one closesttoeach &,k =1,..., p

and the corresponding 65."1). If more than one & is estimated by the same é—‘j(.m) the mth data set

a'™ was discarded. In the case considered 65% data sets were accepted. Looking at Table 1 we
can conclude that the true measure can be estimated quite accurately in 65% of cases.

When ﬁﬁm) > p we computed also the average residual amplitude

,;(m)

1 1 ~(m) Y "(m)
G = - ¢™. where M = {m|p" > p)
res |M| Z (p(m) - p) ]XP;I J

. . . aNC ~ . . . .
which represents the contribution to S,, x(z, &2) of all the components which give rise to spurious
clusters. In the case considered its value is ares = 1.165 which should be compared with the true
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Fig. 2. MSE of the standard estimator of the parameters (S_i ,C j), j=1,..., p (dashed); MSE of the averaged estimator
(solid).

amplitudes c. We can conclude that even when more components then the true ones are detected
their relative importance is very low.

In order to appreciate the advantage of the estimator §Z r(z, &%) with respect to Sn (z,09),
the same M = 100 independent data sets ™ of length n generated before were considered.
The corresponding Padé poles and weights (éj(.m) , E;m), j =1,...,n/2) were computed and
ordered for each m in decreasing order w.r.t. the absolute value of the weights. The true
(¢j,cj,j=1,..., p) were ordered in the same way and the error

P P
eom) =Y E™ —£)7+ Y @ —c))?
j=1 j=1

was computed for m = 1, ..., M and plotted in Fig. 2. Then to each of the M data sets a™
previously generated R = 100 i.i.d. zero mean Gaussian samples with variance ¢’ 2 = 0.640>

were added and (é;'"’r), é;m’r), j=1,...,n/2,r = 1,..., R) were computed and ordered as
before for each m and r. Finally the error

p 1 R 2 P 1 R 2
ewm =3 (28 0] + X (T -
j=1 r=1 j=1 r=1
was computed for m = 1,..., M and plotted in Fig. 2. We notice that eg(m) <K eo(m)
for almost all m and it is much less dispersed around its mean. Therefore the estimates of
(¢j,cj,j = 1,..., p) obtained by averaging over the R pseudosamples are better than those
obtained by the original samples. Finally we notice that in this simulation we used a variance
&2 much larger than the one used to produce the results in Table 1. This large value gives the
best mean squared error over all the five parameters but not necessarily the best reconstruction
of each single parameter, as we looked for in the previous simulation.

6. Conclusions

A new approach for solving the complex exponentials approximation problem in a stochastic
framework is proposed. The problem is considered as a noisy complex moments problem.
A random measure is defined whose expectation approximates the unknown measure whose
complex moments are measured in noise. An estimator of the approximating measure is then
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proposed, as well as a discrete transform based on it, and its statistical properties are analyzed.
A computational method based on the discrete transform is then described and used to provide
some evidence of the usefulness of the proposed approach.

Several points related to the numerical and computational aspects are not addressed here
because they are quite involved and require separate treatment. A basic problem is the choice
of the lattice which the discrete transform is based on. In [1] a closed form estimator of the
condensed density of the generalized eigenvalues of the pencil P is described. It is based on the
QR decomposition of P and depends on a parameter which can be tuned in order to smooth
out the noise without destroying the information about the unknown measure conveyed by the
condensed density. The choice of the lattice (location) can then be reduced to the problem of
finding the region where the condensed density estimate is significantly different from zero.
Moreover the minimum distance between two relative maxima of the estimated condensed
density can be related to the mesh size.

The computation of the Padé poles and residuals is the most involved part of the algorithm
from the numerical point of view because estimates of close poles can be very sensitive to noise.
Also the computational burden can become a problem because R estimates of each pole have
to be computed. Many alternative methods can be used. In [2] several of them are compared
both in terms of numerical accuracy and computational burden and a fast procedure for the
specific problem is proposed. Moreover the clustering problem is also discussed and a stable and
fast method is provided. In [2] the hyperparameters (e.g. N, R, ¢’) estimation problem is also
addressed, by defining a performance criterion through residual analysis. Finally the proposed
method was tested on several sets of real and synthetic data and comparisons with existing
methods were successfully performed.

One could argue that a good estimate of the condensed density should provide a solid basis to
solve directly the complex exponentials approximation problem as shown in [1], without using
pseudosamples and without computing Padé poles and residuals as proposed here and in [2].
This is apparently true only for easy or moderately difficult problems while pseudosamples are
required to cope with real difficult ones. Work is in progress to support this claim.

Acknowledgment
I wish to thank an anonymous referee for many useful comments and suggestions.

References

[1] P. Barone, On the condensed density of the generalized eigenvalues of pencils of Hankel Gaussian random matrices
and applications, 2008, arXiv:0801.3352.

[2] P. Barone, Computational aspects and applications of a new transform for solving the complex exponentials
approximation problem, 2008, arXiv:0801.4172.

[3] P. Barone, On the distribution of poles of Padé approximants to the Z-transform of complex Gaussian white noise,
J. Approx. Theory 132 (2005) 224-240.

[4] P. Barone, R. March, A novel class of Padé based method in spectral analysis, J. Comput. Methods Sci. Eng. 1
(2001) 185-211.

[5] P. Barone, R. March, Some properties of the asymptotic location of poles of Padé approximants to noisy rational
functions, relevant for modal analysis, IEEE Trans. Signal Process. 46 (1998) 2448-2457.

[6] P. Barone, A. Ramponi, A new estimation method in modal analysis, IEEE Trans. Signal Process. 48 (2000)
1002-1014.

[7]1 A.T. Bharucha-Reid, M. Sambandham, Random Polynomials, Academic Press, New York, 1986.

[8] D.L. Donoho, Superresolution via sparsity constraints, SIAM J. Math. Anal. 23 (5) (1992) 1309-1331.


http://arxiv.org/0801.3352
http://arxiv.org/0801.4172

P. Barone / Journal of Approximation Theory 155 (2008) 1-27 27

[9] J.M. Hammersley, The zeros of a random polynomial, in: Proc. Berkely Symp. Math. Stat. Probability, 3rd, vol. 2,
1956, pp. 89-111.

[10] T.C. Farrar, Introduction To Pulse NMR Spectroscopy, Farragut Press, Chicago, 1987.

[11] R.P. Flowe, G.A. Harris, A note on generalized Vandermonde determinants, SIAM J. Matrix Anal. Appl. 14 (4)
(1993) 1146-1151.

[12] J.L. Gammel, Effect of random errors (noise) in the terms of a power series on the convergence of the Padé
approximants, in: PR. Graves-Morris (Ed.), Padé Approximants, The Institute of Physics, London, Bristol, 1972.

[13] J.L. Gammel, J. Nuttall, Convergence of Padé approximants to quasianalytic functions beyond natural boundaries,
J. Math. Anal. Appl. 43 (1973) 694-696.

[14] G.H. Golub, P. Milanfar, J. Varah, A stable numerical method for inverting shapes from moments, SIAM J. Sci.
Comput. 21 (4) (2004) 1222-1243.

[15] R.E. Green, S.G. Krantz, Function Theory of One Complex Variable, John Wiley, New York, 1997.

[16] P. Henrici, Applied and Computational Complex Analysis, vol. I, John Wiley, New York, 1977.

[17] Jialiang Li, On the existence and convergence of random Padé approximants, Adv. Math. 22 (1993) 340-347.

[18] P. Kravanja, T. Sakurai, H. Sugiura, M. Van Barel, A perturbation result for generalized eigenvalue problems and its
application to error estimation in a quadrature method for computing zeros of analytic functions, J. Comput. Appl.
Math. 161 (2003) 339-347.

[19] C. Krattenthaler, Advanced determinant calculus, in: Séminaire Lotharingien Combin. 42 (“The Andrews
Festschrift”), 1998. Article B42q.

[20] R. March, P. Barone, Application of the Padé method to solve the noisy trigonometric moment problem: Some
initial results, STAM J. Appl. Math. 58 (1998) 324-343.

[21] R. March, P. Barone, Reconstruction of a piecewise constant function from noisy Fourier coefficients by Padé
method, SIAM J. Appl. Math. 60 (2000) 1137-1156.

[22] A.L. Markushevich, Theory of Functions of a Complex Variable, vol. II, Prentice-Hall, Englewood Cliffs, NJ, 1965.

[23] M.R. Osborne, G.K. Smyth, A modified Prony algorithm for exponential function fitting, STAM J. Sci. Comput. 16
(1995) 119-138.

[24] A. Renyi, Probability Theory, North Holland Pub. Co., Amsterdam, 1970.

[25] L.L. Scharf, Statistical Signal Processing, Addison-Wesley, Reading, 1991.

[26] L. Schwartz, Théorie Des Distributions, vol. 1, Hermann, Paris, 1950.

[27] J. Stoer, R. Bulirsch, Introduction to Numerical Analysis, Springer-Verlag, New York, 1996.

[28] G. Szego, Orthogonal Polynomials, American Mathematical Society, New York, 1939.

[29] V. Viti, C. Petrucci, P. Barone, Prony methods in NMR spectroscopy, Internat. J. Imaging Syst. Technol. 8 (1997)
565-571.



	A new transform for solving the noisy complex exponentials approximation problem
	Introduction
	The noiseless case  ν = 0 
	The pure noise case  s = 0 
	Scope and organization of the paper

	Distribution of the generalized eigenvalues of the pencil  P 
	Qualitative study of the generalized eigenvalues
	Quantitative study of the generalized eigenvalues
	Approximation of the condensed density

	Identifiability of  S (z)  and approximation properties of  E [Sn(z)] 
	The  P -transform
	Estimation procedure
	Numerical results
	Conclusions
	Acknowledgment
	References


